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ON INEQUALITIES FOR A-NUMERICAL RADIUS OF OPERATORS*

PINTU BHUNIAT, KALLOL PAULT, AND RAJ KUMAR NAYAKT

Abstract. Let A be a positive operator on a complex Hilbert space H. Inequalities are presented concerning upper and
lower bounds for A-numerical radius of operators, which improve on and generalize the existing ones, studied recently in [A.
Zamani. A-Numerical radius inequalities for semi-Hilbertian space operators. Linear Algebra Appl., 578:159-183, 2019.]. Also,
some inequalities are obtained for B-numerical radius of 2 X 2 operator matrices, where B is the 2 x 2 diagonal operator matrix
whose diagonal entries are A. Further, upper bounds are obtained for A-numerical radius for product of operators, which
improve on the existing bounds.
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1. Introduction. Let H be a complex Hilbert space with usual inner product (-,-) and || - || be the
norm induced from (-, -). Let B(#H) denote the C*-algebra of all bounded linear operators on . Throughout
this article, we assume I and O are the identity operator and the zero operator on H, respectively. A
selfadjoint operator A € B(H) is called positive if (Az,x) > 0 for all x € H, and is called strictly positive
if (Az,x) > 0 for all (0 #)ax € H. For a positive (strictly positive) operator A, we write A > 0 (A4 > 0).

A O
Let B = ( o0 A
respectively. Let us fix the alphabets A and B for positive operator on H and H & H, respectively. Clearly, A
induces a positive semidefinite sesquilinear form (-,-) 4 : H x H — C defined as (z,y)a = (Az,y) for z,y € H.
Let || - |4 denote the seminorm on H induced from the sesquilinear form (-,-) 4, that is, ||z]|a = /{z,z)a

>. Then B € B(H @& H) is positive or strictly positive if A is positive or strictly positive,

for all x € H. It is easy to verify that || - |4 is a norm if and only if A is a strictly positive operator. Also,

(H,|| - ||la) is complete if and only if the range R(A) of A is closed in H. By R(T') we denote the norm
closure of R(T) in H. For T € B(H), A-operator seminorm of T, denoted as ||T|| 4, is defined as

Tx|l a
ITa= sup 12

z€R(A),x#0 ||$HA .

Here, we note that for a given T' € B(H), if there exists ¢ > 0 such that [|Tz||4 < c[|z| 4 for all z € R(A)
then ||T||4 < +o0. Again A-minimum modulus of T, denoted as m4(7T) (see [26]), is defined as

|Tz||a

ma(T) = inf )
zeR(A),z£0 ]| 4
We set BA(H) = {T € B(H) : ||T||a < +oc}. It is easy to verify that B4(H) is not generally a subalgebra, of
B(#H) and ||T]|a = 0 if and only if ATA = 0. For T' € B(#), an operator R € B(H) is called an A-adjoint of
T if for every z,y € H such that (Tz,y) 4 = (x, Ry) 4, that is, AR = T* A, where T™* is the adjoint of T.
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For any operator T' € B(H), A-adjoint of 7' may or may not exist. In fact, an operator T' € B(H) may
have one or more than one A-adjoint operators, also it may have none. By Douglas Theorem [12], we have
that an operator T € B(H) admits A-adjoint if and only if

R(T*A) C R(A).

Now we consider an example that A = < 8 (1) ) and T = ( (1) (1) > on C2. Then we see that R(T*A) =

{(2,0) : z € C} and R(A) = {(0,2) : = € C}. So, by Douglas Theorem [12], we conclude that T" have no
A-adjoint.

Let B4(H) be the collection of all operators in B4(H) which admits A-adjoint. Note that B4(H) is a
subalgebra of B(#) which is neither closed nor dense in B(H). For T" € B(H), A-adjoint operator of T is
written as T%4. Tt is well known that T%4 = ATT* A where AT is the Moore-Penrose inverse of A, (see [20]). Tt
is useful that if T € Ba(H) then AT*4 = T*A. An operator T € Ba(H) is said to be A-selfadjoint operator
if AT is selfadjoint, that is, AT = T*A and it is called A-positive if AT > 0. For A-positive operator T we
have

T4 = sup{(Tz,x)a - x € H, [[z]a = 1}.

