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VOLUME OF HYPERCUBES CLIPPED BY HYPERPLANES
AND COMBINATORIAL IDENTITIES*

YUNHI CHO? AND SEONHWA KIM?

Abstract. There is an elegant expression for the volume of hypercube [0, 1]™ clipped by a single hyperplane. In the article,
the formula is generalized to the case of more than one hyperplane. An important foundation for the result is Lawrence’s formula
and a way to weaken two restrictions of simplicity and non-parallelness in his formula is also considered. Several concrete
volume formulas of clipped hypercubes are derived explicitly and the corresponding combinatorial identities are obtained as an
application.
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1. Introduction. A unit hypercube is a convex polytope defined by [0,1]™ in R"™. It may be a very
basic geometric object and the simplest convex polytope, but it still has interesting unsolved questions
(for example, see [14]). It has turned out that the computation of the volume of convex polytopes is
algorithmically hard [4] since it usually requires difficult work like vertex/facet enumeration, even for the
case of hypercubes clipped by only one hyperplane [7]. For these reasons, both numerical approximations
and exact calculations have been extensively studied from an algorithmic point of view.

In this paper, we will only focus on closed and concrete formulas using matrix computations. Although
this doesn’t require heavy machinery (but is technically complicated), the resulting volume formula is fairly
concrete and hence has some applications like producing a certain class of combinatorial identities. Fur-
thermore, it would be interesting to investigate the relation between our formulation focused on [0, 1]™ and
Filliman’s study [5, Section 3].

For the easiest case of a hypercube clipped by only one hyperplane, there is an interesting simple formula
giving the volume as the following. The notation |0y| for a vector v € R™ indicates the number of zeros in
the entries and F° denotes the set of vertices of [0,1]". The half space H; is given by

{x|q(x):=a-x+7r =aiz1 +asx2+ - +apz, +71 >0}

with []}"_, a; # 0. Then we have:

THEOREM 1.1.

vol((0.1]" N Hy) = ) (_T%g(v)
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This formula seems to have first appeared in [1], but a very similar idea seems to go back much earlier
[12]. Although it has been revisited several times (for example, see Section 2 in [11]), as far as the authors
know, a volume formula for the case of more than one hyperplane had not been seriously studied yet. We
generalize this formula to the case of an arbitrary number of hyperplanes on the basis of Lawrence’s work

Our volume formulas have concrete and explicit expressions, which have some benefits for the case
of a small number of hyperplanes but a large dimensional cube. One can use our formula even for the
case of sufficiently many hyperplanes making up a fully general polytope. But the greater the number of
hyperplanes, the less useful our formula seems to be, because the characteristics coming from the shape of
cube tend to disappear and the formula essentially becomes almost the same as Lawrence’s.

The general formulas will be described in Section 4.3. Before doing that, let’s look at two hyperplanes,
which is a corollary of Theorem 4.6 (the detailed description is given in Section 5.1). Let the half spaces H;"
and H; be given by

Hf ={x| g1(x) := ay71 + agzy + -+ + apx, + 71 > 0} and

HQ+ ={x| g2(x) := b1y + bozo + - - - + bpxy, + 72 > 0}
with good clipping conditions. See Section 2 for the notation and Section 4.2 for the definition of good
clipping conditions. Then Theorem 1.1 is generalized to the case of two hyperplanes as follows.

COROLLARY 1.2.

wiopnst - Y SOy
n: 1—1 Ot

(1) a7, ga(v)

x(v)  Du(v)
Q¢ bt

VEFONH NHF

veFInHnH nl fas)| becy) [1]_\[< )
ten]\*(v

Interestingly, volumes of hypercubes clipped by various choices of hyperplanes produce non-trivial com-
binatorial identities. Let us see several examples.

THEOREM 1.3. For arbitrary y € R, ay,as,...,a, € R and an integer n > 0,

DY S (Dl tan 4ot ay)" = (~1)"nlaraz - ap,
=1 1<t1<ta<---<t;<n

or equivalently,

. 1, it k=0,
> S Dy o a)t =40, k=12 .1,

i=1 1< <t < .
% 1<t <ta<--<t;<n (—1)"n!a1a2-~-an, if k=n.

This is related to an old Prouhet-Tarry-Escott problem [10] and there are many not so difficult proofs.
But it can be proved by Theorem 1.1 and we think the geometric proof using a clipped cube is a new
approach.
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The next formula also may be obvious to someone familiar with Vandermonde matrices or Lagrange’s
interpolation formula. However, it can also be proved directly by Corollary 1.2 whose geometric description
is a simplex clipped by one hyperplane (see [2]) or the hypercube [0,1]" clipped by two hyperplanes: a
general hyperplane and a special hyperplane which passes through all standard basis vectors.

THEOREM 1.4. For arbitrary y € R, distinct non-zero a1, as,...,a, € R and an integer n > 0,

yn 72 (y+ai)i\ _ (71)n7

a2 0n =7 ai(ar — a;)(ag — a;) - (@i — a;) -+ (an — a;)

or equivalently,

1 . _
n ak ajag-an’ lf k - 17

I =0, it k=0,1,...,n—2,
i=1 (a1 —ai)(az —a;) -+ (ai — a;) - (an — a;) (=D)L, i k=n—1

14

where “” 7 means omitting the term.

Furthermore, if we take a3 = a3 = -+ = a, = 1 in Theorem 1.3, then we get the following corollary which
is a studied form in combinatorial enumeration (for example, see [13]).

COROLLARY 1.5. For arbitrary y € R and an integer n > 0,

M-

()i = o

or equivalently,

" , 0, if k=0,1,...,n—1,
Z(—l)l(@) i = ) "

, ( (=1)"nl, if k=n.

Interestingly, all the above identities are unified under one umbrella via a volume expression for a
particular clipped hypercube. Before showing this, we introduce the following set-theoretic notation for the
sake of convenience,

A:={a1,a2,...,a,}, 4] ::Za7 Al ::Ha,

a€A acA

Ra(a) == b . Ra(I) =) Rala).

beA\a acl

Then Theorem 1.3 and Theorem 1.4 are written in an economic way as follows.

0 if k=0,1,...,n—1
Z(-l)llIHIHk: ’ 1 s Ly , )
fca (=1)™nlAl, if k=n.

1, if k=0,
> Ra(a)a® =<0, if k=1,2,...,n—1,

acA (=) tAl if k=n.
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We can also obtain the following identity which can be derived from Corollary 1.2 (for the proof, see
Theorem 6.4).

THEOREM 1.6. For A ={ay,...,a,} and an integer I =1,...,n,
0, if k=0,1,...,n—1,
DR+ D (DR = 1l irn o
;4 ;4 Aty (=1)" Ma—om, if k=n.
[I]<1 |I]=l i=0

The identity in Theorem 1.6 itself may already be known, but the proof using the volume of clipped
hypercubes seems new. Finally, we would like to remark that the above identities are all symmetric functions.
In Section 6 and the Appendix, we will give several identities, some symmetric and others not.

Let us outline our article. We will introduce notation in Section 2, and review and reorganize Lawrence’s
formula and explain our e-perturbation method in Section 3. The statements of main theorems and proofs
will be given in Section 4. Several concrete examples will be presented with more explicit expressions in
Section 5. In the final Section 6, we will derive a family of combinatorial identities using the volume of
clipped hypercubes.

2. Notation. In this paper, the letters n and m correspond to the dimension of R™ and the number of
hyperplanes respectively unless otherwise specified. A single bold letter always denotes a vector in R™ like
x = (x1,...,2,) and we abuse notation for column vectors and row vectors if it is not confusing. Let e;
denote the i-th vector in the standard basis of R™.

Let K be the natural cell structure of unit hypercube [0, 1]" in R™ and let K¢ denote its d-skeleton. We
define the open d-skeleton F? as K%\ K1, Then,

(2.1) [0,1" = U K= O F
d=0 d=0

where the U symbol denotes disjoint union. For example, [0, 1]? consists of four points F°, four open intervals
F'! and one open rectangle F2.

