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Abstract. In this paper, some inequalities for permanents and permanental minors of row substochastic matrices are proved. 
The convexity of the permanent function on the interval between the identity matrix and an arbitrary row substochastic matrix is 
also proved. In addition, a conjecture about the permanent and permanental minors of square row substochastic matrices with 
fixed row and column sums is formulated.
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1. Introduction. Let R = (r1, . . . , rm) and S = (s1, . . . , sn) be nonnegative vectors satisfying

(1.1) σ =
m∑
i=1

ri =
n∑
j=1

sj .

The transportation polytope U(R,S) is the set of all m×n nonnegative matrices with row sum vector R and

column sum vector S, where ri and sj denote the ith row sum and the jth column sum, respectively. The

matrices in U(R,S) are called transportation matrices. The polytope U(R,S) is non-empty if and only if

equation (1.1) holds. By specializing R = S = (1, . . . , 1) ∈ Rn in U(R,S), we obtain the convex polytope

Ωn of all n × n doubly stochastic matrices. The extreme points of Ωn, characterized by Birkhoff [1], are all

n×n permutation matrices. Mirsky [7] investigated ωn, the convex polytope of all n×n doubly substochastic

matrices, which are nonnegative matrices whose row and column sums are at most 1, and showed that the

extreme points of ωn are all n× n subpermutation matrices. An n× n nonnegative matrix is said to be row

stochastic if each row sum is equal to one. If each row sum is allowed to be less than or equal to one, then

it is said to be a row substochastic matrix. All n× n row (sub)stochastic matrices form a convex polytope.

Let A = [ai,j ] be an n×n matrix and Sn be the symmetric group of order n. The permanent of A is the

scalar-valued function of A defined by

per(A) =
∑
π∈Sn

a1π(1)a2π(2) · · · anπ(n),

where the summation extends over all n! permutations in Sn. Some inequalities involving diagonal sums,

permanents and matrices in ωn have been investigated in [3, 4, 5]. Denote Ai,j the (n− 1)× (n− 1) matrix
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obtained by deleting the ith row and jth column of A. In [2], Brualdi and Newman proved the following

results.

Lemma 1.1. [2] Let A ∈ Ωn. Then

n∑
i=1

(1− ai,i)per(Ai,i) ≤ 1− per(A).

Theorem 1.2. [2] Let A ∈ Ωn, 0 ≤ α ≤ 1. Then

per(αI + (1− α)A) ≤ α+ (1− α)per(A).

In this paper, we prove some inequalities involving permanents and permanental minors of row sub-

stochastic matrices which are generalizations of Lemma 1.1 and Theorem 1.2 by Brualdi and Newman.

In addition, we formulate a conjecture regarding the minimum of a permanental function on square row

substochastic matrices with fixed row and column sums.

2. The inequalities for permanents of doubly substochastic matrices. Throughout this paper,

we confine ourselves to square matrices. We write A ≥ 0 for a nonnegative matrix A and denote the trace

of a square matrix A by tr(A).

Lemma 2.1. Let A be a square matrix of order n and A ≥ 0. If 0 ≤ ai,i ≤ 1 for all 1 ≤ i ≤ n, then

(2.2) tr(A) ≤ n− 1 + per(A).

If A is a diagonal matrix, then the inequality holds with equality if and only if at least n−1 diagonal elements

of A are equal to 1.

Proof. We first prove the following inequality.

(2.3) tr(A) = a1,1 + · · ·+ an,n ≤ n− 1 + a1,1a2,2 · · · an,n.

It is clear that (2.3) holds for n = 1. Suppose that (2.3) holds when n = k, that is,

(2.4) a1,1 + · · ·+ ak,k ≤ k − 1 + a1,1a2,2 · · · ak,k.

Adding ak+1,k+1 to both sides of equation (2.4), we have

(2.5) a1,1 + · · ·+ ak,k + ak+1,k+1 ≤ k − 1 + a1,1a2,2 · · · ak,k + ak+1,k+1.

Since 0 ≤ ai,i ≤ 1 for all 1 ≤ i ≤ n,

(2.6) k − 1 + a1,1a2,2 · · · ak,k + ak+1,k+1 ≤ k + a1,1a2,2 · · · ak+1,k+1.