An operator U € B4 (H) is said to be A-unitary if UAU = (U#4)faU%4 = P4, Py is the orthogonal projection

onto R(A). Here we note that if T € Ba(H) then T#4 € Ba(H), (T#4)%4 = P4sTPa. Also T*AT, TT* are
A-selfadjoint and A-positive operators and so

|IT* T4 = |TT* |4 = | TI% = 1T 1%

Also, for T, S € Ba(H), (T'S)#4 = S#aT¥a ||TS||a < ||T]|]|S]|a and ||Tx||a < || T||allz|a for all 2 € H. For
further details we refer the reader to [1, 2, 3]. For an operator T' € B4 (), we write Rea(T) = (T + T%4)
and Ima(T) = 5 (T — T*4).

For T € Ba(H), A-numerical radius of T', denoted as w4 (T), is defined as (see [4])
wA(T) = sup{ (T, ) a - v € H, |4 = 1}.
Also, for T € B4(H), A-Crawford number of T', denoted as c(T') (see [26]), is defined as
ca(T) =inf{|(Tx,x)a| : x € H,||z]|a = 1}.
For T € Ba(H), it is well-known that A-numerical radius of T is equivalent to A-operator seminorm of T,

(see [25]), satisfying the following inequality:

1
3ITla = wa(T) < T 4.

Over the years many mathematicians have studied numerical radius inequalities in [5, 7, 8, 9, 13, 14,
15, 16, 17, 18, 21, 22, 23, 24]. Recently, Zamani [25] have studied A-numerical radius and computed some
inequalities for A-numerical radius. In this paper, we compute some inequalities for B-numerical radius of
2 x 2 operator matrices which generalize and improve on the existing inequalities. Also, we obtain some
inequalities for A-numerical radius of operators in B4 () which improve on the existing inequalities in [25].
Further, we obtain A-numerical radius bounds for sum of product of operators in B4 () which improve on
the existing bounds.
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2. A-numerical radius inequalities for operators in B4(7). We begin this section with the fol-
lowing three results proved by Zamani [25].

LEMMA 2.1. Let T € Ba(H) be an A-selfadjoint operator. Then
wa(T) = || a-
LEMMA 2.2. Let T € Ba(H). For every 0 € R,
wa (Rea(e"T)) = HReA(ewT)HA.
LEMMA 2.3. Let T € Bs(H). Then

wa(T) = sup HReA(emT)HA and wa(T) = sup HImA(ewT)HA.
R 9eR

Next we compute B-numerical radius for some 2 x 2 operator matrices. First we note that the operator
T = (Tjj)2x2 is in Bp(H & H) if the operator T;; (for 4,j = 1,2) are in Bs(#), and in this case (see [10,
Lemma 3.1]), T#2 = (T‘f{q)gxg. We now prove the following lemma.

LEMMA 2.4. Let X, Y € Ba(H). Then the following results hold:
‘ X O
(1) wp ( 0 v ) = max{ws(X),wa(Y)}.

. 0O X OY
(79) IfA>0, thean<Y O>:wB<X O>'

0O X 0O X
(#7) If A> 0, then for any 6 € R, wB< 0y O ) wB( v O )
X Y

(iv) If A>0, thean( v X

) =max{wa(X +Y),wa(X =-Y)}.

In particular, wp ( }O/ g > =wus(Y).

X O

Proof. (i) Let T = ( o

) and u = (z,y) € H & H with |lul|p =1, i.e., [|[z]|% + [[y]|4 = 1. Now,

(Tu,u)p| < [(Xz,2)a] + (Y, y) 4l
< wa(X)||z|% +wa(V)llyl%
< max {wa(X),wa(Y)}.