2.1. Index manipulation. Let [n] denote the ordered set {1,2,...,n} that is an index set for the
standard basis of R™. We will use ordered sets for indices because the sign of a minor of a matrix is sensitive
to the order of indices. Let Af and (A){ denote a minor and a submatrix with indices I and J of a matrix
A = (a; ;) respectively.

For example, let I = {1,3} and J = {2,4}. Then

(A)‘I] _ [ ai2 aig } and A7 — ai2 aig — det { ai12 a4 } '
asz2 asg asz2 as4 az2 434
Let an ordered set I = {i1,14a,...,is} C [n]. Elementary arithmetic operations with an ordered set and
a number are done entrywise, for example 27 —1 = {2i; — 1,...,2is — 1}. We call an index I well-ordered if

i1 <19 < --- < 1ig. We consider two different notions of union operation for ordered sets. One is the ordered
union U respecting the order between two well-ordered indices, for instance, for ¢ & I,

TU{t} := {i1,d2,...,t,...,is} when 4 <ig < - <t < - <.
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The other is the joining union V as concatenation as follows,
Iv {t} = {il, 19, ... ,is,t}.

We remark that the joining union is defined no matter whether the constituent sets are well-ordered or not,
but the ordered union is defined only for well-ordered sets. In general, the result of a joining union is not
well-ordered and might be an ordered multi-set.

We abbreviate a set of one element {z} to  omitting the brace symbols, for example, I V {t} =: I V t.
Let I and J be two ordered sets consisting of the same elements. Then o(I,J) denotes the parity of the

permutation between the two ordered sets I and J, for example o(a V b,bV a) = —1.
Let |- | and || - || denote the cardinality and the total sum of elements of a given set respectively. We
remark that ||@||*¥ = 0¥ = 1 when k = 0. For v = (v, vs,...,v,) in R, we define the notation Oy, 1y, ey

and *, which denote ordered sets of indices satisfying the following:

Oy :={i € [n] | v; = 0}, 1y :={i € [n] | v; =1},

(2.2) .
xy :={i€[n]|v; #0,1}, oy, : =0, U1y =[n]\ *y.

In particular, we define functions *; : R™ — [n] and e; : R™ — [n] by indicating the i-th entry of x, and e,
of increasing order respectively, i.e.,

kv ={i € [n] | v; #0,1} = {¥1(v), %2(V), ..., %11, | (V) ],
o, — {Z c [n] | v; =0, 1} = {01(V),02(V), .. .,O|.V|(V)}.

When we consider a set of only one element then we omit the index letter like *(v) := %1 (v). To help

understanding, let us see an example. Let v = (0,1, %, 0,0, %, 1, %) € F3, then we get

xy = {3,6,8}, 0y ={1,4,5}, 1, ={2,7},

|*V| =3, |OV| =3, |1V‘ =2,

I#v]| =3+ 6+8=17, ||0y]|=1+4+5=10, ||Iv]|=2+7=09,
¥1(v) =3, *2(v) =6, x3(v) =38,

o (V) =1, eg(v) =2, e3(v) =4, e3(v) =25, e3(v)=T.

Finally, we remark that the following always holds by definition:

Oy Uly Uy = oy, Uxy = [n].

2.2. Hyperplane matrices. Throughout the article, hyperplanes and half spaces are given by
H;:={x]gi(x) =0} and H; :={x]g(x) >0},
where the linear coeflicients are the following:
g1(x) == a; - X+ 7y = a2z + a2z + -+ A1y + 71,

Im—1(X) = am_1 X+ o1 = Q1m—121 + A2 m—1L2 + - - + A m—1Zn + T'm—1,
gm(X) = ay - X+ Ty = @1 mT1 + AG2mT2 + - + @y + T
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These coefficients form an n x m matrix A as the following:

a1 air2 - Q1k-1 A1m

@21 Qa22 -+ A2k—1 G2.m
A:=(aj,as,...,an_1,y,) =

Gn,1 QAp2 Gn,k—1 QAnm

In particular, we will take the last g,,(x) and H,, as the auxiliary function and the auxiliary hyperplane
respectively. Let HT denote the intersection of all the half spaces Hj' ,

H* = () H}".
1€[m]

Let I be a set of indices for several hyperplanes usually not including the auxiliary plane, i.e., I C [m—1]
and let H; denote the intersection of H* \ H,, and the hyperplanes H; for i € I, i.e.,

Hy:= ﬂHmH+\Hm.
el

We remark that we remove the auxiliary plane H,, from the definition of H; because we are going to ignore
so-called degenerate vertices (see Section 3.3).

3. A volume formula for convex polytopes.

3.1. A review on volume computations. Let us briefly review conceptual methods to compute the
exact volume of convex polytopes in a pictorial way. It is well known that the volume of an n-parallelotope
and an n-simplex given by vq,va,...,Vv, in R” are |det(vivy---v,)| and %| det(vyvy - --vy,)| respectively.
An elementary strategy for computing the volume of a polytope is to decompose the polytope into a signed
summation of simplices. In fact, many volume computing algorithms rely entirely on the method of decom-
position as in Figure 1. Case (a) is the most obvious decomposition that always exists because of convexity.

(a) (b) (d)

FIGURE 1. Typical decomposition methods for a convex polytope.

Cases (b) and (c) are essentially the same except for the position of an auxiliary point. These decompositions
are quite elementary but interesting because they make an identity between the volume of a polytope and
the volumes of its facets (for example, see J.B. Lasserre [8]). Case (d) is, in some sense, a dual approach to
(c) since it uses an auxiliary plane instead of an auxiliary point.
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A volume formula using decomposition (d) was first proposed by J. Lawrence [9] and is a base camp for
this study. Let us review the results. A convex compact polytope P in Euclidean n-space is given by

P= () H' cRr"
i€[m]

Consider an auxiliary function f(x) with a hyperplane f(x) = 0. Then we need two requirements as follows.

LAWRENCE’S TWO CONDITIONS.

simplicity All vertices of a polytope P are simple, which means that the degrees of vertices in P are the
same as the dimension of P.
non-parallelness The auxiliary function f is non-constant on each edge of P.

Now, we have the following volume formula.

THEOREM 3.1. (J. Lawrence) If P satisfies Lawrence’s condition, the volume is computed by

: fv)"
(3.3) vol(P) = > Ny with Ny =t
v: a vertex of P OvIz e In
where 0y is the absolute value of the determinant of the n xn matrix whose columns are —a;,, —a;,, ..., —a;, .
Here, a vertex v of P is the intersection of H;,, ..., H; withi; <is < -+ <i, andv1,72,..., n are obtained

by a, = —(mai, +- -+ Tai,)-

For a more detailed description, see J. Lawrence [9]. From a geometric point of view, each Ny, corresponds
to a signed volume of a simplez which is projected from a vertex v to the plane {x € R"| f(x) = 0} as
in Case (d) in figure 1. Note that the projected simplex possibly has infinite volume, but non-parallelness
guarantees that all vertices of the simplex are located in a bounded region of R™, not at infinity)

Note that the non-parallel condition is a sufficient condition but not a necessary condition for the volume
of a projected simplex not to be co. By observation we found a case that violates the requirements, where we
can exploit Lawrence’s formula without an extra effort. Before doing that, we review his formula concretely
in the following section.

3.2. An explicit form of Lawrence’s formula. Lawrence’s formula has sometimes been expressed
in a quite explicit form in the literature (for example, see [6, p.393]). But the known formulations are still
not enough to proceed for our purpose. So we rewrite his formula in a closed form explicitly with linear
coefficients. From now on, we put an auxiliary plane as the last hyperplane H,,. In this section, H,, is
redundant, i.e., P = PN H,, and H,, # H; for any i € [m — 1]. We remark that m — 1 > n holds in order
to make a convex compact polytope.

