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TRIDIAGONAL PAIRS OF TYPE III WITH HEIGHT ONE*

XUE LIt, BO HOUf, AND SUOGANG GAO$

Abstract. Let K denote an algebraically closed field with characteristic 0. Let V' denote a vector space over K with finite

positive dimension, and let A, A* denote a tridiagonal pair on V of diameter d. Let Vj,...,Vy denote a standard ordering of
the eigenspaces of A on V, and let 6y, ...,0; denote the corresponding eigenvalues of A. It is assumed that d > 3. Let p;
denote the dimension of V;. The sequence po, p1, ..., pq is called the shape of the tridiagonal pair. It is known that po = 1 and

there exists a unique integer h (0 < h < d/2) such that p;—1 < p; for 1 <4< h, pi_1 = p; for h <i < d—h, and p;—1 > p;
for d — h < i < d. The integer h is known as the height of the tridiagonal pair. In this paper, it is showed that the shape of a
tridiagonal pair of type III with height one is either 1, 2, 2, ..., 2, 1 or 1, 3, 3, 1. In each case, an interesting basis is found for
V and the actions of A, A* on this basis are described.
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1. Introduction. Throughout the paper, K denotes an algebraically closed field with characteristic 0
and V denotes a vector space over K with finite positive dimension.

We begin by recalling the notion of a tridiagonal pair. We will use the following terms. Let End(V)
denote the K-algebra consisting of all K-linear transformations from V to V. For A € End(V) and for
a subspace W C V, we call W an eigenspace of A whenever W £ 0 and there exists § € K such that
W ={v € V| Av = fv}; in this case, 0 is the eigenvalue of A associated with W. We say A is diagonalizable
whenever V' is spanned by the eigenspaces of A.

DEFINITION 1.1. ([1, Definition 1.1]) By a tridiagonal pair on V, we mean an ordered pair A, A* €
End(V) that satisfy (i)—(iv) below:

(i) Each of A, A* is diagonalizable on V.
(ii) There exists an ordering {V;}2, of the eigenspaces of A such that

(1.1) AV, CVii+Vi+ Vi (0<i<d),

where V_; =0 and V441 = 0.
(iii) There exists an ordering {V;*}9_, of the eigenspaces of A* such that

(1.2) AVFCVEL + Vi + VL, (0<i<9),
where V*; =0 and V7, = 0.
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(iv) There is no subspace W of V such that both AW C W, A*W C W, other than W =0 and W = V.

We say the pair A, A* is over K.

Let A, A* denote a tridiagonal pair on V. By [1, Lemma 4.5], the integers d and ¢ from Definition 1.1
are equal; we call this common value the diameter of A, A*. We assume that d > 3. An ordering of the
eigenspaces of A (resp., A*) is said to be standard whenever it satisfies (1.1) (resp., (1.2)). By [1, Corollary
5.7], for 0 < i < d, the spaces V;, V;* have the same dimension; we denote this common dimension by p;.
We call the sequence {pi}?zo the shape of A, A*. By a Leonard pair we mean a tridigonal pair with shape
(1,1,...,1) [8, Definition 1.1]. See [5, 8, 9] for more information about Leonard pairs. The pair A, A* is said
to be sharp whenever pg = 1. By [7, Theorem 1.3], a tridiagonal pair over an algebraically closed field is
sharp. See [2, 6] for more information about sharp tridiagonal pairs. By [1, Corollaries 5.7 and 6.6], {p; }2,
is symmetric and unimodal; that is p; = pg—; for 0 < i < dand p;—1 < p; for 1 <i < %. By [3, Theorem 3.3],
there exists a unique integer h with 0 < h < % such that p;,_1 < p;for 1 <i<h,pi_1=p;forh<i<d—nh
and p;_1 > p; for d — h < i < d. We call h the height of A, A*.

It is known [1, Theorem 10.1] that there exists a sequence of scalars ,v,7*, g, 0* taken from K such
that both

[A, A2A* — BAA® A+ A*A2 — y(AA* + A*A) — pA*] =0,
(A%, A* A — BA*AA* + AA” — y*(A*A+ AA*) — 0" A] = 0,

where [B,C| = BC — CB. The sequence is unique if the diameter of the pair is at least 3. The above
relations are known as the tridiagonal relations. The scalar § is called the fundamental parameter of A, A*.
A tridiagonal pair A, A* is called of type I, type II, type III according to 8 # +2, f = 2, § = —2 in the
tridiagonal relations, respectively.

In [4], K. Nomura considered tridiagonal pairs A, A* of type I with height one. He showed that the
shape of a tridiagonal pair of height one is either 1,2,2,...,2,1 or 1,3,3,1. And he gave a basis for V and
obtained the matrices representing A, A* with respect to this basis. Motivated by [4], in this paper, we show
that the shape of a tridiagonal pair of type III with height one is the same as type I in [4], that is, the shape
is either 1,2,2,...,2,10or 1,3,3,1. Then, in each case, we display a basis for V' and give the actions of 4, A*
on this basis.

In Section 2, we first recall some basic results from [1] and [3] concerning the split decomposition and
the refined split decomposition of the tridiagonal pair. In Section 3, we define some linear transformations
X;,Y;, Z;(0 < i < d), and use them to show that RL(*) (resp., RL(7)) is a scalar multiple of L(H) R (resp.,
L)R) on each U™ N U;. We also give a linear relation between RL(®Y), L(O) R and T (the identity map) on
each U™ NU;. In Section 4, we find a basis for V. In Section 5, we obtain the action of L. In Section 6, we
determine the shape of the tridiagonal pair of type III with height 1, which is Theorem 6.4. In Section 7,
for all cases listed in Theorem 6.4, we display a basis for V' and give the actions of A, A* on this basis.

2. Refined split decomposition of a tridiagonal pair. In this section, we first recall some known
facts about the split decomposition and the refined split decomposition of the tridaigonal pair.

With reference to Definition 1.1, for 0 < i < d, we set

U=y +Vi+-4+V)NVi+Vigr +---+ V).
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By [1, Corollary 5.7], the dimension of U; is equal to p; for 0 <4 < d. And by [1, Theorem 4.6], the space
V' is decomposed as

(2.3) V=Uy+U+---+Ug (direct sum).

The decomposition given in (2.3) is called the split decomposition of the tridiagonal pair.

Let F; : V — U; denote the projection with respect to the direct sum (2.3). Then, for 0 < 4,5 < d,

F0+F1++Fd21 and FiFj:(SijFi.

The raising map R and the lowering map L are defined as follows:

d d
R=A-) 0;F; and L=A"-) 6/F,.
1=0 =0
LeEmMA 2.1. ([1, Corollary 6.3])

(i) RU,; C Ui+1 (O <1< d), RU; = 0.
(11) LU, CU;_+ (O <1 < d), LUy = 0.

LEMMA 2.2. ([3, Lemma 2.7]) Let W denote a subspace of V. Suppose that RW C W, LW C W and
FEWCW for0<i<d. Then W =0o0rW=V.

Next, we display some results concerning the refined split decomposition of the tridiagonal pair. For the
rest of this paper, let h denote the height of the tridiagonal pair.

For0<r<handr<i<d-—r, weset
U = R(U, NKer R+,
LEMMA 2.3. ([3, Lemma 4.1]) For 0 < r < h, the following hold.

U cu (r<i<d-—r),
U™ = U, 0 Ker RI-2+1,

(v) RUD =0 (r<i<d-r—1), RU =0,

% 7 —r

LEMMA 2.4. ([3, Lemma 4.3]) For 0 <r < h,
dim U = p, = proy (r<i<d—r),
where we set p_1 = 0.

LEMMA 2.5. ([3, Lemmas 4.7 and 4.8]) For 0 <i <d,

U; = Z U™ (direct sum),
r=0
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where m = min{i, h,d —i}. And V is decomposed as

h d—r

(2.4) V= Z Z UZ-(T) (direct sum).

r=0 i=r

The decomposition given in (2.4) is called the refinement split decomposition of the tridiagonal pair.

