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UPPER BOUNDS ON THE ALGEBRAIC CONNECTIVITY OF GRAPHS*

ZHEN LINT AND LIANYING MIAO#

Abstract. The algebraic connectivity of a connected graph G is the second smallest eigenvalue of the Laplacian matrix
of G. In this paper, some new upper bounds on algebraic connectivity are obtained by applying generalized interlacing to an
appropriate quotient matrix.
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1. Introduction. Let G be a simple undirected graph with vertex set V(G) and edge set E(G). For
v € V(G), da(v) denotes the degree of vertex v in G. Let m(v) = 3°,,cp(q) da(u)/da(v) be the average
of the degrees of the vertices adjacent to v. Let P, and C,, denote the path and the cycle with n vertices,
respectively. The Laplacian matrix of G, denoted by L(G), is given by L(G) = D(G) — A(G), where A(G)
and D(G) are the adjacency matrix and the degree diagonal matrix of G, respectively. As usual, we shall
index the eigenvalues of L(G) in nonincreasing order, and denote them as:

11(G) = p2(G) = -+ = pn—1(G) = pa(G) =0,

where p,—1(G) is called algebraic connectivity by Fiedler [5], denoted by a(G). It is well known that a graph
is connected if and only if its algebraic connectivity is nonzero.

The algebraic connectivity of graphs is an important topic in graph theory [1, 2, 11]. In addition, the
algebraic connectivity plays an important role on, among others, synchronization of coupled oscillators,
network robustness, consensus problems, belief propagation, graph partitioning, and distributed filtering in
sensor networks [6, 8, 10, 14, 15]. In particular, it is of considerable interest in finding the upper bound
of the algebraic connectivity in the above research areas. The following classical results are obtained in a
connected graph G.

In 1973, Fiedler [5] showed that
a(G) < k(G) < K'(G) < 0(G), (1.1)

and
a(G) <n—a(Q), (1.2)

where (G), k'(G), §(G), and a(G) are the vertex connectivity, the edge connectivity, the minimal degree,
and the independence number, respectively.
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In 2003, Fallat et al. [7] presented an upper bound in terms of edge density, that is,

“ ||EX|
a(G) < T, 1.3
( )7 |XHXC| ( )

where X is a nonempty subset of V, X¢ =V — X and Ex is the set of all edges with one end in X and the
other end in X°.

In 2005, Belhaiza et al. [3] gave an upper bound, that is,
a(G) < [-1+4+ V1+2m], (1.4)

where m is the number of edges in G.
In 2005, Lu et al. [12] obtained an upper bound in terms of domination number ~, that is,

n—~?

G)<n-— . 1.5

a(G) <n—7y+—— S (1.5)
In 2007, Nikiforov [13] presented an upper bound in terms of domination number ~, that is,

a(G) <n—~. (1.6)

Let V(G) = V1 UV; be a partition of G. Then e(V;, V2) stands for the number of edges joining vertices of
V1 to vertices of V5. In this paper, a new upper bound on the algebraic connectivity is obtained by applying
generalized interlacing inequalities to an appropriate quotient matrix as follows:

THEOREM 1.1. Let G be a connected graph with n vertices, and let V(G) = V3 U Vo U V3 be a partition
of G withn; = |V;] <n—2 fori=1,2,3. Then

B\/BQ4AC}’ an

a(G) < min{ oA

where A = ninang, B = (tl + t2)ﬂ2’ﬂ3 + (tg + tg)nl’ng + (tl + t3)n1n3, C = n(t1t2 + tots + t1t3), and
t1 = e(V1,Va), to = e(V1,V3) and tz = e(Va, V).

REMARK 1.2. Let G be the following graph in Fig. 1. Let V(G) = V1 UV, U V3 be a partition of G with
Vi = {v1}, Vo = {ve,v3} and V3 = {vg,v5,v6}. Applying (1.7), we have a(G) < % ~ 2.66667. However,
applying (1.1)-(1.6), we get a(G) < 3, a(G) < 4, a(G) < 3, a(G) < 3, a(G) < 6, and a(G) < 5, respectively.
In fact, a(G) =~ 2.38196. This example shows that our result is better than known results.