THEOREM 3.2. Let a convex polyhedron P = ﬂie[m_l] Hj' satisfy Lawrence’s conditions. Then the
volume is
n(n+1)

= (g (V)A[In])n
VOl Z Z TL'|AI ]| H AI\tUm

IC[m—1] veH; [n]
|I|_n
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REMARK 3.3. In the formula, the second summation consists of either an empty summand or only one
summand. In spite of the redundancy of the expression, we persist in this inefficient form to be compatible
with the main theorem on a clipped hypercube. We remark that I\t Um = I\t V m because m is the last
element.

Proof of Theorem 3.2. Let us just do a direct computation in our setup from Lawrence’s formula (3.3).
Each vertex v is an intersection of exactly n hyperplanes other than the auxiliary plane,

HZUHZQ,...HZ'" (1§11<22<<zn§m—1)
with v =;_, H;,. Let I := I, := (i1,...,%,). Then

(_A)[In] = (_aiu Qe _ain)~

Let 4 :==vy := (71, -.,7a)?. It follows from the definition in [9] that 4 is defined as satisfying

So, we have y = ((—A)[In})_lam.
1yt ((—ay!
Let (z) := ((~=A){,))~". Then by Cramer’s rule we get z,, = ( 1)Zet(((( ;‘4))[;’])"’“, where ((—A){,)vu
means the (v, g)-minor of the submatrix (—A)[In]7 ie., |(— )[Ig]l\“y| with I = {i1,42,...,4,}. Then
Zj ajmT1,j [ Z]‘(71)1+J:aj7m((7A)[In])j,1
B 2 AmT2,j B 1 Zj(*1)2+Jaj,m((*A)[In])j,2
T s = det((—4)7) s
Zj @j,mTn,; L Z]‘(*1)n+jaj,m((*A)[In])j-,n
[ det(am,, —a;,,...,—a;,)
1 det(—a;,,am,...,—a;,)
det((—A)7)
L det(—a;,, —a;,,...,am)
Hence,
Cdet(—a,, . Ay, A, — A, —ay,)
Y172 =] ’ T :
j=1 det((—A)[n])
ﬁ )" hdet(ag,, oA A A, A,)
n I
=1 (=1)" det(Af,))
nin=1) por det(ag,, ... a;, &, ..., 8, an)
_ (_1)n(_1) - H i— 17 ]
=1 det(Af,)
n(n 1)
G Sl D\t
~ det AI o O
Also we get

8y = |det((=A){)| = | det(A[,)| = [A[;|. O
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3.3. Degenerate vertices and edges. Let us consider the situation of Theorem 3.2 such that the last

hyperplane H,, is not redundant. In other words we choose an auxiliary plane {f(x) = 0} as the hyperplane

m = {x | gm(x) = 0}, when a polytope P is given by a non-redundant intersection of H;’s for i € [m], i.e.,
P £ ﬂie[m_l] Hj . Then let us look at the following brief formula,

(3.4) vol(P)= Y N,
VBT

The formula looks almost the same as Lawrence’s original one, but ignores any vertex placed on H,,.
Recall the geometric interpretation that Ny is the volume of a projected simplex. Intuitively, Ny for f(v) =0
seems to vanish. If this is true, we should be able to handle some situations violating Lawrence’s condition,

e., if a non-simple vertex or a parallel edge in P is placed on an auxiliary plane, it is enough to simply
ignore Ny as in (3.4). We introduce a term to describe the situation as follows.

DEFINITION 3.4. A vertex or an edge of P is degenerate into a hyperplane H,, if the vertex or the edge
belongs to H,,, or otherwise non-degenerate. We usually omit indicating H,, unless it will cause confusion.

Now we verify the validity of the above intuition in the following theorem.

THEOREM 3.5. Let a convex polyhedron P = ﬂze 1] H;" (N H;}, where Lawrence’s conditions hold only
for non-degenerate vertices and edges. Then the volume is given by

n(n+1)

= (gm(V)Af)"
(3'5) VOI Z Z n||AI | H Al\tuLz] :

IC[m—1] Vv€EH;
[T|=n

REMARK 3.6. Note that the formula itself is exactly the same as Theorem 3.2 except the term N, for any
non-degenerate v isn’t contained in the summation. The number of hyperplanes involved in the computation
is also reduced by one. In particular, the two requirements are practically weakened, i.e., it is enough to
check whether simplicity and non-parallelness are fulfilled only at non-degenerate vertices and edges.

Proof of Theorem 3.5. The proof consists of two steps. We first prove it for the case violating only
non-parallelness, i.e., we assume that P has only simple vertices. Consider a vector q that is not parallel to
any edge of P and choose an auxiliary function f. as follows,

(3.6) fe(x) = (am +€q) - X+ 7y

Then we can apply Theorem 3.2 to obtain vol(P) by putting

Hpyppq = {X ‘ fe(X) = 0}

as an auxiliary plane. Let the volume of P and the value of Theorem 3.2 be denoted by vol(P) and volc(P)
respectively. By Lawrence, we have vol(P) = vol.(P) for any ¢ > 0 and the vol.(P) is exactly represented
by

n(n+1) I n
2 gm+1< )A[n])
1 (
vo Z Z n'|AI | H AI\tU(m—i—l)

IC[m] veH;
[ I|l=n




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 36, pp. 228-255, April 2020.

237 Volume of Hypercubes Clipped by Hyperplanes and Combinatorial Identities

One needs to be careful here: The number of hyperplanes increases by one from the count of Theorem 3.2,
i.e., m — m 4+ 1. We decompose the summation into two parts according to whether v belongs to H,, or
not.

n(n+1)

2 gm+1( )A[In])n
(3.7) Z Z |AI | H AI\tU(m+1)

IC[m— 1] veH;

\Il
n(n+1)
3.8 Z (=D (gmr(v )A[n] s
( : ) '|A[Um‘ H AIUm\tU(m-’rl)
Tﬁfﬁ“m telum

Let us look at the first part (3.7). The summand N for each vertex v € Hy \ H,, goes to Ny in (3.5),

ie.,
71('n+1)

IO Syl L UL
Jm Ny =1 n'|AI |H AI\O(m1)

ICm 1] vEH[ [n]
\I\

n(n+1)

I \n
Z Z (V)A[n]) _
I\tum
n'\A[n]| H ARV

IC[m—1] v€EH; [n]
| IT|=n

&

Therefore, the first part (3.7) goes exactly to the formula of (3.5) as e — 0.

Now we show that the second part (3.8) goes to zero as € — 0. For v € H,,, we have g,,,11(v) = fc(v) =

€q - v and
Tum\tU(m+1
A[n]m\ (D — det(ay,, . @i s 8iyy1s - Ay A + €Q).
From this, we obtain
~1
AIUm\tU m+1) n—lAIUm b d
H ] H et(ag,,...,a,_,,,,,,---am,q)
tefum t=1
n—1
+ " det(a;,,...,a;, ,,q) H det(a;,,...,a;,_,, i, ,,--,an,q).
t=1

Using these computations, we know that the denominator and the numerator of N¢ in the expression (3.8)
have dominating terms of €' and €”, respectively. Therefore, we conclude that the second part goes to
zero as € — 0.