Combining (2.5) and (2.6), we obtain (2.3). Since A ≥ 0,

(2.7) per(A) ≥ a11a22 · · · ann,

and hence, (2.2) holds. Clearly, (2.7) holds with equality when A is a diagonal matrix.
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If A is a diagonal matrix with at most one element as,s not equal to 1, then

tr(A) = n− 1 + as,s

= n− 1 + a1,1 · · · as,s · · · an,n
= n− 1 + per(A).

Suppose there are exactly m elements among a1,1, . . . , an,n which are strictly less than 1 where m ≥ 2.

Without loss of generality, we can assume that a1,1 < 1, . . . , am,m < 1, am+1,m+1 = · · · = an,n = 1. Since

(1− a1,1)(1− a2,2) > 0, which implies a1,1 + a2,2 < 1 + a1,1a2,2, we have

a1,1 + a2,2 + · · ·+ am,m < 1 + a1,1a2,2 + a3,3 + · · ·+ am,m.

Again since a1,1a2,2 + a3,3 < 1 + a1,1a2,2a3,3, we have

1 + a1,1a2,2 + · · ·+ am,m < 2 + a1,1a2,2a3,3 + · · ·+ am,m.

Eventually, we have

a1,1 + a2,2 + · · ·+ am,m < m− 1 + a1,1 · · · am,m.

Thus,

tr(A) = a1,1 + · · ·+ am,m + · · ·+ an,n

< m− 1 + a1,1 · · · am,m + n−m
= n− 1 + a1,1 · · · am,m · · · an,n.

Therefore, (2.3) holds for a diagonal matrix with equality if and only if at least n−1 elements in a1,1, . . . , an,n
are equal to 1.

Lemma 2.2. Let A ≥ 0 a square matrix of order n and 0 ≤ ai,i ≤ 1 for all 1 ≤ i ≤ n. Then

(2.8) (n− 1)tr(A) ≤ n(n− 2) + per(A1,1) + · · ·+ per(An,n).

If A is a diagonal matrix, then the inequality holds with equality if and only if at least n−1 diagonal elements

of A are equal to 1.

Proof. Applying Lemma 2.1 on Ai,i for each 1 ≤ i ≤ n, we have

tr(Ai,i) =
∑
k 6=i

ak,k ≤ n− 2 + per(Ai,i).

Summing all the inequalities over i from 1 to n, we get (2.8).

Lemma 2.3. Let A ≥ 0. Then

n∑
i=1

riper(Ai,i) ≤ r1r2 · · · rn + (n− 1)per(A),

where ri denote the ith row sum of A for 1 ≤ i ≤ n.
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Proof. Since
∑n
j=1 ai,j = ri, 1 ≤ i ≤ n, we have∑

1≤j1,...,jn≤n

a1,j1a2,j2 · · · an,jn = r1r2 · · · rn.

Moreover, we have

r1r2 · · · rn ≥ per(A) + (a1,2 + · · ·+ a1,n)per(A1,1)

+ (a2,1 + a2,3 + · · ·+ a2,n)per(A2,2) + · · ·
+ (an,1 + an,2 + · · ·+ an,n−1)per(An,n)

= per(A) +

n∑
i=1

(ri − ai,i)per(Ai,i).(2.9)

Combine with ai,iper(Ai,i) ≤ per(A) for all 1 ≤ i ≤ n, we prove the lemma.

The inequality in Lemma 2.3 is strict if A > 0. From the proof of Lemma 2.3, if A is row stochastic,

then by inequality (2.9) we have the following corollary.

Corollary 2.4. Let A be an n× n row stochastic matrix. Then

n∑
i=1

(1− ai,i)per(Ai,i) ≤ 1− per(A).

Lemma 2.5. Let A be an n× n row substochastic matrix. Then

(2.10)

n∑
i=1

(1− ri)per(Ai,i) ≤ 1− r1r2 · · · rn.

The inequality holds with equality if and only if either A is a diagonal matrix with at least (n− 1) diagonal

elements equal to 1, or the kth row and the kth column of A are all zero’s for some 1 ≤ k ≤ n and Ak,k is a

permutation matrix.

