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STRUCTURE-PRESERVING DIAGONALIZATION OF MATRICES
IN INDEFINITE INNER PRODUCT SPACES*

PHILIP SALTENBERGER'

Abstract. In this work, some results on the structure-preserving diagonalization of selfadjoint and skewadjoint matrices in
indefinite inner product spaces are presented. In particular, necessary and sufficient conditions on the symplectic diago-
nalizability of (skew)-Hamiltonian matrices and the perplectic diagonalizability of per(skew)-Hermitian matrices are provided.
Assuming the structured matrix at hand is additionally normal, it is shown that any symplectic or perplectic diagonalization can
always be constructed to be unitary. As a consequence of this fact, the existence of a unitary, structure-preserving diago-nalization
is equivalent to the existence of a specially structured additive decomposition of such matrices. The implications of this
decomposition are illustrated by several examples.
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1. Introduction. Structured matrices are omnipresent in many areas of mathematics. For instance,
structured eigenvalue problems arise in engineering, physics and statistics [17, 22] in the form of optimal
control problems, the analysis of mechanical and electrical vibrations [14], the computational analysis and
theory of matrix function [10, Chapter 14] or of matrix equations [13]. Thereby, special structures arising
from the consideration of selfadjoint and skewadjoint matrices with respect to certain inner products play a
crucial role. Often, these inner products are indefinite, so that the underlying bilinear or sesquilinear form
does not define a scalar product. Hence, results from Hilbert-space-theory are not available in this case and
an independent mathematical analysis is required. Over the last decades, a great amount of research has
been done on these structured matrices, especially with regard to structure-preserving decompositions and
algorithms (see, e.g. [19, 5, 18] or [14, Section 8] and the references therein). In this work, some results in
this direction are presented.

Considering the (definite) standard Euclidean inner product (x,y) = 2y, z,y € C™, on C™ x C™,
it is well-known that selfadjoint and skewadjoint matrices (i.e., Hermitian and skew-Hermitian matrices)
have very special properties. For example, (skew)-Hermitian matrices are always diagonalizable by a unitary
matrix. The unitary matrices constitute the automorphism group of the scalar product (-, -) which means that
(Gx, Gy) = (x,y) always holds for any unitary matrix G and all vectors x,y € C™. The automorphism group
is sometimes called the Lie-group with respect to (-,-) whereas the selfadjoint and skewadjoint matrices are
referred to as the Jordan and Lie algebras [16]. The Euclidean scalar product is a special case of a sesquilinear
form [z,y] = 7 By on C™ x C™ with B = I,,, being the m x m identity matrix. Often, sesquilinear forms
[z,y] = 2 By appear in mathematics where B # I,,,. In particular, cases that have been intensively studied
are those where B is some (positive/negative definite or indefinite) Hermitian matrix [8] or a skew-Hermitian
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matrix [4]. The Lie-group, the Lie algebra and the Jordan algebra are defined analogously to the Euclidean
scalar product for such forms as the group of automorphisms, selfadjoint and skewadjoint matrices with
respect to [z,y] = 2 By.

In this work, selfadjoint and skewadjoint matrices with respect to indefinite Hermitian or skew-Hermitian
sesquilinear forms are considered from the viewpoint of diagonalizability. In particular, since Hermitian and
skew-Hermitian matrices are always diagonalizable by a unitary matrix (i.e., an automorphism with respect
to (-,-)), we will consider the question under what conditions a similar statement holds for the automorphic
diagonalization of selfadjoint and skewadjoint matrices with respect to other (indefinite) sesquilinear forms.
For two particular sesquilinear forms (the symplectic and the perplectic sesquilinear form) this question
will be fully analyzed and answered in Sections 3 and 4. For the symplectic bilinear form, this question
was already addressed in [5]. In Section 5, we consider these results in the context of normal matrices
for which there always exists a unitary diagonalization. In particular, the results presented in this section
apply to selfadjoint and skewadjoint matrices for which a unitary diagonalization exists. We will show that
this subclass of matrices has very nice properties with respect to unitary and automorphic diagonalization
and how both types of diagonalizations interact. In Section 2, the notation used throughout this work is
introduced, whereas in Section 6, some concluding remarks are given.

2. Notation and definitions. For any m € N and K = R, C, we denote by K™ the m-dimensional
vector space over K and by M, . (K) the vector space of all m x m matrices over K. The vector subspace
X of K™ which is obtained from all possible linear combinations of some vectors x1, ...,z € K™ is called
the span of x1,...,z; and is denoted by span(zq,...,zx). A basis of some subspace X C K™ is a linearly
independent set of vectors z1,...,2; € X such that X = span(zy,...,2;). In this case we say that the
dimension of X equals k, that is, dim(X’) = k. The symbol K™ x K™ is used to denote the direct product
of K™ with itself, i.e., K™ x K™ = {(z,y) | z,y € K™}. For any matrix A € M,,x(K), the notions
im(A) and null(A) refer to the image and the nullspace (kernel) of A, i.e., im(A) = {Az|z € K™} and
null(A) = {z € K™ | Az = 0}. The rank of A € M,;,»n(K) is defined as the dimension of its image. For any
matrix A € My, (K) the superscripts T and H denote the transpose AT of A and the Hermitian transpose
AH — A" The overbar denotes the conjugation of a complex number and applies entrywise to matrices.
The m x m identity matrix is throughout denoted by I,,, whereas the m x m zero matrix, the zero vector in
K™ or the number zero are simply denoted by 0 (to specify dimensions 0,,,x is used in some places to refer
to the m x m zero matrix). A Hermitian matrix A € M,,xm(K) satisfies A# = A and a skew-Hermitian
matrix A7 = —A. Moreover, a matrix A € M, xm (K) is called unitary if AHA = AA” = I, holds and
normal in case A# A = AAH holds. For two matrices A, B € M, x(K) the notation A® B is used to denote
their direct sum, i.e., the matrix C € My, x2m (K) given by

_ A Omxm
=l ")

For a given matrix A € M,,xm (K) any scalar A € C which satisfies Az = Az for some nonzero vector z € C™
is called an eigenvalue of A. The set of all eigenvalues of A is denoted by o(A) and equals the zero set of
the degree-m polynomial det(A — zI,,). The algebraic multiplicity of A as an eigenvalue of A equals the
multiplicity of A\ as a zero of det(A — zI,,,). Whenever A € C is some eigenvalue of A any vector x € C™
satisfying Az = Az is called an eigenvector of A (for A\). The set of all eigenvectors of A for A € o(A4) is a
vector subspace of C™ and is called the corresponding eigenspace (of A for \). Its dimension is referred to as
the geometric multiplicity of A\. The matrix A is called diagonalizable if there exist m linearly independent
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eigenvectors of A. These vectors consequently form a basis of C™. A matrix A € M, x.,(K) is diagonalizable
if and only if the geometric and algebraic multiplicities of all eigenvalues of A coincide.

3. Sesquilinear forms. In this section, we introduce the notion of a sesquilinear form on C™ x C™ and
some related basic concepts. Notice that Definition 3.1 slightly deviates from the definition of a sesquilinear
form given in [12, Section 5.1].

