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GENERALIZED COMMUTING MAPS ON THE SET OF SINGULAR MATRICES*
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Abstract. Let M, (K) be the ring of all n X n matrices over a field K. In the present paper, additive mappings G :
M, (K) — My (K) such that [[G(y),y],y] = 0 for all singular matrix y will be characterized. Precisely, it will be proved that
G(z) = Xz + p(z) for all x € My (K), where A € K and p is a central map. As an application, the description is given of

m

all additive maps g : M, (K) — My, (K) such that Z [[9(¥*1), "], 53] = 0 for all singular matrices y € My, (K), where
k1Ko k=1
m € N*,
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1. Introduction. Let R be a ring with center Z. A mapping T : R — R is called centralizing (resp.,
commuting) on a subset H of R if [T'(h),h] = T'(h)h — hT'(h) € Z (resp., [T'(h),h] =0) for all h € H. In [2],
Bresar proved, in the case that R is a prime ring, that every additive map f which is centralizing on R has
the following standard form:

(1.1) f(r) =X r+u(r) forall reR,
where A lies in the extended centroid C' of R and p is an additive map from R into C.

In [1], Bresar showed that if G is an additive map of a prime ring R of characteristic not 2 such that
[[G(r),r],7] =0 for all € R, then G is commuting on R, that is, G has the form (1.1).

The first results on commuting mappings on subsets of matrices that are not closed under addition have
appeared in the papers [3, 4]. Basically, it was proved that if the characteristic of a field is zero or strictly
greater than 3, then the only possible additive maps which are either commuting on the set of invertible
matrices (resp., singular matrices) or commuting on Rj = {matrices that have rank k} (for k > 1) are the
standard ones.

The case k = 1 is exceptional. In 2013, the first author [4] provided an example of an additive map
which is commuting on R; that does not have the standard form (1.1). Later, in 2016, Franca [9] found
the description of all additive maps which are commuting on R;. Recently, in [8], we have shown that if
we replace K with a noncommutative division ring D, then an additive map G : M, (D) — M, (D) that is
commuting on the set of rank-1 matrices has the standard form (1.1).

To see more results related to functional identities on some subsets which are not closed under addition,
we recommend the papers [5, 6, 7, 10, 11].
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2. The main result. Throughout this work M, (K) will denote the ring of all n x n matrices over a field
K whose characteristic is either zero or greater than 2. We set @ = {1,...,n}. For index sets Q1,Qs C £,
we denote by A[Q,s] the (sub)matrix of entries that lie in the rows of A indexed by 1 and the columns
of A indexed by Q. Furthermore, we represent by ©; the complement of ; in Q.

For each r,s € Q, we write a,s to represent the (r,s)-entry of a matrix A € M, (K), where A =
Z arsErs. In this section, we fix an additive map G : M, (K) — M, (K). Since G(aE,,) € M, (K) for each

r,s=1

p,q € Q, and a € K, we can write G(aE,,) = Z arsErs, where a,s = G(aEpq)rs-

r,s=1

Now, we will state our first result:

PROPOSITION 2.1. Let n € N (n > 2) and G : M,(K) = M,(K) be an additive map. Consider the
following elements:

(a) N = BEy;;

(b) N =aFE;;+0E;; + BE;; + vE¢¢;

(c) N = BE;j + aEje;

(d) N = Eij + Ej¢ + Egi.

Assume that [[G(N), N], N] =0 for all i,j,& € Q, and for all a, 5,0,v € K. Then G has the form (1.1).

The proof of the Proposition 2.1 will be divided in a series of technical lemmas in order to make it more
transparent. From now on, let G be a mapping as in Proposition 2.1.

Before starting the proofs, we will make a short and relevant observation:

REMARK 2.2. Notice that [[G(N), N], N] = 0 is equivalent to [G(N), N] is in the centralizer of N.
LEMMA 2.3. G(BE;;) is diagonal for each i €  and 8 € K.

Proof. This is clear for § = 0. Let us assume 8 # 0. Take N = SE;; (N has the form (a) for i = j).