For 0 < r < h, we set
d—r
U(r) _ Z Ui(r)'
i=r

LEMMA 2.6. ([3, Lemma 5.1)) V is decomposed as
h
V= Z U™ (direct sum).
r=0

LEMMA 2.7. ([3, Lemma 5.3]) For 0 <r < h,

RU™ C U,

Let
FO v U™ (0<r<h)

denote the projection with respect to the direct sum V = Zﬁ:o U™, Then, for 0 <r < hand 0 < s < h,

FOLprpO 4 4 FMW =T and FOFE =5, F©).

We set
F =FFD (0<r<h, 0<i<d).

LEMMA 2.8. ([3, Lemma 6.1]) For 0 <r <h and 0 <i <d,
(i) FZ-(T) = F(T)Fi - FiF(T),
(i) F\” = Fy and F") = Fy,
(iit) F" #£0 if and only if r <i<d—r.
LEMMA 2.9. ([3, Lemma 6.2]) For 0<r <h andr <i<d-r, FOy = U-(T), and

Fv ol
is the projection with respect to the direct sum V = Zﬁ:o Zf;: Ui(T).
LEMMA 2.10. ([3, Lemma 6.3]) For 0 <r <h,
(i) FWR = RF"),
(i) F"R=RF"(1<i<d),
(i) FR =0.

We set

h h h—1
(2.5) L) = ZF(T'—ULF(T‘)7 LO — Z FOLEM L) = Z FU+O L)

r=1 r=0 r=0
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LEMMA 2.11. ([3, Lemma 6.5])
L=LO) 4+ 1O 4 ),

LEMMA 2.12. ([3, Lemma 6.7]) For 0 <r < h, the following hold.
(i) LOFE" =0,
(i) LOF™ = L ED —o0,

Let A, A* be a tridiagonal pair with the fundamental parameter 5. For the rest of this paper, we always
assume that § = —2.

LEMMA 2.13. For0<:<d-—2,

(R®L + R*LR — RLR* — LR® — ¢;R*)F; = 0,

(2.6) (L*R+ L*RL — LRL? — RL? +¢;L*)F;,5 = 0,
where
(2.7) gi = (0i — 0i42)(07 11 — 0715) — (0715 — 07)(0i1 — 0:).
Proof. Immediate from [1, Theorem 12.1] and 8 = —2. a0

LEMMA 2.14. The following relations hold.

(2.8) RLY) + R*LOR — RLWR? — LHR3 =,
(2.9) R3L) + R®LOIR - RLOR? - LR = 0.
Proof. Immediate from [3; Theorem 6.8] and 8 = —2. O

LEMMA 2.15. For0<r<hand0<:<d—2,
(2.10) (RPLO 4+ RPLOR — RLOR? — LOR? — o, R2)F") = 0.

Proof. Immediate from [3, Lemma 6.9] and 8 = —2. O
LEMMA 2.16. ([1, Theorem 11.2]) Let {6;}L, (resp., {0:}% ) denote an ordering of the eigenvalues of

A (resp., A*). Then there exist scalars a,a*,b,b*,c,c* in K such that
(2.11) 0; = a+b(—1)" +ci(—1)" (0<i<
<1

d),
(2.12) 0F =a* +b*(—1)" +c%i(-1)" (0<i<

d).
3. Relations between R and L(*) (resp., L(~), L(®). In this section, we show that RL(*) (resp.,

RL()) is a scalar multiple of L(H) R (resp., L(-)R) on each U™ NU;. We also give a linear relation between
RLO®, LOR and I (the identity map) on each U™ NU;.

We first fix an integer r such that 0 < r < h — 1, and set
X;:=LMFE" (0<i<d).

Lemma 3.1. X, = X,41 =0.

Proof. Immediate from Lemma 2.12 (ii). d
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LEMMA 3.2. Forr<i<d-—r—3,

(3.13) R3X;+ R*X;.1R— RX; oR* — X;, 3R> = 0.

Proof. From (2.8), we have
(RPL™) + RAELR — RLWR? — LHORHYFT = .
Apply Lemma 2.10 to the above relation to obtain
RLHE 4 RRIOFED R - REDFD,R? - LYER? =0. 0O

LeEmMMA 3.3. Forr+2<i:<d—r—1,

(3.14) RX;+ X;x1R=0, ifi—r is even;
. 1 .
(3.15) (Z ;+ )RXZ- + (’ ) T)XZ-HR =0, ifi—r is odd.

Proof. Fix an integer ¢ (r +2 <i < d —r — 1). By the definition of X; and Lemma 2.9, we have
RX; ‘U(7~)7é 0, RX; |U(r): 0(+#37), XimR |U§rr)7é 0, X;11R ‘U(”‘): 0 (i # 7).
3 J 3 J

These imply that (3.14) and (3.15) hold on V' if and only if (3.14) and (3.15) hold on U".

We first show that (3.14) holds using induction on 4. Setting ¢ = r in (3.13), and applying Lemma 3.1,
we find

(3.16) — RX,1oR* — X, 3R* = —(RX, 42 + X,13R)R* = 0.

Note that
R2 |Ur(r): Uqgr) — USBQ

is a bijection by Lemma 2.3. Remove the factor (—1)R? in (3.16) to obtain
(3.17) RX, 4o+ X, 13R=0.

Hence, (3.14) holds at i = 7 + 2.

Now suppose (3.14) holds at ¢ — 2, where ¢ — 2 — r is a non-negative even integer. We will show that
(3.14) holds at i. By the induction hypothesis,

(3.18) RX, o+ X, 1R=0.

Replacing ¢ by ¢ — 2 in (3.13),

(3.19) R¥X; o+ R’X;, 1R— RX;R> - X; 1 R®> =0.
Multiplying (3.18) by (—1)R? from the left,

(3.20) —R3X; 9 — R*X; 1R=0.
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Adding (3.19) and (3.20),
—RX;R* - X; 1 R® = 0.

|U;1)2: Ui(iQ — Ui(r) is a bijection by Lemma 2.3, we can remove the factor (—1)R? to get

Since R?
Hence, (3.14) holds.

Next, we show that (3.15) holds using induction on . Setting ¢ =r 4 1 in (3.13), and applying Lemma
3.1, we obtain
R?’X, 2R — RX, 3R? — X, 4R* = 0.

Since R \Uii)l: Ur(jr)1 — U,E_?z is a bijection by Lemma 2.3, we can remove the factor R to get
(3.21) R*X, 19 — RX, 3R — X, 4R*=0.

Multiplying (3.17) by (—1)R from the left,

(3.22) — R?X,,9— RX,,3R=0.

Adding (3.21) and (3.22),
—2RX, 43R — X, 4R*=0.

Since R \U(r) : U')E?Q — Ugr)g is a bijection by Lemma 2.3, we may remove the factor R to get
r+2
4 3
(2> RX, 15+ (2> X,+4R=0.

Now suppose (3.15) holds at ¢ — 2, where i — 2 — r is a non-negative odd integer. We will show that
(3.15) holds at i. By the induction hypothesis,

-1 -2
(3.23) (’ ; )RXi_g—i—(Z ; )Xi_leo.

Hence, (3.15) holds at i = r + 3.

Replacing ¢ by ¢ — 2 in (3.13),
(3.24) R*X; o+ R*X, 1R — RX;R* - X, 1R* =0.

Multiplying (3.24) by (Fg*l),
-1 -1 -1 -1
(3.25) (Z g >R3Xi_2 + (Z ; )RQXi_lR— (Z ; )RXZ»RQ - (Z ; )Xi+1R3 —0.

Multiplying (3.23) by (—1)R? from the left,

1 2
(3.26) —(Z ; )R?))(i_g—(Z ; )Rin_lRZO.

