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ADDITIVE MAPS ON RANK K BIVECTORS*

WAI LEONG CHOOI' AND KIAM HEONG KWAT

Abstract. Let U and V be linear spaces over fields F and K, respectively, such that dimi =n > 2 and |F| > 3. Let /\21/{
be the second exterior power of Y. Fixing an even integer k satisfying ”T_l < k < m, it is shown that a map ¥ : A2U — A%V
satisfies

Y(u+v) = p(u) + ¢(v)

for all rank k bivectors u,v € /\2 U if and only if 7 is an additive map. Examples showing the indispensability of the assumption
on k are given.
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1. Introduction. Let n > 2 be an integer and let F be a field. We denote by M, (F) the algebra of nxn
matrices over F. Given a nonempty subset S of M, (F), a map ¢ : M, (F) — M, (F) is called commuting on S
(respectively, additive on S) if (A)A = Ap(A) for all A € S (respectively, (A + B) = ¢(A) +(B) for all
A, B € S). In 2012, using Bresar’s result [1, Theorem A], Franca [3] characterized commuting additive maps
on invertible (respectively, singular) matrices of M, (F). He continued to characterize commuting additive
maps on rank k matrices of M, (F) in [4], where 2 < k < n is a fixed integer, and commuting additive maps
on rank one matrices of M, (F) in [5]. Later, Xu and Yi [8] improved the result of Franca [4] and showed
that the same result holds when charF = 2 and charF = 3. Recently, Xu, Pei and Yi [7] initiated the study
of additive maps on invertible matrices of M, (F) and showed that the additivity of a map on M, (FF) can be
determined by its invertible matrices. This work was continued by Xu and Liu [6] to study additive maps
on rank k matrices M, (F) with n/2 < k < n. Motivated by these works, the authors studied additive maps
on rank k tensors and rank k symmetric tensors in [2], which have slightly improved the result of [6] and
provided an affirmative answer for the case of symmetric matrices. In this note we continue our investigation
to study additive maps on rank k bivectors of the second exterior powers of linear spaces.

We now introduce some notation to describe our main result precisely and to present some examples for
showing the indispensability of the assumption on k in the result. Let U be a linear space over a field. We
denote by /\2L{ the second exterior power of U, i.e., the quotient space /\ZZ/I = ®2 U/ Z, where ®2L[ is the
tensor product of U with itself, and Z is the subspace of ®2 U spanned by tensors of the form u ® u. The
elements of /\2 U are referred to as bivectors. Bivectors in /\2 U of the form uq A us, for some uy,us € U, are
called decomposable. Note that uy A us # 0 if and only if uy,us are linearly independent in . A bivector
uw e N°U is said to be of rank 2r, denoted p(u) = 2r, provided that r is the least integer such that u can
be represented as a sum of  decomposable bivectors. It is a known fact that u € /\21/{ is of rank 2r, with
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r > 1, if and only if
s
(1.1) u = Zuzi—1 A Uzq
i=1
for some linearly independent vectors uq, ..., us,. € U. If u has another representation u = 2;1 Voi—1 A\ Vs
for some vq,...,v9, € U, then (ui,...,us) = (v1,...,v2,). Here (uy,...,us,) denotes the subspace of U

spanned by uq,...,us.. Evidently, p(u) = dim {uq,...,us,) if u is of rank 2r of the form (1.1). In what
follows, Rix(A\°U) denotes the totality of rank k bivectors in A\”U. We write it as Ry, for brevity when it is
clear from the context.

We can now state the main theorem.

THEOREM 1.1. Let n > 2 be an integer and let k be a fixed even integer such that %ﬁl <k<mn. Let
U and V be linear spaces over fields F and K, respectively, with dimU = n and |F| > 3. Then a map
P /\ZZ/I — /\2 V satisfies ¥(u +v) = ¥(u) + ¥(v) for all rank k bivectors u,v € /\21/{ if and only if 1 is an
additive map.

Let A, (IF) denote the linear space of all n x n alternate matrices over a field F. In matrix language, we
obtain the corresponding result for additive maps on rank k alternate matrices on A, (IF).