Remember that each matrix M in the centralizer of N has M[{i},i] = 0 and M[i,{i}] = 0. Take r,t € Q,

and s € {i}. Recall that [G(N), N] belongs to the centralizer of N, that is, [G(N), N] = &, Ey; + Z ki B

k=1
ki
So,
E.;G(N)E;; = E.s|G(N)E;; — E;;G(N)|E;; = Ens[G(N), N|E;
=Ers | &iBii+ Y &uBr | Bu=|>_&uEu | By =0.
k=1 I=1
k,l#i l#1
Hence,

E,sG(N)Ey = 0.
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Therefore,

G(BE#)[{i},{i}] =0 forall i€ Q.

By a similar argument, we see that

GBE){i},{i}] =0 forall i e Q.

Next, take j € {i} and consider Ny = SE;; + 3F;; (N, has the form (b)). Remember that each matrix

M in the centralizer of Ny has M[{i,j},{i,7}] = 0 and M[{4,j},{4,j}] = 0. Since, [G(N7), N1] lies in the
centralizer of N1, we have

Using that the off diagonal entries of G(BE;;) in the j-th row (resp., j-th column) are zero, and that
G is additive, we conclude that the (j, k) entry of G(BE;;) is equal to zero whenever k € {i,j}. Combined
with the above, and allowing j vary over {i}, we conclude that G(8F;;) is a diagonal matrix. |

LEMMA 2.4. Leti € Q and j € m Then, G(BE;j) is the sum of a diagonal matriz and a multiple of
Proof. This is clear if § = 0. Let us take oo € K\ {0, 5}. Set N = aE;; + aE;; + BE;; (using (b)). It
can be derived directly from the equation [[G(8E;;), BEi;], BE;j] = 0 that G(BE;j;)j; = 0. So, if n = 2 we

have established the claim. Otherwise, take s,t € {i,j}. Remember that each matrix M in the centralizer
of N has M[{i,j},{¢,7}] =0, M[{i,5},{3,5}] =0, M;; =0 and M;; = M;;.

So,
(2.2) [G(N),N] = ai;Eij + > amEre + Y anBhu.
k=1 ki€{ig}
On the other hand, taking into account that G(aE;;) and G(aEj;) are diagonal, we have
[G(N), N] = [G(aEx), BE;;] + [G(aEj;), BE;] + [G(BE;), aEil + [G(BE:;), aEj;]

+ [G(BEi;), BEi;]
= eByij + [G(BE:y), aEy] + [G(BEy;), alyj] + [G(BEy;), BEi],

for some € € K. After multiplying [G(N), N] by E;;: on the left, we arrive at

Ei [C:(ZV)7 N} = (EZtG(ﬁE”)E“) + (0% (EztG(ﬁEzj)E]]) —|— ﬁ (EZtG(ﬁE”)E”)
= a(G(BE;ij)iEii + G(BE:j)i Eij) + BG(BE:j )i Eij
= Eqy[G(N), N] D 4y B + > auEq.

lefij}
Then, after comparing the two last lines in the above equality, we conclude that

G(BE”)M = G(ﬁEij)tj =0 forall te& {Z,j}
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On the other hand, after multiplying [G(N), N| by Es; on the right and proceeeding similarly as we did
before, we see that
[G(N), N|Ey; = —a(EyG(BEij)Esi + Ej;G(BE;j)Esi) — B(Ei;G(BEi;) Esi)
= —a(G(BE;ij)isEii + G(BEij) jsEji) — BG(BE:;) js Eii

D) s B + Z s Egi-
ke{ig}
So,
G(BEij)is = G(BEi;)js =0 forall s € {i,j}.
Therefore,
(23) GBEi b Tl =0, GBE{ET {31 =0, and G(BEy); =0.

Now, take & € {i,5}, v € K\ {,0} and consider Ny = aE;; + aEj; + SE;j + +7FE¢e. The additivity
of G combined with (2.3) and the previous lemma allow us to conclude that G(Ny)[{i,j},{i,5}] = 0,
G(N1)[{i, 7}, {i,5}] = 0, and G(N1);; = 0. In particular, G(N1); ¢ = G(N1)je = G(N1)e; = G(N1)e,; = 0.
Now, we will show that G(N1)re = G(N1)er = 0 for all k,1 € {i,5,£}. Indeed, note that G(NN1) can be

written as the following:

G(N,) = Z arp By + a;j By + Z ar By
k=1 kle{ij}

Then,

[G(N1), N1] = [G(N1), aByi] + [G(N1), aEjj] + [G(N1), BE;] + [G(N1), v Eee]

n

= lai; Eij, aEy] + [aij Eij, oEj5] + Z[akkEkkaBEij]
=1
+ Z lari Er, vEee)
k,le{i,jg}
= —aa;; E;j + aaij Eij + Blai — aj;)Eij + Z [ari Exi, vE¢e]

klef{i,j}

= Blai —aj) B+ | Y aneEre— Y aaFg
kelig} 1eligy

Remember that [G(N7), Nq] [{5},@} =0 and [G(N1), V] [@, {E}} = 0, since [G(N7), N1] belongs to
the centralizer of N1. Then, G(N1)ke = G(N1)gr = 0 for all k,1 € {3, £}
Hence, all off-diagonal entries in row or column § of G(N1) are equal to zero. As G(aE;;), G(aEj;)

and G(vE¢¢) are diagonal and G is additive, we conclude that all off-diagonal entries in row or column ¢ of
G(BE;j) are zero. Now, letting & vary over {i, j} the claim is established. 0
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LEMMA 2.5. Let i € Q and j € @ Then, there is a field element \;; not depending on B such that
G(BE;j) is the sum of a scalar matriz and \i; BE;;. Besides \ij = Aj;.

Proof. Let o, 8 € K* and consider N = SE;; + aEj; (using (¢) with £ = 7). By the additivity of G and
the previous lemma, we conclude that

G(N) = G(ﬂEm) + G(OéEji) = ZakkEkk + aijEij + ajiEji.

k=1
So,
[G(N),N| = [G(N),BEi;] + [G(N), aEj;]
= Z[akkEkka BEi;] + lai; Eij, BEi;] + [ajiEji, BEij;] + Z ark Erk, aBjil
k= k=1
+ [a”E”, aEj] + [ajiEji, aEj;]
= Blai; — aj;)Eij + ajB(Ej; — Ei) + alaj; — i) Eji + aaij(Ey — Ejj).
Therefore,
0=[[G(N),N], BE;; + akji] = [[G(N), N, BEi;] + [[G(N), N], aEj;]
= Bla;iB(=2Ei;) + alaj; — ai)(Ej; — Bi) + aai;(2E;)}
+ a{B(aii — a;;)(Eii — Ejj) + a;iB(2Ej;) + aay;(—2Ej:) }
So,
2B(—ajif + aai;)Ei; = 0,
and

QEa(ajj — aii)Ejj =0.

Thus, aG(N);; = BG(N);; and G(N);; = G(N);; for all o, B € K*, where N = = BE;; + aEj;. Once
again, using the previous lemma and the additivity of G, we see

(24) OzG(ﬂEij)ij = BG(OLEji)ji for all o, 5 S K*,
and
(25) G(ﬂEU)” + G(ani)“‘ = G(BE”)” + G(OéEji)jj for all o, 8 € K*.

Fix @ € K* and let 8 vary over K* in (2.4). Then,

GBEg);y _ Glali)si _ )\ forall B eK*, where Ay € K.
B e}
Hence, G(SE;j)ij = BAij V 8 € K*. Similarly, we conclude that G(aE};);; = a)j; for all & € K*. Besides,
Xij = Aj; (note that these equalities hold for & =0 and 3 = 0).
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From (25), we obtain that G(BE”)” - G(ﬁEU)jJ = G(ani)jj - G(anz)” for all O[,ﬁ e K*. lemg
a € K*, and letting 8 vary over K*, we see that

G(,BEZ])” — G(ﬁEij)jj =, forall g€ K*, where v € K.
Take B1, B2 € K* such that 51 + 2 € K*. Note
v =G((b1+ B2)Eij)ii — G(B1 + B2) Eij) j;
= G(B1Eij)ii + G(B2Eij)ii — G(B1Es;) 55 — G(B2E4j) 4j

=v+4+v=2v.
Thus,
(26) G(ﬁEU)” = G(BE”)” for all 6 e K*.
Now, we will show that all diagonal entries of G(SE;;) are equal. Indeed, consider Ny = SE;; + aEje,
where £ € {i,j}. By the previous lemma and the first part of this proof, we can infer that G(N;) =
n