V2 Vs

U1 V4

U3 Ve

FIGURE 1. The graph G.
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2. The proof of Theorem 1.1. Let M be a real symmetric partitioned matrix of order n described
in the following block form:

My -+ My
Mtl e Mtt
where the diagonal blocks M;; are n; X n; matrices for any ¢ € {1,2,...,¢} and n =ny + --- + ng. For any

i, €{1,2,...,t}, b is the average row sum of M;; , that is, b;; is the sum of all entries in M;; divided by
the number of rows. Then B(M) = (b;;) is called the quotient matrix of M.

LEMMA 2.1 ([9]). Let M be a symmetric partitioned matriz of order n with eigenvalues & > &y >
- > &, and let B(M) be its quotient matriz with eigenvalues my > ng > -+ > 1y and n > m. Then

gi > 1 Zgn—m-i—i fori:1,2,...,m.

The proof of Theorem 1.1. Let B(G) be the quotient matrix of L(G) corresponding to the partition
V(G) == V1 U VQ U Vg of G. Then,

taitts _t1 _ 12
"ttt s
_ _ 11 1+t _ 13
B(G) o n2 ng na ’ (21)
_ 12 _ 13 tafts
ns ns ns

By direct computation, the characteristic polynomial of (2.1) is
det(z1, — B(G)) = %(Aoﬂ — Bz +C),

where A = ninons, B = (tl + tg)n2n3 + (tQ + tg)nl’ng + (tl + tg)nlng, C = n(tltg + totg + tltg), and
tl = e(V17 ‘/Q)a t2 = e(Vl7 ‘/3)’ t3 = e(V27 ‘/3)’ and ny +ng +ng =n. Thus,

B+ VB2 —4AC

and
B — VB2 - 4AC

As Vi, Vo, and V3 are arbitrary, we may take

. {B—\/B2—4AC}
72 = min .

2A

By Lemma 2.1, we have

Q) < mi B — VB2 —4AC
a(G) < min oA .

By reasoning similar to that in the proof of Theorem 1.1, we can obtain a lower bound on the largest
Laplacian eigenvalue of G as follows:

THEOREM 2.2. Let G be a connected graph with n vertices, and let V(G) = V1 U Vo U V3 be a partition
of G withn; = |V;] <n—2 fori=1,2,3. Then

B+ VB2 —-4AC
11(G) > max - ,
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where A = ninong, B = (tl + tg)ngngg + (tg + t3)n1n2 + (tl + t3)n1n3, C = n(t1t2 + tots + t1t3), and
t1 = e(V1,Va), ta = e(V1,V3), and t3 = e(Vz, V3).

The Laplacian spectral ratio of a connected graph G, denoted by rp(G), is defined as the quotient
between the largest and second smallest Laplacian eigenvalues of G. Barahona et al. [4] showed that a graph
G exhibits better synchronizability if the ratio r1,(G) is as small as possible. By Theorems 1.1 and 2.2, we
have

THEOREM 2.3. Let G be a connected graph with n vertices, and let V(G) = V3 U Vo U V3 be a partition
of G withm; = |V;| <n—2 fori=1,2,3. Then

B —+/B? —4AC

where A = ningng, B = (tl + tg)ngng + (tg + tg)n1n2 + (tl =+ t3)n1n3; C = n(t1t2 + tots + t1t3)7 and
tl = e(Vl, VQ), t2 = G(Vl, Vé), and t3 = G(VQ, VE;)

2 _
rL<G>>max{B+VB 4’“},

3. Corollaries. In this section, we obtain some corollaries by selecting different Vi, V5, and V3 in
Theorem 1.1. Similarly, there are also corresponding results on the lower bounds of the largest Laplacian
eigenvalue and the Laplacian spectral ratio. In order to avoid redundancy, we omit here.