COROLLARY 1.2. Let F and K be fields with |F| > 3. Let m and n be integers such that m,n > 2
and let k be a fized even integer such that 51 < k < n. Then a map ¢ : A,(F) — A, (K) satisfies
Y(A+ B) = ¢(A) +(B) for all rank k matrices A, B € A, (F) if and only if ¢ is an additive map.

We give some examples to highlight that the condition %‘1 < k < nin Theorem 1.1 is indispensable.

ExXAMPLE 1.3. Let n > 6 be an integer. Let I/ be an n-dimensional linear space and let V be a non-trivial
linear space. Given a fixed nonzero vector w € V, we let ¢ : /\21/{ — /\2 V be the map defined by

2

n—2
olu) = <H p(u) — z)w for all u € /\Z/{.

Note that o(u + v) = 0 = @(u) 4 ¢(v) for every even rank k bivectors u,v € AU with 1 < k < ol
Nevertheless, ¢ is not an additive map on /\2 U. To see this, we select u; = by A by and
bsANbs+---+b,_1ANb, when n is even,
Uo =
70 by Absi+-+bua Aby_1 when nis odd,

where {b1,...,b,} is a basis of U. Clearly, p(u1) = 0 = p(usz) and

(n—1)!w when n is even,

(n—2)'w when n is odd.

p(ur +uz) = {

Hence, o(u1 + uz) # @(u1) + ¢(us2).

EXAMPLE 1.4. Let U be a 2-dimensional linear space over the Galois field of two elements and let V be
a non-trival linear space over a field of characteristic not two. Notice that A*U = {0,y A by} where {by,bo}
is a basis of . Let z be a fixed nonzero bivector in A>V and let ¢ : A*U — A®V be the map defined by

(w) z if u=0,
u) =
7 271y ifu= b1 A bsy.
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Clearly, ¢ is not additive since ¢(0) # 0. However, p(u+v) = z = p(u) + ¢(v) for every u,v € Ra.
ExXAMPLE 1.5. Let F be a field and let n > 6 be an integer. Let E € A,,(F) be a fixed nonzero matrix
and let ¢; : A, (F) = A, (F), i = 1,2, 3,4, be the maps defined by
v1(A) =adjA for all A € A,(F);

0 when A is singular, )
wa(A) = with n even;
E  when A is invertible,

A  when A is of rank less than n — 1,
p3(A) = with n odd;
0 when A is of rank n — 1,

tr(A)E  when A is singular, )
(A) = with n even,

0 when A is invertible,

where adj A and tr(A) denote the classical adjoint of A and the trace of A, respectively. Note that no ; is
an additive map on A, (F), but ¢;(A+ B) = p;(A) + ¢;(B) for all even rank k matrices A, B € A, (F) with

2. Results. We start with three lemmas.

LEMMA 2.1. Let U and V be linear spaces over fields F and K, respectively, such that dim U = 2 with
|F| > 3, or dimU = n > 3. Let r be a fized even integer with 2 < r < n. If 1 : /\211 — /\2V 18 a map
satisfying ¥(x +y) = ¥(x) + ¢Y(y) for every x,y € R,., then the following hold.

(1) ¥(0) =0 and Y(—u) = —¢(u) for every u € R,.
(i) Y(u—v) =(u) —p(v) for every u,v € R,.
(iii) Let u,v € N*U be such that u,u+v € R,. Then ¢(u+v) = ¥(u) + (v).

Proof. (i) Let u € R,. We distinguish two cases.

Case 1. charK = 2. We first claim that ¢)(—u) = —¢(u). If in addition, charF = 2, then ¢(—u) = ¥ (u),
and we have ¥(—u) = —¢(u). Now consider the case charF # 2. Notice that ¥(2u) = ¥(u + u) =
Y(u)+(u) = 0. Thus, —¢(u) = P(u) = Y2u+ (—u)) = P(2u) + ¥ (—u) = Y(—u) as claimed. For ¢(0) = 0,
we note that ¥(0) = ¥(u) + Y (—u) = P(u) — P(u) = 0.