DEFINITION 3.1. A sesquilinear form [-,-] on C™ x C™ is a mapping [-,-] : C™ x C™ — C so that for all
u,v,w € C™ and all a, 8 € C the following relations (i) and (i7) hold:

(1) [ou + B, w] = alu, w] + Blv, w] (%) [u, av + Bw] = afu, v] + Blu, w].

If [-,+] is some sesquilinear form and = := ae;,y = fex, € C™ with a, 8 € C are two vectors that are
multiples of the jth and kth unit vectors e; and ey, then [z,y] = @Sle;, ex]. Thus, any sesquilinear form is
uniquely determined by the images of the standard unit vectors [e;, ex],j, k = 1,...,m. In particular, [-,-]
on C™ x C™ can be expressed as

(3.1) [2,y] = =" By

for the particular matrix B = [bjx]jk € Myxm(C) with bjx = [ej,ex], j,k=1,...,m. A form [-,-] as in (3.1)
is called Hermitian if [z,y] = [y, 2] holds for all 2,3 € C™. It is easy to see that [-,-] is Hermitian if and
only if B € M, (C) is Hermitian, i.e., B = B [8, Section 2.1]. The form [-,] is called skew-Hermitian if
[z,y] = —[y, z] holds for all z,y € C™. This is the case if and only if B = —BH.

The following Definition 3.2 introduces two classes of subspaces S C C™ related in a particular fashion
to a sesquilinear form [-, -] (see, e.g., [8, Section 2.3]).

DEFINITION 3.2. Let [z,y] = 2" By be some sesquilinear form on C™ x C™.

1. A subspace & C C™ of dimension dim(S) = k > 1 is called neutral (with respect to [-,]) if
rank(VH BV) = 0 for any basis v1,...,v, of Sand V = [v1 --- vy ].

2. A subspace S C C™ of dimension dim(S) = k > 1 is called nondegenerate (with respect to [-,]) if
VH BV is nonsingular, i.e., rank(V# BV) = k, for any basis vy,...,v, of Sand V = [vy --- v ].
Otherwise, S is called degenerate.

In case m = 2n is even, any neutral subspace S C C™ with dim(S) = n is called Lagrangian (subspace)
(see, e.g., [6, Definition 1.2]). Some analysis on this kind of subspaces is presented in Section 5.1. A
sesquilinear form as in (3.1) is called nondegenerate, if S = C™ is nondegenerate with respect to [-,-]. In
the sequel, nondegenerate sesquilinear forms are called indefinite inner products. Note that the sesquilinear
form in (3.1) is nondegenerate, i.e., an indefinite inner product, if and only if B € M,,,x,,(C) is nonsingular
[15, Section 2.1].

PROPOSITION 3.3. For any indefinite inner product [x,y] = 2 By on C™ x C™ and any A € My xm(C)
there exists a unique matriz A* € My, xm (C) such that

[Az,y] = [z, A*y] holds for all x,y € C™.

The matrix A* € M, xm (C) corresponding to A € M,;,, % (C) in Proposition 3.3 is called the adjoint of A. It
can be expressed as A* = B~' A B and also satisfies [z, Ay] = [A*x,y] for all z,y € C™ [15, Section 2.2]. A
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TABLE 1
Structures with respect to the indefinite inner products [x,y] = H Jany and [z,y] = ¥ Rany on C2™ x C3".

Structure H [z,y] = 27 Jany H [z,y] = 2 Rayy ‘

selfadjoint skew-Hamiltonian | JI A7.J,, = A per-Hermitian Ron AP Ry, = A
skewadjoint || Hamiltonian JE AR Jy, = —A perskew-Hermitian | Ron AT Ry, = —A
automorph | symplectic JI A" J,, = A= || perplectic Ron AT Ry, = A1

matrix A that commutes with its adjoint A*,i.e., AA* = A*A, is called normal with respect to [z,y] = 2" By
or simply B-normal. For any indefinite inner product [z,y] = 2 By on C™ x C™ there are three classes of
B-normal matrices that deserve special attention (see also [15, Section 2.2]).

DEFINITION 3.4. Let [z, y] = 2 By be some indefinite inner product on C™ x C™.

1. A matrix G € M,,xm(C) with the property G=! = G* is called an automorphism for [-,].
2. A matrix J € M5, (C) satisfying J* = B71JH B = J is called selfadjoint (with respect to [-,])
whereas a matrix L € M,,x,(C) satisfying L* = B~'L¥ B = —L is called skewadjoint.

Notice that, if G € M, xm(C) is an automorphism, [Gz,Gy] = [z,y] holds for all z,y € C™ since
[Gx,Gy] = [r,G*Gy] and G*G = G~'G = I,,. In particular, any automorphism is nonsingular. For the
standard Euclidean scalar product (z,y) = [z,y] = 2% I,,y, automorphisms, selfadjoint and skewadjoint
matrices are those which are unitary, Hermitian or skew-Hermitian, respectively. Beside these, special
names have also been given to matrices which are automorph, selfadjoint or skewadjoint with respect to the
indefinite inner products [z,y] = zH By on C?" x C?" induced by the matrices B = Jo, € Ma,x2n (R) and
B = Ry, € Moy, xon(R) given by

These names are listed in the table from Figure 1'. For instance, a skew-Hamiltonian matrix A € Mosyx2n(C)
and a per-Hermitian matrix C' € My, x2,(C) have expressions of the form

Cy Cs

A Ay
2 A=
(3.2) [ Cs R.CHR,

and C =
As A{{} [

:| ; AjaC] € Man((C),

where it holds that Ay = —All A3 = — Al and that Cy,C3 € M,,5,,(C) are themselves per-Hermitian with
respect to [z,y] = 'R,y on C* x C". Notice that for any indefinite inner product [z,y] = 2% By on
C™ x C™ the selfadjoint and skewadjoint structures are preserved under similarity transformations with
automorphisms. This fact is well known and easily confirmed for unitary similarity transformations of
Hermitian and skew-Hermitian matrices. In our setting this means that, whenever A € Ma,«2,(C) is
(skew)-Hamiltonian (per(skew)-Hermitian) and G € Ma,,«2,(C) is symplectic (perplectic), then G™1AG is
again (skew)-Hamiltonian (per(skew)-Hermitian). We will only be considering the indefinite inner products
induced by Js, and R, on C2" x C?" from now on.

INotice that these names are not consistently used in the literature. For instance, a Hamiltonian matrix here and in [6] is
called J-Hermitian in [15].
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The result from Proposition 3.5 below is central for the upcoming discussion and can be found in, e.g.,
[11, Section 4.5] (for the case A = Af). The statement for A = —A¥ is easily verified by noting that
A = AH is Hermitian if and only if iA is skew-Hermitian.

PROPOSITION 3.5 (Sylvesters Law of Inertia). Let A € My, (C) and assume that either A = A or
A = —A" holds. Then there exists a nonsingular matric U € My, «m(C) so that

—al,
UHAU == an I

OTXT

where o = 1 if A is Hermitian and o = i otherwise. Hereby, p coincides with the number of negative
real/purely imaginary eigenvalues of A, q coincides with the number of positive real/purely imaginary eigen-
values of A and r is the algebraic multiplicity of zero as an eigenvalue of A.