COROLLARY 3.1. Let G be a connected graph with n vertices. If G contains a complete bipartite induced
subgraph K ¢ with bipartition V(K5 ) = X UY, | X|=s, Y| =t and s+t <n—1, then

. | B—+vB?2—-4AC
a(G) < min 94 )

where A = st(n—s—1t), B = (dit +das)n — dit? — dps® — 25>, C = (dydy — s*t*)n, d1 = >, x da(v) and
do = EveY da(v).

Proof. Let Vi = X and Vo = Y. Then, [Vi| = s, |[Va| = ¢ and |V3] = n — s — t. Further, we have
e(V1,Va) = st, e(V1,V3) = dy — st and e(Va, V3) = dy — st, where dy = ZUeX de(v) and dy = ZvEY dg(v).
Thus, A = st(n — s —t), B = (dit + das)n — dit? — das*> — 25*t? and C = (dydy — s*t*)n. By Theorem 1.1,
we have the proof. ]

REMARK 3.2. If G is a connected graph with n vertices, we take K; ; = uv, then

2(G) < min { (n—1)A —2—/((n —21(3;4_1 ;)2)2 ~ =B -1 E(G)} | 51)

where A; = dg(u) + dg(v), By = dg(u)dg(v). Tt is clearly that the equality holds in (3.1) if G is a
star Ky ,_1 or a complete graph K,. Let G be the following graph in Fig. 2. Applying (3.1), we have
a(G) < % ~ 0.6126. However, applying (1.1)-(1.6), we get a(G) < 1, a(G) < 2, a(G) < 3 ~ 0.8333,
a(G) <2, a(G) < £ and a(G) < 3, respectively. In fact, a(G) ~ 0.5188. This example shows that our result
is better than known results.

REMARK 3.3. If G is a connected k-regular graph with n vertices, by inequality (3.1), then

a(G) < ME=D. (3.2)

- n—2

It is easy to see that if k& < %, then (3.2) is better than (1.1) for a(G) < 4(G).
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FIGURE 2. The graph G.

REMARK 3.4. Let G be a connected k-regular graph with n vertices. If G contains a complete bipartite
induced subgraph K ; and s +t <n — 1, then

< 2kn — ks — kt — 2st — \/(2kn — ks — kt — 2st)2 —4(n — s — t)(k% — st)n

al(@) = 2(n—s—1t)

REMARK 3.5. If G is a connected triangle-free graph with n vertices, then no two neighbors of a vertex
v can be adjacent. Thus, there is an induced K 4 () in G. By Corollary 3.1, we have

. - 2_
a(G)Smm{BQ VB2 — 44,0, |

245

where Ay =n —dg(v) — 1, Bs = ndg(v) + nm(v) — d%(v) — 2dg(v) — m(v), and Cy = ndg(v)(m(v) —1). In
particular, if G is a connected k-regular triangle-free graph with n vertices, then

k(2n —k — 3) — \/k(k3 + 6k2 + 9k + 4n% — 4n — 12kn)

oG) = 2(n—k—1) ’

(3.3)

and the equality holds if G is a Petersen graph or a complete bipartite graph Kz =. Moreover, for a cycle
Cy, the upper bound in (3.3) is better than that of (1.1)-(1.6), respectively.

A subset S of V(G) is an independent set of G if no two vertices in S are adjacent in G. A clique of G is
a subset of vertices such that it induces a complete subgraph of G. Given a graph G, define a(G) and w(G)
(a and w for short), the independence number and the clique number of G to be the numbers of vertices of
the largest independent set and the largest clique in G, respectively. A complete split graph S, , is a graph
obtained from an independent set on r vertices and a clique on w vertices by adding all edges between them.

COROLLARY 3.6. Let G be a connected graph with n vertices. If G contains a complete split induced
subgraph Sy ., with bipartition V(Sy ) = RUW, |R| =7, [W|=w and r + w < n — 1, then

B —+\/B?—-4A
a(G) < 54 C,

where A =rw(n—r —w), B=wdin— wrdy — r2w? +rndy — rnw? + raw — r2ds —r’w, C = (—r2w2 +dids —
widy +wdi)n, di =3 cpda(v), and dy = oy da(v).