Proof. Since

(2.11) per(Ai,i) ≤
∏
s6=i

rs,

we have

(2.12)

n∑
i=1

(1− ri)per(Ai,i) ≤
n∑
i=1

(1− ri)
∏
s6=i

rs.

So we only need to show

(2.13)

n∑
i=1

(1− ri)
∏
s6=i

rs ≤ 1− r1r2 · · · rn.

We use induction to prove it. For n = 2, since (1− r1)(1− r2) ≥ 0, we have

(1− r1)r2 + (1− r2)r1 ≤ 1− r1r2.
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Suppose the inequality (2.13) holds when n = k. For n = k + 1, we have

k+1∑
i=1

(1− ri)
∏
s6=i

rs

 =

 k∑
i=1

(1− ri)
∏
s 6=i

1≤s≤k

rs

 rk+1 + (1− rk+1)
∏

s6=k+1

rs

≤ (1− r1r2 · · · rk)rk+1 + r1r2 · · · rk − r1r2 · · · rkrk+1

= 1− r1r2 · · · rk+1 + (1− r1r2 · · · rk)(rk+1 − 1)

≤ 1− r1r2 · · · rk+1.

Inequality (2.12) holds with equality if and only if (2.11) holds with equality for all 1 ≤ i ≤ n. If A has

at least two row sums equal to zero, then per(Ai,i) =
∏
s6=i rs = 0. If A has exactly one row sum rk = 0,

then for i 6= k, per(Ai,i) =
∏
s6=i rs = 0. per(Ak,k) =

∏
s6=k rs if and only if the kth column of A are all

zero’s and Ak,k has exactly one positive element on each row and each column. If all row sums of A are

positive, (2.11) holds with equality for all 1 ≤ i ≤ n if and only if A is a diagonal matrix with ai,i > 0 for all

1 ≤ i ≤ n. Thus, (2.12) holds with equality if and only if A satisfies any one of the following conditions.

(i) A has at least two row sums equal to zero.

(ii) There exists some 1 ≤ k ≤ n such that the kth row and the kth column of A are all zero’s, and Ak,k
contains exactly one positive element on each row and each column.

(iii) A is a diagonal matrix with ai,i > 0 for all 1 ≤ i ≤ n.

We then show that (2.13) holds with equality if and only if at least n− 1 row sums of A are 1. It is easy

to check that if A has at least n− 1 row sums equal to 1, then (2.13) holds with equality. Suppose there are

exactly m row sums of A strictly less than 1 where m ≥ 2. Without loss of generality, we can assume that

r1 < 1, . . . , rm < 1, rm+1 = · · · = rn = 1. Then

n∑
i=1

(1− ri)
∏
s6=i

rs =

m∑
i=1

(1− ri)
∏
s6=i

rs

< (1− r1r2)r3 · · · rm + r1r2(1− r3) · · · rm + · · ·+ r1 · · · rm−1(1− rm)

< (1− r1r2r3)r4 · · · rm + r1r2r3(1− r4) · · · rm + · · ·+ r1 · · · rm−1(1− rm)

< · · · < 1− r1r2 · · · rm = 1− r1r2 · · · rn.

Since (2.10) holds with equality if and only if (2.12) and (2.13) holds with equality, the lemma is proved.

The following corollary follows by Lemmas 2.3 and 2.5.

Corollary 2.6. Let A be an n× n row substochastic matrix. Then

(2.14)

n∑
i=1

per(Ai,i) ≤ 1 + (n− 1)per(A).

The inequality holds with equality if and only if either A is a diagonal matrix with at least (n− 1) diagonal

elements equal to 1, or the kth row and the kth column of A are all zero’s for some 1 ≤ k ≤ n and Ak,k is a

permutation matrix.

The inequality in (2.14) is strict if A > 0.
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Lemma 2.7. Given A′ = [a′i,j ] ≥ 0, A = [ai,j ] ≥ 0 satisfying that A′ − A ≥ 0 and 0 ≤ a′i,i = ai,i ≤ 1 for

all 1 ≤ i ≤ n, then

(2.15) per(A′) +

n∑
i=1

(1− a′i,i)per(A′i,i) ≥ per(A) +

n∑
i=1

(1− ai,i)per(Ai,i).

