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C-NORMAL OPERATORS*

MAREK PTAK'!, KATARZYNA SIMIK!, AND ANNA WICHER!

Abstract. A new class of operators, larger than C—symmetric operators and different than normal one, named C-normal
operators is introduced. Basic properties are given. Characterizations of this operators in finite dimensional spaces using a
relation with conjugate normal matrices are presented. Characterizations of Toeplitz operators and composition operators as
C-—normal operators are given. Bunches of examples are presented.
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1. Introduction and main definition. Let 7 be a complex Hilbert space and denote by L(#H) (by
LA(H), respectively) the algebra (the space, respectively) of all bounded linear (antilinear, respectively)
operators in the space H. The theory of selfadjoint and normal operators has been developed for many
years. However, there are many operators which do not belong to those classes. On the other hand, a
complex Hilbert space can be equipped with additional structure given by conjugation C, i.e., antilinear
isometric involution; (C € LA(H), C?> = I and (h,g) = (Cg,Ch) for all h,g € H). Such a structure
naturally appears in physics, see [8]. On the other hand, conjugations are related to adjoint operators in
the antilinear sense. Following Wigner (see [17]), for antilinear operator X € LA(H), there is the unique
antilinear operator X* called the antilinear adjoint of X such that

(1.1) (Xz,y) = (z, Xty) forallz,y € H.

The antilinear operator X is called antilinear selfadjoint if X* = X. Conjugations are the examples of such
operators since C% = C.

Having a conjugation C on a space H, an operator T can be called C-symmetric if CAC = A*, see [9].
It turned out, see [4, Lemma 5.1], that operator A € L(H) is C—symmetric if and only if AC' is antilineary
selfadjoint, i.e., (AC)¥ = AC. The C-symmetric operators have applications in physics especially in the
quantum mechanics and the spectral analysis; let us recall monograph [14] and paper [1]. Authors send
the reader to [8] for more of Mathematical and physical aspects of complex symmetric operators. It is worth
to mention that C—symmetric operators have got interesting properties which was intensively studied, see
[9, 10]. For more references, see [8]. On the other hand, many natural operators belong to this class:
truncated Toeplitz, Voltera operators, normal operators and many others.

It is natural to search for the larger class of operators than C—symmetric ones. Having in mind classical
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selfadjoint and normal operators, it is natural to put forward the following:

DEFINITION 1.1. An operator N € L(H) is called C-normal if

(1.2) NC(NC)* = (NO)*(NCO).

The definition refers to definition of normality for antilinear operators, see [17]. Namely, an antilinear
operator X € LA(H) is called antylinearly normal if

(1.3) X Xf= XX,

After stating the main definition the aim of the paper is to give equivalent conditions and basic properties
of C—normal operator, Section 2. The next section is devoted to C-normal operators in finite dimensional
Hilbert spaces. Section 3 shows the relation between C—normal operators and conjugate normal matrices;
in fact we fully characterized the C—normal operators. The following sections concern finding a class of
examples in various natural Hilbert spaces having a natural conjugations. Section 4 concerns multiplications
operators in L? type spaces. Section 5 concerns Hardy space H? with some natural conjugation. Section
6 deals with composition operators. Especially interesting there are classes of C—normal operators being
neither normal (in classical sense), nor C—symmetric, nor C—skew—symmetric. Theorems 6.6 and 7.3 give
collections of such operators. Authors think that this paper proves that C—normal operators form widely
enough class of operators. On the other hand, we hope there will be many theorems and properties of classical
normal operators which can be moved to this new class and which should be of the future investigations.

2. Equivalent conditions and basic examples. Let H be a complex Hilbert space with conjugation
C. An operator A € L(H) is called C-symmetric it CAC = A*. It is called C—skew-symmetric it CAC =
—A*. The immediate consequence of the definition of C—normality (Definition 1.1) is that C—symmetric
operators and C—skew—symmetric operators are C—normal.

The paper concentrates on examples of C—normal operators which are neither C—cymmetric nor C—
skew—symmetric, but let us recall two classes of C—symmetric operators, so also C—normal, to give a feeling
to the reader how large and important is the class of C—normal operators.