Taking supremum over |ju||p = 1, we get
wp(T) < max{wa(X),wa(Y)}.
Suppose u = (z,0) € H & H where ||z[[4 = 1. Then
[(Tu,u)p| = [(AXw, )| = (X, 2) al.
Taking supremum over ||z||4 = 1, we get

sup |[(Tu,u)p| = wa(X),

llzlla=1
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and so, we have wp(T) > wa(X). Similarly, if we take v = (0,y) € H @& H with ||y]|a = 1, then we can
show that wp(T) > wa(Y). Therefore, wp(T) > max {w4(X),wa(Y)}. This completes the proof of Lemma
2.4 (i).

(ii) The proof follows from the observation that wg(U*2TU) = wp(T) (see [10, Lemma 3.8]) if U is an

B-unitary operator on H @ H, here we take U = ( ? é )

(iii) As in (ii), we now take U = < ! g )
O ez2]

I I X Y
. _ 1 _ . .
(iv) Let U = 7 ( I T ) and T = ( v X ) Then an easy calculation we have

WWU:(XY 0 )

) X+Y
Using Lemma 2.4 (i) and wg(U*2TU) = wg(T), we get

wp(T) =max{wa(X +Y),wa(X - Y)}.

wB(g g>=wA(Y)-

This completes the proof of Lemma 2.4 (iv). 0

Taking X = O, we get

Next we prove the following important lemma for A-positive operators.

LEMMA 2.5. Let X, Y € Ba(H) be A-positive. If X —Y is A-positive, then
[ X4 = (Y] a-
Proof. From the definition of A-positive operator we have , for all x € H

(X =Y)z,x)a >0
= (Xz,z)a > Ya,2)
= wy(X) > (Ya,x)4.

Taking supremum over [|z||4 = 1, we get
wa(X) > wa(Y).

Since X,Y are A-selfadjoint operators, so || X4 > [|Y . 0

We are now in a position to prove the following theorem.

THEOREM 2.6. Let X,Y € Ba(H). Then

1
w ( 30’ )O( ) = ZmaX{HXXﬁA +HYEY 4, | XX + Y YR}
1
2

w%(g g>< max { | XX + VY|4, [ XX + YV 4}
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0O X

Proof. Let T =
roof. Let <Y 0

), Hp = Rea(e?T) and Ky = Ima(e?T). Then, from an easy calculation, we

1/ M O
H§+K§:2<O N),

have

where M = X X4 + Y4y, N = XtaX + YYta,

Taking norm on both sides and then using Lemma 2.3, we get
(% %)
2 O N B

1
g max {[| M4, [N]la} < 2uk(T).

This completes the proof of the first inequality.

= |Hj + Kjlls < | Holl s + | KollB < 2w (T).

Therefore, we get

Again, from Hg-&-Kg:%(Ag ]?]
(M O
2\ 0 N

), we have HZ — 1 < ]\04 ]?[ ) = —K3? < 0. Therefore, Hj <

). Using Lemma 2.5, we get

1
— — max {[|M|[4, [ N]|a}.

M O
2

1
Hpll%2 < =
nam_2H<O ¢

Taking supremum over § € R, we get

B

1
wp(T) < 5 max {|[ M|, [|N] 4}
This completes the proof of the second inequality of the theorem. 0

Next we state the corollary, the proof of which follows easily by considering X =Y =T and A > 0 in
Theorem 2.6.

COROLLARY 2.7. Let T € Bo(H) and A > 0. Then
1 fa fa 2 1 fa fa
T 4 TAT| 4 < wh(T) < SITTH + T .
REMARK 2.8. (i) Kittaneh [18, Theorem 1] proved that if T € B(#), then
1 * * 2 1 * *
Z”TT +TT| <w*(T) < §||TT + 7T,

which follows easily from Corollary 2.7 by taking A = I.

(ii) Zamani [25, Theorem 2.10] proved that
2 1 fa fla
wa(T) < ITT* + T4 T4,

which clearly follows from the inequality obtained in Corollary 2.7.
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Next we prove the following theorem.