ZakkEkk + Xi;BE;; + NjeaEje, where \;; (resp., Aje) does not depend on § (resp., a). Observe that
k=1

[G(N1), N1] = [G(Ny), BE;;] + [G(N1), aEje]

M=

laik Exk, BEij) + [Nij BEij, BEi;] + [NjeaEje, BE;;)

~
Il

1
+ D [ank Bk, aBje] + [\ BEij, aBje) + [NjeaBje, aBje]
k=1

= Blaii — a;;)Eij + alaj; — age) Eje + af(Nij — Aje) Eie.
So,
0 = [[G(N1), Ni), Na] = [Blaii — aj) Eij + alag; — age) Eje + af(Xij — Aje) EBig, N
= alajj — age)[Eje, BEij] + AB(Aij — Aje)[Eig, BEij] + Blais — aj;)[Bij, aBje]
+aB(Xij — Aje)[Eig, aEje]
= alage — a;;)BEic + Blai — aj;)abe.

ThU.S7 (aii — ajj) = (ajj — agg). Hence, G<N1)ii — G(Nl)jj = G(Nl)jj — G(Nl)gg. This last equality
yields
(G(BEij)ii + G(aEje)ii) — (G(BEi;) 5 + G(aEje) ;)
= (G(BEij)j; + G(aEje);;) — (G(BEi;j)ee + GlaEje)ee) -
Employing equation (2.6) (twice), we can deduce that G(aFEj¢)ii — G(aEje)j; = G(BE:;) 5 — G(BE;j)ee

for all o, f € K*. Repeating an earlier argument, we see that G(BE;;);; — G(BE;j)ee = 0 for all £ € {i,j}.
Then,

G(BEy)i "= G(BEy);; = G(BEi)ee for all & € {i,j}.

Hence, all diagonal entries of G(SE;;) are equal. 0
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LEMMA 2.6. Leti € Qandj € m Then, X;j = A, that is, \i; does not depend on i and j. In particular,
G(BE;j) — ABE;j is a scalar matriz, where X € K.

Proof. Consider N = E;; + Ej¢ + E¢;, where £ € {i,j} (using (d)). Then, G(N) = = cl + \j;Ei; +
XjeEje + Aei Bg; for some ¢ € K. Observe

[G(N), N] = [G(N), Eij + Eje + Eci] = Xij([Eij, Eje] + [Eij, Eeil) + Nje([Eje, Eij]
+ [Eje, Eei]) + Aei([Eeir Eij] + [Eei, Ejel)
= Xij(Eic — E¢j) + Nje(=Eie + Eji) + Aei(Ee; — Eji)
= (Xij = Xje) Bie + (Aei — Aij) Egj + (Aje — Aei) Eji.

So,
0= HG(N)’NLN] = HG(N)’N]’EU + EJE + Eﬁi]
= (Nij — Nje) ([Bie, Biy] + [Big, Eje] + [Eie, Eei]) + (Aei — Xij) ([Bej, Byl
+ [E¢j, Eje] + [Eejy Eeil) + (Nje — Aei) ([Ejas Eij| + [Ejis Eje] + [Eji, Eeil) -
Therefore,

0= ((Nij = Nje) = (Nje — Aei)) Bii + (Nje — Aei) — (Aei — Aij)) Ejj
+ ((Aei — Xij) — (Nij — Aje)) Eee.

Thus, we arrive in the following system

Aij - 2Xe + Ay = 0
/\ij + )\jg — 2)\&‘ = 0
72)\1']' + )\jg + >\£i =0

Let A be the matrix formed by the coeflicients of the above matrix, that is,

Then, the solutions are A\;; = A\j¢ = A¢; for all distinct 4, j, and £. This implies that );; is independent
of ¢ and j, since A\;; = Aj; (using Aj; = A¢; = Aig). In particular, G(BE;;) — ABE;; is a scalar matrix. d

LEMMA 2.7. Leti € Q. Then, G(aE;;) — (M) Ey; is a scalar matriz, where A € K is in accordance with
Lemma 2.6.
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Proof. Let j € {i}. Consider N = aE;; + vE;; + BE;; (using (b)), where o, f and v € K* with o # 7.
n