The triple (p,q,r) from Proposition 3.5 is usually referred to as the inertia of A [11, Section 4.5].
Two Hermitian or skew-Hermitian matrices A, C' € M, x.,,(C) with the same inertia are called congruent.
Following directly from Proposition 3.5 we obtain the following proposition (see also [11, Theorem 4.5.8]).

PROPOSITION 3.6. Let A,C € M,;,xm(C) be two matrices which are either both Hermitian or skew-
Hermitian. Then there exists a nonsingular matriz S € My, (C) so that ST AS = C if and only if A and
C have the same inertia.

4. Symplectic and perplectic diagonalizability. In this section, the symplectic and perplectic
diagonalization of (skew)-Hamiltonian and per(skew)-Hermitian matrices is analyzed. As those matrices need
not be diagonalizable per se, cf. [8, Example 4.2.1], their diagonalizability has to be assumed throughout the
whole section. At first, we consider arbitrary (skew)-Hermitian indefinite inner products and provide two
auxiliary results related to their selfadjoint matrices. These results will turn out to be useful in Sections 4.1
and 4.2, where we derive necessary and sufficient conditions for (skew)-Hamiltonian or per(skew)-Hermitian
matrices to be diagonalizable by a symplectic (respectively, perplectic) similarity transformation. This
section is based on [20, Chapter 9].

Let [z,y] = 2" By be some (skew)-Hermitian indefinite inner product on C™ x C™ and let A € M, % (C)
be selfadjoint with respect to [-,-]. Then, as A* = B~'AY B = A, we have o(A) = o(A). In particular, for
each \ € 0(A), A ¢ R, X is an eigenvalue of A, too, with the same multiplicity. Proposition 4.1 shows that,
among the eigenvectors of A, those x,7 € C™ corresponding to A and \, respectively, are the only candidates

for having a nonzero inner product [z,y]. This result can also be found in, e.g., [15, Theorem 7.8].

PROPOSITION 4.1. Let [x,y] = 2 By be some (skew)-Hermitian indefinite inner product and A = A* €
May,x2n(C) be selfadjoint. Moreover, assume x,y € C*" are eigenvectors of A corresponding to some eigen-
values \, i € o(A), respectively. Then p # X implies that [x,y] = [y, x] = 0. Consequently, each eigenspace
of A for an eigenvalue A ¢ R of A is neutral.

Proof. Under the given assumptions, we have

/\[x’y] = [/\x,y] = [A.I‘,y] = [1'714*@/] - [Z‘,Ay] = [x’:uy] = ,u[a:,y],

so, whenever [z,y] # 0, then p = X has to hold. This proves the statement by contraposition noting that
[z,y] = 0 if and only if [y, z] = 0. 0
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Now assume that A = A* € M,,x.,(C) is diagonalizable. Let A € o(A), A # A, and suppose vy, ..., vy
and vg41,..., vy are eigenbases corresponding to A and A, respectively. Additionally, let vogi1,. .., v, be
eigenvectors of A completing vy, ...,v2s to a basis of C™ and set V =[v1 -+ v ] € Mypsm(C). According
to Proposition 4.1 we have

_ 0 | S 0
(4.3) VEBV =| 4S8 |0 € My xm(C)
0 | X
for some matrices Sy € Myy¢(C) and X € Mn_20)x(m—20)(C). In case B = —BH we have —SH in (4.3)
and X = —X# whereas we have +S; and X = X¥ in case B = B¥. As V and B are nonsingular, so is

VHBV. This implies Sy and X in (4.3) to be nonsingular, too. As span(vi,...,vs) equals the direct sum
of the eigenspaces of A corresponding to A and ), the nonsingularity of S, gives the following Corollary 4.2
taking Definition 3.2 (1) into account.

COROLLARY 4.2. Let [z,y] = 2 By be some (skew)-Hermitian indefinite inner product and let A =
A* € Mypwm(C) be selfadjoint and diagonalizable. Then, for any X\ € a(A), X # A, the direct sum of the
eigenspaces of A corresponding to A and X is always nondegenerate.

Similarly to the derivation preceding Corollary 4.2, one shows that the eigenspace of a selfadjoint matrix
A = A" € My, xm(C) corresponding to some real eigenvalue p € o(A) is always nondegenerate, too. We
are now in the position to derive statements on the symplectic and perplectic diagonalizability of (skew)-
Hamiltonian and per(skew)-Hermitian matrices.

4.1. Symplectic diagonalization of (skew)-Hamiltonian matrices. The following Theorem 4.3
states the main result of this section characterizing those (diagonalizable) (skew)-Hamiltonian matrices which
can be brought to diagonal form by a symplectic similarity transformation. Recall that, according to (3.2),
a diagonal skew-Hamiltonian matrix De Mos,, %2 (C) has the form

(4.4) D= [10) DOH} with D = diag( A1,...,An) € Myxn(C).

THEOREM 4.3. Let A € Mayx2,(C) be diagonalizable.

1. Assume that A is skew-Hamiltonian. Then A is symplectic diagonalizable if and only if for any real
eigenvalue A € o(A) and some basis vy, ..., v, of the corresponding eigenspace, the matriz V2 Jy, V
forV.=[vy -+ vy ] has equally many positive and negative imaginary eigenvalues.

2. Assume that A is Hamiltonian. Then A is symplectic diagonalizable if and only if for any purely
imaginary eigenvalue A € o(A) and some basis vy, ..., vy, of the corresponding eigenspace, the matriz
VH Jo,V for V =[vy --- vy | has equally many positive and negative imaginary eigenvalues.

Proof. 1. (=) Let A € Ma,x2,(C) be skew-Hamiltonian, that is A = A*, and S = [s7 -+ s9,] €
Ma;, w20 (C) symplectic such that
D

=5714*s, SH 1,8 = Jop,

(4.5) S71AS = [ DH} =

with D = diag(A1, ..., An) € Myuxn(C) is a (symplectic) diagonalization of A. If A\; € o(A) is real, it follows
from (4.5) that \; has even multiplicity, 2k say, with k instances of A; appearing in D and D | respectively
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(w.l.o.g. on the diagonal positions ji,...,jx). Let S;,..., S5, Sntjis---+Sntj, be the corresponding 2k
eigenvectors (appearing as columns in the corresponding positions in S) which span the eigenspace of A and
A* for A;. Now set Sj :=[s), - Sj, Sntjy - Sntijr ] € Manx2k(C). Then we have

I
SiJonS; = |:_Ik k} € Mayx21(C)

which follows directly from S¥ J5,,S = Jo,,. The eigenvalues of S]HJgnSj are +¢ and —i both with the same
multiplicity k. As A; was arbitrary, this holds for any real eigenvalue of A.