Now we can freely use the formula (3.5) for a simple polytope P even cases violating the non-parallel
condition as long as the edge is degenerate into H,,. The remaining case is that P has a non-simple vertex
which is degenerate into H,,. Let us consider a truncated polytope P¢ obtained from P by cutting out a
sufficiently small neighborhood of each vertex v by an additional hyperplane HS. More precisely, a non-
simple vertex v is removed from P and a new facet HS appears with several simple vertices w’s such that
(i) the normal vector of HY is fixed as € — 0, (ii) when € = 0, H{ contains v, and (iii) f(w) < € for any new
vertex w from the truncation by HS.
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Let vol/ (P) be the value of the formula (3.5). We estimate vol’ (P) as follows,

vol(P) — vol/ (P) = vol(P) — vol/ (P) + ) N,

where N, is the summand of vol/ (P€) at w of (3.5). Note that we know that vol’ (P¢) = vol(P¢) since P*
fulfills the simplicity condition. So the difference vol(P)—vol/ (P¢) becomes vol(P)—vol(P*) which obviously
goes to zero as € — 0 since they are geometric Euclidean volumes. Moreover, N, also goes to zero since
N, = ce™ for some constant ¢ because the normal vector of HY, is fixed while e — 0. Therefore, we conclude
that even if P contains a non-simple vertex, vol(P) = vol/ (P) because of the degeneracy of the vertex v. O

3.4. e-pertubation for general polytopes. Sometimes we want to consider the volume of a general
polytope that might violate Lawrence’s conditions. For example, a way to apply Lawrence’s formula to a
non-simple polytope is to decompose a non-simple vertex into projected simplices along “lexicographic rule”

([6], 19]).-

In the previous section, our formula weakened Lawrence’s conditions in a specific situation. However, the
strategy using a limiting process can be, in principle, utilized in general. Here we discuss such a ubiquitous
method, called e-perturbation, for cases violating either simplicity or non-parallelness. Let us say a polytope
is good if it satisfies Lawrence’s conditions, and otherwise bad.

The following two facts constitute the essential justification for the e-perturbation method.

1. The volume of a clipped hypercube is a continuous function on the parameter spaces of the hyper-
planes.

2. Lawrence’s condition is an open condition. Precisely, the set of bad polytopes is a Zariski-closed
subset in the parameter space.

Therefore, we can always find a good polytope which has only an arbitrarily small difference from the original
bad polytope. Moreover, the continuity of volume tells us that the volume difference is also arbitrarily small.

Let us explain the strategy more precisely as follows. For a bad polytope P, let us add a perturbation
variable € (or sometimes more hyerperplanes) into a system of hyperplanes such that the perturbed polytopes
P, are always good for any sufficiently small ¢ > 0. Then we can obtain the volume of P as the limit as
€ — 0 by only using the formula for good polytopes.

REMARK 3.7. In fact, the strategy itself is nothing special but it is usually not easy because the analysis
of a precise limit is difficult in many cases. In particular, to apply this, a sufficiently concrete expression is
required as in Theorem 3.5 and Section 5. We are going to give more examples of e-perturbation in Section
6 and the Appendix. In a follow-up article [3], a concrete exposition of e-perturbation for several cases are
investigated.

4. Volume formulas for a clipped hypercube. Now we derive volume formulas for a clipped hyper-
cube. A clipped hypercube has two types of hyperplanes: the facets of [0, 1] and the clipping hyperplanes
Hy,...,H,. We use calligraphic notation H, A and Z when we consider both types of hyperplanes in a
unified way.
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4.1. Hyperplanes and indices for clipped hypercubes. An n-dimensional unit hypercube [0, 1]™
is given by 2n half spaces,

z; >0 and z; <1 for i € [n].

Let P be a hypercube clipped by hyperplanes Hy,... H,,, i.e.,

P:=0,1"n () H;.
i=1

From now on, we use separate notation H,; and H; for hyperplanes. The former H; indicates a hyperplane
in the set of all hyperplanes of P, while the later H; indicates a hyperplane in the subset of only the clipping
hyperplanes. We follow the same notational conventions for #, H* and H; and so on, as in Section 2.2. Let
us consider the set of half spaces H:r In order to apply Theorem 3.2, consider

{x € R" | e(q1)2 - x >0}, if 4 € [2n] is odd,
(4.9) HIf =S {xeR™ | (—e;pn) - x+12>0}, if i€ [2n]is even,
Hf, if i € 2n+m]\ [2n].

We also consider a big coefficient matrix A and the index set Z = [2n + m] for H;, where the matrix A
is given by hyperplanes H; and the index set I = [m]. We construct an n x (2n + m) matrix A which is
determined by H as follows. Let us keep in mind the canonical embedding I into Z by i — i + 2n.

A:(el,—61,eg,_92,...,en,_en |A)
1 -1 ai1 cr Glm—1  Qlm
1 -1 az1 -+ A2m—1 QG2.m
(4.10) =
1 -1 apy - Upm—1 Qnm
For a simple vertex v, there is an index set Z tracking the n hyperplanes H,;,, Hi,, ..., H;, making up

the vertex v, i.e.,

v = n'l—lk for T=1Z(v)={i1,...,in} C [2n+m],
keZ

where 7 is well-ordered, i1 < iy < --- < i,,. We decompose Z into two parts,

(4.11) I=TnUL,

with Zp; = {i € Z|i € [2n]} and Z, = {i € Z|i € [2n + m] \ [2n]}. We can check that
(4.12) (A = (D

The following lemma says that each vertex has a natural grading from F?. Our volume formula is a
summation over the grading.

LEMMA 4.1. For a simple vertex v of a clipped hypercube P, there is an index set I C [n] such that
v € FYN Hr. Moreover, |xy| = |I| =d.
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Proof. Let v = (v,v2,...,v,) € F? then |ey,| = |Zyp;| = n — d because v; = 0 or 1 if and only if v
intersects a hyperplane of form z; = 0 or z; = 1. Since Z, = I + 2n and |Z.| = ||, the lemma is obvious by
(2.2) and (4.11). |

Let v € F¢ and let us consider this in more detail,

(413) Vv E ﬂ Hoi—1 N n Ho;.

i€0y iel,
Let Zp :={i € Zp1 | iisodd } and Z; := {i € Zp1 | @ is even }. Then it immediately follows that
(4.14) To=(2-0y—1) and T; =2-1,.

Lastly, we also obtain the following lemma.

LEMMA 4.2. (A)lor is a diagonal matriz with

1
-1

y 1f Uni(v) = O7
5 if ’U.i(v) =1.

((A)%sl)i,i = {

In particular, ALt = (—1)1v.

Proof. The hyperplanes Ho; and Ha;—1 are parallel and never intersect. Hence, for any ¢ € [n], 2t and
2t — 1 cannot be contained in Zy; at the same time. By the definition of A and (4.14), the matrix is diagonal
with |0y | entries equal to 1 and |1| entries equal to —1. 0

4.2. Good clipping conditions. We consider two more explicit conditions called good clipping con-
ditions in which a volume formula is applicable. They look almost identical to Lawrence’s two conditions in
a concrete form, but are not exactly the same. First of all, we don’t need any requirement for a degenerate
vertex or edge since Theorem 3.5 doesn’t require them. So a polytope violating simplicity or non-parallelness
may satisfy our good clipping conditions. Not only that, but Lawrence’s condition doesn’t imply the good
clipping conditions. To see this concretely, see Example 4.4.

PROPOSITION 4.3. (Good clipping conditions) If a clipped hypercube P satisfies the following assump-
tions:

(A) for any I C [m—1], FI-1'nH; = &,
(B) for any I C [m —1] and v € FVI n Hy, HAlum\t [T Alm o,

*y *y U
tel tecey

then Lawrence’s two conditions hold for non-degenerate vertices.