EXAMPLE 2.1. Let C be a conjugation in C” given by C(z1,...,2n) = (Zn,2Zn-1,...,21). The operators
are C—symmetric if and only if its matrix is symmetric according to “second diagonal”. (Notations are in
Sections 3 and 4. This is an immediate consequence of Lemma 4.1.)

Let m be the normalized Lebesgue measure on the unit circle T and let us consider space L? = L?(T,m).
The Hardy space H? is a subspace of those elements of L? which have negative Fourier coefficient equal to
0. One of the most interesting examples of C—symmetric, hence also C-—normal, operators are truncated
Toeplitz operators (TTO). (See [7] for more details about TTO.)

EXAMPLE 2.2. By Beurling’s theorem all subspaces which are invariant for the unilateral shift S in the
Hardy space H? (Sf(z) = z2f(z) for f € H?) can be written as §H?, where 6 is an inner function. Consider,
so-called, the model space Kj = H?> ©0H? and the orthogonal projection Pp: L? — KZ. A truncated Toeplitz
operator AZ with a symbol ¢ € L? is defined as

Al D(AY) C Ki — Ky ALf = Py(of)

for f € D(A%) = {f € Kj : of € L*}. If A% is bounded, it naturally extends to the operator in L(H).
The model space K? is equipped with natural conjugation Cy, Cpf = 0zf for f € KZ2. Denote by T (6) the
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set of all bounded truncated Toeplitz operators on Kj. As it was shown in [16, 7], operators from 7T (f) are
Cy—symmetric, hence Cy—normal.

We have the following equivalent conditions:

THEOREM 2.3. Let C be a conjugation on H and let N € L(H). The followings conditions are equivalent:

1
2

) N is C-normal,

) N* is C—normal,

) CNC is C—normal,
) CN*C is C-normal,
) CNN* = N*NC,

) CN*N = NN*C,
)

)

)

)

~N O Ut =~ W

CN(CN)t = (CN)}CN),
INChI| = |IN*h]||,
IN*Ch|| = [[NR]],

8
df 1

9
(10) Ny = 5(CN + N*C) and N_ g 1(CN = N*C) commute,
4 1 4

(11) Nt = 3(NC +CN*) and N~ 4 1(NC — CN*) commute.

(
(
(
(
(
(
(
(
(

Proof. We prove, for instance, equivalences (1) and (5), (1) and (6). Let’s assume (1). From (1.1) and
(1.2) we have following:

NCCN* =CN*NC,
and from Definition 1.1,
NN*=CN*NC.
Then, by covering the above equation from the left side by C, we get condition (5). Furthermore, by covering

the above equation from the right side by C', we get condition (6). ]

LEMMA 2.4. Let C be a conjugation in H. If N € L(H) is C—normal, then N, = CNCN and Ng =
NCNC' are normal.

ExaMPLE 2.5. The reverse implication is not true, which follows from the following example. Let
H =C? O(z1, 22, 23) = (73, 72, 71) and

=

Il
o O O
O O =
o O O

Next, we will present some results on relations between C—normal operators and unitary ones.
PROPOSITION 2.6. Let C' be a conjugation in H and U € L(H) be a unitary operator. Then:

(1) U is C—normal,

(2) UCU* is a conjugation,

(3) CUC is unitary,

(4) if T is C—symmetric, then UTU* is UCU*-symmetric,

(5) if N is C—normal, then UNU* is UCU* -normal,

(6) moreover, if U is C—symmetric, then
(a) if T is C—symmetric, then UTU* is C-symmetric,
(b) if N is C—normal, then UNU* is C—normal.
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PROPOSITION 2.7. Let C be a conjugation in H and let U € L(H) be unitary operator. An operator N
is C—normal if and only if U*NCUC (U*C N UC, respectively) is C—normal.

It is a consequence of the following:

LEMMA 2.8. Let X € LA(H) and let U € L(H) be unitary operator. If X is antilinearly normal, then
U*XU 1s also antilinearly normal.