(<) Now let A € Mayxa2,(C) be skew-Hamiltonian and diagonalizable. Moreover assume that the
condition stated above holds for all real eigenvalues of A. We now generate bases for the different eigenspaces
of A according to the following rules:

(a) For each pair of eigenvalues \j,\; € o(A4), \; # A;, both with multiplicity my;, let s1,... Sm; be
corresponding eigenvectors of A for A; and ti,...,t,, corresponding eigenvectors of A for A;. Set
Sj=1[51"""8m;t1 -+ tm; | € Manxam,(C). Then, according to Proposition 4.1 and Corollary 4.2
span(sy, ..., Sm;) and span(ty,...,ty,;) are both neutral and SJHJgnSj is nonsingular. Therefore,
the form of SJHJgnSj is

0 5

S]HJanj == [_gf 0 € M2m]-><2mj ((C)

for some nonsingular matrix §j € My, xm, (C). Now, multiplying SJHJgnSj by S'\;H ® Iy, and
(S\;H ® Iy, )" (from the right and the left) we observe that

_SJH 0 Imj - I, .

Let wy, ..., wam; denote the columns of Sj(gj_H@Imj) and notice that, due to the form of §]<_H@Imj,
Wi,y Wiy, and Wy 41 = t1,.. ., Wam; = tmy,; are still bases for the eigenspaces of A for A\; and Aj,
respectively. According to Proposition 4.1, the inner products [wy,z] for any £ = 1,...,2m; and
any eigenvector x of A corresponding to some eigenvalue u € o(A) \ {\;,\;} are zero.

(b) Foreach A\;, € 0(A), A, € R, let s1, ..., Sam, be a basis of the corresponding eigenspace (assuming the
even multiplicity of A is 2my). For S, :=[$1 -+ S2m, | € Manxam, (C) the skew-Hermitian matrix
SfJQnSk € Mo, x2m, (C) is nonsingular and has, according to our assumptions, exactly my, positive
and my, negative purely imaginary eigenvalues. Thus, it has the same inertia as Jo,,, and there

(S @ Ly ) "SI a0 S (S5 7 @ Lo,y ) = lSJ

I,
J

exists some nonsingular matrix Tj, € Mapm, xam, (C) such that TH (SH J5,Sk)T), = Jom, according

to Proposition 3.5. Let wy,...,wsm, denote the columns of S;T) and note that wi,..., wapm, is
still a basis for the eigenspace of A corresponding to Ag. According to Proposition 4.1, the inner
products [wy, z] for any £ =1, ..., 2my and any eigenvector x of A corresponding to some eigenvalue

€ a(A)\ {A} are zero.

If bases of the eigenspaces for all eigenvalues of A have been constructed according to (a) if A; ¢ R and (b)

if A\x € R, the new eigenvectors wy, . .., ws, obtained this way are collected in a matrix W € Ma,, x2,(C), i.e.,
W =]wy -+ way,|. Note that W is nonsingular and that W~L1AW = D is diagonal. Due to the construction
of w1, ..., wan, the skew-Hermitian matrix W J,,,WW has only +1 and —1 as nonzero entries. Hence, it is

permutation-similar to Ja,. In other words, there exists a (real) permutation matrix P € May, x2,(R) with
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PAWH J, WP = Jo,. Now PHWH J,, WP = J5, s0V := WP is symplectic. Moreover, V1AV = PTDP
remains to be diagonal as P is a permutation matrix and the statement 1. is proven.

2. If A € My, x2,(C) is Hamiltonian notice that A = iA is skew-Hamiltonian. Thus, whenever S €
May, %2, (C) is symplectic and ST1AS = D @ (—DH) is a symplectic diagonalization of A for some diagonal
matrix D € M,,«,,(C) we have that

—13¢a _ o—1/: _ o1 _’LD _ﬁ
STIAS = S7(iA)S = iS AS_[ _Z,DH}_[ ﬁH}

for D = 4D is a symplectic diagonalization of A. From 1. it is known that the diagonalization S “148 =
D @ DH exists if and only if for each real eigenvalue A\ € J(A\) has even multiplicity m and, given any basis
V1, ..., Uy of the corresponding eigenspace, the matrix V.J,,V for V = [v1 -+ v ] has equally many pos-
itive and negative purely imaginary eigenvalues. Vice versa this implies that the symplectic diagonalization
S71AS = D @ (— D) exists if and only if each purely imaginary eigenvalue u € o(A) has even multiplicity
m and, given any basis v1, ..., vy, of the corresponding eigenspace, the matrix V# Jo, V for V. = [v; -+ vy, ]
has equally many positive and negative purely imaginary eigenvalues. ]

The following Corollary 4.4 is a direct consequence of Theorem 4.3 which guarantees the existence of
a symplectic diagonalization whenever no real or purely imaginary eigenvalues are present. To understand
Corollary 4.4 correctly, zero should be regarded as both, real and purely imaginary.

COROLLARY 4.4.

1. A diagonalizable skew-Hamiltonian matriz A € Mayxo,(C) is always symplectic diagonalizable if A
has no purely real eigenvalues.

2. A diagonalizable Hamiltonian matriz A € Moy, x2,(C) is always symplectic diagonalizable if A has
no purely imaginary eigenvalues.

4.2. Perplectic diagonalization of per(skew)-Hermitian matrices. The main result on the per-
plectic diagonalization of per-Hermitian and perskew-Hermitian matrices A € Mg, x2,(C) is similar to the
statement from Theorem 4.3. In particular, the proof of Theorem 4.5 below is analogous to the proof of The-
orem 4.3 with the only significant change being the replacement of the skew-Hermitian structures appearing
in the proof of Theorem 4.3 (due to the skew-Hermitian matrix Js,,) by Hermitian structures caused by Ray,.
Therefore, statements on purely imaginary eigenvalues turn into statements on real eigenvalues. The proof
is consequently omitted.

THEOREM 4.5. Let A € Moy, x2,(C) be diagonalizable.

1. Assume that A is per-Hermitian. Then A is perplectic diagonalizable if and only if for any real
eigenvalue X € o(A) and some basis vy, . .., v, of the corresponding eigenspace, the matriz V¥ Ry, V
forV.=1[v1 -+ vy ] has equally many positive and negative real eigenvalues.

2. Assume that A is perskew-Hermitian. Then A is perplectic diagonalizable if and only if for any
purely imaginary eigenvalue A € o(A) and some basis v1,..., vy of the corresponding eigenspace,
the matriz V¥ Ry, V for V.= [v1 -+ vy | has equally many positive and negative real eigenvalues.

The following Corollary 4.6 is an immediate consequence of Theorem 4.5 and is the analogous result to
Corollary 4.4 for per(skew)-Hermitian matrices.
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COROLLARY 4.6.

1. A diagonalizable per-Hermitian matriz A € May w2, (C) is always perplectic diagonalizable if A has
no purely real eigenvalues.

2. A diagonalizable perskew-Hermitian matrix A € Moy, x2,(C) is always perplectic diagonalizable if A
has no purely imaginary eigenvalues.