Proof. Let Vi = R and Vo = W. Then, |Vi| = r, |V2| = w and |V5] = n — r — w. Further, we have
e(Vi,Va) = rw, e(V1,V3) = di — rw, and e(V2,V3) = do — w(r +w — 1), where d; = ) _pda(v) and
do = cw da(v). Thus, A=rw(n —r —w), B =wdin — w?dy — r?w? + rnds — rnw? + raw — r2ds — r?w,
and C = (—r%w? + dy1dy — w?dy + wdy)n. By Theorem 1.1, we have the proof. 1]
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REMARK 3.7. Let G be a connected k-regular graph with n vertices. If G contains a complete split
induced subgraph S, ,, and 7 +w < n — 1, then

“(C) By — /BZ —4A,C;

< )
- 244

where Ay =n—r—w, By =2kn—kr—kw—rw—nw+n—r,and C; = (k2 — kw —rw+ k)n. In particular,
if w = 2, then the graph S, 7 is called book graph, that is, the graph S, o consists of r triangles sharing an
edge. Let G be a connected k-regular graph with n vertices. If G contains a book induced subgraph S, 2

and r < n — 3, then
a(G) BQ_\/B§_4A202

< )
245
where Ay = n —1r —2, By = 2kn — kr — 2k —n — 3r, and Cy = (k* — k — 2r)n. In particular, if G is a
connected k-regular graph with n vertices and at least one triangle, then

(k—2)n
G) < ——
(@) <
and the equality holds if G is a triangular prism or a complete graph K,.
COROLLARY 3.8. Let G be a connected graph with n vertices and independence number oo = |S| > 2, and
let V(G) = V1 U Vo U Vs be a partition of G. If Vi UVa =V(S) and n; = |V;| <n—2 fori=1,2, then

b—/b?—4dn(n — a)c
a(@) = 2(n — «) ’

where b = (di — d5)n1 + (df +d3)n —dja, c =dids, di =), oy, da(v)/n1, and d5 =) oy, da(v)/na.

Proof. By hypothesis, we have V3 = V(G) — V4 — V2 and |V3| = n — a. Further, we have e(Vy,12) =0,
e(V1,V3) = > ey, da(v), and e(Va,V3) = > v, da(v). Thus, A = nina(n — ), B = nina[(d] — d5)n1 +
(dy + d3)n — dja], and C = nninadijds. By Theorem 1.1, we have the proof. d

COROLLARY 3.9. Let G be a connected graph with n vertices and clique number w, and let V(G) =
Vi UVo U Vs be a partition of G. If ViU Vo = V(K,) and n; =|V;| <n—2 fori=1,2, then

b—+/b%—4dn(n —w)c
a(G) = 2(n —w) ’

where b = (df —d5)n1 + (df +d5 +2)n — (n+ df + D)w, c= (df —d3)n1 — (df + D)w + dids +df +d5 + 1,
dy = Zvevl dg(v)/n1, and di = ZUGVZ de(v)/ns.

Proof. By hypothesis, we have V3 = V(G)—V; —V;5 and |V3| = n—w. Further, we have e(V1, V3) = nina,
e(V1,Va) = X ey, do(v) — r(w — 1), and e(Va,V3) = > 1, da(v) — s(w — 1). Thus, A = nina(n — w),
B = ning|[(df —d5)n1+(dj+ds+2)n—(n+dj+1)w], and C = nnyns[(di —ds)ny — (df + 1) w+di ds+d5 +d5+1].
By Theorem 1.1, we have the proof. ]

Recall that the diameter of a connected graph G is the maximum distance between any two vertices of
G, denoted by d(G) (d for short). The girth of G, denoted by g(G) (g for short), is the length of a shortest
cycle in G, with the girth of an acyclic graph being infinite.