Proof. The direct computation shows that

(U*XU) (U*XU)* = U*XUU*(U*X)* = U*XX*U
=U'X'XU = U XU U XU
= (U*XU(U*XU). O

Let h,g € H then, by h® g € L(H) we will denote rank one operator given by (h ® g)z = (x,g) h for
reH.

LEMMA 2.9. Let C be a conjugation in H. Let x,y,h,g € H. Then:
(1) (h®g) =g&h,

(2) C(h®g)C =Ch® (g,

(3) (heg)(z®y)=(z,9)h®y.

Let H be a complex Hilbert space with conjugation C. Direct calculations show that all C—normal
rank—one operators have the form h ® Ch, where h € H. This operators are C—cymmetric, see [13]. Hence,
there can be found interesting examples among rank—two or rank—three operators. Let dim 7 > 3. Then,
by [8, Lemma 2.1], there is an orthonormal basis {ej} such that Cej, = ej. Denote h = f(el +iez), g =e3
then h, Ch, g are orthonormal. Let us consider two operators

A =h@h+h®@Ch+Ch®h—-Ch®Ch,
Ay=hRCh+g®h+29g29g+2Ch®@h—-Ch®yg.

A direct calculation, using Lemma 2.9, shows that operators A; and Ay are neither C—symmetric, nor
C—skew—symmetric, but they are C—normal. Moreover, the operator As is neither selfadjoint nor normal.

3. Finite dimensional case. Let M,, denote the algebra of all n x n complex matrices. Except the
algebra structure, which was recalled, there are some operations on matrices which are defined as follows;
let M = [a;i] € M, then we denote

M = [a;r), M' = [ag], M* = [ar;], M® = [an_ji1 n—kt1]-

We will call the matrix unitary if its columns (or rows) form an orthonormal basis.

Let us recall relations between antilinear operators and matrices. Let X € LA(C™). Let eq,...,e, be
an orthonormal basic in C". There is a matrix My = [a;jx] such that for any z = >, _, (z,ex)e, € C™ we
have

n n
E E aji (x,ex)

j=1 k=1
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Moreover, aj, = (Xeg,e;). The matrix Mx will be called a matriz representation of antilinear operator X
as to basis ej,...,e,. (The standard matrix for linear operator T € L(C") is also denoted by Mrz.) The
following properties hold.

LEMMA 3.1. Let X, Y € LA(C"™) and T € L(C™). Let Mx,My,Mr be a matriz representation of
operators X, Y, T as to certain orthonormal basis ey, ..., ey, respectively. Then:

There is quite large literature concerning conjugate normal matrices.

DEFINITION 3.2 ([6]). Matrix M € M,,(C) is conjugate normal if

MM* = M*M.

The theorem bellow shows the relationships between antilinearly normal operators and conjugate normal
matrices.

THEOREM 3.3. Let X € LA(C™). Then X is antilineary normal if and only if the matriz Mx is
congugate normal.

Proof. The antilinear operator X is antilinearly normal, if (1.3) is fulfilled, which is equivalent to
Mx x: = My:x.

By Lemma 3.1, we have
MxMy: = MxsMx

and
My M = T M x.

REMARK 3.4. Let M € M,, be a conjugate normal matrix and M, be an unitary matrix. As it was
observed in [6, Condition 4.13], the matrix M, MM! was also conjugate normal. On the other hand,
having fixed orthonormal basis, if matrix M is the matrix of some antilinear operator X € LA(C™), i.e.,
M = Mx and matrix M, is a matrix of unitary operator U € L(C"), i.e., M,, = My then, by Lemma 3.1,
MuMME = MUMXME = Myxy+~ and UXU* is antilineary normal (see Theorem 3.3, or else Lemma 2.8).

Recall after [5, 6] the following theorem characterizes conjugate normal matrices.

THEOREM 3.5. Let matriz M € M, be conjugate normal. Then there is unitary matriz M, € M,, such
that matriz My = M, MM, where My is block diagonal matriz with block diagonal matrices (Md); of size
1x1 and (Md);./ of size 2 X 2 of a form

(Mg); =[], 7>0 and (Md);' = { K tj] , 8520, t; eR.