Proof. Since A′, A ≥ 0 and A′ − A ≥ 0, per(A′) ≥ per(A) and per(A′i,i) ≥ per(Ai,i) for 1 ≤ i ≤ n. Also

since a′i,i = ai,i, which implies 1− a′i,i = 1− ai,i for 1 ≤ i ≤ n, thus the inequality (2.15) holds.

Lemma 2.8. Let A = [ai,j ] ≥ 0 satisfying 0 ≤ ai,i ≤ 1 for all 1 ≤ i ≤ n, and A(ε,k) = [a′i,j ] for some

1 ≤ k ≤ n and ε ≥ 0, where

a′i,j =

{
ai,j if (i, j) 6= (k, k)

ak,k + ε if (i, j) = (k, k)
.

Then

per(A(ε,k)) +

n∑
i=1

(1− a′i,i)per(A
(ε,k)
i,i ) ≥ per(A) +

n∑
i=1

(1− ai,i)per(Ai,i).

Proof. Note that A
(ε,k)
k,k = Ak,k, we have

per(A(ε,k)) +

n∑
i=1

(1− a′i,i)per(A
(ε,k)
i,i )

=per(A) + εper(Ak,k) + (1− a1,1)per(A
(ε,k)
1,1 ) + · · ·

+ (1− ak,k − ε)per(Ak,k) + · · ·+ (1− an,n)per(A(ε,k)
n,n )

=per(A) +

n∑
i=1

(1− ai,i)per(A
(ε,k)
i,i )

≥per(A) +

n∑
i=1

(1− ai,i)per(Ai,i).

Lemma 2.7 and Lemma 2.8 imply the following corollary.

Corollary 2.9. Let A = [ai,j ] ≥ 0, B = [bi,j ] ≥ 0, A−B ≤ 0 and 0 ≤ ai,i ≤ bi,i ≤ 1. Then

per(A) +

n∑
i=1

(1− ai,i)per(Ai,i) ≤ per(B) +

n∑
i=1

(1− bi,i)per(Bi,i).

Lemma 2.10. Let A be an n× n row substochastic matrix. Then there exists a row stochastic matrix B

such that A ≤ B.

Proof. For each 1 ≤ i ≤ n, we can add 1− ri on any entry in the ith row of A, where ri denotes the ith

row sum of A. The resultant matrix is row stochastic.

Lemma 1.1 can then be generalized to the row substochastic matrix case.

Theorem 2.11. Let A be an n× n row substochastic matrix. Then

(2.16)

n∑
i=1

(1− ai,i)per(Ai,i) ≤ 1− per(A).
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Proof. By Lemma 2.10, we can find a row stochastic matrix B such that A ≤ B. According to Corol-

lary 2.9, we have

per(A) +

n∑
i=1

(1− ai,i)per(Ai,i) ≤ per(B) +

n∑
i=1

(1− bi,i)per(Bi,i).

Applying Corollary 2.4, we have

per(B) +

n∑
i=1

(1− bi,i)per(Bi,i) ≤ 1.

Thus, (2.16) holds.

Remark 2.12. In Corollary 2.6, (2.14) can be obtained by adding (2.16) and the following inequality

n∑
i=1

ai,iper(Ai,i) ≤ n · per(A).

The following lemma was proved by Brualdi and Newman [2].

Lemma 2.13. [2, Lemma 1] Let C be a non-empty convex subset of vector space. Let f be a real-valued

function defined over C. Let x be a fixed element of C. Then if there is an ε such that 0 < ε ≤ 1 and the

inequality

(2.17) f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y),

holds for all α in [0, ε] and all y in C, then (2.17) also holds for all α in [0, 1] and all y in C.

Now we are ready to prove the convex property of permanent between identity matrix In and row

substochastic matrices of order n.

Theorem 2.14. Let A be an n× n row substochastic matrix. Then

(2.18) per(αIn + (1− α)A) ≤ α+ (1− α)per(A),

for 0 ≤ α ≤ 1.

