Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 36, pp. 390-399, June 2020.

“olen

THE LEAST LAPLACIAN EIGENVALUE OF THE UNBALANCED UNICYCLIC
SIGNED GRAPHS WITH K PENDANT VERTICES*

QIAO GUOT, YAOPING HOU*, AND DEQIONG LI$

Abstract. Let I' = (G, 0) be a signed graph and L(I") = D(G) — A(T") be the Laplacian matrix of I, where D(G) is the
diagonal matrix of vertex degrees of the underlying graph G and A(T") is the adjacency matrix of I". It is well-known that
the least Laplacian eigenvalue A, is positive if and only if I" is unbalanced. In this paper, the unique signed graph (up to
switching equivalence) which minimizes the least Laplacian eigenvalue among unbalanced connected signed unicyclic graphs
with n vertices and k pendant vertices is characterized.
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1. Introduction. All graphs in this paper are simple and connected. A signed graph T is a pair (G, o),
where G = (V(G), E(GQ)) is a graph and o : E(G) — {+1,—1} is a sign function on the edges of G. The
graph G is called the underlying graph of I'. The sign of a cycle C'is given by sign(C) = [[..o o(e). A cycle
whose sign is +1 (resp., —1) is called positive (resp., negative). A signed graph I is balanced if all cycles of
T are positive. Otherwise I is unbalanced. If all edges in I are positive (resp., negative), then I' is denoted
by (G,+) (resp., (G,—)), and we say that such a signature is all-positive (resp., all-negative).

Most of the concepts defined for (unsigned) graphs can be directly extended to signed graphs. For
example, the degree d, of a vertex v in a signed graph I' is the number of edges incident with vertex v. A
pendant vertex is a vertex of degree one. Furthermore, a subgraph of ' is a subgraph of G with the signature
induced by o, which is of course a signed graph. Thus, if v € V(G), then I' — v denotes the signed subgraph
having G — v as the underlying graph, while its signature is the restriction from F(G) to E(G — v). The
order of T' is the order of G and it is denoted by |T'|. A signed graph is called k-cyclic if its underlying graph
is k-cyclic, which means that |E| = |G| + k — 1. The girth g(T') of T is the length of the shortest cycle in T

For a signed graph I' = (G, 0) and a subset U C V(G), I'[U] denotes the induced subgraph by U and
I - U =T[V(G) \ U]. We also write ' — ['[U] instead of I' — U. Let T'V be the signed graph obtained from
I by reversing the signature of the edges in the cut [U,V(G) \ U]. That is, opv(e) = —op(e) for each edge
e between U and V(G) \ U, and orv(e) = or(e) otherwise. The signed graph I'V is said to be switching
equivalent to T'. For a comprehensive bibliography on signed graphs, see [14].

The adjacency matriz of I' is A(I") = (ag;), where af; = o(ij) if v; is adjacent to v, and af; = 0 otherwise,
where o(¢j) is the signature of the edge v;v;. The Laplacian matriz of T'is L(I') = D(G)—A(T'), where D(G) is
the diagonal matriz of vertex degrees. The adjacency (resp., Laplacian) matrices of two switching equivalent
signed graphs are similar. In fact, any switching arising from vertex subset U can be described by a diagonal

*Received by the editors on October 15, 2018. Accepted for publication on April 17, 2020. Handling Editor: Bryan L.
Shader. Corresponding Author: Yaoping Hou.

TDepartment of Mathematics, Hunan Normal University, Changsha, Hunan, China.

fDepartment of Mathematics, Hunan Normal University, Changsha, Hunan, China (yphou@hunnu.edu.cn).

§Department of Mathematics, Hunan University of Commerce, Changsha, Hunan, China.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 36, pp. 390-399, June 2020. I L

AS

391 The Least Laplacian Eigenvalue of the Unbalanced Unicyclic Signed Graphs with k Pendant Vertices

matrix Sy = diag(s;) having s; = 1 for each i € U and s; = —1 otherwise. Hence, A(T') = Sy A(TY)Sy
and L(T') = Sy L(T'Y)Sy. Thus, by studying the spectrum of a signed graph, we are really studying all the
signed graphs in a switching isomorphism class. The eigenvalues A (I') > Ao(T) > -+ > A, (T') of L(T') are
called the Laplacian eigenvalues of a signed graph I'. There have been many investigations of the area of
the Laplacian eigenvalues of signed graphs, one can see [2, 3, 8, 9, 10, 15, 16].