Case 2. charK # 2. If in addition, charF # 2, we have ¢¥(u) = ¥(2u + (—u)) = ¥(2u) + P(—u) =
2¢(u) +(—u). Hence, (—u) = —¢p(u). A similar argument as in the proof of Case 1 shows 1(0) = 0. Now
suppose that charF = 2. Then 2¢(u) = ¥(u) + ¥ (u) = ¥(u + u) = ¥(0), so ¥(u) = 2714(0). Therefore
P(v) = 271(0) for every v € R,.. We next claim that there exist vy, ve € R, such that

(2.2) v1 + v € R,

Let {b1,...,br,..., by} be a basis for Y. When |F| > 2, let v; = by Aba + -+ br—1 A b, and v2 = Ay for
some nonzero A € F with A+ 1 # 0. Clearly, vy, v9,v1 + v2 € R, as required. When |F| = 2, we have n > 3.

Let
{ b1 A bay when r = 2,
1=

by ANb.+bysAbg+---+b._oAb._1 when2<r<n

b1 A bs when r = 2,
Vo =
2 biA(bs+b) by Abs+-+b_1Ab. when2<r<n
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be two rank r bivectors in /\2 U. Then

{ by A (by + b3) when 7 = 2,
v1 + U2 =
by Aby+b3A(ba+bg)+ - +br_1 A(bp—a+b) when 2 <r<n.
Clearly, v1 +vo € R, as claimed. It follows from (2.2) that 272(0)+2724(0) = ¥ (v1) +1p(ve) = ¥ (vi+v2) =
2714(0), so 1(0) = 0. Hence, 1(—u) = 0 = —t)(u) for every u € R,..
(i) Let u,v € R,. Then ¢(u —v) = ¢ (u) + ¥(—v) = ¥(u) — ¥ (v) by (i).
(iii) By (i), ¢ (u +v) = ¢ (u) = ¢ ((u+v) — u) = ¢(v). Thus, (u+v) = p(u) +P(v). O

REMARK 2.2. Let U and V be linear spaces over fields F and K, respectively, with dim &/ = n. As an
immediate consequence of Lemma 2.1, we notice that when n = 2 with |F| > 3, or n =3, ¢ : /\21/{ — /\2 1%
is additive if and only if ¢(u + v) = 1h(u) + ¥(v) for all rank two bivectors u,v € A°U.

Let U be a linear space over a field F. Then uy,...,u; € U are linearly independent if and only if so are
k
(2.3) UL, ..o, Ui + Z gy ..U
=1, j#i

for any 1 <4 < k and any scalars o; € IF, j # 4. This fact will be frequently employed in our argument.

LEMMA 2.3. Let n > 4 be an even integer. Let U be an n-dimensional linear space over a field F with
at least three elements. Then for each even integer 0 < k < n and each u € Ry and v € Ra, there exists
z € R, such that u+ z, v —z € R,,.

Proof. Let v = x Ay € Ry for some linearly independent vectors xz,y € U. If K = 0, we take a basis
{z,y,bs,...,b,} for U and set
n/2
21 :a:/\b3+y/\b4+2b2i,1/\b2i.
i=3

Then z; € R, and21—U:x/\(b3—y)+y/\b4+zzb:/§b2i_1/\b2iE’Rn.

Suppose that 2 < k < n. Let u = Zfﬁ Ui 1 NUg; € Ry for some linearly independent vectors ug, .. ., ug
in U. Four cases are consided below.