Proof. Let us see that (A) implies that every non-degenerate vertex is simple. If a non-simple vertex
v exists then there are at least n + 1 hyperplanes intersecting v, which meet k hyperplanes of [0,1]" and
H; yHi, ., for0<k<n+1. Thenve F"=*NHy with I = {iy,...,ip,_p+1}. This conflicts with (A).
Condition (B) means the volume N, of the projected simplex at v is finite, which is equivalent to Lawrence’s
non-parallelness. ]

19

Let us give an example of a polytope P which violates the good clipping condition (A) but satisfies
Lawrence’s simplicity. Note the non-parallel condition always guarantees good clipping condition (B).
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EXAMPLE 4.4. There is a clipped hypercube which is simple but violates the good clipping condition
(A). Consider P = [0,1]> N H{” N H, where
Hf := {(xl,xg,wg) € R3|xy + 29 + 223 > 1} ,
Hy : = {(z1,22,23) € R¥|2y + 25 < 1}.
We can see that all vertices are simple, but

Hy N F'™'={(1,0,0),(0,1,0)} # @,
Hyn F'1 ={(1,0,0),(0,1,0),(1,0,1),(0,1,1)} # @.

In this example, we observe that there can be a simple vertex in a clipped hypercube, which lies in the
intersection of more than n 4+ 1 hyperplanes in 2. When we enumerate hyperplanes at a vertex of a clipped
hypercube, the hyperplanes in [0, 1]™ are chosen by a default, but some of them are sometimes unnecessary
because of clipping hyperplanes in H.

Finally, we remark that Conditions (A) and (B) are also open conditions like Lawrence’s conditions.

4.3. Several volume formulas. We now present our main formulas. Refer to Section 2 and 4.1 for
notation. We will postpone the proof until later. If one wants to obtain each summand up to sign, the
evaluation is much simpler. However, we have to keep track of correct signs to derive an explicit formula.
The practical difficulty of the proof comes from handling the complicated signs, and hence, we need to
prepare something to deal with the signs properly.

Here, we are going to discuss several different presentations of the same formula and the relevant lemmas
to convert among the formulas using different conventions. Let us look at a first expression for the volume
of clipped hypercube as follows.

THEOREM 4.5. The volume of a hypercube clipped by m halfspaces Hy, Hs, ..., H,, satisfying good clip-
ping conditions is given by

vol([0,1]"nHY) = > >

IC[m—1] veFlInH;

(_1)|0v\+\|*v\|( m (V)AL )"
AL IT ™ TT AL,

tce,

We consider another expression which uses joining union V instead of ordered union U as follows. The

only difference between them is the sign computation for W and ||#y]|.

THEOREM 4.6. The volume of a hypercube clipped by m halfspaces Hy, Hs, ..., H,, satisfying good clip-
ping conditions is given by

vol([0,1]" N H ) = > >

IC[m—1] veFllnH;

EIEIESS! n
(—1)lol+ (gm(v)AL)
AL | T AL™ T ALV

tel tcey

The following lemma implies that the above two theorems are equivalent.

LEMMA 4.7.

IUm _ ||y || — LTI Ivm
H A - 1) 2 A*v\/t'

tce, t€e,,
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Proof. The set oy, = [n] \ *, is divided into |I| + 1 (possibly empty) blocks,

{1727'-'711171}7
{iv 41,01 +2,... iy — 1},

{Z|]| +1,i|1| +2,...,n}.

Whenever ¢ € e, is placed in each block, it requires |I|,|I| — 1,...,1,0 transpositions. Hence, the total
number of transpositions is

(ir = D[+ (2 — i1 = (] = 1) + -+ (G5 — -1 — D)1 + (n —4|7))0
=iy g Ady = (I + (] =1)+---+1)

IN(|I]+1
= ) - D,

Recall that the ordered union is commutative but the joining union is not, i.e., I Um = m U I but
Ivm # mVI. Thus, in Theorem 4.5 the expression order of the union operations doesn’t matter. But if one
takes the joining union as in Theorem 4.6, there are several choices of expressions because it is sensitive to
changing order. The following lemma shows that orders of the expressions affects a few things in Theorem
4.6.

LEMMA 4.8.
HAIVm\t HAmVI\t HAIUm\t HAmUI\t
tel tel tel tel
H Aivv@_ H A?@ZI (—1)HIn=11D H AR\%: 1) I=111) H AI\/m
tcey teey teey tEey

Proof. This is obvious by Lemma 4.1 along with
o(mUILIUm)=1 and o(mVI,I1Vm)= (-1 0

Lastly, we write down another version of formula that uses the joining union. The effect of making

another choice of order can be computed easily by Lemma 4.8. Here we use m V I instead of I V m in
|1|(\§\+1) for \H(Iél—l) +nlI.

Theorem 4.6 and the effect is summarized via swapping

THEOREM 4.9. Under the same hypotheses as Theorem 4.6,

Lr(11-1)
w1 ey = Y Y (D) g (v) AL,
’ Tvm\t :
IC[m—1] veFlINH; nl|AL, ‘HA ™ tg Aﬁ\\//lt
(2%

4.4. Proof of the volume formula for clipped hypercubes. In this section, we prove Theorem
4.6. The other formulas of Theorem 4.5 and Theorem 4.9 can be derived from it as discussed in the previous
section. For effective bookkeeping of complicated sign permutations, we introduce the separating parity
A(I,J) of two indices I D J as follows,

AL J):=oc(I,(I\J)VJ).

From the definition, we have the following lemmas about A.
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LEMMA 4.10. For any I C [n],

LI =1)
2 .

A([n], 1) = (—1)"HI=I71=

In particular, for t € [n]

E

=

=
I

(_1)n—t.
Proof. Let I = {iy,...,i1}, then
I\ = {1,....01 — Liin,i1 + 1, ydyr = L dpg iy + 1, .0y nd,
([n]\[)\/I:{l,...,il—1,i1—|—1...,i|[| —1,i|[|+1,...,’n}\/{i1,...,im}.

We just count the number of transpositions. In order to shift each 4; in ([n]\ I) V I into its original position
in [n], it requires n —i; — (|I| — t) transpositions.

: (11 —1)
> n—ie— (1] — 1) = njr| — - =D, 0
te(|1]]
LEMMA 4.11. For any I C [n],
HA(LZ') _ (_1)|1\<|£|—1>.
i€l
Proof. Let I = {iy,i1,...,%}. Bach i; =i requires |I| —t transpositions. Hence,

LA —=1)
2 .

(—)I=H =2 )= = (1)

At the first step of the proof, the summation over Z and Hz applied to Theorem 3.2 is converted into a
summation over I and Hy as follows.

)Y 2 2.

IC[2n+m—1] v€Hz  Zp1VI.C[2n+m—1] vEHz, NHz,

|Z|=n |Zo1VZi|=n
Z.C[2n+m—1]\[2n] To1C[2n] veEHzy, NHz,

[Zo1|+|Z«|=n

2 2

Z.C[m—1]4+2n  veFIZT«INnH,

>

IC[m—1] veFHlInH;

For the sake of convenience, let A denote the separating parity of [n] and *y, i.e.,
(4.15) A= A([n], *v) = 0(0y Uy, 0, Viky ).

Then we derive several relations between minors of A and A.

PROPOSITION 4.12.
Al = (~=p™ha Al
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Proof. By Lemma 4.2 and (4.12),

Al = AU = A AV
= AAlr AL = (-1 A AL 0
Recall Lemma 4.2 and (4.12); the matrix Aﬁ;’f is diagonal and Aﬁ;‘] = A[In]. Hence, we need to decompose
.A[In\]tum into Zg; and Z, as follows.
I\tUm _ (I(]l\t UI*Um ImU(I*\t)Um
(4.16) [T40°" = 11 A 11 4w :
tel teZor teL,

The case of Z, \ t is proved in the same way.
ProrosiTION 4.13.
H Aﬁfv(lk\th) _ (_1)|1|\1v| Al HAi‘\,tvm.

teL, tel

The case Zp; \ t is much more complicated than the previous case.
ProrosITION 4.14.