Let U(n,g,k,0) (3 < g <mn-—k) denote the set of unbalanced unicyclic signed graphs of order n having
girth g and k pendant vertices such that there is a unique negative edge and that edge belongs to the
cycle. We denote \(T') as the least Laplacian eigenvalue of a sign graph I'. In this paper, we investigate the
signed graph I'" € U(n, g, k,5) which has the smallest least Laplacian eigenvalue. For the analogous results
for signless Laplacian eigenvalues of non-bipartite unicyclic graphs with & pendant vertices see [11]. The
remainder of the paper is organized as follows: In Section 2, we introduce some basic facts, and in Section 3,
we identify the structure of unbalanced unicyclic singed graph with n vertices and k pendant vertices which
arrives the smallest least Laplacian eigenvalue.

2. Preliminaries. For a signed graph I' with n vertices, let z = (21, 72,...,2,)7 be an eigenvector
with respect to a Laplacian eigenvalue A\, we also call z; the value on the vertex i. The following expression
is known as the eigenvector equation Ax = Lx of = at vertex v:

(2.1) ATy = dypXy — Z o(uv),,

u~v
where u ~ v means that vertex u is adjacent to vertex v.

The matrix L(T') = D(G) — A(T) is symmetric and positive semi-definite. Furthermore, the following
expression is well known:

(2.2) 2Lz = > (2 — o(vw)a,)’.
vweE(G)

The interlacing theorem, applied to signed graphs, gives the following.

LEMMA 2.1. ([2]) LetT be an unbalanced unicyclic signed graph, I —e denotes the signed graph obtained
from T by deleting the edge e. Then we have

MA@ =€) € An(T) € Apo1 (T =€) < Apoq (D) < -+ < A (T =€) < A (T).

If a signed graph I is balanced, then the spectrum of IT" is exactly that of G, and the least nonzero eigen-
value of T is equal to A\,—1(I") = a(G), which is the algebraic connectivity of G. The algebraic connectivity
of a graph has received much attention. The eigenvectors corresponding to the algebraic connectivity, called
Fiedler vectors, are also of interest and are investigated. See [6, 7] for more details.

Let I' = (G,0) € U(n,g,k,7), and the vertices of T be labelled as vy, vs,...,v,, with all edges positive
except a negative edge e = v;,v;, on the cycle. Let I be a copy of T, in which we replace the label of vertex
v; by u; for each i = 1,...,n. Let W be a (unsigned) unicyclic graph on 2n vertices which is obtained from
the union (I' — e) U (I" — €’) by adding two edges v;, u;, and v;,u;,, where the edge €' = u;, u;, (see Figure 1
on the right). Ordering the vertices of W as v1,va, ..., U, U1, U2, ..., U,. Then we can obtain the following
lemma by methods similar to [4].
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Vi

FIGURE 1. T and W = (I' — &) U (I’ — &) + v, uip + vipui, -

LEMMA 2.2. AT') = a(W). Moreover, if x € R™ is an eigenvector of I' corresponding to A(T'), then
(2T, —2T)T € R?" is an eigenvector of W corresponding to a(W).

Proof. Let © € R™ be an eigenvector of T' corresponding to A(I'). Then it is easy to verify that
(2T, —2T)T € R?" is an eigenvector of W corresponding to eigenvalue A(I'). Noting that W is unsigned
and connected, so A(I") > a(W) > 0.

Next we will show that A(I') = a(W). Let (y7,27)T € R?" be an eigenvector of W corresponding to
a(W), where y,z € R®. We can check that (2T,y7)T is also an eigenvector of W corresponding to a(W).
Thus, if y # 2, then (y7 — 27,27 — )7 is also an eigenvector of W respect to a(W). Hence, y — z is an
eigenvector of I" corresponding to the eigenvalue a(W) by (2.1), and hence, a(W) > A(T"). If y = z, then y is
an eigenvector of G corresponding to the eigenvalue a(W). Note that the edge v;, v;, in G is positive and now
is denoted it by €, and G —é =T —e. By Lemma 2.1, we have a«(W) > a(G) > a(G —¢€) = a(I'—e) > A(T).
So we have a(W) > A(T) in both cases. Hence, A(I') = a(W), and (27, —2T)T is an eigenvector of W
corresponding to a(W) by (2.1), namely, (z7, —27)T is a Fiedler vector of W. 0