Case I. {x,y,uy,...,ur} is linearly independent. Let {z,y,u1,...,ur,bg+1,...,bn—2} be a basis for U.
We set
k1 z-1
2o =T NUg +Up—1 NY + Z’Uaifl N U2i42 + Z boi_1 Nbo; € Ry,
1=1 i=£+1
Note that
k1 21
ZQ*’I):I'/\(UQ*y)‘i’Uk_l ANy + ZUQi_l/\U21+2+ Z boi_1 N ba; ERn,
i=1 =k g1

since x,y, w1, U — Y, Uz, - . . , Uk, D11, - - - , bp—o are linearly independent by (2.3). Also, when k = 2, u+ 25 =
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(x4+up) Aug+ug Ay + ZZ%:_; bai—1 A ba; € R,,. When k > 4, we have

u+2zo = (x4 up) Aug +up—1 A Y+ ug) +u Aug

k1 21
+ E ugi—1 A (Ugiyo + uz;) + E bai—1 ANby; € Ry,
i=2 =kt
as T+ Uy, Y+ Uk, UL, U2, U3, Ug, Us, Ug + Ud, . . ., Uk—3, Uk—2 + Ug—4, Up—1, Uk +Uk_2, bpg1,...,by_2 are linearly

independent by (2.3).

Case II. {x,uq,...,ux} is linearly independent and y € (x,uq,...,ux). Then k + 2 < n. By a suitable

rearrangement of subscripts, we assume y = ag 17 + Zle a;u; for some i, ..., a1 € F with ag_1 # 0.
We extend {z,u1,...,u;} to a basis {x,q,u1,...,uk,bgt1,...,0p—2} for U. Let
T AU+ U1 ANq + w when as =0,
z3 =
x A (agug) + (ug + ug—1) Aq + w  when as # 0,

X
k_q 5—1
where w 1= 3 2 | ugi—1 Augita + 37

_ k_
75_‘_1 bgi_l N bgi with Zlel U2;-1 A U2i4+2 = 0 when k = 2. Clearly,
23 € R,,. Note that

T A (u2 — Zf:l,i;& oz,;ui> +up_1ANqg+ w when as = 0,
Z3 — U=
—z A (Zf:l,i;& aiui) + (u2 +up—1) ANqg + w when as # 0.

k
Note that 23 —v € R, as {z, ¢, uq, us — Zi:l,iﬁ QUG U3y ey Uho— 1, ks Dkt 1y - -, D} and {z, q, ug, ug + ug_1,
U3, ..., Up—2, Zle it Qilis Uk, g, - - ,bn} are linearly independent sets by (2.3). Note also that if k = 2,

then
wt s { (m—l—ul) N U2 + Uy /\q-i—Z?:El boi_1 N by; when as =0,
3 =
(

Uy + Oéng) N ug + (UQ + Ul) AN q + Z;;l bgi_l AN bgi when (%) % 0

is of rank n. Now consider k > 4. When as = 0, we have

u+zz3= (x4 u) Aus+up—1 A(q+ug) +up Aug

k n
71 31
+ g ugi—1 A (U2iy2 + ug;) + E bai—1 ANba € Ry,
1= -_k
=2 i=5+1
as T+ U1, q + Uk, Ut, U2, U3, Ug, Us, Ug + Udy - - -, Uk—3, Uk—2 + Uk—4, Uk—1, Uk + Ug—2, bpy1,. .., by 2 are linearly

independent by (2.3). When ay # 0, we have

u+ 23 = (ox +u1 — Aug + up—1 A (g+ up) +ug Aug

k1 z-1
+ E Ugi—1 A (Ugiqo + u2i) + E bai—1 ANba; € Ry,
1=2 i=£+41
as QT + Uy — ¢, q + Uk, UL, U2, U3, Ug, Us, U + Udy - - -, Uk—3, Uf—2 + Uk 4, Uk—1, U + Uk—2, bry1,...,bn_2 are

linearly independent by (2.3).

Case III. {y,u1,...,u} is linearly independent and = € (y,uq,...,ur). Repeating the argument for
Case II but interchanging x with y, we can find z € R,, such that u+ z, v — z € R,,.
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Case IV. {x,uy,...,ux} and {y,u1,...,u;} are linearly dependent sets. Since z,y are linearly in-
dependent, by a suitable rearrangement of subscripts, we may assume z = 2?21 a;u; for some scalars
ai,...,ap € F with a; # 0, and y = Zle Biu; for some scalars B1,...,0r € F with 85 # 0. Then
u; = ozl_lsc - 21;2 al_loziui and

k
y=por'z+ Y (B — Bioy on)u.