—tj S

The consequence of the above is the following characterization of C—normal operators:
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THEOREM 3.6. Let C' be a conjugation in C". Let N € L(C™) be a C—normal operator. Then, there is
ungtary operator U € L(C™) such that

(1) N =U*(DC)(CUQC), noticing that U*, DC,CUC € L(C"), or
(2) N = (UC)*(DC)CU, noticing that (UC)*,CU € LA(C") and DC € L(C"),

where D is block diagonal operator given by block diagonal matrices (My); of size 1 x 1 and (Md);»’ of size
2 x 2 of a form

55t

(My), =1[ri], >0 and (Md)}/ = [ ] , 8520, t R

—lj S

Proof. Operator N is C—normal, and thus, NC'is antilinearly normal. Let us fix some orthonormal basis
in C™, for example canonical one. Hence, by Theorem 3.3, the matrix Myc of NC is conjugate normal. Now
by Theorem 3.5 there is a unitary matrix M, and specific block diagonal matrix M, described in Theorem
3.5 such that My = M, MycM!. Let D € LA(C™) be an antilinear operator represented by matrix My and
U € L(C™) be the unitary operator represented by the matrix M,. Then, Mp = MyMycM};, = Myncu-
by Lemma 3.1. Hence, D = UNCU* and we get (1). Condition (2) can be proved similarly starting with
CN. a0

4. Case of canonical conjugation in C". Let C,» be a canonical conjugation in C" given by
Cun(21,-.-y2n) = (ZnyZn-1,-.-,21). Recall the model spaces defined in Example 2.2. If we consider the
inner function 6(z) = 2" then C" can be seen as a model space C* = H2© 2" H?. Moreover, the conjugation
C.n is exactly the conjugation Cy with # = z" considered in Example 2.2.

LEMMA 4.1. Let T € L((Cn) and Mt = [aij]i': T Then MCZnTCzn = [&n—i+1 n—j—',—l]i_:l,‘..,n- That

j=1,...n j=1,...,n
means
a1 e A1n Qpp -~ an1
Con | 1 o 1| Cun=
(0275 I (€277 a1p a1l

By the second diagonal of the matrix M = [a;;] € M, we will mean the set of elements a;; such that
i+j=n+1

THEOREM 4.2. Let N € L(C™) be C,n—normal operator. Then, there is a unitary operator U € L(C™)
and the operator D € L(C™) having a matriz representation concentrated on the second diagonal given by
block diagonal matrices (M}); of the size 1 x 1 and (M]]); of the size 2 x 2 of the form (M}); = [ri], 7 =0

and (M}); = [tj K

}, s; 20, t; € R such that
it

(1) N =U D (ConU*Cyn ), which can be written using matriz representation as,

(2) My = My Mp, (Mg)".

Proof. By Theorem 3.6 (1) there is a unitary operator U € L(C™) and decomposition such that N =
U(Dczn)(can*Czn) where DC,» € L((Cn) (CZnU*CZn) € L(Cn) Define D = DC,» € L((Cn) and
applying Lemma 3.1 the operator D has got a suitable representation. Hence, we get (1). Applying Lemma
4.1, we obtain (2). 0
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EXAMPLE 4.3. For n = 3, having a canonical conjugation C,s(z1, 22, 23) = (Z3, 22, 21), all C,s—normal
operators have the matrix representation My M D(ij)t, where My is any unitary matrix and Mp =

0 0 r 0 0 m
t s 0|,7r>20,s20,tcRor Mp= |0 79 O], ry,re,r3=>0.
s —t 0 r3 0 0

5. C—normal operators on L? spaces. Now, we would like to find examples of C-normal operators
in L? spaces. Direct calculation shows the following:

PROPOSITION 5.1. Let (X, ) be a measure space. Let L*(X, i) be a space of complex valued functions

with conjugation C given by Cf(x) = f(z). Let p € L™ and M, be a multiplication operator on L*(X,p),
My,f =¢f. Then M, is C-symmetric, thus also C-normal.