THEOREM 2.9. Let X,Y € Ba(H). Then wp < o X

o ) > Lmax {||P||4, Q] a} and

1
wp ( 3(2 )0( ) < g max {|[ XXP + VY|4 4+ 4w} (XY), [ XPAX + VYR + 4wl (VX

where P = (XX +Y#Y)2 4 4(Rea(XY))?,Q = (X*4X +YY#4)2 4 4(Rea(Y X))2

0O X

Proof. Let T =
roof. Let (Y 0

>’ Hy = Rea(eT) and Ky = Ima(e?T). Then, we get
1/ P O
Hi+Kj=2 .
o T £y 3 < 0 Q)

where Py = (X X4 +Y#4Y)2 4 4(Rea (2P XY))?, Qo = (XFAX +YY#4)2 £ 4(Rey(e?Y X))2. Taking norm
on both sides and using Lemma 2.3, we get

1 P, O
SH(O Qo>

1
3 maX{HPOHA, ||Qo||A} < 2wp(T).

This holds for all 8 € R, so taking § = 0, we get

= |[Hg + K5z < | Holls + | Kol < 2w (T).
B

Therefore, we get

1
gmax {[[Plla, [Qfa} < 2wp(T).

This completes the proof of the first inequality of the theorem.

P O
0 Qo

P
% ( o O ) . Using Lemma 2.5, we get

0 Qo
, 1|/ R O
< Z

Again, from Hj + Kj = % (

>, we have Hj — % ( ISJ C(; > = —K, < 0. Therefore, Hj <
0

1
= g max {IPolla; |Qoll A }-

B

Therefore, using Lemma 2.3, we get
1Hol < § max (X X% 4 VY I 4+ 0 (XY, [ X5 X 4 VY5 4+ 00 (VX))
Taking supremum over § € R and using Lemma 2.3, we get
wh(T) < g max (XX + VYIS + 4wl (XV), XX + YV + 4wl (VX))
This completes the proof of the second inequality of the theorem. ]

Now, taking X =Y =T (say) and A > 0 in the above Theorem 2.9, we get the following inequality.
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COROLLARY 2.10. Let T' € Ba(H) where A > 0. Then
ST 4 TAT) 4 a(Rea(T)]1a < wh(T)
< %HTT“A +T8AT|% + %wi(T2).
REMARK 2.11. (i) In [5, Theorem 2.11] we proved that if T € B(#) then
1 x . 212
T £ T T2 4 1 (R(T?))?) <
<
which follows easily from Corollary 2.10 by taking A = I.
(ii) Zamani [25, Theorem 2.10] proved that
WA(T) < SITTH + TT

Since wa(T?) < wi(T) (see [19, Proposition 3.10]), so wa(T?) < §||TT*4 + T*4T|| 4. Therefore, the right
hand inequality obtained in Corollary 2.10 improves on the inequality obtained by Zamani [25, Theorem
2.10].

We next prove the following theorem.

THEOREM 2.12. Let T € Ba(H) where A > 0. Then

1 1
wa(T) < wi(T?) + gwa(T*P + PT?) + 7 |IP|l4,

e~ =

where P = TAT + TTH4,

Proof. From Lemma 2.3, we have w4 (T') = supycg || Hglla where Hy = Rea(e?T). Then

Hy = ~ (T + e~ 0T%4)

N | =

= 4H,? = 2072 | o~20ta% 4 p
= 16H," = (1% + e~ 2i0ta? P) (2077 + o—2i0ta? | P)
= (eszQ + e_zieTﬁAQ)z 4 (ezmTz +6_2i9TﬁA2)p
+P(A0T? 4 20347 4 P2
= 4(R6A(€2i0T2))2 + 2ReA(62w(T2P+ PT2)) + p?

1

. 1 , 1
= |[Ho*||la < ||ReA(e229T2)}|2A + g||1lze,4(e2“‘)(T2P +PT?)|| , + 1—6||P||?4

4
1 2 2 1 2 2 1 2

Taking supremum over § € R, we get

1 1
wh(T) < =w?(T?) + gwA(TQP + PT?) + 1—6||P||§1.