i=2
Note that {z, ug, us,...,u} is linearly independent. We argue in the following two subcases.
Case IV-1. k < n. We extend {x,us,us,...,u;} to a basis {x, uz,us, ..., ug, bgt1,...,0n} for U. Let
k/2 n/2
24 = T Nbpy1 +uz Abgyo + Z Moi—1U2i—1 A U2i + Z boi—1 A ba;
i=2 i=k+2

for some scalars 72,1 € F\{0,—-1}, i =2,...,k/2. Then

k)2 n/2
24—V =a A (bpt1 —y) + u2 Abpga + Zn2i—1u2i—1 A ug; + Z bai—1 A by
1=2 i=£+42

k
x N <bk+1 - Z(ﬁi - 51a110éi)ui> + ug A bgya

i=2
k/2 n/2
+ ZnZiflumfl N ug; + Z bai—1 N bz € Ry,
1=2 i=542
since x, ug, Ug, - . . , Uk, bpr1 — Zf:z(ﬁi — Blaflai)ui, bk+2,...,by, are linearly independent, and
k/2 n/2
Za +u =2 Abgy1 +uz A (b2 —ur) + 2(772171 + Dugi—1 Augi + Z bai—1 A ba;
1=2 i=k42

k
=2 Abgy1 +uz A (bk+2 — 011_156 + Z al_loziui>

i=3
k/2 n/2
+ E (M2i—1 + L)ugi—1 Aug; + E bai—1 A ba; € Ry,
1=2 i=£+42
. _ k _ . . .
since x, Uz, U3, . . . , Uk, b1, bpr2 — 0 Ly 4+ Zi:S o 1aiui, bi+s,-..,b, are linearly independent as desired.

Case IV-2. k = n. Then {x,us,us,...,u,} is a basis for U. Set
n/2
25 = BT N\ Uug + nua A us + Z Aoi_1Ugi_1 A Us;,

=3

where @, 7, As,...,A\p—1 € F are nonzero scalars such that u # 84 — Blaflo@h n # —afl(u_l + a3) and
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A2ic1 +1#0fori=3,...,n/2. Then

n/2

25 —v=1a A (pug —y) + nua Aus + Z Aoi_1Ui—1 A U
i=3

=xA (,u + ﬁlaflcu — B4)U4 + Z (ﬂlaflai — 51)”1

i=2, i#4
n/2
+ nug Auz + Z Agi—1Uzi—1 AUz € Ry,
i=3
because x, uz, ug, (11 + Brag tau — Ba)us + 30 #4(51041_1047; — Bi)ui, us, . .., u, are linearly independent by
(2.3); and
n/2 n/2
25 + U= pur Aug +nu2 A\ug + Z Aoi_q1Ugi—1 N\ Ui + Z Ui—1 /\ U
i=3 i=1
n
= (aflx — (n+ a7 tas)us — Zaflaiui> Aug + (ux + ug) A ug
i=4
n/2
+ ) (A2ic1 + Dugioy Aug; € R,
i=3
because n # —a{l(,u_1 + az) and aflx - (n+ aflag)ug ->r, aflaiui,,ua: + U3, U2, Ug, Us, ..., U, are
linearly independent by (2.3). |

LEMMA 2.4. Let n > 4 be an integer and let k and r > 2 be even integers such that 0 < k < r <n. Let
U be an n-dimensional linear space over a field F with at least three elements. Then for any u € Ry and
v € Ra, there exists z € R, such that u+ z, v — z € R,.

Proof. Let v = x Ay for some linearly independent vectors z,y € U, and u = Zfﬁ U1 N\ ug; for
some linearly independent subset X = {u1,...,ux} of U with the convention that u = 0 and X = & when
E=0.If0< k< rordim(XU{x,y}) =r, then we let W be an r-dimensional subspace of U containing
X U {z,y}. Evidently, v € Ry(A°W) and u € Ri(A*W). By Lemma 2.3, there exists z € R.(A\°W)
such that u + z,u — 2z € R, ( /\2 W). Since any linearly independent set in W is linearly independent in I,
R (A°W) C R..(A*U) by (1.1). So the result follows.