A path in G is pure provided it does not contain more than two cut vertices in any block of G. The
following important lemma is from [7]:

LEMMA 2.3. ([7]) Let G be a graph and y be a Fiedler vector of G. Then exactly one of the following
two cases occurs:

Case A: There is a single block Ey in G which contains both positively and negatively valued vertices.
FEach other block has either vertices with positive valuation only, or vertices with negative valuation only, or
vertices with zero valuation only. Every pure path P starting in Ey and containing just one verter k in Ey
has the property that the values at the cut vertices contained in P form either an increasing, or decreasing,
or a zero sequence along this path according to whether yi > 0, yr < 0 or yr, = 0; in the last case all vertices
in P have value zero.

Case B: No block of G contains both positively and negatively valuated vertices. There exists a single
vertex z which has value zero and has a neighbour with a non-zero valuation. This vertex is a cut verterz.
Each block contains (with the exception of z) either vertices with positive valuation only, or vertices with
negative valuation only, or vertices with zero valuation only. Every pure path P starting in z has the property
that the values at its cut vertices either increase, and then all values in vertices of P are (with the exception
of z) positive, or decrease, and then all values (up to that of z) are negative, or all values in vertices of P
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are equal to zero. FEvery path containing both positively and negatively valuated vertices passes through z.

The following lemma gives a property of the eigenvector respect to the least Laplacian eigenvalue A(T")
of the signed graph I'.

LEMMA 2.4. LetT' € U(n,g,k,5). Let ¥ = (Ty,, Ty - - -, T0, )T € R™ be an eigenvector of ' correspond-
ing to the least Laplacian eigenvalue A\(T'). Then there exists a vertex w on the cycle in T' with x,, # 0, and
for each vertex v on the cycle with d,, > 3, every path P which starts from v and contains no vertices of the
cycle except v has the property that the values at the vertices of P form either an increasing, or decreasing,
or a zero sequence along this path according to whether x,, > 0, z, < 0, or x,, = 0; in the last case all vertices
in P have value zero.

Proof. Suppose that the vertices of I' are labelled as vy,vs,...,v, and the cycle in I" is C. Let W
be an all positive unicyclic graph which is obtained from I' as defined in Lemma 2.2. By Lemma 2.2,
¢ = (27, —2T)T € R?" is an eigenvector of W corresponding to a(W).

Assume that the values of the vertices on the cycle C are all zero. Then the values on the cycle in W
given by £ are also zero. If W is the first case of Lemma 2.3, then the single block of W with both positively
and negatively valuated vertices is an edge not on the cycle. Without loss of generality, let this edge be
Uk, Vg, . Observing the structures of W and &, the edge uy, ui, has the same property as that of vy, vg,, which
is a contradiction. If W is the second case of Lemma 2.3, there is a unique vertex which has value zero and
is adjacent to a non-zero valuated vertex. Without loss of generality, let the unique zero valuated vertex be
vk, and let vy, be the non-zero valued vertex adjacent to vg,. Consequently, ux, is a zero valued vertex and
is adjacent to non-zero valued vertex wyg,, which is also a contradiction.

By the above discussion, there exists a vertex w on the cycle C' with z,, # 0. By (2.1) and from the
structures of W and &, the cycle of W has both positive and negative valued vertices. Hence, W is the first
case of Lemma 2.3 and the result follows from Case A of Lemma 2.3. d

Let U, () denote the class of unbalanced unicyclic signed graphs of order n (note, & denotes an unbal-
anced signature). The following lemmas will be used in the next section.

LeEMMA 2.5. ([3]) For a signed graph T = (G, o) € U,(7), let C be the cycle in T, and \(T') be the least
Laplacian eigenvalue of T' with corresponding eigenvector x = (Ty,,Tyy, - -, Ty, )L . Assume that there is a
tree T attached to C and a vertex w € T such that x, = 0. Then x, = 0 for every vertex v € T.