(Zo1\t)VZ.Vm s |00 |41 104 |45 |1 |+ Lovldev =D g I.vm
11 Al = (=1)llIOv VIO [+ l1] B Al T Al
t€Zo1 tEe,

Proof. First, divide Zy; into Zy and Z;, which correspond to 0y and 1, respectively.
(Im\t)\/I*Vm _ (I()l\t \/I*\/m
II A = ]I A

t€Zloy t€Zo1
(Zo1\t)VZ.Vm
= I aAy
te€Zor
To1 (Zo1\t)VZ.Vm (Zo1\t)VZ.Vm
A‘ | H on\/*v ‘A'v\/*v
teZy teZy
_ To1 (Zo1\(2t—1))VZ.vm (Zo1\2t)VZ. \/m
- A‘ ‘ H AoVV*v on\/*v
te0,, tely

Each term is computed as follows.
H A.{“vl»}v% ))VI.vm H Aoy, t) A(Im\(2t—1))vLVm

(.V\t)\/t\/*v
te0y t€0y
_ #y |0y (Zo1\(2t—1))VZ.vm
= | [10v] H Aoy, A(.Sl\t)v*vw .
te0,,
| o [AEE e,
By Lemma 4.2, we have A0t = To1\2t Then,
v —A.‘“\t iftel,
= I*v”ovl H A f01\> 2t 1 Af x;rn
te0y
= I*VHOV| H A |1V|Af x;n
te0y
(417) = (=)D T Aoy, ALY

te0y
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Similarly,
(4.18) [T A2 Erm = () remDie =l TTA ey ALY
tel, tel,

Take (4.17) and (4.18) together to complete the proof.
H Aff]m\t)\/l*\/m _ (_1>(\*v\+\1v|)(|0v\+|1v|)—|1v\AlIm| H A(.vat)Aif,\\//rtn

teZo1 tce,
= (1)l lOv L lIOy Iy 4 ety =2 Ao | T A%ve. 0O

*y Vi
tce,

We put the three propositions 4.12, 4.13 and 4.14 together.

T m
IC[m—1] veEHZI n'l'A[In]‘ H A[n\]tu
| Z|=n tex

n(n+1)

(—1) =2 Al T e 10w 1[0y [+ vl Lo+ 0520 An gy AT

*v
nl|AL |AlTl+ey TT ALY™ T AlYr

tel tcey

=2 X

ICIm—-1]veF!IINnH;

We calculate the parity expression,

n(n + 1) jol(jou] — 1)
T+n‘1v|+‘[H1v|+|*v||0v|+|1v|‘0v|+‘*v||1v‘+f
(1) Joul(lev] + 1)
= — |oy 1, v||0v 14]/0
Sy i ol o] + Ly ]+ ey 10] + L]0
* *y| + 1
= Il H D e el (1 106 1o 4 [0 104
(mod 2) 2
*o (x| +1
o2y D i+ oy (DI
sy |(|*e| + 1
INNCNES I
(mod 2) 2

This completes the proof of Theorem 4.6.

5. More explicit formulas for m < 3. For the case of a small number of hyperplanes, we derive more
concrete formulas in a fully explicit way. We expect for these formulas to be more accessible for a broader
range of readers. Furthermore such an elementary and precise formulations play a crucial role in obtaining
combinatorial identities in Section 6.

5.1. The case of at most two hyperplanes. First, let us consider only one halfspace, m = 1. As
we mention before, this case has been considered in the literature several times. The halfspace,

Hr:{XER”‘a-x+r1:a1z1+a2x2+...+anxn+rlZo}

is an auxiliary plane itself. We get *, = @, = @ and ||*,|| = |[I| = 0, A5 = 1 and A} = a;. The good
clipping condition (A) automatically holds and (B) is equivalent to []}_, a; # 0. Applying these terms to
Theorem 4.5 we get a proof of Theorem 1.1.
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Second, let us prove Corollary 1.2. Consider the following two hyperplanes,

Hf ={xeR"|a-x+7r =a1z1 +asxs ++ + apxy, + 11 > 0},

Hf ={x€R" | b-x+7ry=0bx1+boxg+ -+ byx, + 19 > 0}.

We see that *,, and I become the empty set or a set of only one element. The former case of the empty set is
the same as the “one hyperplane” case. For the case of I = [1] = {1}, we put *, = {*(v)} then e, = [n]\ *,

and get
ITave =11

tce, tEey

Us(v)  Du(v)
Q¢ bt

Applying Theorem 4.6 to these, we obtain Corollary 1.2. Here, the good clipping conditions are
(A) FONH,NH =2,
B) I1b IT | ™ b*b<v) ’ 40 forveF'NH NH;.

t=1 t

= t€Ee,, at

5.2. The case of three hyperplanes. Let us consider three halfspaces, m = 3. We formulate this
case in a similar fashion to the one or two hyperplane cases, in particular, which is important to derive
several identities in Appendix C.

COROLLARY 5.1. The volume of the standard unit hypercube [0, 1]™ intersecting the three halfspaces

Hf ={xeR"|a-x+7r =a1x; +asws+ -+ apz, +71 >0},
H;_ :{XGRn | b'X+T‘2:b1$1+b2$2+'~'+bn1n+r2ZO},

H;' ={xeR"|c-x+r3=crx1 +cawa + -+ cpz, +1r3 >0},
satisfying good clipping conditions, is

Z (*1)‘0"|g3(v)n

vol([0, 1]" N Hf N Hf NH) = e o
: teln

vEFONHNHS nHT

>

VEFINHINHS NHY  nl ¢,y []

tce,

(1) sgn(b.(v)) bf(_v% gs(v)"
VEFINH NH20HT  n! ey ]

(=1 sgn(awy)) aly g5(v)"

ay Ct

Gs(v)  Ca(v) ‘

buv)  Ca(w)

tce, bt Ct
—1
a b a b "
(—1)lox! Sgn( ) b D f(v) Der(w) ga(v)"
Giy(v)  bis(v) Qur(v)  Das(v)

>

veFr?in
HinH:NHS !

Ui(v) ba(v) Caw)
H Ay (v) b*z(V) Cyxa(v)

t
oy by Ct

a*l(v) C*l(v) H b*l(v) C*l(v)
Q¢

Usy(v) Coa(v) || Dis(v)  Canv)
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Proof. For each vertex, |*y| = |I| = 0,1, or 2. The former two cases are the same as the case of fewer
than two hyperplanes. Let us consider the I = [2] case. Recall o, = [n] \ %y and *, = {*1(v), *2(v)} then

[1al

[ (v) Cyq (v)

Ay, (v) C*Q(v)

‘ bii(v)  Cxr(v) ‘
b*Q(v) C*g(v)

tel
and
Uey(v) bai(v)  Car(v)
[TAYGE =T | tow) bow Com |- O
tEe,, t€Ee,, at bt Ct

5.3. Examples of calculations. We show two examples of calculations using Corollary 1.2 and Corol-
lary 5.1. In particular the following examples have several non-simple vertices. But we can apply our formulas
to them because all non-simple vertices lie in the auxiliary hyperplane.

EXAMPLE 5.2. Let us calculate the volume of the clipped hypercube [0, 1]* which intersects the following
two halfspaces,

1 1
Hf:{xe]R"|a-x+2:—x1+x2+220},
Hf ={x€R"|b-x+3=—x; — 219 — 73+ 3 >0},

Let us find the vertices of the clipped hypercube. There are five vertices in F° N H1+ N H;' :
vi =(0,0,0), wvo=(0,0,1), wv3=(0,1,0), vq4=(0,1,1), v5=(1,1,0)

and four vertices in F' N Hy N Hy:

1 1 1 1
Ve = (27()’0)7 V7 = <2a051>a Vg = (17270)7 Vg = (17271>

Among those vertices, v4,vs and vg lie on Hy and we don’t need to worry about these vertices. We can
check that the good clipping conditions hold. We calculate the values Ny, for i =1,2,3,6,7,8 by Corollary
1.2. For example, we have

N, — _(*1)2 sgn(—1) (=1)? g2(%,0,0)3 - (3)? e
Ve -1 -1 1 -1 6x3x1 a1
I (—
31 ( 1)' ) 2H . 1‘
Therefore, we get
—1)l0vl 3
vl )=y Sl

3
ve{vi,va,v3} 3! Ht:l by
3 Z (_1)|0v| ai(v) gz(v)3

*(v b* v
vevevrval 3l oyl by [T | b( ) ’
te3B\x(v) | At t

9 2 1 125 27 1

173 12 144144 36
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REMARK 5.3. Note that the polyhedron [0,1]® N H1+ N H;r has three non-simple vertices v4, vy, vg but
all these are degenerate into Hy so we can apply the formula of Corollary 1.2. Notice that if one changes the
roles of the two halfspaces then one cannot apply the formula, because there are non-degenerate non-simple
vertices and it violates the good clipping conditions.