EXAMPLE 4.7. According to Corollary 4.6 a skew-Hermitian and per-Hermitian matrix A € My, x2,(C)
is always perplectic diagonalizable, since it is diagonalizable and has only purely imaginary eigenvalues.
Moreover, according to the discussion preceding Proposition 4.1, any eigenvalue p € iR of A comes with its
complex conjugate i with p and 7 having the same multiplicity. Therefore, if iA1,...,iA,, —iA1,. .., —iA,
are the eigenvalues of A (\1,..., A, € R), a similar analysis as in the proof of Theorem 4.3 shows that there
exists a perplectic matrix P € My, 2, (C) such

A1

with D = € M, xn(R).
An

I ) .
D=P AP—[ Z'RnDRn:|7

Now let Q = % [_f}%n 7}'5‘"] € Moy x2n(C). It follows from a direct calculation, that @ is perplectic. In

consequence, the product P; = P(Q is perplectic, too, and we obtain
A1
, D= € My xn(R).
An

-D

(46)  P'AP=Q '(PT'AP)Q=Q7'DQ = R,DR,

This shows that a skew-Hermitian and per-Hermitian matrix A € Ma,x2,(C) can always be perplectic
diagonalized as well as perplectic “anti”’-diagonalized. Notice that, in the form (4.6), the elements on the
anti-diagonal of Py 'AP, are real. In the context of real matrices and the bilinear form [z,y] = 7 Ra,y
(for z,y € R?"), the existence of the form (4.6) with A, P; € Ma,x2,(R), has already been proven in [14,
Theorem 7.1]. In particular, it is shown in [14] that P, can be constructed to be orthogonal, too. The
perplectic matrix P; in (4.6) can be constructed to be unitary as a consequence of the results from [20,
Section 10.2].

5. Normal structured matrices. In this section, we analyze the matrix structures from Section 4
assuming the matrix at hand is additionally normal. Recall that a matrix A is called normal if A7 A = AAH
holds. It is well-known that for any normal matrix A € Ma,x2,(C) there exists a unitary matrix @ €
Ma,x2n(C), so that QT AQ = D = diag(\1, ..., \2,) is diagonal (where Aq, ..., A2, € C are the eigenvalues
of A) [9]. Now partition @ and D as Q = [@Q1 Q2] with Q1,Q2 € Ma,xn(C) and D = Dy & Dy with
Dy = diag(\1, .-, A\n), D2 = diag(Ant1, - - -, A2n) € M5, (C). We now obtain from Q¥ AQ = D that

D H
(5.7) A= [Ql Q2] [ ! DJ {g}q} =QD1Q + Q2D2QY = E+F
2
holds, where E = Q1 D1Q¥, F = Q2D2Q% € Ma,,x2,(C). Notice that E and F are normal for themselves.
Moreover, since @ is unitary, i.e., Q7 Q = QQY = I,,, we have Q¥ Qs = Q¥ Q, = 0. It is now seen directly

that EF = FFE = 0 holds. Beside this property there are no more obvious relations between E and F.
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This situation changes whenever the normal matrix A is (skew)-Hamiltonian or per(skew)-Hermitian. In
case of symplectic or perplectic diagonalizability, the matrices F and F are related in a particular way. This
relation between E and F' is investigated in this section giving some new insights on the symplectic and
perplectic diagonalization of those matrices. To this end, the following subsection provides some facts about
Lagrangian and neutral subspaces which will be of advantage for our discussion in the sequel. This section
is based on [20, Chapter 10].

5.1. Lagrangian subspaces. Let [z,y] = 2 By be either the perplectic form with B = Ry, or the
symplectic form with B = J,, on C?” x C?". In this section, we briefly collect some information about
neutral subspaces® with respect to the indefinite inner product [z,y] = z By. At first, it is obvious that
the set of all neutral subspaces in C2" constitutes a partial order under the relation of set-inclusion. That
is, for any neutral subspaces F, G, H C C?" we have reflexivity (F C F), transitivity (F € G,G C H yields
F C H) and anti-symmetry (F C G,G C F yields F' = G). Moreover, for any chain of neutral subspaces
Fy C F5 C --- C F}, the space Fj contains all other spaces from this chain [7, Definition O-1.6]. In other
words, each chain of subspaces has an neutral subspace as an upper bound. According to the lemma of Zorn
[23], these facts lead to the observation that the (partially ordered) set of neutral subspaces has maximal
elements. The next proposition presents an upper bound for the dimensions of neutral subspaces.

PROPOSITION 5.1. For the symplectic inner product [z,y] = xf Jony and the perplectic inner product
[z,y] = 2 Ra,y on C?* x C2" the mazimal possible dimension of an neutral subspace is n.

Proof. For the Hermitian form [z,y] = 2 Ry,y on C?" x C?" the statement is proven in [8, Theorem 2.3.4]
noting that R, has only the eigenvalues +1 and —1 with multiplicity n. The statement for the symplectic
form follows from the same theorem taking into account that the skew-Hermitian form [z, y] = 2 Js,,y and
the Hermitian form [z, y] = 2 (i.J2, )y have the same neutral subspaces and i.Jo,, has eigenvalues +1 and —1
again with multiplicities n. 0

Notice that im(S;) and im(Ss) for any symplectic matrix [S1  S2] € Mapx2,(C), Sj € Maypxn(C), are
neutral of dimension n, i.e., Lagrangian (the same holds analogously for perplectic matrices). Thus, the
bound given in Proposition 5.1 is in both cases sharp. Now it is clear that im(S7) has to be a maximal
neutral subspace. The following proposition makes a statement on the dimensions of all other maximal
neutral subspaces.

PROPOSITION 5.2. For the symplectic inner product [z,y] = x Jo,y and the perplectic inner product
[z,y] = 2 Ropy on C?" x C* all mazimal neutral subspaces have the same dimension. In particular, an
neutral subspace is maximal if and only if it is Lagrangian.

Proof. The statement for the Hermitian form [z, y] = 2 Ry, y is proven in [2, §4.2]. The statement on
the symplectic form [x,y] = x1 J5,y follows again from the fact that the Hermitian form [z,y] = 2 (iJ2, )y
has the same neutral subspaces as [z,y] = 2 Jo,y. 0

The statement of the following corollary will be important in the upcoming sections.

COROLLARY 5.3. For the symplectic inner product [x,y] = xfJo,y and the perplectic inner product
[z,y] = 2 Rany on C?" x C2", each neutral subspace of C*" is contained in a Lagrangian subspace.

Proof. Let F C C?" be any neutral subspace. Then dim(F) < n holds according to Proposition 5.1.

2The results from this section (in particular, Corollary 5.3) are likely to be known although they are not readily found in
the literature. They have already been stated in [20, Section 10.1].
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As the set of all neutral subspaces of C?" is partially ordered and has maximal elements, there is always
a maximal neutral subspace G C C2" that contains S. As all maximal neutral subspaces are Lagrangian
according to Proposition 5.2, the statement follows. 0

5.2. Normal (skew)-Hamiltonian matrices and symplectic diagonalizability. In this section,
we consider normal (skew)-Hamiltonian matrices and analyze their properties with respect to (simultaneous)
symplectic and unitary diagonalization. A key fact used in the subsequent analysis is that matrices which
are unitary and symplectic (for which we use the abbreviation unitary-symplectic) have a very special form,
cf. Proposition 5.4 (see also [19]). Theorem 5.5 shows that unitary and symplectic diagonalizations of any
normal (skew)-Hamiltonian matrix are always compatible and simultaneously achievable. This is the basic
insight underlying the decompositions presented in Theorem 5.6.