LEMMA 2.6. ([3]) LetT = (G,0) € Up(5) and = (T4, , Tuy,---,Ty, )T be an eigenvector corresponding
to the least Laplacian eigenvalue A(T') of T' and let C' be the cycle in T. If o is taken such that all edges are
positive with the exception of the edge pq which minimizes |t,24|, then x can be chosen so that:

o1, >0 forallveTly
o if x,x, = 0 then either x, =0 and x, > 0 for allv € V(C —q) or x, =0 and z, > 0 for allv € V(C —p);
o if xpxg >0 then xy, >0 for allvel.

For an unbalanced unicyclic signed graph I', by appropriate switching one can take the only negative
edge to be anywhere on the cycle. So, in view of Lemma 2.6, the least Laplacian eigenvalue A(I') of I" has a
nonnegative eigenvector.
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3. Main results. Now we discuss the minimal least Laplacian eigenvalue among signed graphs among
€ U(n,g,k,5). Let T' € U(n,g,k,5) be a signed graph minimizing the least Laplacian eigenvalue, and A
denote the least Laplacian eigenvalue of I'. In this section, we will identify the structure of T'.

Lemma 2.1 can be used to prove the following simple observation which proof is analogous in [5].

LEMMA 3.1. Let T' € U(n,g,k,5) and C denote the unbalanced signed cycle with g vertices. Then

AT) < MC), with equality if and only if T is an unbalanced cycle on g vertices.

LEMMA 3.2. LetT' € U(n,g,k,5) with the cycle C_’g and T be the unique tree attaching on C_'g with oot
v;. Suppose that x is a nonnegative eigenvector of I' corresponding to A(T"). Then x,, > 0.

Proof. If z,, = 0, then a,, = 0 for all v € V(T') by Lemma 2.4. Without loss of generality, the vertices of
C_'g are written as vy, Vg, ..., V5. S0 T = (Tyy, Tyy, - - - ,xvg)T is an eigenvector of the cycle C_'g corresponding

to the eigenvalue A(T'). Thus, A(I') > A(C,). This contradicts Lemma 3.1. |

The coalescence of G1 and G2 denoted by G1(v1) © G2(v2), is obtained from G; and G5 by identifying
vy € V(G1) with va € V(G3), see [13]. For convenience, we use G1(v1) ¢ Ga(va,v3) © G3(vs) to denote the
coalescence of G'1(v1) © G2(v2) and G by identifying vz € V(G2) and vy € V(G3). We use Sy, to denote a
star with k vertices and center vertex v. and P, ,,) is a path of length n—1 from vertex v; to vertex v, with
consecutive vertices v1,va, ..., v,. In particular, the path P, ,,) is just the vertex v; in the case of v1 = v,,.
Additionally, dg(v) denotes the degree of vertex v in the graph G and Ng(v) denotes the neighborhood of
vertex v in the graph G.

LEMMA 3.3. Let T' =Ty (vz) o Ta(u) and T* =T (v1) o Ta(u) be signed graphs, where 'y is a connected
signed graph containing distinct vertices vi,ve, and I's is a connected graph containing a vertex uw. If x

is a nonnegative eigenvector of T' corresponding the least Laplacian eigenvalue \(T') and z,, > x,,, then
AMI™) < ATY) with equality only if ©y, = @, and dr,(WTu = 32,e Ny () To-
2

Proof. Without loss of generality, assume that z is a unit vector. Let ¥ be a vector defined on the
vertices of I'* such that

~ Ty if veV(IY);
Ty = )
Ty + Toy — Ty, otherwise.

There is a one-to-one correspondence between the edges set E(I') and E(T'*), that is, the edge vvy €
E(T'3) of T' corresponds to the edge vv; € E(I'2) of I'* for each v € Np,(u), and every common edge of
E(T) and E(I'*) corresponds to itself. Note that o(vvs) = 1 for each edge vvy € E(T') with v € V(I'y), then
(1y—0(V02)Ty,)? = (Tp—0(vv1)Ty, )2 On the other hand, it follows that (z, —o(vv' )z, )% = (T, —0o (VV) Ty )?
for each edge vv' € E(T's — u) U E(T'1). Hence, we have

FLOYE= > (@—o@)iv)’ = Y (zy—ow)zy)’ =" L(D)z = AI).

vv’ €E(T*) vv’€E(T)

Furthermore, as x is nonnegative and z,, > x,,,

”5H2: Z @2;: Z %2;"‘ Z (Tv + o, _$v2)2 > Z 903 =1

veV (I'*) veV(T'y) veV (I2)\u veV(T")

By the above discussion, we have

AT < |z 227 LTz < 27 L)z = A(T).
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The equality A(I'*) = A\(T") holds if and only if 277 = 1 and 7 is an eigenvector corresponding to A\(I'*).