EXAMPLE 5.4. Let us calculate the volume of the region of [0, 1] that intersects the three halfspaces,
Hf ={z| =21+ 22+ 3 >0},
Hy ={a| x5 -3 >0},
Hf ={z| — 21 — 229 —23+3>0}.

The three halfspaces satisfy the good clipping conditions and we can apply Corollary 5.1. Let us find
vertices for each I C [3 —1], i.e,, for I = @, {1}, {2} and {1,2}:

FONHYINHY NHY : vi=(0,0,1), vo =(0,1,1),
F'nH, NHf NH{ : v3=(3,0,1), va=(1,3,1),
F'NnH{NH, NHY : v5=(0,0,3), ve = (0,1,3),
F*NH, NHy NHY + vi=(3,0,3), vs = (1,3, 3).

Let us check that vo and vy, lie on Hs and these vertices are degenerate vertices. Note that there are two
more degenerate simple vertices v = (1,2, 1) and vig = (3,1, 1) which are excluded from the summation.
In summary, the polyhedron [0,1]3 N H{" N Hy N H; has ten vertices with two non-simple vertices vy and
vy among them. After applying Corollary 5.1 to these, we obtain

2 12 1 4 1
Nv1 = 3> Nv;;:i’ er :757 Nv6:7*a NV7:777 and Nv8:*7~
3 16 ° 96 96 9 288

Therefore, we obtain the volume as follows,

vol((0, 1P N HY NHf NHF) =Y Ny+ > Ne+ Y. No+ > Ny

v=vi vV=v3 ve{vs,ve} ve{vr,vs}

2 3 125 1 4 1

5716796 96 9 288

_3
T 96°

6. Combinatorial identities from clipping hypercubes.

6.1. From polytopes to identities. Let us describe a general method to produce a combinatorial
identity from a polytope volume. This is a simple observation that the resulting volume is independent of
the choice of an auxiliary plane. Recall the volume expression of Theorem 3.2 and theorems in Section 4.3
and let us assume that we already know the volume of a clipped hypercube P = [0,1]" N H 1+ NH'

m—1°
Let us cut P into two pieces one more time as

P, =PNH and P.=PnNnH,

by the auxiliary hyperplane H,, = {a1z1 + -+ + anz, + y = 0}. No matter how we take H,,, the union of
two pieces should be P and

vol(Py) + vol(P_) = vol(P).
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The known volume is constant and is expressed in terms of the free variables ay,as,...,a, and y of the
coefficients of H,,. They will produce an algebraic identity.

REMARK 6.1. Only hyperplanes satisfying good clipping conditions actually produce an algebraic iden-
tity since the volume formula makes sense only for this case. However, as we discussed in Section 3.4, we can
use a limiting argument since the volume function is continuous function and the good clipping conditions
are open conditions. Therefore, whether a good clipping condition is satisfied or not, the resulting algebraic
identity holds as long as the expression is valid.

REMARK 6.2. The volume formulas are homogeneous for ay,as,...a, because they are composed of
homogeneous polynomials which are determinants of matrices with one column vector of indeterminate
a= (a1, as,...,a,).

Let us see the most simple case which is a direct consequence of Theorem 1.1.

COROLLARY 6.3. Let a = (ay,...,a,) € R" and y € R. Then

Z (—1)'0"‘(a v+y)" =nlajas - ay.
veFo

Proof. For a hyperplane
Hy={x|g(x):=a-x+y=a1x1+ -+ anzn +y =0},

we get
: (—1)0vlg(v)"
1([0,1]" N H; ) = —_
vl N = 3T et
veEFONH -
and
vol([0,1]™) = vol([0, 1]™ N H;") + vol([0,1]" N H;),

so we have

=y CD

| n
vero ¥ [ a

Finally, we get

S =@ vy =n]]a. o

veFo

Let us consider the summation over v. € F° = {0,1}". We can replace this summation by 1 <
ty,...t; <n asregarding 1y = {¢1,...,t;} and hence prove Theorem 1.3. Note that a; should be non-zero
when applying the volume formula but the resulting identity has no such constraint by continuity, as we
remarked above.

Essentially, whenever we take a polytope, we can find a corresponding combinatorial identity if we have
a concrete volume formula. Hence, we can expect this kind of

{ polytopes } — { combinatorial identities }

correspondence has a structural property. At this stage, it seems to be somewhat vague to investigate the
resulting identities from general convex polytopes. Here, we present a few cases. We give the case of a
clipped hypercube by a symmetric hyperplane with full generality in the next section, which produces the
interesting identity in Theorem 1.6. We treat several more examples of resulting identities in the Appendix.
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6.2. Symmetric arrangements of hyperplanes. When we see the identity of Theorem 1.3, we can
observe that this is a symmetric function of the n-variables a1, . .. a,. This property comes from the fact that
the polytope itself under consideration is symmetric, i.e., we took a symmetric arrangement of hyperplanes,
where the term symmetric means that hyperplanes except the auxiliary hyperplane are invariant under
exchange of coordinate axes of R".

Probably the second easiest example of a symmetric arrangement is
Hf ={xeR"| —2y —29— -+ — 2, + 1> 0}.
We use the auxiliary hyperplane
Hy={x€eR" | a1z1 + - anx, +y=0}

in the formula of the m = 2 case and obtain the identity of Theorem 1.4. We remark that the identity of
Theorem 1.4 is a direct consequence of Proposition 1 in [2].

Note that H; and Hs violate the good clipping conditions. So we use the e-perturbation proposed in
Section 4.2 when applying the volume formula.

Proof of Theorem 1.J. For sufficiently small e > 0, the polytope [0, 1]" N H;" with
Hf={x| —21—23——2, +1—¢>0}
satisfies the good clipping conditions. We have
vol([0,1]™ N H}F) =vol([0, 1]™ N Hf N HY) + vol([0,1]" N H{ N Hy)

- Y -y 4+ ¥y - ¥

VEFONH'NHY veFINHNHS veEF°NHNH, veF'NHNH;

()l gyt
- Z n! H?:gl ay

VGF'OﬁHl+
Ly eremr
n —1 a*v
VvEFINH; p) a*(v)Ht:Lt#*(V) -1 a(t)’

Then there are n + 1 vertices of
=(0,0,...,0) € FOnH;,

=(1—ee; € F'NH, for icn].

Hence, we obtain

(-9" (-1 - )" H(=1)"(a il—e)+y"
n! n'alag ; nla; Ht 1t;‘él( —at)

The result now follows by taking ¢ — 0 and simplifying. 0

We next consider the following half space,

Hf ={xeR"| —xy—29 — -+ — 2, +2 > 0}.
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By the same e-perturbation taking 2 — € instead of 2, we get the following identity,

y" §:@+%>
a1a2 aias a

i=1

y+a’t1+at2) nion
= (—1)"(2" —n).
D DD pe—. (12" —n)

T 1<t <ta<n i=1 Jaz —ay,) -+ (an — az,)

We consider all possible symmetric arrangements of only one hyperplane. Then all of the linear coeffi-
cients of H; should be the same. So it is reasonable to think about

This gives the following theorem which is nothing but a different form of Theorem 1.6.