COROLLARY 3.10. Let G be a connected graph with n vertices and diameter d, and let V(G) = VUV U
Vs = {v1,v2,...,0,} be a partition of G and Vi UVa =V (Pyy1) = {v1,v2,...,v411}, then
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(i) If d is an odd integer and Vi = {v1,vs,...,v4}, then

_ /21
a(G) < bo — /b2 6ne,

2d+1)(n—d—1)

where by = (2n —d — 1)(dy + dy) — 2d* — 2d, ¢, = (n —d — 1)(didy — d°), dy = 3y, da(v), and

da =), cv, da(v).
(ii) Ifd is an even integer and Vi = {v1,vs,...,v411}, then

— 2 _ 1
a(G) be — /b2 6nce

S A+ 2)n—d—1)

where be = d(2n - d)<d1 + d2) + 4(” —d — 1)d2 —2d3 — 4d2, Ce = d(d + 2)(n —d- 1)(d1d2 o dz)}
di =3 ey, da(v), and dy = 3 oy, da(v).
Proof.

(i) If d is an odd integer and Vi = {v1,vs,...,v4}, then we have |Vi| = |Va| = %. Thus, V3 =
V(G)=Vi—Vs and |V3| = n—d—1. Further, e(V1,V2) = d, e(V1,V3) = > v, da(v) —d, e(V2, V3) =
> cv, da(v) —d. Therefore, we have A = =4 B — 1(q4 1)[(2n—d—1)(d; +da) —2d? —2d]
and C' = n(dydy — d?). By Theorem 1.1, we have the proof.

(ii) If d is an even integer and Vi = {v1,v3,...,v441}, then we have |[Vi| = 42 and V5| = 4. Thus,
Vs =V(G) — Vi — V, and |V3| = n —d — 1. Further, e(V4,V2) = d, e(V1,V3) = ZvEVl dg(v) —d,
e(Va, V3) = Xy, da(v) — d. Therefore, we have A = 4H20=d=1) "5 — 1[4(2n — d)(dy + do) +
4(n —d —1)dy — 2d® — 4d?] and C = n(dyds — d*). By Theorem 1.1, we have the proof. |

COROLLARY 3.11. Let G be a connected graph with n vertices and girth g, and let V(G) = ViUV U V5 =
{v1,v2,...,0,} be a partition of G and Vi UVy =V (Cy) = {v1,v2,...,04}.

(i) If g is an even integer and Vi = {v1,vs,...,v4-1}, then
—_ 2 _
a(G) < be — /b2 1671(:67
29(n — g)

where be = (2n—g)(d1+d2) =292, ce = (n—g)(d1da—g?), d1 = ZveVl dea(v) and dy = ZvEVQ dg(v).
(ii) If g is an odd integer and Vi = {v1,v3,...,v4}, then

bo — /b2 — 16nc,
a@gg2@2—DW—gV
where b, = (2gn — g% — 1)(dy +dy — 2) —2(n — g)(d1 — d2) —2(g — 1)(¢®> + 1) +4(n — 1), ¢, =
(¢° = 1)(n = g)ldidz — 2dy — (9 = 1)?], d1 = 3y, da(v), and dz = 3, oy, dG(v).
Proof.

(i) If g is an even integer and Vi = {v1,vs,...,v4_1}, then we have |Vi| = [V3| = §. Thus, V3 =
V(G) — Vi — V5 and |V3] = n — g. Further, e(V1,Va) = g, e(V1,V3) = Zvevl da(v) — g, e(Va,V3) =
> vev, da(v) — g. Therefore, we have A = %7 B = 4[(2n — g)(dy + d2) — 2¢*] and C =
n(dida — g%). By Theorem 1.1, we have the proof.
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(i) If g is an odd integer and Vi = {v1,vs,...,v,}, then we have [V;| = 2% and |Vo| = 25*. Thus,

V3 =V(G) = V1 —Vz and |V3] = n — g. Further, e(Vi,V2) =g —1, e(V1,V3) = > cy. da(v) —g — 1,
e(Va, Va) = > ,cv, da(v) — g + 1. Therefore, we have A = %4@—9)7 B = 1[(2gn — g* — 1)(d1 +
do —2) —2(n — g)(dy — do) —2(g — 1)(g> + 1) +4(n — 1)], and C = n[dids — 2d2 — (g — 1)?]. By
Theorem 1.1, we have the proof. 0
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