PROPOSITION 5.4. A matriz Q € Mayxon(C) is unitary-symplectic if and only if Q = [V JL V] for
some matriz V. € Mayxn(C) with VAV = I, and VI J,,V = 0.

Proof. Let Q@ = [Q1 Q2] be unitary-symplectic with Q1,Q2 € Ma,x,(C). As Q is unitary we have
QP Q = I, and as it is symplectic Q¥ J5,,Q = Ja,, holds. Multiplying the latter with @ from the left gives
Jon@Q = QJay, s0 Q commutes with Jy,,. From this relation it follows that J5,Q1 = —Qa, i.e., Q2 = JL Q.
Moreover, from Q¥ J5,Q = Jo, it follows that Q¥.J5,Q; = 0. Now let Q = [V JL V] with VEV = [,
and V7 .J,,V = 0 be given. We have

H

v gzv]" g v JEV] ={ v

_[VH T,V vy 1 I,
VH Iy, -1, ’

Jon V] =
} an [V V= |y ~VHIIV
which yields Q' J,@Q = Ja,,. This completes the proof. 0

In other words, Proposition 5.4 states that Q = [V JL V] € Mg, »2,(C) is unitary-symplectic if and
only if the columns of V' € Ma,«,(C) are orthonormal and span a Lagrangian subspace. Recall that a
diagonal Hamiltonian matrix D € Mg, x2,(C) has the form

~ D 0 . .
(5.8) D= 0 DH with D = diag(A1,...,An) € Myxn(C).
The following Theorem 5.5 gives a condition for the existence of a unitary-symplectic diagonalization of
a normal (skew)-Hamiltonian matrix. In particular, it turns out that the symplectic diagonalizability is
always sufficient. We prove the statement only for Hamiltonian matrices as the proof works analogously in
the skew-Hamiltonian case.

THEOREM 5.5. A normal (skew)-Hamiltonian matriz A € May, «2,(C) is symplectic diagonalizable if and
only if it is unitary-symplectic diagonalizable.

Proof. (=) Let A € May, x2,(C) be normal Hamiltonian and symplectic diagonalizable viaT € May, x2,(C),
ie.,

T AT = |:D _DH:| ) THJ2nT: Jon, D:diag()\l,...,)\n).

Let T = [T7 Ty with Ty = [ty -+ t,],To € Mapxn(C). The fact that TH.Jy, T = J, holds reveals
that span(ty,...,t,) is a Lagrangian subspaces (as is span(73)). Due to the normality of A, eigenspaces
for different eigenvalues of A are orthogonal to each other. Whenever any \; appears r times in D (in

positions ji,...,jr, say), we orthogonalize and normalize the corresponding eigenvectors ¢;,,...,t; from
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T, obtaining sj,,...,s;.. In particular, whenever )\, appears only once in D (in position k), the sole
eigenvector t; is replaced by its normalized version s, = t/[/tx|l2. The n vectors obtained from this
orthogonalization procedure are collected in a matrix S € Ma,x,(C), that is, S =[s1 -+ s, ], and we set
S=[S JZLS]EManxzn(C). Now s1,...,s, are n orthonormal eigenvectors of A with span(T;) = span(S),
i.e., span(.S) is still Lagrangian. According to Proposition 5.4 S is unitary-symplectic. Moreover,

SH
SH I

SHAS — SHAJLS

T._QH A4 _
(5.9) A= S5TAS = [ SH Jon AS  SH Jon Adon S|

} A[S JLS] =
As AS = SD holds (following from AT} = Ty D and the construction of S), we have SHAS = D in (5.9)
using the fact that S#.S = I,,. Moreover, SH Jan AS = SH Jo,SD = 0 holds since im(S) is a Lagrangian
subspace, i.e., S7.J,,S = 0. As S is symplectic, A remains to be Hamiltonian. This implies SH JgnAJgnS
in (5.9) to be equal to —DH . Therefore, we showed that Ais actually upper-triangular. However, since S
is unitary, the normality of A is preserved in A. As a normal upper-triangular matrix must be diagonal,
SHAS is a unitary-symplectic diagonalization of A.

(<) This is clear. |

The next Theorem 5.6 states a special property of normal Hamiltonian matrices A € Mg, x2,(C) which
are symplectic diagonalizable. In this case, the unitary-symplectic diagonalizability according to Theorem 5.5
reveals the existence of a specially structured additive decomposition of A similar to the one from (5.7). As
will be shown next, this decomposition is actually equivalent to A being symplectic diagonalizable. Theorem
5.6 is the main result of this section.

THEOREM 5.6. A matriz A € May,x2,(C) is normal Hamiltonian and symplectic diagonalizable if and
only if A= N — N* for some normal matrix N € Moy, x2,(C) satisfying NN* = N*N = 0.

Proof. (=) Let A € May,x2,(C) be normal Hamiltonian and assume that A is symplectic diagonalizable.
According to Theorem 5.5, there exists a unitary-syplectic diagonalization U% AU = Dof A and, by Propo-
sition 5.4, U = [V JH V'] for some matrix V € My, x,,(C) with VZV = I, and V#.J,,V = 0. Moreover, D
has the form given in (5.8) for some matrix D = diag( A1,...,An ) € Myxn(C). Then

D 0 vH
(5.10) A=UDU" =[v JHEV] [ 0 DH} [VH Jzn]
=VDVH - JJVDHIVH Iy, = N — N*

for N := VDVH. Moreover, N is normal as NN¥ = VDVHVDHVH = VDDHVH coincides with NEN =
VDHDVH since D is diagonal. Furthermore, we have

NN*=VvDVH* (Il vDVH I,) = ~=VD(VH 15, V) DHVH J5, = 0
as VH J,,V = 0. Similarly, it can be seen that N*N = 0 holds.

(<) Now assume that A = N — N* holds for some normal matrix N € Ma,, x2,(C) with NN* = N*N =
O2nx2n- Then A is Hamiltonian since A* = (N — N*)* = N* = N = —(N — N*) = —A. Furthermore, we
have

AP A= (N - N E(N - N*)=NEN — (N )IN - NEN* 1 (N*) I N*,

5.11
(5-11) AA" = (N = N*)(N — N7 = NN - N*NH — N(N*)H + N*(N*)H



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 36, pp. 21-37, January 2020.

http://repository.uwyo.edu/ela ! S

33 Structure-preserving Diagonalization of Matrices in Indefinite Inner Product Spaces

Recall that the normality of N* follows directly from the normality of N. With this observation, the
assumption NN* = N*N and the normality of N* imply N(N*)# = (N*)# N according to [9, Section 2(6)].
Similarly, we obtain N* N = N# N* and both expressions in (5.11) coincide. Thus, A is normal.