Adding (3.25) and (3.26), since the restriction R [/ : U™, — U is a bijection by Lemma 2.3, we can
i—2

remove the factor R to get

1 1
(3.27) (i—r—Q)J%?X“—(z 2 )RXiR—(Z ; )XmR?:o.
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Since i — 1 — r is even, replacing ¢ by ¢ — 1 in (3.14), and then multiplying —(i — r — 2)R from the left, we

obtain
(3.28) —(i—r=2)R*X; 1 —(i—r—2)RX;R=0.
Adding (3.27) and (3.28), since R |U7@1: Ui(ﬁ)l — UZ—(T) is a bijection by Lemma 2.3, we can remove the factor
(=1)R to get
S .
<Z rt >RX1- n (z T>X1-+1R —0.
2 2
Hence, (3.15) holds. ad
THEOREM 3.4. For0<r<h—-1landr+2<i:<d—-r—1,
(3.29) (RL™) + L(+)R)UZ-(T) =0, ifi—r iseven;
—r—1 T p . .
(3.30) (RL(+) + UL(HR) Ui( ) =0, if i —r is odd.
i1—r+1

Proof. Immediate from (3.14), (3.15) and the definition of X;. d

Next we fix an integer r such that 1 < r < h, and set
Y, :=LOF" (0<i<d) and Yy :=0.
LemMA 3.5. Yy_py1 =Yg 42 =0.
Proof. Immediate from Lemma 2.8 (iii). |
LEMMA 3.6. Forr<i:<d-—r—1,
(3.31) R3Y; 4+ R*Y; 1R — RY; oR* - Y;, 3R> = 0.
Proof. Similar to the proof of (3.13). d
LEMMA 3.7. Forr<i<d-—r—1,
(3.32) RY;+Y;:1R=0, ifd—r—1iis odd,

<d—r—i+1

(3.33) )

d—r—i+2
)RYi+< T21+ >Yi+1R—0, if d—r —1i is even.

Proof. We first show that (3.32) holds using induction on i. Applying Lemma 3.5, setting i =d —r — 1
in (3.31) and then removing R? from the left, we obtain
(3.34) RY; . 1+Y; ,R=0.
Hence, (3.32) holds at i =d —r — 1.

Now suppose (3.32) holds at ¢ + 2, where d — r — i — 2 is a non-negative odd integer. We will show that
(3.32) holds at i. By the induction hypothesis,

(3.35) RY; 2 +Yi3R=0.

Multiplying (3.35) by R? from the right, adding (3.31) and then removing R? from the left, we can get
(3.32).
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Next, we show that (3.33) holds using induction on i. Setting i = d—r—2 in (3.31) and applying Lemma
3.5, we obtain

(3.36) R¥, , o+ R*Y,; ., \R—RY; ,R®>=0.
Multiplying (3.34) by R on the two sides of the equation,
(3.37) R?Yy 1R+ RY; ,R*=0.
Adding (3.36) and (3.37), and then removing R?, we have

RYy y_2+2Yy; . 1R=0.
Hence, (3.33) holds at i =d —r — 2.

Now suppose (3.33) holds at 7 + 2, where d — r — i — 2 is a non-negative even integer. We will show that
(3.33) holds at i. By the induction hypothesis,

Cr—i-1 o —
(3.38) <d TZZ )R}fi+2+<d ; Z)YH?,R:O.

Multiplying (3.31) by (d_;"_i), we have

d—r—i d—r—i d—r—i d—r—i
(3.39) < ; Z>R3n+( ; Z)RQYiHR( ; Z)RYHQR2< ; Z>)@+31~23().

Multiplying (3.38) by R? from the right, adding (3.39), and then removing R, we obtain

d—r—i d—r—i
(3.40) < ; QR%@+< ; vREHR(driDEHRzQ
Since d —r — i — 1 is odd, replacing i by i 4+ 1 in (3.32), and then multiplying (d —r —i — 1) R from the right,
we have
(3.41) (d—r—i—1)RY; 1R+ (d—7r—i—1)Y;;2R*=0.
Adding (3.40) and (3.41), and then removing R, we can get (3.33). |

THEOREM 3.8. For1<r<handr<i<d-—r-—1,

(3.42) (RLO) + LORUM =0, ifd—r—i is odd:
d—r—i+2 .
(3.43) <RL<> + dT”,LUR) U™ =0, ifd—r—iis cven.
—r—1
Proof. Immediate from (3.32), (3.33) and the definition of Y;. |

Finally we fix an integer r such that 0 < r < h, and set
Zi = LOF" (0<i<d).

LEMMA 3.9. Z, = Z4_,41 =0.
Proof. Immediate from Lemmas 2.8 (iii) and 2.12 (i). d
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LEMMA 3.10. Forr <i<d—r—2,
(3.44) R¥Z; + R®°Z;\\R — RZ;j2oR? — Z; 3R — &, R2F") = 0.
+ + + i
Proof. Immediate from (2.10) and Lemma 2.10. |
LEMMA 3.11. Forr+1<i<d—r—1,

t—7r+1 1—r+1

2 R*Z; — RZ; 1R — 5 Zi o R?
| — 1 j r e .

(3.45) - Z [ — (=17t 1772“ * (—1)7_T] 5]'RFZ-( ) =0, ifi—ris odd;
—r+2 1l :
%RQZZ z+2R +Z |:_ J r+1+%(_1)j—r EjRFi( )ZO,

(3.46) if i — r is even.

Proof. We show that the results hold using induction on i. Setting ¢ = r in (3.44), and applying Lemma
3.9, we find
R*Z, 1R — RZ,2R? — Z, 3R> — ¢, R*F") = 0.

Using Lemma 2.10 and removing R, we obtain
(3.47) R?Z, 1 — RZ, oR — Z, 3R? — ¢, RE"), = 0.
Hence, (3.45) holds at ¢ = r 4 1.

Now suppose the results hold at ¢ — 1, where ¢ — 1 — r is a non-negative odd integer. We will show that
the results hold at 7. By the induction hypothesis,

(3.48) i

. 1 ‘ )
R2 Zi_1— RZ;R — 2JrlR Zl:_ J r+l+%(_1)17r EjRFi(_)lz(l

Replacing i by ¢ — 1 in (3.44), and multiplying by 5~,

r

T€7;_1R2Fi(i)l =0.

ZiyoR? —

1—7 . i—
(3.49) 71{“‘2 _ i1 R% — 5
Multiplying (3.48) by (—1)R from the left, adding (3.49), and then removing R, we can get (3.46).

Next, we suppose the results hold at ¢ — 1, where ¢ — 1 — r is a non-negative even integer. We will show
that the results hold at 7. By the induction hypothesis,

t—r+1 . j—r+1 . r
— R*Z;_y — z+1R2 + Z { — (=1 + 372 (=1) ] 6jRFi(_)1 =0.
Multiplying (—1)R from the left,
. . i—2 )
—r+1 —r—1 1 1 - —r+1 i r
(3.50) — %R?’Zi,l—k%RZHlW -3 [4 - (T %(—1)3 ] e, RPF) = 0.

j=r
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Replacing i by i — 1 in (3.44), and multiplying by = T'H

i—r+1 i—r+1

) — 1 ) — 1
L sy T ey 1T Ry B2 ZisoR3
2 2 2 2
) — 1
(3.51) 473—%%t—5F4R2F£1::Q
Adding (3.50) and (3.51), and then removing R, we can get (3.45). o
LEMMA 3.12. Forr <i<d—r—2,
d— d —1
; "R2Z, + RZj R — ——é}—fZHQR2
B Qe 4 )
(3.52) Z [ — (=1 4 H(—l)d_r_j] EjRFZ-( ) =0, ifd—r—iis even;
= 2
d— 1 d—r—i+1
7‘2Z RQZi*#ZH-QRz
d—r—2 .
1 1 ;od—r— j r : ;s
(3.53) [4 — Z(—l)d_T_J + ;‘J(—l)d_’”_q ejRFZ-( ) = 0, ifd—r—1iisodd.
Jj=t

Proof. We show that the results hold using induction on 4. Setting i = d —r — 2 in (3.44), applying
Lemma 3.9 and then removing R, we have

(3.54) R?Zy 9+ RZ4r 1R—Z4 +R® —cq_» oRF =0
Hence, (3.52) holds at i =d — r — 2.