N
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REMARK 2.13. Using the inequality in Corollary 3.3, it is easy to see that if A > 0 then w4 (T?P+PT?) <
2wA(T?)||P||a. In case A > 0, we would like to remark that the inequality obtained in Theorem 2.12
improves on the inequality [25, Theorem 2.11] obtained by Zamani. As for numerical example, if we consider

01 0 1 00
T=[0 0 2 |andA=| 0 1 0 | onC3, then by simple computation we have
0 0 O 0 0 1
1 5, 0 1 2 9 1 5 39 1 o2 49
- T - TP+ PT —|IP||% == < = (|P 2w (T =—.
Now we prove the following theorem.
THEOREM 2.14. Let T € Ba4(H) where A > 0. Then
1 1
w3 (T) < ZwA(T3) + iwA(TQT”A + THAT? 4 TTHAT).

Moreover, if T* = 0, then wa(T) = 3\/|TT# +T#T| 4, and if T3 = 0, then w3 (T) = tw,(T?*T* +
THAT? 4 TTHAT).
Proof. From Lemma 2.3, we have wa(T') = supycp | Holl4 where Hy = Rea(e?T). Then,
1 .
Hy = i(ewT + e~t0THa)
= AH,? = 2072 4 ¢~ 20Tka% | Tha | PTEA
= 8H} = (e20T2 4 ¢ 20T44" L THIAT 4 TTH4) (T 4 e *T%4)
1 ) 1 )
= Hj = ZReA(e?”eTS) + ZReA(eZG(TQTﬁA + THAT? 4 TTHAT)
1 ; 1 ;
= [|H7 4 < JIRea(e™T*) 4+ | Rea(e”(T?TH + T#AT? + TTAAT)))| 4

1 1
< ZwA(T?’) + ZwA(TZTﬁA + THAT? + TTHT).

Taking supremum over € € R, we get the desired inequality.

If T2 = 0, then 4Hy> = T#AT + TT#4, and so, wa(T) = $/||[TT# + TiT| 4.

If T3 = 0, then Hj = $Rea (e (T?T%4 + T*AT? + TT#AT)), and so, w(T) = 2w (T?T* + T#AT? +
TTHAT). 0

REMARK 2.15. Here we would like to remark that the bound obtained in Theorem 2.14 improves on

the existing upper bound in [25, Corollary 2.8] when A > 0. Note that if 72 = 0 then wa(T) =
1/|ITT# + T#T[ 4. But the converse is not true, that is, wa(T) = 1/||TT# + T#T| 4 does not al-

0
ways imply T2 = O. As for example, we consider T = 0
1

1 00
)andA: 01 0 on C3. Then
0 0 1
0
0| #0.

1

2
0

0
0
0
0

0
0
0
we see that wa(T) = 3\/||TT# + T T[4 =1 but T? = (

Next we prove the following inequality.
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THEOREM 2.16. Let T' € Ba(H). Then for each r > 1,

W (T) < S (%) + [Ty + (T |,

1
2
Proof. From Lemma 2.3, we get wa(T) = supgeg || Hpll 4, where Hyp = Rea(e®T). Now,

1 . .
Hy = 5(620T + efthtA)
= 4H,? = 2972 +€72z‘0TﬁA2 + AT 4 TTHA

1 ; 1
= Hy® = S Rea(¢¥'T%) + L (T*T + TT*)

1 1
= [ Ho*la < 5| Rea(e®*T?)||  + | T T+ TT™|

IN

For r > 1,t" and t7 are convex and concave functions, respectively, and using that, we get

1 , 1| Tt + 1Tt || "
||H92H7:4 < {2||R€A(6210T2)||A+2 H2 }
A
1 ; r || T8AT +TTEA||"
g§||ReA(e?*"T2)y|A+5 — |,
17
1 ; ro || ((T*AT) + (TTHA)\ "
< glreaterer |, + 5 | (I )
1 ; ro L||[(T*AT)" + (TTH )"
— §||R€A(€2 T, + 3 5 )
1 1
< SWA(T?) + L [[(TT)" + (TT*) |-

Taking supremum over 0 € R, we get

wi (T) <

1 1
< SWA(T?) + Z[[(THT)" + (T .