Recall that any normal operator N € L(#) is unitary equivalent to the multiplication operator M., i.e.,
M, =UNU*, where U € L(H,L?*(X, ut)) is unitary. Let C be a conjugation in H such that (UCU*)f(z) =

f(z). Then N is C-normal. On the other hand, we have the following

EXAMPLE 5.2. Consider L?[0,1]. A conjugation C on L2[0,1] is given by (Cf)(t) = f(1—1t), t € [0,1].
Let ¢ € L* and consider M, € L(L?[0,1]), M, f = ¢f. It turns out, that operator M, is C-normal if and
only if |p[?(t) = |¢[*(1 — ).

ProPOSITION 5.3. Let M, € LQ(R,\/%eXp(f%)dm) and @ € L. Let conjugation C be given by

Cf(z) = f(—z). It turns out, that the operator M, is C-normal if and only if |¢|* is an even mapping.

6. C—normal Toeplitz operators on Hardy spaces. In the following section, we would like to
characterize C-symmetric, C-skew-symmetric, C-normal operators in the Hardy space H?. Recall that
L? = L?(T,m) and the Hardy space H? is its subspace of those elements of L? which have negative Fourier
coefficient equal to 0. Now, we will consider Toeplitz operators. Let ¢ € L™ = L°°(T, m) and define the
Toeplitz operator with symbol ¢ as

Tcpf = PH2(§0f)'

Note also after [2, Theorem 9] that conditions for a Toeplitz operator to be selfadjoint (i.e., a symbol
have to be real) or to be normal (i.e., a symbol have to be linear function of a real function) are very
restrictive. In the following section, we will show that, the classes of C—symmetric, C—skew—symmetric,
C—normal operators Toeplitz operators are much more wider. In fact, we fully characterize these classes of
operators with respect to some natural conjugations.

First natural conjugation (see [15, p. 103]) which can be studied is given by
(6.6) (Cof)(2) = f(2) for fe H.
In [11], for a given real &, 6, there was also considered more general conjugation given by
(6.7) (Cenf)(2) = € - [(e2).

The Hardy space has the natural basis ex(z) = zF k=0,1,... Note that Ceper, = e e e ke Z,.

LEMMA 6.1. Let Ceg, £,0 € R, be a conjugation on H? given by (Ceof)(2) = €€ - f(eiz). Let an
operator T € L(H?) be given by a matriz [ai]k1>0 as to the basis {er}rez,  i.e ap = (Tex,er). Then
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(1) the operator C¢ ¢T'Ce g has a matriz [bi)k, >0, bix = ei(k_l?e aik,
(2) the operator T is C¢g-symmetric if and only if ay, = k=00 k1 > 0; in particular a; are
arbitrary,
(3) the operator T is C¢ g—skew-symmetric if and only if ay, = —eh=00g,, Kl € Zy ; in particular
ay = 0.

Proof. To see (1), let us compute

biw = (Ce 0T Ce per,e1) = (Ceper, TCeger) = (T'Ce geg, Ce ger)

= (Teie~thbey eille—ilfe)) = etk=Do (Teg,e)) = etk=D0 g, .

Conditions (2) and (3) follows from (1) and appropriate definitions. |

COROLLARY 6.2. Let Cy be a conjugation on H? given by (Cof)z = f(2), f € H?. Let T € L(H?)
be given by the matriz [ax]r,i>0 according to the basis {ex}trez, . Then, T is Co-symmetric if and only if
agr = aig, k,1=0,1,2,..., and T is Cy—skew—symmetric if and only if ay; =0, ag; = —ayx, k,1=0,1,2,...

J

+oo
PROPOSITION 6.3. Let ¢ € L™ have a Fourier expansion ¢(z) = Y @¢(n)z". The Toeplitz operator T,
—00

has the matriz [aik)k,i=0.1,2,... and aix = @l — k). Then:

(1) the operator C¢ ¢T,C¢ g has matriz [by,] with by, = e"F~D9G(1 — k),

(2) the Toeplitz operator T, is C¢ g—symmetric if and only if p(—k) = e**@(k), k € Z; in particular
»(0) is arbitrary,

(3) the operator T, is C¢ g—skew—symmetric if and only if §(—k) = —e*P(k), k € Z; in particular
?(0) =0 if Argf # 7 and p(0) is arbitrary if Arg6 = 7.