Now suppose the results hold at ¢ + 1, where d —r — ¢ — 1 is a non-negative even integer. We will show
that the results hold at i. By the induction hypothesis,

d— —i—1
%R Zz+1 + RZ2+2R %ZiJrgRQ
d—r—2 3
1 1  od—r—
(3.55) — i 7(_1)d*7"*ﬂ + #(_1)d*?”*] RF( )1 —0.
= 4 4 2
Jj=i1+1
Multiplying (3.44) by ¢=r5=1,
d—r—i—1 d—r—i—1 d—r—i—1 d—r—i—1
A—JEJ——R%Z+——L?L—J#ZHR— TQZ R&HRQ———EEL——&HR3
d—r—i—

1 S
(3.56) & R2F™ =0,

2
Multiplying (3.55) by (—1)R from the right, adding (3.56), and then removing R, we can get (3.53).

Next, we suppose the results hold at ¢ + 1, where d —r — ¢ — 1 is a non-negative odd integer. We will
show that the results hold at ¢. By the induction hypothesis,

d—r—1—2 2 d— i d'rfj d—’f'—] d—r—j (r)
(357) — 5 RZipn———— sz—%E - = (= + (1) e;RF 1 =0.
Jj=1i+1
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d—r—i

Multiplying (3.44) by ==,

d— %Si R2FD — 0.

;_iRZi+2R2—d_T_i

der—i
#RQZZ-HR—

d

358) =" " lpsg Z, s R —
) +

Multiplying (3.57) by (—1)R from the right, adding (3.58), and then removing R, we can get (3.52).
LeEmMmA 3.13. Forr+1<i<d—r—1,
(i) If i —r and d — r — i are odd, then

(3.59) (i—r+1)RZ —(d—r—i+1)ZinR—eF" =0,

where

1—1
. S D el
el =(d—r—i+1)3 [4_4(_1)] T+1+‘77; (—1)7 } ;

=r

[

. & 1 1 d—r—j d—’l"—j d—r—j
+i-r+1) > i) + (1) £j.

=1

<

(ii) Ifi—r is even, d —r — i is odd, then

d—2r+1 d—2r+1 .
a-ertl }2222-—727”r ZiyoR? + 2RF") = 0,

3.60
(3.60) .
(3.61) (d—2r + 1)RZ; + ¢ F") =0,
where
i—1 1 1 j 1
2 _ j—r—41 - —r
ei_;[rﬂ—w e
d—r—2
1 1 d—r—j
- = _J_d*T*] 1 d—r—j
+]Z_;[44<> + I i),
/ 1 jor+1
d—r—2
1 1 . d—r—j o
-0 X 3o qev s S eyl
j=i
(iii) Ifi —r is odd, d — r — i is even, then
d—2r+1 d—2r+1 .
(3.62) %3221‘ - 7T+Zi+2R2 — RF" =0,

(3.63) (d—2r+1)Ziy R+ F7 =0,
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where
[l 1 j—r+1
3 Z_Z j—r+1 - _1yi-r
5 2_3[4 pem e e ]
d—r—2

1 1 o d—r—3j e
— 1 d—r—j 1 d—r—j

+ 30 |- 0+ L ey g,

j=i
i—1
! 1 1 _r j—r+1 r
i a-r-9 Y |1 - jer e I ey
j=r
d—r—2 .
1 1 d—r—
S 3 [f - et S )
Jj=t
(iv) If i —r and d — r — i are even, then
(3.64) (d—r—i)RZi — (i — 1) Zip R+ el F"” =0,

where

Proof. (i) Setting i = d—r —1 in (3.45), applying Lemma 3.9 and then removing R, we get (3.59) holds
ati=d—r—1.

Suppose r+1 < i < d—r—2. Eliminating the term of Z; o R? from (3.45) and (3.53), and then removing
R, we get (3.59).

(i) Setting i = d —r — 1 in (3.46) and using Lemma 3.9, we can get (3.60) holds at ¢ = d —r — 1.
Removing R, we get (3.61) holds at ¢ =d —r — 1.

Suppose r+1 <4 < d—r—2. Adding (3.46) and (3.53), we get (3.60). Eliminating the term of Z; o R>
from (3.46) and (3.53), and then removing R, we get (3.61).

(iii) Eliminating the term of RZ, 1R from (3.45) and (3.52), we get (3.62). Similarly, eliminating the
terms of R?Z;, Z; 1o R? from (3.45) and (3.52), and then removing R, we get (3.63).

(iv) Eliminating the term of Z; ;o R? from (3.46) and (3.52), and then removing R, we get (3.64). ad
LEMMA 3.14. With reference to Lemma 2.16, for 0 <i<d — 2,

g =4(bc" +bc+2(i + 1)cc*).

Proof. Immediate from (2.7) by a conventional calculation. |
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LEMMA 3.15. Forr+1<i<d—r—1, the scalars e}, e?,¢e? ,e3 e} ,e} by Lemma 5.13 are given by

P=(d—r—i+1)(i—7r+1)(2bc* + 2b%c+ (d + 2i)cc”),
?=(d—2r+1)(d—2i— 1)cc,
e = —(d—r—i+1)(i—r)(d—2r+ e,
el = (d—2r+1)(2bc* + 2b*c + (d + 2i + 1)cc®),

e =—(d—r—49)(i—r+1)(d—2r+1)ecc,

ef = (d—r —14)(i —r)(2bc* + 2b*c + (d + 2i)cc”).
Proof. Immediate from Lemmas 3.13 and 3.14 by a conventional calculation. ]
THEOREM 3.16. For0<r <handr+1<i<d-—r—1,

(i) Ifi—r and d — r — i are odd, then

d—r—i+1
(3.65) (RL(O) e mu) vl =0,

(ii) Ifi—r is even, d —r — i is odd, then
(3.66) (R’L) — LY R? 4 2(d - 2i — 1)ec" R)U," =0,
(3.67) (RLO —(d—r —i+1)(i — T)cc*[)Ui(r) =0.

(iii) Ifi—r is odd, d — r — i is even, then
(3.68) (RZL(O) —_LOpRp2_ Q,YiR)Ui(T) =0,
(3.69) (LOR—(d—7r—i)(i —r+ ec" U = 0.

(iv) If i —r and d — r — i are even, then

(3.70) (RL(O) — %L@R + (i — r)uil) Ul =o,
where
Wi = 2bc™ + 2b*c + (d + 2i)ec”,
vi = 2bc* + 2b%*c + (d + 2i + 1)cc™.
Proof. Immediate from Lemma 3.15 and equations (3.59)—(3.64). 0

To end this section, we give the following lemma for the future use.

LEMMA 3.17. Let r denote an integer with 0 < r < h. Let Y denote a subspace of Ur(r) such that
LORY CY. We set W =" R'Y. Then LOW CW.

Proof. We show

(3.71) LORY CRY (1<i<d-2r).
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We divide our proof into two cases in term of the parity of diameter d.

First we consider the case that d is odd. If 4 is even, pick any vector u € Y C Uy), and observe that

R~y belongs to ULF)% 1 by Lemma 2.3. Since 7 +i — 1 — r is odd, applying (3.69) to R*~'u, we find

LORIy = i(d —2r —i 4 1)ec* R .