Suppose that k¥ = r and dim (X U {z,y}) > r. We only consider the case that X U {z} is linearly
independent and y € (X) as the other cases can be argued similarly. Let y = Zle Biu; for some scalars
B1,- .., Bk € F. Without loss of generality, we assume 51 # 0. Let z =z Aug + Zfﬁ ;o1 N\ Ug; for some
scalars aw, ..., a9 € F\{0,—1}. Clearly, z € R, and

k/2
u+z= (Z’ + U1) N ug + Z(ai + 1)u2i_1 Nug; € Ry,
1=2
k)2
z—v=aA (U2 —y)+ Y a1 Aug € Ry,
1=2

as desired. 0
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We are now ready to prove the main theorem.

Proof of Theorem 1.1. The sufficiency is trivial. We consider the necessity. The result is clear when
< 3 by Remark 2.2. Suppose that n > 4. We claim, for any even integer 0 < h < n, that

(2.4) Y(u+v) =¢u)+P(v) for every u € R and v € Ra.
The discussion is split into two cases.

Case I "T_l < k < n. We first prove (2.4) for 0 < h < k. By Lemma 2.4, there exists z € Ry
such that v 4+ z, v — z € Ry. It follows from Lemma 2.1 (ii) and (iii) that ¥ (u + z) = ¥(u) + ¢¥(z) and
Y(v—2) =9Y(v) —P(2). So

Y(u+v) =v(utz+v—2)
= ¢(ut2)+ (v —2)
=1p(u) +19(2) + ¥(v) — P(2)
= (u) +(v).
Consider now k < h < n. We use induction on h and assume (2.4) holds for each 0,2,...,h — 2. Let
U = Zfﬁ Ugi—1 A ug; € Rp and v = upy1 A upta € Ra. Let H = {u1,...,up, Upt1,unt2}r. We distinguish
two cases.

Case I-A. H is linearly dependent. Note that wupy1,upyo are linearly independent. By a suitable
. h
rearrangement of subscripts, we may assume upy; = ah+2uh+2 + >, au,; for some ai,...,ap,apt2 € F
. _ - h
with a; # 0. Then u; = a; luh+1 —a lah+2uh+2 — ZZ 507 azul We thus obtain

h/2
uw = (al_luh+1 — al_lah+2uh+2) A ug + ZA“
i=2
where A; = —afl(agi_lwiq + agiug;) A ug + ugi—1 Aug; for i =2,... h/2. For each 2 < i < h/2, we note

that
A= { 01_1(1127:—1%&21'—1 + agiug;) A (alag_il_lu2i —ug) if agi—1 #0,

(a7 tagiug + ugi—1) A ug; if agi—1 =0.
Since u € Ry, we must have (al_luhH — aflah+2uh+2) Aus € Ro and Zh/ A; € Rp_s. Set
z= (afluhﬂ — aflah+2uh+2) A Us.
Then z € Ry, u — 2z € Rj,_2 and
v+ 2= (a7 upgr — al tangounio) A (a1upse + up) € Ro U {0}.

Then, by the induction hypothesis, ¥(u+v) = P(u—z+v+2) = Y(u—2z)+P(z+v) = P(u—2)+P(z)+¢¥(v) =
Y((u—2) + 2z) + Y (v) = YP(u) + ¥ (v). So claim (2.4) holds true for h.

Case I-B. H is linearly independent. Then an <k<h<h+2<n Weextend H to a basis
{u1,...,upya,...,u,} for Y. Let

k/2 .
Ziz/l Ugi—1 N\ Up_kt2; When n is even,

k/2 .
Zi:/1 Un—k—2+2; Auz;  when n is odd,
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and
h/2
y= Z Ugi—1 A U2q,
i=E+1

with y = 0 when h = k. It is easily seen that y € Rj,_x, and x € Ry, as n > k. Note that

k/2 !
u—yY= Zu2i71/\u2i €Rr and v+y= Z Ui—1 AUz € Rp—p42.
=t i=k41

Let us proceed to verify that both bivectors u — x — y and v — x — y are of rank k.