Using the previous lemmas, we know that G(N) = Z axkErp+ +ABE;;. So,
k=1

[G(N), N] = a[G(N), Ei;] +7[G(N), Ej;] + BIG(N), Ey]

= a\B[Eij, Eu] + YAB[Eij, Ej;]l + 8 - Z akk|[Exk, Eij)
k=1

= —Oz)\ﬂEij + ’V)\ﬂEij + B(a“‘ — ajj)Eij = pEij.
Then,
[[G(N), N], N] = p[Eij, N| = p(alEyj, Ex] +v[Eij, Ejj))
= p(—aEij + 'YEij) = p(v — Oé)El'j =0.
Thus, p(y —a) = 0. So, p = B(—aX+ yA+ (ai; —aj;)) =0, because a # . Furthermore, since 8 € K*,
we see that a; +vA = aj; + al.

Therefore,
G(N)” + ’Y/\ = G(N)jj + .
Let us recall that G is additive, N = aE;; + vE;; + BE;;, and G(BE;j)ii = G(BE;);; (by Lemma 2.6).

Hence,

G(aEi)i + G(VEjj)ii + A = G(aEy) 5 + G(vEjj) 5 + aX.

Then,

G(aEi)ii — G(aEi)j; — A= G(vEjj) 5 — G(vEjj)ii — YA

Observe that the left (resp., right) hand side of the above equation only depends on « (resp., 7). Letting
v vary on K*, we see H(a) = G(aFEi;)i — G(aE;;);; — ah = v, where v € K. Therefore, G(aE;;)i; —
G(aE;;);; — Ao = 0, since H(«) is additive. So, G(aFy;)i; — A = G(aE;;);; for all « € K* and j € {i}.
And this allows us to conclude that G(aEy;)j; = G(aFEi)e for all j,& € {i} and a € K*. Therefore,
G(aE;;) — (M) Ey; is a scalar matrix. And this completes Proposition’s 1.1 proof. d

Now, we are in a position to prove our main result:

THEOREM 2.8. Let K be a field whose characteristic is either zero or greater than 2, and n > 4. Let
G : M,(K) = M, (K) be an additive map such that

[[G(y),y],y] =0 for all singular y € M, (K).

Then, there exist an element A € K and a central map p such that

G(z) = Mx + p(x) for each x € M, (K).

Proof. The result follows immediately from Proposition 1.1, because if N has one of the froms (a), (b), (c)
or (d) then N is singular for all n > 4. O
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As an application, we have:
COROLLARY 2.9. Let m,n € N*, where n > 4. Let G : M,(K) — M,(K) be an additive map. Let us
suppose that

m

(2.7) > G y=Lyl =0

k1,ko,ks=1
for all singular matrices y € M, (K). If the characteristic of K is either zero or greater than 3m — 2 then
G(z) = Ax + p(x) for each x € M, (K), where A € K and u is a central map.

Proof. Let us denote by L the prime field of K. Let g € L* and = € M,,(K) be a singular matrix. It is
clear that Sz is singular. Besides, note that G(8x) = Sz, since G is additive. By (2.7), we have

> IG(BR k), Brratz), g aks)

k1,ko,ks=1

= BCl),alal+ Y0 (B8R, praat], proate)
sk et

= B[G(x),z], 2] + B*Ra(x) + B°Rs(x) + - -+ + ™ Rap () = 0.

So,
3m )
[G(x),z],2] + > B *Ri(x) =0 forall geL".
i=4
Since, | L |> 3m — 2, we can choose 1, B2, . .., B3m—2 € L* pairwise distinct. Hence,
m— G(x),z],x 0
1 B 612 Bi’( 1) H ( ) ] ]
15 52 3(m—1) Ry(x) 0
° 2 2 Rs(z) ~|o
. 2 3(7;L—1) :
L Bam—2 Bypa - 3m—2 Rspm () 0
Therefore, from the above system, we can conclude that [[G(z),z],z] = 0 for all singular matrices
x € M, (K). Now, the result follows from Theorem 2.8. O

Acknowledgments. The authors would like to thank an anonymous referee for suggesting and outlining
a more transparent proof throughout a series of lemmas.
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