REMARK 2.17. Here, we would like to remark that if we take r = 1 in the above Theorem 2.16, we get
the inequality [25, Theorem 2.11] proved by Zamani.

Now we obtain a lower bound for A-numerical radius.

THEOREM 2.18. Let T € Ba(H) where A > 0. Then
2 2y L 2 2 1 2
CA(T7) + gCA(T P+ PT7) + E”P”Av

where P = T*T + TT#, Cx(T) = inf ), ,—1 infger [|Rea(e*T)z| 4.

Proof. We know that wa(T) = supyep |[Hglla, where Hy, = Rea(e™*T). Let 2 be a unit vector in H and
0 be a real number such that

(TP + PT?)x,2) 4 = [((T?P + PT?)z,z) 4|.
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Then,
— 5(ewT + e_wTu“)
= 4H,? = 2072 +e—2wTﬁA2 +p
= 16H* = (T2 4 ¢ 29T#4% 4 P) (29T2 4 ¢ 29T 4 P)
_ (e2i9T2 + e—zieTnﬁ)? + (eQiGTQ +e—2i9TuA2)P
—s—P(eQsz —&-e‘szﬁAz) 4 p?
— 4(Rea(e¥°T?))? + 2Rea(e** (TP + PT?)) + P>
= 16w’ (T) > [|4(Rea(€**T?))? + 2Rea(¢* (T2 P + PT?)) + P?| 4
> |((4(Rea(e**T?))® + 2Rea(e** (TP + PT?)) + P?)x, z) 4|
— [4((Rea(e**T?)) 2, z) 4 + 2Rea (¥ (T?P + PT?)x, 2)4) + (P, ) 4]
= 4| (Rea(e*T?) )a:HA + 2|/((T%P + PT?)z,2) 4| + || Pz|%
> 4 (Rea(e*T?))x|% + 2ca(T?P + PT?) + | Pz
= 16w} (T) > 4C%(T?) + 2ca(T*P + PT?*) + sup ||Pz|3

llzlla=1

= 403%(T?) + 2cA(T*P + PT?) + HPHA

I
S
N
G
v

1
CA(T?) + gcA(TQP + PT?) + E”P”?“'

Ry

This completes the proof.

REMARK 2.19. It is clear that $C%(T?)+ sca(T*P+ PT?)+ 15|

IL
AS

152

|

|PI% = 35| T# T+ TTH % = 551171

So, if A > 0, then the inequality obtained in Theorem 2.18 is better than the first inequality in [25, Corollary

2.8], obtained by Zamani.

3. A-numerical radius inequalities for product of operators in B4 (7). We begin this section

with the following A-numerical radius inequality for sum of product of operators.

THEOREM 3.1. Let P,Q,X,Y € Ba(H) where A > 0. Then

0O X
wa(PXQ £QV P < 2l Plallavs () 3 )

In particular,

wa(PXQ* £ QX P#) < 2||Pl|a|| Q) awa(X).

0O X

_(rQ _
Proof.LetC’-(O O)andZ—<Y 0

). Then, from an easy calculation, we get

ozcte - < PXQ' +QYP' O )

0 @)
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Therefore,

) @)

= wp(CZC*?), using Lemma 2.4 (1)
< |IClAwp(Z), using [25, Lemma 4.4]
= | PP + QQ* | awp(2)

< (IPIA + 1QIZ)ws (2).

Replacing P and @ by ¢tP and %Q, respectively, with ¢ > 0 in the above inequality, we get

H1 P2 2
wA(pXQﬁA +QypﬁA) < ( || HAt;‘ ||QA> wB(Z).

Note that . ) )

o DI + 19U

mi

>0 12 = 2||PHA||Q||A,

and so,

0O X
walPXQH + QY <2PlalQlawn (T 3 )

Replacing Y by —Y in the above inequality and using Lemma 2.4 (iii), we get

0O X
walPXQH = QP <2PlalQllawe (T 3 )

Taking X =Y and using Lemma 2.4 (iv), we get
wa(PXQ £ QX P™) < 2| P|lal|Qllawa(X).