The later means that x,, = x,, and dr,(u)z, = >, ) Tv by the eigenvector equations of z and T at

vENT, (u
vertex vg
ATy, = dr, (v2)Ty, + dr, (W)z,, — Z o(vvg)x, — Z Ty
vENT, (v2) vENT, (u)
and

AI*)Zy, = dr, (v2) Ty, — Z o (VU2)Ty. ]
vENT, (v2)

Let C’g be the cycle with length ¢ in the unbalanced unicyclic signed graph I" and 7T; be the attaching

tree with root v; € V(Cy). We call a subgraph of T; a main path if it is a path from the root v; to vertex
v;,, where v;, € V(T;) is at the largest distance from v;. Note that the main path of T; is not unique.

LEMMA 3.4. Let I € U(n,g,k,7) be a signed graph minimizing the least Laplacian eigenvalue and let
C'g be the cycle in ', and the vertices of C'g be written as v1,v2,...,vy (3 < g <mn—k). Then there is just
one tree attaching on the cycle C'g mn f, with root v; on the cycle. Moreover, d,, =3 if 3 < g<n—k.

FIGURE 2. [ and T =T — ViViy + Vi Vi, -

Proof. For the sake of contradiction, suppose that there exist trees T; and 7T} attaching on the cycle C_’g
of T' with roots v; and v;, respectively such that v; ~ v;, and v; ~ v;, (see the left graph of Figure 2). Let
2 = (Ty,, Ty, ---,T0,)  be a nonnegative unit eigenvector corresponding to the least Laplacian eigenvalue
A of I'. By Lemma 2.6, there is at most one vertex v € V(Cy) such that z, = 0. Thus, without loss of
generality, we can assume that z,; > x,, > 0 or z,; > x,, = 0. Let Pr, denote a main path between vertices
vj and vj,, and v, , ~ vj,, where v;,_, € V(Pr,;). Note that it is possible that v; = v;,_,. We construct a
new signed graph I' as follows: I' = I" —v;v;, +v;, v, ,, and the edge v;,v;, , is positive (see the right graph
of Figure 2). The number of pendant vertices in I is also k, and hence, T € Uln,g,k,0).

Let y be a vector defined on the vertices of T' such that

Yo = Ty + Ty, | — Ty, forve V(T;);
Yo = Tu, for v € V(D)\V(T3).
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By (2.2), we have y"L(TI')y = 7 L(I')z, and

viy= > v

veV ()
= X mt Y et -’
veV(D-Ty) veV(T;)
= Z 2 4 Z xi+2(azvjt71 — Ty;) Z Ty, + Z (o, . —z,,)?
veV (—Ty) veV(T;) veV(T;) veV (T;)
=142y, | —0,) Y, T+ |Til(w, | —x0,)
veV (T;)
By Lemma 2.4, we have 0 < z,, < -+ < Ty;, | < Ty, aS Ty; > 0. So whether z,, > z,, > 0, or

Ty, > Ty, = 0, we have Ty, | > Ty, Thus, y 'y > 1, and
A =2TL(D)z = yTL(T)y > yTyA(T) > (D).
This contradicts with the minimality of .

Next, we will show that d,, = 3 if ¢ < n — k. Suppose to the contrary that there are trees 17,75
attaching at vertex v; € V(C,). Let v; ~ vy, and v, ~ v;, where v;,, € V(T1) and v;,, € V(T3).
Moreover, without loss of generality, assume that v;,, is not a pendant vertex since ¢ < n — k. By Lemma
3.2 we have z,, > 0. Then by Lemma 2.4, it follows z,, > z,,. So, we can see the signed graph
Cy(v;) © Ty (viyviy, ) © To(vi) € U(n, g, k,5) has smaller least Laplacian eigenvalue than I’ by using Lemma
3.3. a0

LEMMA 3.5. Let ' € U(n,g,k,a) be a signed graph minimizing the least Laplacian eigenvalue and 3 <
g<n—k. ThenT = Cy(vg) ¢ Py, ) (Vg Vn—k) © S(kt1,0,_) (Vn—k) (see Figure 3).