Hence, L(®) Riy € R*='Y. If i is odd, we show (3.71) holds using induction on i. Observe that (3.71) holds
at ¢ = 1 by our assumption. Now suppose 3 < i < d — 2r, and suppose (3.71) holds at i — 2. We will show

(3.71) holds at 4. Since R'~2u € U(Jr)z 5, and 7 +i — 2 —r is odd, applying (3.68) to R*~?u, we obtain

LORY = RLOR 2y — 2y, _oR™ .
Note that L(®) R"—2y € R*=3Y by induction, so R?L(®“R*=2y € R*~'Y. Hence, LO Ry € R*~'Y.

Next, we consider the case that d is even. We show (3.71) holds using induction on 7. Observe that
(3.71) holds at ¢ = 1 by our assumption. Now suppose 2 < i < d — 2r, and suppose (3.71) holds at i — 1.
We will show (3.71) holds at 4. If i is even, applying (3.65) to R*~!u, we find

100 piy, [ TORi~1y, i, pi-l,
R'u d—27‘—i—|—2R R™7u—ipppi—1 R

If 7 is odd, applying (3.70) to R*~'u, we find

d—2r—i1+1

LO) Rig, =
Ru i1

RLOR ™Y+ (d—2r —i+1)pryi 1 R u

These imply that L Riu € span{ RL(®) R*~'u, R*~'u}. By the induction hypothesis, we have L(O) "1y
R=2Y, so RLOR"'y € R"-'Y. Hence, LI R'Y C R*~'Y. We have shown (3.71). We also have L)Y C
LOU =0 by Lemma 2.12. Thus, LOW C W. 0

4. The basis for V. In this section, we assume the height of A, A* is 1. That is pg = pg = 1
p1 = p2 =+ = pa—1 > 2. Note that by [4, Lemma 4.1], V is decomposed as V = El 0 U(O + Zd Z(l
(direct sum). Now, we give the bases for UZ-( )(0 <i<d) and Ui( (1<i<d-1).

)

Fix a nonzero vector ug in Up, and set u; = Rlug (1 < i < d).

LEMMA 4.1. For 0 <i < d, {u;} is a basis of U

Proof. Immediate from Lemma 2.3. ]
LEMMA 4.2. We have

(i) LM uy =0, LHu; = 0;

(i) LHuy £ 0.

Proof. (i) Immediate from Lemma 2.12.
(ii) Suppose L(t)uy = 0. Applying Lemma 3.4 to u; for 2 <i <d —1,

Ly = LY Ru; = —RLMu,,  if i is even;

z—l—l

LMy = L' Ru; = RL(J“)uZ, if 7 is odd.
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Combining with (i), these imply L+ u; =0 for 0 < i < d. So LHU® = 0. Using (2.5) and Lemma 2.11,
we have
LU = 1Oy© 4 OO L 1Oy = OO ¢ o),

Hence, U is invariant under L. Also we have RU© C U(©) by Lemma 2.7, and FUO = UZ-(O) - U(O)(O <
i < d). From which we have U(®) = V' by Lemma 2.2, a contradiction. O
We set v; = L uy, v; =R, (2<i<d—1).
LEMMA 4.3. For 1 <i<d-—1, v; #0 and v; lies in Ui(l).
Proof. Immediate from Lemmas 2.3 and 4.2. O
LEMMA 4.4. Suppose p1 = 2. Then {v;} is a basis of Ul-(l) (1<i<d-1).
Proof. Immediate from Lemmas 2.5, 4.1 and 4.3. O

LEMMA 4.5. For1 <i<d-1,

(4.72) LWy = b,
where

(4.73) bi = 121’ if i is odd;
(4.74) b; = —%, if i is even.

Proof. We show (4.72) holds using induction on i. Observe that (4.72) holds for i = 1, so we assume
2 <i <d-—1. Now suppose (4.72) holds at i — 1. We will show (4.72) holds at ¢. If 7 is even, applying (3.29)
to u;, then
Ly = LY Ru; = —RLWu,.

By induction,
RL(+)ul = Rbi_1’UZ‘_1 = bi_ﬂ)i.

Hence,

L iy = —biqv; = —%Uz' = b;v;.

If i is odd, applying (3.30) to u;, then

LMy = LRy, = —%RLH)W
So,
+ 1 .+ 1
L(+)’U,H_1 = —Z i— 1bi_1’l)i = %’UZ‘ = bi’l)i. 0

LEMMA 4.6. Suppose p1 > 3. Then L®vy and vy are linearly independent.

Proof. By way of contradiction, we assume L(®v; lies in the span Y of {v;}. We set W = Z?;g RYY.
Observe that U®) + W is invariant under R and F;(0 < i < d). We show that U®) + W is invariant under
L.
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Since h = 1, we have W C UM and LHUM = 0. So LHWW = 0. Hence, LW C LOW + LOW C
UO4+LOW. We have LY RY C Y from our assumption L(®Y v, € Y, and this implies L(OW C W by Lemma
3.17. Observe that L(HU© C W by Lemma 4.5, so that LU € LEOU©O 4 LOy© 4 (Hy©) c y© 4w,
since LOU® = 0. So U® 4+ W is invariant under L. Therefore, U + W is invariant under L, R and
F;(0 <i<d). From which we have W =V by Lemma 2.2. This contradicts our assumption p; > 3. O

When p; > 3, we set
w1, = L(O)’Ug, w; = Ri71w1 (2 S 1 S d— 1)

LEMMA 4.7. Suppose p1 > 3. Then v; and w; are linearly independent for 1 <i <d—1.
Proof. Immediate from Lemmas 2.3 and 4.6. ]
LEMMA 4.8. Suppose p1 = 3. Then {v;,w;} is a basis of Ui(l) (1<i<d-1).

Proof. Immediate from Lemmas 2.4 and 4.7. ]
5. The action of L. Recall that {u;} is a basis of Ui(o)7 {v;} is a basis of Ui(l) if p1 =2, and {v;, w;}
is a basis of Ui(l) if p; = 3. In this section, we consider the action of L on these bases.
By Lemma 4.1, we know that L(O)Ui+1 is a scalar multiple of u;. We set
(5.75) LOu =amu; (0<i<d—1)
for some scalars ag, a, ..., Gg—1.
Clearly, L(-)v; 11 is a scalar multiple of u; by Lemmas 4.1 and 4.3. So, we set
(5.76) L =eu; (0<i<d—2)
for some scalars eg, €1, ..., e4_2.
When p; =2, by Lemma 4.4,
(5.77) LOy =0, LOvq=cv; 1<i<d—2)
for some scalars cq,...,cq_o.
When p; > 3, by Lemma 4.1, we set
(5.78) LOwigy = fiu; (0<i<d—2)
for some scalars fo, f1, ..., fa—o.
Similarly, when p; = 3, by Lemma 4.8,
(5.79) LOw; 1 = s;v; + tw; (1<i<d-2)
for some scalars s;, t;.

Now we determine the parameters a;, e;, ¢;, fi, mq, n;, si, t;. We divide the arguments into two cases in
term of the parity of diameter d.

Case I: d is odd. By equations (5.75)—(5.79), we have the following lemmas.
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LEMMA 5.1. For0<i<d-—1,
(5.80) a; = (1 4+ 1)(d —i)ec®, if i is odd;
(5.81) a; = ag —1(2bc* + 20" c+ (d+ i+ 1)cc”), ifi is even.

Proof. We first show (5.80) holds. Applying (3.69) to u;,

LO Ru; = (i +1)(d — i)cc u;.

Note that L Ru; = L®wu;, = a;u;. Hence, a; = (i 4+ 1)(d —1i)cc*.

Next, we show (5.81) holds using induction on . Clearly (5.81) holds for ¢ = 0, so we agsume 2 < ¢ < d—1.
Now suppose (5.81) holds at ¢ — 2. We will show (5.81) holds at i. Applying (3.68) to u;_1,

LOR?*y; = RPLOu;_y — 2v;_ 1 Ru;_;.