PROPOSITION 6.4. Let Ceg, £,0 € R, be a conjugation on H? given by (Ceof)(z) = € f(e?z). Let

+o00 +o0o —1
p € L*®, p(z) = _2: p(n)z" and denote p4(z) = 21 p(n)z", p_(2) = _2: P(n)z". If T, is Ceg—

normal then there is n, |n| = 1 such that

(6.8) P(—k) =ne™B(k) for k=1,2,...,
or equivalently, there is n, |n| = 1 such that

(6.9) ¢ =n e Ceopy.

“+o00
REMARK 6.5. Let us consider ¢,1 € L* with the Fourier expansion ¢(z) = Y. @(n)z" and ¢(z) =
oo o -
Y. ¥(n)z", respectively. Let T, T, be Toeplitz operators on H 2, The operator T,Ty is not always a

n—=—oo

Toeplitz operator. In fact, as it was shown in [2] that

(6.10) (TpTyers erin) — (TpTyex,er) = L+ 1) P~k — 1),

Proof of Proposition 6.4. Applying Remark 6.5, we have

(6.11) <(S*T¢T¢S - TL;TLP)ek, e)) = <T¢T¢S€k, Sey) — <T¢T¢ek, er)
= (TeToerr1, eri1) — (TpTper, ) = G(=1 = 1) =k —1).
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On the other hand, also using Lemma 6.1 and Remark 6.5, we get
(5 CepTpT5Ce 08 — Ce 0T T5Ce g)en, €1) = (Ce0ToTpCe penr, 1) — (CeoTpTCe per, €1)

e EVT Ten i, 1) — €7V (T, Tper, er)
_ 00 ST 1) Gk + 1),

The last equality follows from (6.11) for T, 7. If T, is C¢ p-normal, by Theorem 2.3 (5), subtracting both
sides we get

(6.12) eFD0 GU+ 1) Pk +1)=3(—1—1) (—k —1)
for k,1=0,1,2,...

Assume for the while that ¢(k) # 0, k = £1,42,... Thus,

—— ~ —1
o(=1) o(=Fk)
6.13 = ) ==
(619 (ezm) = (2
for k,1 = 1,2,... Hence, there is 1 such that k(vilz)k) =n for k = 1,2,... Moreover, by (6.13), we get
|n| = 1. Thus,

(6.14) P(—k) =ne* G(k) for k=1,2,...
If (k) =0 and (6.14) is fulfilled, then $(—k) = 0 and (6.12) holds. ]

THEOREM 6.6. Let Cep, £, 0 €R, bea conjugatzon on H? given by (Ceof)(2) = e f(ez). Let p € L,
o(z) = Z P(n)z" and denote ¢4 (z) = Z P(n)z", p_(z) = Z @(n)z". Then T, is C¢ g—normal if

n=-—oo n=-—oo

and only if there is n, |n| =1 such that

(6.15) o_=mne Ceopr and
(6.16) (n = M+ Ceopr +2(0)(n — ey = 3(0)(7] — 1)Ce 04 = 0.

Denote by ¢?,(2) = e % Ce g4 (2) = ¢ (e92). Easy to see that ¢f, = @0
LEMMA 6.7. With the notation above, the following hold:

(1) CeoTp, Ceo = Tyo
(2) ng ng—Te,
(3) CgeT 9059 =
(4) CeoTp0 Ceo =

Proof. To see (1), let us calculate for f,g € H:

w’

(Ce Ty, Ceofrg) = (Ce09, Ty, Ceof) = (Ce 09, Pu2 My, Ce o f)
= (Ceg, My, Cef) = / ¢ 9(&T7) oo (2) € J(e07) dm(z)

:/ P+(2)f(”2) g(e2) dm(2).
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Let us substitute w = ¢?z. Then z = ¢??®. Thus,

(CeaTys. Ceat.9) = [ Poe70) £() ) dm(e) = (T,o 1.9)
Property (3) follows from (1) since (¢%,)?, = ¢ and (2), (4) follows from (1) and (3) taking ¢ instead of . O

Proof of Theorem 6.6. Let us apply Proposition 6.4 and by (6.9) operator T, being C¢ y-normal has to
be represented as

T, =Ty, + @OV + e Ty = Ty, + GOV + 1T .