THEOREM 6.4. For an integer | € [n] and non-zero distinct real numbers ay, as,...,a, and y € R,

(=D'(y+ay, +ay, +---+a,)"
+Z >

a a ...a
i=1 1<t <ta<--<t;<n 1¢2 n

(y+a, +--+ay)"
_ll 1 1
A 2 Zat (a1 —a,)(ag — ay,) -+ (an — ay,)

1<t1<---<t;<n i=1

S (e

=0

or equivalently,
l—

—

Y (D)an +ag ooyt

=1 1<t1<ta<---<t;<n

n

l
+(_1)l Z Z H a_cij (at1+"'+a’tl)k

1<ty <aty<n =1 \j=1,jt, 7 i
-1 if k=0,
=10 if k=1,2,...,n—1,
[, a0 () — )", if k=n,
or, using set-notation with A = {a1,aq,...,an},

-1
S 0 i+ X0 i (X IT o | =ar e (Ta-i

ICA ICA acl beA\a 1=0
[1]<l [ 1=l

One needs to be careful here; there is a difference between Theorem 1.6 and the second form above in
the case k = 0 because ||@]|° =00 = 1.

Proof. We use e-perturbation replacing [ by I — e for Hy, then

vol([0,1]™ N Hi") _ Z (71)\0v|(a v 4 y)" B Z (71)n7l (—1)" (a-v +y)"

n! ajas---a nl a a —a)
vEFONHT e VEFLNH, «0) izt () (@) — 1)
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For FON Hfr, there are a total of (g) + (71’) 4+ 4 (lfl) vertices, i.e., there are [ families of vertices with
respect to the sum of the coordinate values of v. Also, for F' N Hy, there are [ (7) vertices whose coordinate
values are [ — 1 ones, a unique 1 — ¢, and n — [ zeros. Hence, we obtain

Z (_1)|OV|(a.V+y)n - +Z Z (_ )n Z(y‘|‘a’h +"'+ati)n

n! ajas---a n'aa n!l ajas---a
vEFONH] 172 " %2 i=11<t;<--<t;<n 162 n

and

D Y AID DD i L e ALt Rkt

vEFINH, ) et () (v) — @) 1<t <--<t;<n i=1 nlar, (ar, — a1)(ar, —az) - (a, —an)

We compute the volume of the clipped hypercube using Theorem 1.1,

(=)™ —e)™ N (-~ 1( )(l —1—¢€"

vol([0,1]" N H") =

nl(=1)" nl(—=1)»
N (=) ) - =1) —¢)"
nl(=1)"
-1 . n
Sy n\ (l—i—¢)
— i n! '
By taking € — 0, we obtain the result. ]

REMARK 6.5. If we take [ to be a non-integer real number, we get a slightly different identity, obtained
by rescaling variables from the result of Theorem 6.4. If the vertex configuration is preserved under changing
hyperplanes, the resulting identity is essentially the same as the previous one.

Appendix. Several clipped hypercube identities.
For simplicity, we do not use m for the number of hyperplanes in the appendix section and use o,, instead
of (0,0,...,0) in R™.

A. Symmetric truncated hypercube. Let us consider n + 1 hyperplanes

H={x|-z1+z+ - +2,+1-d=0},
Hy={x|21 -2+ 4z, +1-d=0},

H,={x|x1+z2+ - —2,+1—-d=0},
Hn+1:{x|a1x1+a2$2+--~+anxn+y:0}.

Then the volume is the following,

vol([0,1]" N H{ n---NH)=vol([0,1]"NH N---NHYNHY )+ vol([0,1]"NH N---NHNH,,)

=1—-nx—.
n!



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 36, pp. 228-255, April 2020.

AS

253 Volume of Hypercubes Clipped by Hyperplanes and Combinatorial Identities

Note that these hyperplanes do not intersect each other in [0, 1]™ under the condition 0 < d < 1. Corollary
1.2 essentially suffices to compute the volume.

We can check that there are three kinds of vertices,

Il=0: F°\{ej,ey,...,e.},
[I|=1: (1—-d)e; for i=1,2,....n
e¢—|—dej for lgz;éjgn
The resulting identity is
n n

y+az y+a21_d)) (y+a1+ajd)n n+1 n
— = (-1 .
S ety > (-1 nd

i=1 im1 % HJ 1,j2i(aj + ai) 1<i#j<n a;(a; + a;) H?=1,t7éi7j(at - aj)

B. Hyperprism: n-simplex x [0,1]™. Let us consider the following two hyperplanes

H={x|-z1—-22— —2,+1—-€e=0},
Hy={x|az1+ 4 an®n +b12pni1 + -+ bn@pym +y =0}.

The resulting volume taking ¢ — 0 is the following.
vol([0, 1]™*™ N H") = vol([0, 1] N H{ N HY) + vol([0,1]"*™ N H N Hy)
1
E.

We can check that there are several kinds of vertices
I =0: Opntm,
en+17 en+27 .. 7en+m7
en+1 + en+2, en—l—l + en+3, e aen+m—1 + en+m7
en+1 + en+2 +---+ ener;

and for i € [n],

I|=1: (1—e€)e;~+ 0ntm,
(I—e)e;+{ent1s -y €ntm}

(1 - €)ei + {en—i-l + €n42,€nt1 + €nt3,--+y €ntm—1 + en+m}a

(1 - E)ei + €en+1 + en+2 + -+ en—i—m,-
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The resulting identity is

Yo DMy

IC{bi,....bm }
EERNAES! aj ; Iipntm
+2 > (-1 I e | e
i=1 IC{by,....bm} Jj=1,j#i
!
— (_1)n+mMal capby by,

n!
C. Isosceles n-simplex. Let us consider the following three hyperplanes
H={x| —z1—29——xz,+1—€e=0},
Hy={x|azy—a9——2x, —€=0},
H; ={x| a1x1 + agxa + -+ + apx, + y = 0}.
The resulting volume taking € — 0 is the following.
vol([0,1]™ N H}F N H) = vol([0, 1]" N H{” N H N H) + vol([0,1]" N Hf N Hy N Hy)
__ 1
~opl2n—1

We can check that there are two kinds of vertices

Il =1: eeq,(1—e)eq,

1 1
Il =2: 2e1+(26)ei for 2<i<n.

This case needs Corollary 5.1 for the three hyperplane case.
The resulting identity is

y" _ (y+a)"
ai(ag +a1)(as+a1) - (an +a1) ai(az —ar)(ag —a1) - (an —a1)
- +5+9)"

=22 (e ¥ a(ar — ar)(az — e (an —a)

— (_1>n21—n.

D. Trapezoidal polytope. Let us consider the following two hyperplanes
le{x‘ ___________ $n+1_mn+2_"'_xn+m+1_6:0}7
Hy ={x| a1+ +anZn +b1Tpni1 + -+ bpTpym +y =0}
The resulting volume taking € — 0 is the following.

vol([0, 1]"*™ N H") = vol([0, 1]"t™ N H" N H) + vol([0, 1] ™™ N H{ N Hy)
2" —p2™m

(n+m)!
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We can check that there are four kinds of vertices:

[ Il =0: o0ptm, €1, €2,..., €y,
[I|=1: (1—-€)epsy; for 1<i<m,
e; + (;—e>en+j for 1<i<n,1<j<m,
e+ (1—-2e; for 1<i#j<n.
The resulting identity is

(_1)n+myn+m n (_1)n+m—1(y+ai)n+m m (y+bj)n+m

> >

n b; m
al...anbl..~bm = al...anb1~..b7n j=1 bj HSZl(g_as)Ht::l,t#j(bj —bt)

- b; - b
=1 =1 0 [I-: (5 —as) H;il,t;éj(bj —b)  <izi<n 2ma; H::Ls;éz‘(ai —as) [;21(ai — %)

=2"—n2™™,
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