Moreover, as N*N = JQT,LNHJ%N = 0, multiplication from the left with Ja,, yields N¥.Jy, N = 0, so
the columns of N span an neutral subspace. Furthermore, N*N = 0 implies im(N) C null(N*) which yields
rank(N) < n since®

rank(N) = dim(im(N)) < dim(null(N*)) = 2n — rank(N*) = 2n — rank(N).

Now, the normality of N and rank(N) < n imply that there exists a diagonal matrix D € M, x,(C),
rank(D) = rank(N), and a matrix V' € Ma, x,(C) with orthonormal columns (i.e., VEV = I,) so that
N =VDVH, Ifrank(N) = k < n, then D has n — k eigenvalues equal to zero. Without loss of generality,
we assume that these zeros appear in the trailing n — k diagonal positions in D. The expression of N implies
N* = JQT;LNHJM = JQI;LVDHVHJ%. Therefore, A can be expressed as

(5.12) A=N-N*=VvDVH —JIvDHVH ], .
With D := [D _DH] and U := [V JL V], we observe in accordance with (5.12) that

VH

~ D
(5.13) Uput =[v JiV] { B DH} [VH o

} =VvDVH — gL vDAVH ], = A.
Then, obviously, U7 AU = D is diagonal. Unfortunately, as long as V#.J,,V = 0 does not holds, U will
neither be unitary nor symplectic. This will only hold if im(V') is a Lagrangian subspace. Then, in fact,

Proposition 5.4 applies and the theorem is proven. We have to distinguish between the two cases rank(NN) = n
and rank(N) =k < n.

Case 1: rank(N) = n. Obviously rank(N) = n is equivalent to dim(im(XN)) = n. Then we have rank(D) =
n, and therefore, im(N) = im(V) is a Lagrangian subspace. As VHV = I, holds, Proposition 5.4
yields that U is unitary-symplectic and UH AU = Disa unitary-symplectic diagonalization of A.

Case 2: rank(N) = k < n. Recall that we assumed the n — k eigenvalues of D which are equal to zero to
appear in its trailing n — k diagonal positions. Then, if V = [v; --- v, ] it is immediate that im(N)
coincides with the span(vy,...,v). In other words, the last n —k columns vyy1, ..., v, of V have no
contribution to the matrices N, N* or A at all. Therefore, as long as the orthogonality constraint
is met, vg41,...,v, can be replaced by any other columns without changing the expression of A
in (5.13). Now we take Corollary 5.3 into account. As span(vy,...,v;) = im(N) is an neutral
subspace (of dimension k), it is properly contained in a Lagrangian subspace. Therefore, there exist
n — k vectors V41, .. .,0, € C* such that span(vy,..., v, Vks1,-..,0,) is a Lagrangian subspace.
If ¥g41,..., U, are chosen so that

V= [vl Cee Vg Vg1 c En} € Moy xn(C)
has orthonormal columus, i.e., VHY = I,,, we obtain

‘7H

- —VDVHE _ JTVDHVH ], — A.
VH I, 2n 2

(5.14) [\7 Jg;f/} [D

]

3 Alternatively, rank(N) < n follows from the isotropy of im(N) using the result from Proposition 5.1.
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Now the matrix U := [V JQJ;LV] € Map x2,(C) is unitary-symplectic according to Proposition 5.4
and UFAU = D is a unitary-symplectic diagonalization of A. 0

REMARK 5.7. Consider once again the proof of Theorem 5.6 and a decomposition A = N — N* for some
normal Hamiltonian matrix A € Mg, x2,(C) with NN* = N*N = 0 and normal N € Ma,,«2,(C).

1. For the matrix N € Mgy, x2,(C) it always holds that rank(N) = rank(N*) < n and im(N), im(N*)
are neutral subspaces. Moreover, as AN = (N — N*)N = N2 and AN* = (N*)?2, both im(NN) and
im(N*) are invariant for A. In conclusion, im(NN) and im(N*) are invariant Lagrangian subspaces
for A if rank(N) = rank(N*) = n

2. If (A, v) is an eigenpair of N, i.e., Nv = v, and A # 0, then

1

1 1
1 ~(N — N*)Nv = —N?%v = \v,

Av = )\( \

N —N*)(\w) =
so A is an eigenvalue of A with eigenvector v. In particular, we have o(N) \ {0} C o(A). Similarly,
it can be shown that o(N*)\ {0} C o(A). In conclusion, whenever rank(N) = rank(N*) = n, the
matrix A is nonsingular (i.e., 0 ¢ o(A)) and it holds that (c(N) U o(N*)) \ {0} = o(A).

The additive decomposition A = N — N* € Mg, «2,(C) (for N being normal with NN* = N*N = 0)
proven in Theorem 5.6 can be used to easily derive some nice consequences whenever not A itself but some
expression in A is considered. One such situation is given by considering the exponential of A [10, Section 10].
Recall that the exponential of a Hamiltonian matrix yields a symplectic matrix [21, Section 7.2].

EXAMPLE 5.8. Let A = N—N* € Mg, «x2,(C) be normal Hamiltonian with some normal N € My, x2,(C)
satisfying NN* = N*N = 0. Considering the exponential exp(A) of A we obtain

exp(A) = exp(N — N*) = exp(N) exp(—N*) = exp(N) exp(N*) " = exp(N) exp(Jz, N o) 7

= exp(N) (J;;l eXp(NH)Jgn)_1 = exp(N) (Jg;l eXp(N)HJgn)_1 = exp(NV) ( exp(N)*)_l,
where we have used the facts that exp(—N*) = exp(N*)~! and exp(J;,! N7 .J,) = J5, " exp(N) Jyy,, cf.
[10]. Notice that the exponential of a normal matrix remains to be normal. Therefore, the symplectic and
normal matrix exp(A4) can be decomposed as S(S*)~! = SS~* for some normal matrix S € Mgy, x2,(C). If
A = N 4+ N* is skew-Hamiltonian with N normal and NN* = N*N = 0, the same derivation shows that
exp(A) = SS8* (for S = exp(N)) revealing nicely the maintained skew-Hamiltonian structure. Certainly,
exp(A) is again normal.

Theorem 5.6 directly extends to normal skew-Hamiltonian matrices which are unitary-symplectic diago-
nalizable. To this end, notice that a diagonal skew-Hamiltonian matrix De Moy, x2,(C) has the form given
n (4.4). Thus, the only significant difference comparing the proofs of Theorem 5.9 and Theorem 5.6 above
is a change of sign. Consequently, the proof of Theorem 5.9 is omitted.

THEOREM 5.9. A matrix A € Mayx2,(C) is normal skew-Hamiltonian and symplectic diagonalizable if
and only if A= N + N* for some normal matrix N € Moy, x2,(C) satisfying NN* = N*N = 0.

As the next example shows, the special additive decomposability of a normal skew-Hamiltonian matrix
A= N+ N* € Mapxan(C) (with N normal and NN* = N*N = 0) carries over to other matrix functions
as, e.g., matrix roots. In particular, a matrix root of A can be expressed by an analogous decomposition as
A replacing N by its matrix root.
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EXAMPLE 5.10. Let A = N 4+ N* € My, x2,(C) be nonsingular, normal and skew-Hamiltonian with
N =VDVH asin (5.10) and D = diag(\y,. .., \,) such that

~ D 0 vH
vt [} B[

=VvDVH 4 JEVDHVH J, = N 4 N*.