Proof. It is easy to check that (2.18) holds under the cases that either A is a diagonal matrix with at

least (n − 1) diagonal elements equal to 1, or the kth row and the kth column of A are all zero’s for some

1 ≤ k ≤ n and Ak,k is a permutation matrix. So we just need to consider the situation when A is not in

these two cases. The following identity

per(αIn + (1− α)A) =

n∑
k=0

(1− α)n−kαkEn−k(A)

holds, where Ek(A) is the sum of all
(
n
k

)
principal k × k permanental minors of A. Since

per(αIn + (1− α)A) = per(A) + {En−1(A)− n · per(A)}α+O(α2),
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by Corollary 2.6, we have

α+ (1− α)per(A)− per(αIn + (1− α)A)

= [1 + (n− 1)per(A)− En−1(A)]α+O(α2)

=

[
1 + (n− 1)per(A)−

n∑
i=1

per(Ai,i)

]
α+O(α2) ≥ 0,

for all sufficiently small non-negative α because the linear term in α is strictly greater than 0. Since the set

of all row substochastic matrices is a closed convex polytope, the smallest positive root of the polynomial

equation per(αIn + (1 − α)A) − α − (1 − α)per(A) = 0, viewed as a function of A, is continuous. Thus, it

has minimum value on the set of all row substochastic matrices, which is positive. This implies that (2.18)

holds for all sufficiently small non-negative α. By Lemma 2.13, the theorem holds.

Remark 2.15. Since every doubly stochastic matrix is a row substochastic matrix, Theorem 1.2 by

Brualdi and Newman is implied by Theorem 2.14. By the way, every doubly substochastic matrix is row

substochastic, Theorem 2.14 also holds for all matrices in the convex polytope ωn.

3. A conjecture. For any nonnegative real vector R = (r1, r2, . . . , rn), denote the rearrangement of

the elements in R in ascending order by

r′1 ≤ r′2 ≤ · · · ≤ r′n,

and we denote

R′ = (r′1, r
′
2, . . . , r

′
n).

Similarly denote by S′ the rearrangement of the elements in S in ascending order.

Given R and S satisfying the compatible condition (1.1) with m = n, we denote E(R,S) the set of all

extreme points of U(R,S). The following theorem is given by Jurkat and Ryser [6].

Theorem 3.1. [6] Let A be a matrix in U(R,S), then

(3.19) per(A) ≤
n∏
i=1

min{r′i, s′i},

and equality is attained in (3.19) by a matrix A in E(R′, S′) with main diagonal

ai,i = min{r′i, s′i}, for all 1 ≤ i ≤ n.

For A = [ai,j ] an n× n matrix, define

f(A) = 1− per(A)−
n∑
i=1

(1− ai,i)per(Ai,i).

According to Theorem 2.11, if A is row substochastic, then f(A) ≥ 0. The following lemma can be verified

by a direct computation using Laplace expansion.
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Lemma 3.2. Let R = (r1, . . . , rn) and S = (s1, . . . , sn) satisfying condition (1.1) with 0 ≤ ri ≤ 1 for all

1 ≤ i ≤ n. Suppose that D = [di,j ] and E = [ei,j ] in E(R,S) with

di,i = ei,i = min{ri, si}, for all 1 ≤ i ≤ n.

Then

f(D) = f(E) ≥ 0.

Lemma 3.3. Let U = (u1, . . . , un) and V = (v1, . . . , vn) be two n dimensional nonnegative vectors

satisfying 0 ≤ ui ≤ vi ≤ 1 for all 1 ≤ i ≤ n. Then we have

(3.20)

n∏
i=1

ui +

n∑
i=1

(1− ui)
n∏

j=1
j 6=i

uj ≤
n∏
i=1

vi +

n∑
i=1

(1− vi)
n∏

j=1
j 6=i

vj .

Proof. We prove the lemma by induction. When n = 2, we have

u1u2 + (1− u1)u2 + u1(1− u2) = 1− (1− u1)(1− u2)

≤ 1− (1− v1)(1− v2) = v1v2 + (1− v1)v2 + v1(1− v2).