Note that L(O)RQ’ui_l = L(O)U,H_l = Q;Uy;, and RQL(O)ui_l = R2ai_2ui_2 = Q;—2U;. So A; = Q-9 — 271’—1- By
induction,
ai—o = ag — (i —2)(2bc* + 2b*c+ (d+i — 1)cc™).
Hence, (5.81) holds. |
LEMMA 5.2. For0<i<d-— 2,

(582) €e; = —

d—i—1
d—1

if © is odd;

(5.83) e; = eo, if i is even.

Proof. We show that the results hold using induction on . Observe that the results hold at ¢ = 0. Now
suppose 1 < i < d — 2, and suppose the results hold at i — 1. We will show that the results hold at 7. If 7 is
odd, applying (3.42) to v;, then

L) Ry = —RLOv;.

Note that L(—) Ru, = L(_)’UZ'+1 = e;u;, and RL)v; = Rej_qui—1 = e;_1u;. So €; = —e;_q. By induction,

d—1
d—1

€ei—1 = €0.

Hence, (5.82) holds. If ¢ is even, applying (3.43) to v;, then

d—i—1
LRy, = ———— —RLOy,.
Rv d—i+1R v
So,
o o _Gmil
A h
By induction,
N el ek
i—1 — d—1 0-

Hence, (5.83) holds. 0
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LEMMA 5.3. Suppose p1 = 2. Then, for 1 <i<d-—2,

(5.84) ci=c1— (1 —1)(2bc* + 2b"c+ (d+ i+ 2)cc”), ifi is odd;
(5.85) ¢ =i(d—1i—1)ec”, ifiis even.

Proof. We first show (5.84) holds using induction on i. Observe that (5.84) holds for i = 1, so we assume
3 <i <d-—2. Now suppose (5.84) holds at i — 2. We will show (5.84) holds at i. Applying (3.68) to v;_1,

L(O)R2Ui71 = RzL(O)’Ui,1 - 2")/2',1R”Ui,1.

Note that LOO Ry, ; = L(O)’Ui+1 = ¢;v;, and R2LOy, | = R2¢;_ov;_o = ¢;_ov;. Thus, ¢; = ¢ci_o2 — 27v;_1.
By induction,
Ci—o =1 — (i — 3)(2bc* + 2b"c + (d + i)cc”).

Hence, (5.84) follows.
Next, we will show (5.85) holds. Applying (3.69) to v;,

LO Ru; =i(d — i — 1)ec*v;.

Note that L Rv; = L, 1 = ¢;v;. Hence, (5.85) holds. O

LEMMA 5.4. Suppose p1 > 3. Then, for 0 <i<d-—2,

d—i L
(5.86) fi=— mfo, if i is odd;
d—i—1
(5.87) fi :#fm if i is even.
d—1

Proof. Similar to the proof of Lemma 5.2. 0

LEMMA 5.5. Suppose p1 > 3. Then
(588) L(O)’UH_1 = m;v; + n;w; (1 S 7 S d— 2),
where
(5.89) m; = —(i — 1)(2bc" + 2b"c+ (d+ i+ 2)ec™), n; =1, ifi is odd;
(5.90) m; =i(d—1—1)cc*, n; =0, ifiis even.

Proof. We divide our proof into two cases in term of the parity of ¢. First suppose i is odd. We will
show (5.88) holds using induction on i¢. Observe that (5.88) holds for ¢ = 1 with m; = 0,ny = 1, since
L9y = w;. Now we assume 3 < i < d — 2, and suppose (5.88) holds at i — 2. We will show (5.88) holds at
i. Applying (3.68) to v;_1,

L(O)R2’U7;,1 = R2L(0)’Ui,1 - 2’72',1R”Ui,1.

Note that L(O R2v,_; = L(O)UZ‘+1, and Rv;_1 = v;. By induction, we have
R2LOv;_y = R*(m;—9v;—2 + ni—ow;_2) = m;_av; + nj_ow;.
Hence,

LOv; = (—=(i — 3)(2bc* + 2b%c + (d 4 i)cc*) — 2(2bc* + 2b* ¢ + (d + 2i — 1)ec®))v; + w;
= —(i —1)(2bc" + 2b*"c+ (d + i + 2)ec™)v; + w;.
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Next suppose i is even. Applying (3.67) to v;41 to get
RL(O)’UH_l = Z(d — i — 1)CC*’UH_1.
Removing R, we find
L(O)viH =i(d —i— 1)ec*v; = myv; + nw;. |

LEMMA 5.6. Suppose p1 = 3. Then, for 1 <i<d-—2,

(5.91) si=s1, t; =t1 — (1 —1)(2bc™ 4+ 2b"c+ (d + i+ 2)cc”), ifi is odd,
(5.92) $;=0, t; =i(d—i—1)ec*, ifi is even.
Proof. Similar to the proof of Lemma 5.5. ]

LEMMA 5.7. When p1 > 3, the following hold with the values of a;, b;, €;, fi, mi, n; given by (5.80), (5.81),
(4.73), (4.74), (5.82), (5.83), (5.86), (5.87), (5.89) and (5.90).

(i) Lug =0, Luy = apug, Lujr1 = aju; +bv; (1 <i<d-—1),
(ii) Lvy = egug, Lvip1 = eu; + myv; + njw; (1 <i<d—2),
(i) L wipq = fiu; (0<i<d-—2).
Proof. Immediate from Lemma 2.11, and equations (4.72), (5.75), (5.76), (5.78) and (5.88). |

Case II: d is even. Similarly, by equations (5.75)—(5.79), we have the following lemmas.

LEMMA 5.8. For0<i<d-—1,

(5.93) a; = (i+1) (‘;0+ (—1)’%), if i is odd;
k=1

(2

(5.94) a; = (d—1) (? + kZﬂ(—l)’“/%) , if i is even.

Proof. We show that the results hold using induction on ¢. Observe that the results hold for i = 0, so
we assume 1 < i < d— 1, and suppose the results hold at i — 1. We will show that the results hold at 7. If ¢
is odd, applying (3.65) to u;, then

4+ 1
L(O)Rui = 7d ! J'__+ 1RL(O)ui — (Z + 1)/1Jiui.

Note that L Ru; = LOwu; 1 = a;u;, and RLOu; = R(a;—1u;—1) = aj—1 Ru;—1 = a;—1u,;. Hence,
i+1
i = 7———=0;—1 — (1 + 1)p.
@@= gyt — i e
By induction,
i—1
a;i—1=(d—1i+1) <i; + (—1)kuk> .
k=1
Now (5.93) holds. If i is even, applying (3.70) to w;, then

i
LORuy; = T RLOy; + (d — i) psus.
1
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So J
4= ""a,_1+ (d—i)p
By induction,
i—1
i1 =1 (tldo + (l)k,uk>
k=1
Now (5.94) holds. ad
LEMMA 5.9. For0<i¢<d-— 2,
d—i—1
(5.95) e; = —+e0, if i is odd:
d—i
(5.96) e; = Tlem if i is even.
Proof. Similar to the proof of Lemma 5.2. O

LeEmMA 5.10. Suppose p1 = 2. Then, for 1 <i<d—2,

(5.97) ci=(d—i—1) (d(f 5 ;(—1)kuk> . ifi is odd:
(5.98) ;=1 (dc_l 5~ Z(—l)kuk> , ifi 1s even.

k=2

Proof. We show that the results hold using induction on ¢. Observe that the results hold for ¢ = 1. So
we assume 2 < i < d — 2. Now suppose the results hold at « — 1. We will show that the results hold at . If
1 is odd, applying (3.70) to v;, then
d—i—1

LO Ry, =
Roi ==

RLOy; + (d — i — 1) pv;.