This completes the proof of the theorem. ]

REMARK 3.2. Here, we note that the inequality

0O X
wa(PXQH 4 QM) < 2PlalQlaws (9 3 )

in Theorem 3.1 holds also when A4 > 0.

Considering X =Y =T (say), P = I in Theorem 3.1, we get the following inequality.
COROLLARY 3.3. Let T,Q € Ba(H), where A > 0. Then

wa(TQ* + QT) < 2wA(T)|| Q] a-

Next we prove the following lemma, the idea of which is based on the result [6, Lemma 3] proved by
Bernau and Smithes.

LEMMA 3.4. Let X, T,Y € Ba(H) where A > 0. Then, for all x € H,

(X*ATY 2, 2)a| + (YT X2, ) 4| < 2wa(T)|| X 2| al|Y | A
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Proof. Let x € H and 6, ¢ be real numbers such that e'®(Y#aT Xz, x) 4 = (VAT Xz, 2) 4],
20 (e X IATY w, x)a = (e X ATY x,2) 4| = [(X*4TY z,x) 4]. Then, for a non-zero real number A, we
have
. A 4 A , 1. A 1.
22 (TYx, e Xx) g + 28" (T Xz, Y) 4 = (T ()\ewYx + /\eZ¢Xx> ey + Xe“be)A
i0 i L s i0 L s
— (T | Xe Y:z:fxe Xz |,Xe Yx—xe Xzx)a
=220 (e XIATY 2, 2) o + 2" (VAT Xz, 2) o = (T </\620Y$ + Ae”Xa:) Y+ Xezd’Xx)A
i0 i0 L o i0 L o
—("T [ Xe Yx—xe Xx ), e Yx—Xe Xx)a
) . 1 . . 1 .
=2 (XM TYz,2)a| + 2 [(YIAT Xz, 2) 4| = (T ()\eler + )\ezd’Xx) Y+ Xel‘be)A
i0 i L s i0 L s
—(e"T | Xe Y:L’fxe Xz |,Xe Yx—xe Xax)a

=S2[(XMTYz, 2)a| + 2| (VAT Xz, 2) 4| <

) . 1 . ) 1,
(eT <)\616Y$ + )\ezd’Xx) Y x + Xe“ﬁXa:)A

+

, ) 1 . , 1 .
(eT ()\ewYx - )\ew’Xx) AeYx — Xeld’Xx)A

)

2

) 1 . . 1 .
Y + Xe“z’Xa: Y x — Xe“f’X:c

"

=2 (XM TYz,2)a| + 2 [(YAT Xz, 2) 4| < wa(T) (’
A

1
[TV 5, a4 [ (YT X0, 2)a] < waD) (Rl + 550 ).

This holds for all non-zero real \. If [|[Yz|| 4 # 0, then we choose A\? = % So, we get

|<XﬁATYx,x>A| + \(YﬂATXa:,a:>A| <2waA(T)|| Xz||al|Yz|a.

Clearly, this inequality also holds when ||[Yz| 4 =0, i.e., Yz = 0. This completes the proof of the lemma. O

REMARK 3.5. In [11], we have already generalized the result obtained by Bernau and Smithes [6, Lemma
3], and proved some important numerical radius inequalities.

Now using Lemma 3.4, we obtain the following inequalities involving A-numerical radius, A-Crawford
number and A-operator norm.

THEOREM 3.6. Let X, T,Y € Bs(H), where A > 0. Then
eA(XATY) + wa(YIATX) < 20A(T)| X|La VL4,

wa(X*ATY) + ca(YATX) < 2wa(T)|| X a]|Y | 4-
Proof. Taking ||z]|a = 1 in Lemma 3.4, we have

(XIATY 2, @) 4] + (YT Xz, 2) | < 20a(T)| X || al|Y ]| 4
=cA(XFATY) + (VAT Xz, 2) 4| < 20wA(T)|| X || AIY ] 4.
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Taking supremum over ||z||4 = 1, we get
ca(XMTY) + wa(YATX) < 2wa(T) || X[ al|Y |-
Again taking ||z||4 = 1 in Lemma 3.4, we have