Define D'/2 = diag()&ﬂ, e /\3/2) and N'/2:= VDY2VH (where /2 denotes any square root). Then N1/2
is a square root of N, that is, (N'/2)2 = N. Moreover, ((N'/2)*)2 = N* can be verified by a direct calculation
and it still holds that N'/2(N1/2)* = (N'/2)* N1/2 = () due to the construction of N'/2. Therefore, we obtain

(N1/2 + (Nl/Q)*) (N1/2 + (N1/2)*) — (N1/2)2 +N1/2(N1/2)* + (NI/Q)*NI/Q + ((Nl/Q)*)Q
=N+N*"=A,

and N1/ 2H(N 1/ 2)* is a normal skew-Hamiltonian square root of A which is, by Theorem 5.9, again symplectic
diagonalizable. Certainly, this result can be generalized to arbitrary matrix pth roots for any p € N.

5.3. Normal per(skew)-Hermitian matrices and perplectic diagonalizability. Now we turn our
attention to normal matrices which are per-Hermitian or perskew-Hermitian and analyze their properties with
respect to unitary and perplectic diagonalization. The main statements are similar to the previous results
from Section 5.2 although the indefinite inner product [x,y] = ¥ Ry, on C?" x C?" under consideration is
now Hermitian instead of skew-Hermitian. We begin with the characterization of matrices which are both
unitary and perplectic in Proposition 5.11 (we use the abbreviation unitary-perplectic for these matrices).
The statement analogous to Theorem 5.5 on unitary-perplectic diagonalizability is presented in Theorem
5.12 whereas the analogous results to Theorem 5.6 and 5.9 are given in Theorem 5.13.

PROPOSITION 5.11. A matriz Q € Mayuxo,(C) is unitary-perplectic if and only if @ = [V Re, VR, ]
for some matriz V € Moy« (C) with VAV = I, and VZ Ry, V = 0.

Proof. Let @ = [Q1 Q2] be unitary-perplectic with Q1,Q2 € Mo, x,(C). As @ is unitary we have
QP Q = I, and as it is perplectic Q Ry,@Q = Ry, holds. Multiplying the latter with @ from the left gives
Ry, Q = QRay, so QQ commutes with Ra,. Matrices satisfying this condition are known as centrosymmetric
[1, Definition 2.2]. It is easy to see that any centrosymmetric matrix C' € Mo, x2,(C) is symmetric with
respect to the center of it and thus can be expressed as C = [W  Ry,WR, ] for some W € Ma,«,(C).
Moreover, any matrix of the form of C' is centrosymmetric for any W. Now let Q = [V Rs,V R, ] with
VHYV =1, and VI Ry, V = 0 be given. Then we have

VH
RnVHRQn
VHR,,V  VHVR, ] _ R,
R, VAV R,VHR,,VR,| |R» ’

V' RanVR]"™ Ron [V Rgnvzzn]:[ }Rm V' RanVR.]

which gives Q¥ Ry,,Q = Ry,. This completes the proof. ]

The analogous result to Theorem 5.5 is stated in the following proposition.

THEOREM 5.12. A normal per(skew)-Hermitian matric A € May, w2, (C) is perplectic diagonalizable if
and only if it is unitary-perplectic diagonalizable.
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The proof of Theorem 5.12 goes along the same lines as that of Theorem 5.5 noting that, for any per-
plectic matrix P =[Py P € Mapx2,(C) with Py, Py € Moy, »n(C), span(P;) and span(P,) are Lagrangian
subspaces. The same orthogonalization procedure of the eigenvectors of A given by the columns of P; as dis-
cussed in the proof of Theorem 5.5 then admits the construction of a unitary-perplectic matrix (characterized
by Proposition 5.11) which diagonalizes A.

Notice that a diagonal per(skew)-Hermitian matrix De Mas;, 520 (C) has the form

(5.15) D= with D = diag(A1,..., An) € My (C).

D

+R,D"R,
The characterization of unitary-perplectic matrices in Proposition 5.11 together with (5.15) admit a proof
analogous to that of Theorem 5.6 for the following results.

THEOREM 5.13.

1. A matric A € Mapxan(C) is normal per-Hermitian and perplectic diagonalizable if and only if
A= N + N* for some normal matrix N € Mo, «x2,(C) satisfying NN* = N*N = 0.

2. A matriz A € Moy, x2,(C) is normal perskew-Hermitian and perplectic diagonalizable if and only if
A= N — N* for some normal matric N € Moy, x2,(C) satisfying NN* = N*N = 0.

Comparing Theorem 5.6 and Theorem 5.9 to Theorem 5.13 notice that the decomposition A = N + N*
always carries a ‘—’ sign whenever A is skewadjoint and a ‘4’ sign if A is selfadjoint with respect to the
indefinite inner products [z,y] = ¥ J5,y and [z,y] = 2 Ry, y, respectively. It can be shown analogously
to Example 5.8 that the exponential exp(A) of any normal per(skew)-Hermitian matrix A = N £ N* (with
normal N € My, 2, (C) satisfying NN* = N*N = 0) can be expressed as exp(A) = PP** for the normal
matrix P = exp(N). In particular, whenever A is normal perskew-Hermitian, then exp(A4) is normal and
perplectic with an expression of the form exp(A) = PP~* for a normal matrix P. Similarly, the result from
Example 5.10 extends by the same reasoning to per-Hermitian matrices.

6. Conclusions. In this work, we analyzed (skew)-Hamiltonian and per(skew)-Hermitian matrices
under the viewpoint of structure-preserving diagonalizability. We showed that the symplectic and perplectic
diagonalization of such matrices is possible if and only if certain conditions apply to their real or purely
imaginary eigenvalues and corresponding eigenspaces (cf. Theorems 4.3 and 4.5). This diagonalizability
condition turned out to be essentially the same for (skew)-Hamiltonian and per(skew)-Hermitian matrices
although their structures are determined by a skew-Hermitian indefinite inner product and a Hermitian
indefinite inner product, respectively. We conferred special attention to those structured matrices which are
additionally normal. In this case, it was shown that an existing symplectic or perplectic diagonalization is
a sufficient criterion to guarantee a diagonalization by a unitary-symplectic or unitary-perplectic similarity
transformation to exist (Theorems 5.12 and 5.5). For normal (skew)-Hamiltonian and per(skew)-Hermitian
matrices it was proven that a symplectic or perplectic transformation to diagonal form implies the existence
of a structured additive decomposition of such matrices. In turn, such an additive decomposition was shown
to imply the matrix at hand to be unitary-symplectic or unitary-perplectic diagonalizable and gave an
alternative characterization of such matrices (Theorems 5.6, 5.9 and 5.13). The proof of this fact essentially
required the knowledge that every neutral subspace is contained in a maximal neutral subspace (the latter
has been called Lagrangian subspace, cf. Corollary 5.3). Throughout this work, some examples have been
provided to illustrate the obtained results.
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