Vy-k+1

FIGURE 3. The signed graph T'(g) = Cy(vg) o Pog,vm_1) (Vg Vn—k) © S(kt1,0, 1) Vn—k)-

Proof. From Lemma 3.4, the result is obvious if g = n — k. Now, we will prove the result in the case
of g<n—k Ifl = Cylvy) © Pro, vn_1) Vg, Vn—k) © Stkt1,0,_1) (Un—k), the result is obvious. Otherwise,
let x be a nonnegative eigenvector of r corresponding )\(f) and T be the attaching tree on the cycle in
f, with root vy. Suppose that T; is a main path with consecutive vertices v;, vi11,...v; and Ty, is the
subtree of T' on Tj, with root vy for some ¢ < k < j — 1. By Lemma 2.4, it follows z,, , > z,,. So,
(I' = Ty, )(vj—1) © Ty, (vg) has a smaller least Laplacian eigenvalue than I' by using Lemma 3.4. Repeating
this process until [= Cy(vg) © Plogvn_i) (Vg Vn—k) © Skt 1,0, 1) (Vn—k)- O
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For fixed integers n and k, let f‘(g) = C'g(vg)<>17—7(Ug,vn7k_)(vg7 Vn— k)9S (k1,00 p) (Un—k) for g = 3,4,...,n—
k.

LEMMA 3.6. The least Laplacian eigenvalue of f‘(g) has multiplicity 1.

Proof. Let v be the unique vertex lying on ég with degree 3. Assume, to the contrary, z and y are two
linear independent eigenvectors of I'(g) corresponding to A(I'(g)). There exists a nonzero linear combination
of x and y such that its value at v equals zero, which contradict Lemma 3.2. 0

LEMMA 3.7. Let 3< g<n—k and I'(g9) € U(n, g, k,5) be defined as above (see Figure 3). Then
MD(n—k) > AT (n—k—1))>--- > X[(4)) > AMI(3)).

FIGURE 4. The signed graph f(g —1).

Proof. Let C, be the cycle of the signed graph f(g) Up to switching equivalence, suppose that viv, is
the negative edge of I'(g). Suppose 4 < g < n — k. Deleting viv, of I'(¢g) and adding a negative edge v1vg_1
in f(g), we obtain an unbalanced unicyclic signed graph f‘(g — 1), which belongs to U(n,g — 1,k,5) (see
Figure 4).

Let © = (&y,, Ty, . .., Ty, )T be any unit eigenvector of I'(g) corresponding to A(I'(g)).

Let i be a vector defined on the vertices of I'(g) such that

Yo, = T, G=1,2...,9-1;
Yv; = Loy, ij=g,9+1,....n.

It is easy to check that y T L(I'(g—1))y = 27 L(I'(g))z = A(I'(g)). By the Rayleigh-Ritz theorem, this implies
that y is an eigenvector of L(I'(g — 1)) corresponding to A(I'(g)). As the multiplicity of A(I'(g)) is one and
Ty, # 0, without loss generality, we assume that x,, > 0. Thus, y = x, and hence,

(3.3) Ty, = —Ty, ;, for j=1,2,...,9—1

By Lemma 2.4 and (3.3), y,,, > 2, and z,, , = —x,,. We also find that z,, # x,, ,. Otherwise,
32y, > (3= MI'(9))To, = —To, + To,_ | + T, = 2%y, +To,,, >3y, ifg<n—Fk andalsoif g=n—k
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Vi

V2

FIGURE 5. f(3) = C3s(v3) ¢ P(vg,vn_k)(”?’v”n—k) O Ski1,0, 4 (Vip— k) -
then

(k + 2):17”57 > [(k+2) - A(f(g))]mvg = =Ty, + Ty, , + Z Loy,

k=g+1
= 21',09_1 + Z 'T'Uk.
k=g+1
> (k+2)xy,.
In either case, we reach a contradiction. Hence,
(3.4) (T, + T0,)? = (T, — To,_,)> > 0= (24, , +24,)°
By (2.2) and (3.4),
)\(f‘(g)) = Z (T, — U(viUJ’)xvj)Q
viv;€B(I(g))
= Z (Xy, — a(vivj)xvj)z + (20, + xvg)Q
vivjEE(l:‘(g))—vlvg
> Z (y, — cr(ij)xvj)2 + (@, + xvg71)2

’ijEE(f(g))—Ulvg

= Z (:L‘vi — U(Ui’l)j)l’yj)z

viv; €B(F(g-1)
> AI'(g = 1))

Therefore,
MO —k) > AT(n—k—=1))>--->AXT4) > AD(3). D
The main result of this paper now follows readily from Lemma 3.7.