(XM TY 2, @) 4] + (YT Xz, 2) | < 2w0a(T)| X || 4l|Y ]| 4
SUX*ATY 2, 2) 4| + ca(YIATX) < 204 (T)|| X || ]|V )] 4

Taking supremum over |z||4 = 1, we get
wA(X*ATY) + ca(YFATX) < 20 (T)|| X[ 4]|Y || 4
This completes the proof of the theorem. 0

Now taking Y = I, T = X and X =Y in the above Theorem 3.6, we get the following upper bounds
for the numerical radius of product of two operators, which improve on the existing bounds.

COROLLARY 3.7. Let X|Y € Ba(H) where A > 0. Then the following inequalities hold:

wa(XY) < 20a(X)[[Y |4 — ca(YH4X),
wa(XY) < 2waA(Y)|| X4 — ca(Y XF54).

REMARK 3.8. For A > 0, it is clear that the inequalities obtained in Corollary 3.7 improve on the
inequalities wA(XY) < 2wa(X)||Y]|a and wa(XY) < 2w4(Y)|| X ]| (see [25, Theorem 3.4]).

Finally, using Lemma 3.4, we obtain new inequalities for B-numerical radius of 2 x 2 operator matrices
with zero operators as main diagonal entries.

THEOREM 3.9. Let X,Y € Bs(H) where A > 0. Then the following inequalities hold:

. 0O X
@) IXI+earx) <2um (5 ) 1Xl,

(i) w400 +wa(v) < 20 (93 ) Il

O X
i) I+ ea(xv) < 20m (98 ) VL

(iv) mA(Y) +wa(XY) < 2uwp ( }O/ )O( ) Y|4

Proof. Taking X =T and Y = I in Lemma 3.4, we get
|1 Tz|% + (T?2,2) 4| < 2wa(T)||T|| all2] 4.

0O X

This also holds if ke T =
is also holds if we take <Y 0

) and x = (v1,22) € HOH with ||z||p = 1, i.e., [|x1]|4 + 22|} = 1.

Therefore, we get

1
[ Xz2ll% + Va3 + (X Y@y, a1)a + (Y X2, 22) 4] < 20p(T) ([ Xzoli + Y21 ]3)* -
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Taking x1 = 0, we get

0O X
|Xaals + (Y Xz, 22)] 4 < 2w ( ox ) Xzl
0O X
| X3 + (Y Xag, 22) 4] < 20 < ox > 1X|a

0O X
~Xaalfs 4 eavX) <20 ()5 ) IXL
Taking supremum over ||z2]|4 = 1, we get the inequality (i), i.e.,

0O X
1+ ea(v) < 20m (03 )1

Again from the inequality

0O X
[ X2ll% + (Y X2, 22) 4] < 2wp [Rqpre
Y O
we get

0O X
mA(X) + (Y Xwa, 22) 4| < 2w [1X ][ a-
Y O
Taking supremum over ||z2]|4a = 1, we get the inequality (ii), i.e.,

0O X
w00+ uav ) < 2us ()Xl

Similarly, taking xo = 0 and supremum over ||z1||4 = 1, we can prove the remaining inequalities.

d
Next taking X =Y = T in Theorem 3.9 and using Lemma 2.4 (iv), we get the following lower bounds
for A-numerical radius.

THEOREM 3.10. Let T € Ba(H) with ||T||a # 0 where A > 0. Then the following inequalities hold:

T4 | ca(T?
wa(T) > + )
A =

~—

m4(T) | wa(T?)
wa(T) > 2 :
2|Ta  2|Ta

REMARK 3.11. Here, we note that the two inequalities obtain in Theorem 3.10 are incomparable. So,
using these bounds we have a new lower bound

wA(T) >

max { || T||% + ca(T?), m4(T) +wa(T?)},
o, e LTI - ea(T*), i (T) +wa(T*)}

where T € B4(H) with |T]|4 # 0. It is clear that this inequality improves on the first inequality in [25, Cor
2.8].
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