When n is even, we see that n — k > 2 is even and % < k. Thus, n — k+ 2 < k + 2. Therefore

v+x+y e Ry and
k/2

U—T—y= g Ugi—1 A (U2 — Un—k+2i) € R,
i=1
because u1,us, ..., Uk—1,U2 — Up_k4+2,Us — Up—k—4,-- ., Ut — Uy are linearly independent.

When n is odd, we see that k < h 4+ 2 < n since k and h are even. So n — k > 3 is odd. Then
k/2
=z —y=Y (ugi-1— Un_k—242:) AlU2;i € R,
i=1
since g, Ug, . .., Uk, U] — Up—k, U3 — Up—k+2,--.,Uk—1 — Up—2 are linearly independent. Moreover, we note

that h+1<n—-2ash+2<n,and k+1 > n— k since an < k. Consequently, v+ x +y € Ry as desired.

Now, $(u-+0) = $((u—2 — ) + v+ +1)) = (s — 7 — ) + B0+ +). Note that ¢(u—z — y) =
Y(u—y) — ¥ (z) by Lemma 2.1 (ii), and (v + 2 4+ y) = (v + y) + ¢¥(x) by Lemma 2.1 (iii). It follows that
Yuw+v)=vu—y)— @)+ +y)+ @) =¢Yu—y)+ ¢ +y). The claim follows when y = 0. Now
consider y # 0. Since h — k < h — 2, we infer from the induction hypothesis that ¥(v 4+ y) = ¥(v) + ¥ (y).
Again, by the induction hypothesis, we have

Y(u+v) = P(u—y) +(v) +P(y)

h/2
=) +(u—y) + Y| upt1 Augre + Z Ugi—1 A\ Ug;
i=k42
h)2
=) +Y(u—y) + P(uks1 A tgy2) + 9 Z Ugi—1 N\ Ug;
i=£+42
Proceeding in this fashion, we obtain
h/2
Y(utv) =) +ou—y)+ > Puzi 1 Aus).
i=k41

Since y # 0, we get k < h —2. So

h/2 h/2

Y(u—y)+ Z P(ugi—1 Augg) = P(u — Y+ U1 A upsa) + Z (u2i—1 A ug).

i=k+1 i=5+2
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Next, note that if 27_/:; o (ugi—1 Nug;) # 0, then h —k —2 > 2, and hence, k4 2 < h — 2. Tt follows that

-2

h/2
YU — Y+ U1 A Upta) + Z Y(ugi—1 Augi) = (U —y + upg1 A upge + Ups A Ugra)
i=£+42
h)2
+ Z Y(ugi—1 A ug;).
i=k43
Continuing in this way, we get
h/2
Yu+v) =)+ u—y+ Z ugi—1 Aug; | =1p(u) + ().
i=%4+1

Hence, claim (2.4) holds for h.
Consequently, by induction, claim (2.4) is proved.

Case II. k = n. By Lemma 2.3, there exists z € R,, such that u + 2z, v — z € R,,. We thus obtain
Y(u+ z) = ¥(u) + ¥(z) and Y(v — 2) = Y(v) — P(2) by Lemma 2.1(i) and (iii). Then ¥(u + v) =
Y(u+z)+ 1w —z2) =9¥(u)+¥P(v). So claim (2.4) is proved.

We continue to prove

(2.5) Y(s+t) =1(s)+(t) for every s,t € /\U.

The result clearly holds if t = 0. Let ¢t € R for some integer 0 < 2¢ < n. Then t = Zle d; for some
nonzero decomposable bivectors di,...,dy in /\2 U. So

Y(s+t) =v((s+di+-+dp1)+dp) =(s+tr+ -+ te1) +P(te)

by (224) Proceeding in this manner we arrive at (s +t) = ¥(s) + Zle ¥(t;). Since Zle P(t;) =
(D ;1 ti) = (t) by (2.4), we infer that (2.5) holds. Hence, 1 is additive. o
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