THEOREM 3.8. The unique, up to switching equivalence, unbalanced unicyclic signed graph T €
U(n,g,k,&) which minimizes the least Laplacian eigenvalue is T'(3), namely, Cs(vs) © Plog vn ) (V3,00 _1) ©
Skt1,0,_ 1 (Un—k) (see Figure 5).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 36, pp. 390-399, June 2020.

399 The Least Laplacian Eigenvalue of the Unbalanced Unicyclic Signed Graphs with k Pendant Vertices

Acknowledgments. This project was supported by the National Natural Science Foundation of China
(no. 11571101 and no. 11971164) and the Natural Science Foundation of Hunan Province, China (Grant
2019JJ40184). The authors are grateful to the anonymous referees for their valuable comments and helpful
suggestions, which have considerably improved the presentation of this paper.

REFERENCES

[1] F. Belardo. Balancedness and the least eigenvalue of Laplacian of signed graphs. Linear Algebra Appl., 446(1):133-147,
2014.

[2] F. Belardo and S.K. Simith. On the Laplacian coeflicients of signed graphs. Linear Algebra Appl., 475:94-113, 2015.

[3] F. Belardo and Y. Zhou. Signed graphs with extremal least Laplacian eigenvalue. Linear Algebra Appl., 497:167-180,
2016.

[4] Y.Z. Fan. On the least eigenvalue of a unicyclic mixed graph. Linear Multilinear Algebra, 53(2):97-113, 2005.

[5] Y.Z. Fan, S.C. Gong, Y. Wang, and Y.B. Gao. First eigenvalue and first eigenvectors of a nonsingular unicyclic mixed
graph. Discrete Math., 309(8):2479-2487, 2009.

[6] M. Fiedler. Algebraic connectivity of graphs. Czechoslovak Math. J., 23(2):298-305, 1973.

[7] M. Fiedler. A property of eigenvectors of non-negative symmetric matrices and its application to graph theory. Czechoslo-
vak Math. J., 25(4):619-633, 1975.

[8] K.A. Germina, S. Hameed K, and T. Zaslavsky. On products and line graphs of signed graphs, their eigenvalues and
energy. Linear Algebra Appl., 435:2432-2450, 2011.

[9] F. Harary. On the notion of balance of a signed graph. Michigan Math. J., 2:143-146, 1953.

[10] Y.P. Hou. Bounds for the least Laplacian eigenvalue of a signed graph. Acta Math. Sin. (Engl. Ser.), 21(4):955-960, 2005.

[11] R.F. Liu, H. Wan, J. Yuan, and H. Jia. The least eigenvalue of the signless Laplacian of non-bipartite unicyclic graphs
with k pendant vertices. FElectron J. Linear Algebra, 26:333—-344, 2013.

[12] C. Ortiz and M. Villanueva. Maximal independent sets in caterpillar graphs. Discrete Appl. Math., 160(3):259-266, 2012.

[13] Y. Wang and Y.Z. Fan. The least eigenvalue of signless Laplacian of graphs under perturbation. Linear Algebra Appl.,
436(7):2084-2092, 2012.

[14] T. Zaslavsky. A mathematical bibliography of signed and gain graphs and allied areas. Electron. J. Combin., 5:DS8, 1998.

[15] T. Zaslavsky. Matrices in the theory of signed simple graphs. In: B.D. Acharya, G.O.H. Katona, and J. Nestril (editors),
Advances in Discrete Mathematics and Applications: Mysore, 2008 (Ramanujan Math. Soc. Lect. Notes, Mysore,
India), 13:207-229, 2010.

[16] T. Zaslavsky. Signed graphs. Discrete Appl. Math., 4:47-74, 1982.



	Introduction
	Preliminaries
	Main results
	References