Suppose (3.20) holds for n = k, then for n = k + 1,

u1 · · ·ukuk+1 +

k+1∑
i=1

(1− ui)
k+1∏
j=1
j 6=i

uj

=

u1 · · ·uk +

k∑
i=1

(1− ui)
k∏

j=1
j 6=i

uj

uk+1 + (1− uk+1)u1 · · ·uk

≤

v1 · · · vk +

k∑
i=1

(1− vi)
k∏

j=1
j 6=i

vj

uk+1 + (1− uk+1)v1 · · · vk

≤v1 · · · vkvk+1 +

k∑
i=1

(1− vi)
k∏

j=1
j 6=i

vjvk+1 + (1− vk+1)v1 · · · vk

=v1 · · · vkvk+1 +

k+1∑
i=1

(1− vi)
k+1∏
j=1
j 6=i

vj .

Theorem 3.4. Let R = (r1, . . . , rn) and S = (s1, . . . , sn) satisfying condition (1.1). If 0 ≤ ri ≤ 1 for

all 1 ≤ i ≤ n, then

f(E) ≥ f(Ẽ) ≥ 0,

where E ∈ E(R,S) has the main diagonal

ei,i = min{ri, si}, for all 1 ≤ i ≤ n,
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and Ẽ ∈ E(R′, S′) has the main diagonal

ẽi,i = min{r′i, s′i}, for all 1 ≤ i ≤ n,

and R′ = (r′1, . . . , r
′
n), S′ = (s′1, . . . , s

′
n).

Proof. Let diagE = (e1,1, . . . , en,n), where ei,i = min{ri, si} for all 1 ≤ i ≤ n. By rearranging the

elements in diagE in ascending order, we have (diagE)′ = (e′1,1, . . . , e
′
n,n), where e′1,1 ≤ · · · ≤ e′n,n. Since

0 ≤ e′i,i ≤ ẽi,i ≤ 1, by Lemma 3.3, we have

f(E) = 1− e1,1 · · · en,n −
n∑
i=1

(1− ei,i)
n∏

j=1
j 6=i

ej,j

= 1− e′1,1 · · · e′n,n −
n∑
i=1

(1− e′i,i)
n∏

j=1
j 6=i

e′j,j

≥ 1− ẽ1,1 · · · ẽn,n −
n∑
i=1

(1− ẽi,i)
n∏

j=1
j 6=i

ẽj,j = f(Ẽ).

Thus, the theorem holds.

Remark 3.5. When R = S = (1, . . . , 1), by taking E = [ei,j ] = In where ei,i = min{ri, si} = 1 for all

0 ≤ i ≤ n, we have f(In) = 0 which gives the minimum value of f on Ωn. However this might not be true

for the general case. For example, let R = (0.07, 0.25, 0.23, 0.25) and S = (0.51, 0.05, 0.1, 0.14). If

E =


0.07 0 0 0

0.2 0.05 0 0

0.13 0 0.1 0

0.11 0 0 0.14

 ,
such that ei,i = min{ri, si} for 1 ≤ i ≤ 4, and

Ê =


0.02 0.05 0 0

0.25 0 0 0

0.13 0 0.1 0

0.11 0 0 0.14

 ,
then we get f(E) ≈ 0.9976269 and f(Ê) = 0.996895.

Remark 3.6. Let R = S = (1, . . . , 1). If P is an extreme point of U(R,S) = Ωn, meaning that P is

a permutation matrix, then f(P ) = 0. But f(A) = 0 is not sufficient for A being an extreme point. For

example, if

A =


1 · · · 0 0
...

. . .
...

...

0 · · · 0.5 0.5

0 · · · 0.5 0.5

 ∈ Ωn,

f(A) = 0, but A is not an extreme point.
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Conjecture 3.7. Let R = (r1, . . . , rn) and S = (s1, . . . , sn) satisfying condition (1.1), where 0 ≤ ri ≤ 1

for all 1 ≤ i ≤ n. Then

min{f(A)|A ∈ U(R,S)} = min{f(E|E ∈ E(R,S)}).

Example 3.8. Let R = (0.51, 0.99, 0.95, 0.99) and S = (2.98, 0.3, 0.05, 0.11). Let

A =


0.35 0.04 0.02 0.1

0.72 0.23 0.03 0.01

0.94 0.01 0 0

0.97 0.02 0 0


and

E =


0.21 0.3 0 0

0.99 0 0 0

0.9 0 0.05 0

0.88 0 0 0.11

 .
By direct computations, we have f(A) = 0.9699998 and f(E) = 0.9529585, which satisfy f(A) > f(E).
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