Therefore,

T; =Ty, +3(0)] + 7T, .

Let us calculate:

TSOT; = T<P+T¢7+ + S/’5(0) T<P+ + ﬁTSM Twﬂ + (’5(0) T</3+ + |¢(0)|2 I

+3(0) 7 Tyo, +nT0 Ty, + 3(0) 1 Tpe, + Inf* Tipo, T -

Hence, by Lemma 6.7, we get

CeoToTyCep = Tpo Tpo + 3(0) Tpo +1Tp0 Ty, +(0) Tpo +[5(0)[* 1
+ @(O)UT<P+ +1 T@ T, + @(O)ﬁT¢+ + T¢+ T<P+'

+46%

On the other hand, we have

T;TW = T</3+T90+ + @(0) T</3+ +n T¢+T¢9~ + @(0) T<P+ + |@(0)‘2 I
+np(0) Too +7Tpe Ty, + 71(0) Too + Tpo Tio

Since ¢ is analytic and @, is coanalytic, by [2], we have the following:

CeoTpTyCeo = ToTo = (n = Ty, + (1= mTp, 50
(6.17) +((0) = 78(0)Tpe. + (2(0) — 7(0)) T,
+(@(0)n = B(0) Ty, + (2(0)71 — (0)) T,

The condition for the operator T, to be C¢ p—normal is that the operator above has to be zero. In fact the
operator above is a Toeplitz one with the symbol (let say) v € L® C L2 Thus, the symbol 1 has to be a
zero. Hence, the analytic and co-analytic part, which are complex adjoint one to the other, of 1) have to be
0. Extracting the analytical part of the function i we get:

0= (1 —p+pl +5(0) (n — D +B(0)(1 — 7).
=(n—me o4 Ceop1 + 2(0)(1n — oy — P(0)(7] — 1)e™* Ce o0+
Hence, we get (6.16).

Arguing the other direction, if (6.15) and (6.16) are fulfilled the operator considered in (6.17) have to
be zero. 0
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ExXAMPLE 6.8. If, in Theorem 6.6, the existing 7 is real, then we have the following cases:

(1) Let n =1 then (6.16) is fulfilled and (6.15) means that operator Ty, is C¢ g-symmetric, see Lemma
6.3, (2).

(2) Let n = —1 and $(0) = 0 then (6.16) is fulfilled and (6.15) with $(0) = 0 means that operator T,
is C¢ g-skew—symmetric, see Lemma 6.3, (3).

(3) For n = —1, $(0) # 0, Argf # 7, condition (6.16) is equivalent to
(6.18) 20) ¢+ = 3(0) e Ceops = BO)PL.
Hence, in this case, the operator T, is C¢g—normal (but neither C¢ g—symmetric nor C¢ g—skew—
symmetric) for ¢ € L if

o(—k) = —e*p(k) for k=1,2,..., and
A mod 27 ~
Argp(k) "= Argp(0) — 20 for k=1,2,...

It is worth to notice the special case of Theorem 6.6.

COROLLARY 6.9. Let Cy, be a conjugation on H? given by (Cof)(z) = f(2) for f € H?. Let ¢ € L™
and ¢ = o_ +@(0) + 4. Then, the Toeplitz operator Ty, is Co—normal if and only if there is n, [n| =1 such
that

(1) ¢— =nCops+, and

(2) (n =)+ Cops +@(0)(n — L)y — P(0)(7 — 1)Copy = 0.

EXAMPLE 6.10. Let s € (—1;1) and let ¢(z) = =% + (3 + i) + 22 Conditions (1) and (2) of

1—isz
Corollary are fulfilled for = 4. Thus, T, is Cy-normal but neither Cy—symmetric nor Cp—skew-symmetric
by Lemma 6.3.