Note that L(® Ry, = L(O)viH = ¢;v;, and RLOy; = Rej_1vi_1 = ¢;_10;. Hence,

d—i—1
o= T i g
By induction,
i—1
Cl k
i1 =(—1 — -1

Now (5.97) holds. If 4 is even, applying (3.65) to v;, then
L(O)R’Ui = ﬁRL(O)Ui — Z'/,Li’U,'.

So

By induction,

Now (5.98) holds. 0



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 35, pp. 555-582, November 2019.
http://repository.uwyo.edu/ela

Xue Li, Bo Hou, and Suogang Gao

LEMMA 5.11. Suppose p1 > 3. Then, for 0 <i<d-— 2,

d—i1—1
(5.99) fi=— + fo, ifi is odd;
(5.100) fi :d d_ Zfo, if i is even.

Proof. Similar to the proof of Lemma 5.2.
LEMMA 5.12. Suppose p1 > 3. Then

(5.101) LOv; = muvy +njw; (1<i<d—2),
where
, ‘ . d—i—1 .
(5.102) m;=—(d—i—1)) (=1)"pup, n; = i —3 if i is odd;
k=2 N
(5.103) m; = —i kz_;_l)kuk’ n; = ﬁ7 if i is even.

IL
AS

576

Proof. We show (5.101) holds using induction on 4. Obverse that (5.101) holds for ¢ = 1 with m; =
0,n; = 1, since L©®yy = w;. Now we assume 2 < i < d — 2, and suppose (5.101) holds at i — 1. We will

show (5.101) holds at i. If ¢ is odd, applying (3.70) to v;, then

d—i—1
LO Ry, = %RU‘% +(d—i— 1)

i
Note that L Rv; = L, ;. By induction,

RLOy; = R(m;—1vi-1 +ni_1wi—1) = My—10; + N1 w;.

Hence,
© d—i=1( . N i—1 .
L =——— —(i—1) p (=1)"pevi + T Wit (d—i—1)piv;
k=2
, : d—i—1
= — (d — 17— 1) ;(—l)kukvi + ﬁwz

If i is even, applying (3.65) to v;, then
L(O)R’Ui = %RL(O)% - i,uivi.
—1

Hence




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 555-582, November 2019.

http://repository.uwyo.edu/ela ! S

577 Tridiagonal Pairs of Type III with Height One

LEMMA 5.13. Suppose p1 = 3. Then, for 1 <i<d -2,

Cd—i—1 o BN~ o £ is odd
(5.104) Si= 5 1 ti=(d—-i—-1) (d— 5 kz:;( 1) ,uk> , if i is odd;
ot Y : ok e
(5.105) Si = o551, t,=1 (d— 3 kzzz( 1) uk> , if i is even.
Proof. Similar to the proof of Lemma 5.12. ]

LEMMA 5.14. When p1 > 3, the following hold with the values of a;,b;,e;, fi,mi,n; given by (5.93),
(5.94), (4.73), (4.74), (5.95), (5.96), (5.99), (5.100), (5.102) and (5.103).

(1) Lug =0, Luy = apug, Lujy1 = a;u; + biv; (1 <i<d-— 1),
(ll) Lv; = egug, Lviy1 = e;u; + myv; + nsw; (1 <i<d-— 2),
(iil) L) wiy1 = fiug (0<i<d—2).

Proof. Similar to the proof of Lemma 5.7. ]

6. Determining the shape of the tridiagonal pair. Recall that uy € Uy, u; = Riug (1 < i < d),
v; = LM ug,v; = Ry (2<i <d—1), w; = LOvy, and w; = R 1wy (2 <i < d—1). In this section,
we assume the height of A, A* is 1, and determine the shape of A, A*.

LEMMA 6.1. Suppose p1 > 4. Then the vectors vi,wy, LOwy are linearly independent.

Proof. By way of contradiction, we suppose v1,w:, L{®Qw, are linearly dependent. Since vy,w; are
linearly independent by Lemma 4.7 and by our assumption, L(Ow; lies in ¥ = span{vi,w;}. We set
W = Zf;g R'Y. Observe that U®) + W is invariant under R and F;(0 < i < d). We show U + W is

invariant under L.

Obverse that RY = span{vy,ws} and L®vy = w; € Y, so that LIORY C Y. Hence, W is invariant
under L(® by Lemma 3.17. This implies LW C LOW + LOW C U© + W. Moreover, LHU©) C W by
Lemma 4.5. So, U +W is invariant under L. Therefore, U(®) 4 W is invariant under L, R and F;(0 < i < d).
From which we have U®) + W =V by Lemma 2.2. It follows that U; = {uy,v;, w1}, contradicting our
assumption p; > 4. 0

LEMMA 6.2. Suppose p1 > 4, and we set Ly = 21. Then

(i) If d = 3, we have

L? Rugz =0,

L?RLus =(ajazas + e1azbs)uy + azasvy + azbywy,

LRL*uz =(a1(a1as + e1bs) + e1as + fibo)us + (aras + e1ba)vy + aswy + oy,
RL3u3 €spanfu, },

Lzu::, :(a1a2 + €1b2)U1 + agvq + bgwl.
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(ii) Ifd > 4, we have

L?Rus =(azas + e2bs)(ayu1 4 v1) + (baas + mabs)(e1uy + w1) 4+ nabs(frug + 21),
LQRL’U,3 :(agag + bgeg)(alul =+ 7}1) + (agbg + bgmg)(elul + wl) + bgng(flul + LL’l),
LRL*uz =(ai(a1az + e1b2) + e1az + fibo)ur + (a1as + e1ba)vr + agwy + bazy,
RL%u3 €span{u;},
L2U3 :(a1a2 + 61b2)U1 + asv1 + baws.
Proof. Immediate from Lemmas 2.3, 2.11, 5.7 and 5.14, and (5.78) by a routine computation. d
LEMMA 6.3. p; < 3.
Proof. By way of contradiction, we suppose p; > 4. Observe that uy,v1,w, x1 are linearly independent
by Lemmas 2.6 and 6.1. Applying (2.6) to us,
(6.106) L3Ruz + L*RLuz — LRL?u3 — RL3u3 + 1 L%u3 = 0.
According to the parity of diameter d and the range of diameter d, we divide our computation into three
cases: (I) d =3; (IT) d is odd and d > 5; (IIT) d is even.
Case (I) d = 3.

Obverse that the coefficient of 1 in (6.106) becomes —by by Lemma 6.2, so that —by = 0, contradicting
our convention.

Case (II) d is odd and d > 4.

Looking at the coefficients of 21 in (6.106), we have ngobsg + bang — by = 0 by Lemma 6.2, so that 1=0,
contradicting our convention.

Case (III) d is even.

Looking at the coefficients of 1 in (6.106) by Lemma 6.2,

2 3+1 2 d
i—z 2 PO gy (=520

so that d = 0, contradicting to the assumption. These complete the proof of p; < 3. ]
THEOREM 6.4. One of the following holds.
(i) p=1,pr=p2="=pi—1=2, pa=1,

(i) d=3,po =1, p1 =p2=3, p3=1.
Proof. Since K is an algebraically closed field, by [7, Theorem 1.3], pp = 1. And by Lemma 6.3, p; < 3.
So, p1 = 2 or p; = 3, since h = 1. If p; = 2, then (i) holds. If p; = 3, we need to show d = 3. Applying
(2.6) to vs,
(6.107) L3Rvs + L*RLvs — LRL*v3 — RL3v3 + 1 L?v3 = 0.