7. Composition operators. Let (X, >, u) be a measure space with a non—negative o-finite measure
w and consider a space L?(X, 3, ). Then a measurable function 7: X — X induces a composition operator
Crf = foT. It is known [18] that if Cr is bounded then poT~! is absoluty continuous with respect to p and
the Radon-Nikodym derivative h = d“fiir is essentially bounded. Conversely, if T satisfies this conditions,
function T induce bounded linear operator Cr on L?(X, 3, u). It is clear that h is always nonnegative. Note
also the basic formula

(7.19) /Cdeu:/fonM:/fhdu.
PROPOSITION 7.1. Take the conjugation C in L*(X,X, u) given by C(f)(z) = f(x). Assume that Cr is
a bounded composition operator given by a measurable function T: X — X. Then following are equivalent:

(1) Cr is C-normal,
(2) Cr is normal.

Proof. To show equivalence of (1) to (2), we will show that CC%CrC = C4Cr. Let f,g € L*(X, %, )
then

(CCLCrCF,g) = (Cg, CLCrCf) = (CrCg,CrCf) = / (CgoT) CFoTdu

- / (goT) (foT)du = / 3fhdu= (Crf,Crg) = (CHCrf.g).
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Let us note that (C'f)z = f(—x) gives us a conjugation in L?*(R,m), (m Lebesgue measure). On the
other hand, (Cf)z = f(1 — ) defines a conjugation on the space L?([0,1],m). Consider the general space
L?(X, ), where (X, 1) is a measure space with non-negative measure . The above two situations lead to
the following:

PROPOSITION 7.2. Let (X,X, u) be a measure space with a non—negative measure p and the antilinear
operator C: L*(X,%, ) — L*(X, %, u) given by (Cf)(z) = f(a(x)), where a: X — X is measurable. Then,
C is conjugation if and only if

(1) 042 = Ix,

(2) p=poa.

Proof. For f € L*(X,X, ) and € X, we have

(C*f)(x) = C(Cf)(z) = Cf(a(x)) = f(a®()).

Hence, C? = I is equivalent to a® = I'x. For the second condition, for any f,g € L?(X, X, ), let us calculate

(Cf,Cg) :/(Cf)(x)(Cg)(x)du(x) =/f(04($)) -g(a(z))dp(z)

and

(0, f) = / o) (@) du(z).

Hence, the equality of two above for all f, g gives p = poa™t = poa. ]

THEOREM 7.3. Let L*(X,3, n) with conjugation C given by (Cf)(z) = f(a(z)), i.e., a: X — X be
measurable function with a® = Ix and p = po a. Assume that Cr is a bounded composition operator given
by a measurable function T: X — X. Then, the operator Cr is C—normal if and only if

(1) T7X(X) is essentially all 3, i.e., for a given w € X, there is & € X such that m((T~1(@) \ w) U (w '\
T-Y(@))) =0, and

(2) hoT =hoa pu a.e., where h = d“zir.

Proof. For f,g € L*(X, ), we have

(CC30rCFg) = (C1Cy.CoCf) = [(CooT)CToTTd
Z/(goaoT) (foaoT)du
:/@oa) (foa)hdu:/fg(hoa*)duoafl.

Then, since o = ™ ?,
CCHOrCf = (hoa ™) - f.
If f belongs to range of C'p, then f = Crfy and

CrCrf = CrCrCrfo = CpCCCHCrCC fy
= CrC (CC3Cr0) (Cfo) = CrC((hoa)-(Cfo))
=Cr((hoaoa) - C(Cfo)) = Cr(h- fo)
=(hoT)-(Crfo) =(hoT)-f.
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If Cr is C—normal, then
(hoa)f = (hoT)f

for all f in range of Cp. The rest of the proof is analogous as the proof of [18, Lemma 2]. O

EXAMPLE 7.4. Let us consider L?(R,m) with the conjugation (Cf)z = f(—z), a(z) = —z. Let T(z) =
—x for z > 0 and T(x) = —2x for z < 0. Then the Radon—Nikodym derivative h = dm;ig:l is given by

h(z) = 5 for > 0 and h(x) = 1 for x < 0. It is clear that ho o = ho T, and thus, Cr is C-normal.

Furthermore, h # h o T, and thus, Cr is not normal (see [18, Lemma 2]) and direct calculation shows that
it is also always neither C—symmetric nor C—skew—symmetric.
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