From Lemmas 2.11, 3.14, 5.7 and 5.14, we can compute each term of (6.107). The term of L3 Rvz vanishes



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 555-582, November 2019.

http://repository.uwyo.edu/ela ! S

579 Tridiagonal Pairs of Type III with Height One

when d = 4. When d > 5, it becomes

L?Rug =(a;(ages + eams + fans) + e1(baes + mams + sang) + fi(nams + tanz))u;
+ ((azes + eams + fanz) + s1(nams + tansz))v;
+ ((b2e3 + mams + sang) + t1(nams + tans))w,
+ ((azea + eama + fang) + s1(mang + nata))vy
+ ((
LRL*v3 =(ay(ajes + exma + fing) + eq(ea + s1n2) + fi1(ma + nats))uy
+ ((a1€2 + exma + fino) + s1(m2 + tin2))v1 + ((e2 + s1n2) + t1(m2 + ting))wi,
RL3vs €span{u, },

(
(
L?RLvs =(a1(azez + eama + fana) + e1(baez + mamy + nass) + fi(mang + nata))us
(
((b2ez + mama + nasz) + t1(mang + nata))w,

(

L?v3 =(ares + exma + finz)us + (e2 + s1n2)vi + (ma + t1nz)ws.

According to the parity of diameter d and the range of diameter d, we divide the arguments into four cases:
(I) d=3; (II) d is odd and d > 5; (III) d = 4; (IV) d is even and d > 6. To show (I) holds, we show that
(IT), (I11), and (IV) do not occur.

Suppose case (II) holds for a contradiction.
By a routine computation, the coefficient of w; in (6.107) becomes
baes +mams + san3 + t1(nams + tanz) + baea + mama + nase + t1(mang + nats)

d—3
d—1°

— (62+51n2+t1(m2+t1n2))+61(m2+t1n2) = — 0 =0.

It follows that eg = 0. And this implies e; =0 (0 < i < d — 2). The coefficient of v; becomes
fans + s1(nams + tang) + fang 4 s1(mang + nota) — (fine + s1(me + ting)) + 15102

d—3
—d_lfO—O.

It follows that fo = 0. And this implies f; = 0 (0 < i < d —2). Since L7 w1 = fiug, LT vy =
eiv; (0 <i <d—2), we have LOIUM = 0 by Lemma 4.8. Hence, LUM C UM, Since UM is invariant
under R and F; (0 < i < d), we get UY) =V by Lemma 2.2, a contradiction.

Suppose case (III) holds for a contradiction.
The coefficient of w; in (6.107) becomes
baea + mama + nasa + ti(mang + natz) — (e2 + sing + ti(ma + tinz)) + e1(me + ting) = —eo = 0,
It implies e; = 0 (0 < i < d — 2). The coefficient of v; becomes
fang + s1(mang + note) — (fing + si(me +ting)) + 15112 = fo =0,

It implies f; =0 (0 < i < d —2). Hence, LUM c UM, Since UM is invariant under R and F; (0<i<d),
we get UY) =V by Lemma 2.2, a contradiction.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 555-582, November 2019.

http://repository.uwyo.edu/ela ! S

Xue Li, Bo Hou, and Suogang Gao 580

Suppose case (IV) holds for a contradiction.

By a routine computation, the coefficient of wy in (6.107) becomes

baes + mamg + sang + ti(nams + tang) + baea + mamsa + nass + t1(mang + nats)
— (e2 + 8112 + ti(ma + ting)) + e1(ma + ting) = —eg =0,

It follows that eg = 0. And this implies e; =0 (0 < ¢ < d — 2). The coefficient v; becomes

fang + s1(namsg + tang) + fang + s1(mang + nata) — (fina + si1(ma + ting)) + 15112
= fo=0.

It follows that fo = 0. And this implies f; = 0 (0 < i < d —2). So L)UM = 0. Hence, LUM C UM,
Since UM is invariant under R and F; (0 <i<d), we get UM =V by Lemma 2.2, a contradiction. These
complete the proof of Theorem 6.4. O

7. Determine the structure of tridiagonal pairs A, A* of height 1. In Section 6, we have already
displayed the shape of tridiagonal pairs of height 1. In this section, for all cases listed in Theorem 6.4, we
display a basis for V' and give the actions of A, A* on this basis.

LEMMA 7.1. Suppose Theorem 6.4 (i) holds. Then
(1) wg is a basis for Uy,
(ii) wg,v; is a basis for U; (1 <i<d-—1),
(iil) uq 4s a basis for Ug,
(iv) the vectors

(7108) Up, U1, V1y «--, Ud—15 Vd—1, Ud

form a basis for V.

Proof. Immediate from Lemmas 2.5, 4.1 and 4.4. 0

We now give the actions of R, L on the basis in Lemma 7.1.

LEMMA 7.2. Suppose Theorem 6./ (i) holds. Then there exist scalars ag,c1,eq in K such that the maps
R, L act on the basis (7.108) as follows.

Ru; =u;yq (0<i<d—1), Rug=0,

Rv; =vi11 (1<i<d—2), Rvg1=0,

Lug =0, Luy = apuo, Luipr =awu; +bv; (1<i<d-1),
Lvy =equo, Lwit1 = eju; +cvp (1 <i<d—2),

where if d is odd, the coefficients satisfy (5.80), (5.81), (4.73), (4.74), (5.82), (5.83), (5.84) and (5.85); if d
is even, the coefficients satisfy (5.93), (5.94), (4.73), (4.74), (5.95), (5.96), (5.97) and (5.98).

Proof. Immediate from Lemmas 2.11 and 7.1, and equations (4.72), (5.75), (5.76) and (5.77). 0
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THEOREM 7.3. Suppose Theorem 6.4 (i) holds. Then A, A* act on the basis (7.108) as follows.

Au; = Oiu; +uipr (0<i<d-— 1), Aug = Oqug,
Av; =0+ v (1<i<d—2), Avg_i =04-1v4-1,
A*UO = 93’11,0, A*Ul = agup + 9;11,1,
A*’U,Z‘_;,_l = a;u; + bjv; + 0;_1’117;_;,_1 (1 <i<d-— 1),
A*v1 = egug + 9;’01, A*Ui+1 = e;Uu; + c;v; + 9;+1Ui+1 (1 <i<d- 2).
Proof. Immediate from Lemma 7.2 and the definition of R, L. ]
LEMMA 7.4. Suppose Theorem 6./ (i) holds. Then
i) wo 18 a basis for Uy,

(
(ii) wg, v5, w; s a basis for U; (1 <1i<2),
(iii) ws is a basis for Us,

(

iv) the vectors
(7109) Ug, U1, V1, Wi, U2, V2, W2, U3

form a basis for V.

Proof. Similar to the proof of Lemma 7.1. ]

We now give the actions of R, L on the basis in Lemma 7.4.

LEMMA 7.5. Suppose Theorem 6.4 (ii) holds. Then there exist scalars ag, eq, fo,s1,t1 in K such that the
maps R, L act on the basis (7.109) as follows.

R’LLO =ui, Ru1 = U2, RUQ = us, RU3 = 0,

va V9, R’UQ = 0,

Rwi =wy, Rws =0,

Lug =0, Lu; = apup, Lujr1 = au; +biv; (1<1<2),
Lvy =equg, Lvg = equ; + wi,

Lwy =foug, Lws = fruy + s1v1 +tiwy,

where

ap =2(d — 1)cc*, ag = ag — 2(2b"c + 2bc* + (d + 3)cc™),
by =1, by =-1,

Proof. Similar to the proof of Lemma 7.2. 0
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THEOREM 7.6. Suppose Theorem 6.4 (ii) holds. Then A, A* act on the basis (7.109) as follows.

Au; = O0ju; +uirr (0<i<2), Aug = Osus,
Avy = 0101 +va,  Avg = Oavg,

A*ug = OFug, A*uy = agup + 0iug,

A'uipy = aug + bivg + 07 uip (1 <4 <2),
A*vy = egug + 07v1, A*ve = equg + wy + 0509,

A*wy = foUo + wal, A*wy = f1U1 + 511 + tiwy + 9;&@.

Proof. Similar to the proof of Theorem 7.3. 0
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