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SYMMETRY OF CYCLIC WEIGHTED SHIFT MATRICES
WITH PIVOT-REVERSIBLE WEIGHTS*

MAO-TING CHIENT AND HIROSHI NAKAZATO?

Abstract. It is proved that every cyclic weighted shift matrix with pivot-reversible weights is unitarily similar to a complex
symmetric matrix.
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1. Introduction. Let A be an n x n complex matrix. The numerical range of A is defined and denoted
by
W(A) ={¢"A: £ € C", "¢ =1}

Toeplitz [16] and Hausdorff [9] firstly introduced this set, and proved the fundamental convex theorem of
the numerical range (cf. [14]). The numerical range and its related subjects have been extensively studied.
From the viewpoint of algebraic curve theory, Kippenhahn [12] characterized that W (A) is the convex hull
of the real affine part of the dual curve of the curve Fa(z,y,2) = 0, where F4(x,y, 2) is the homogeneous
polynomial associated with A defined by

Fa(z,y, z) = det(zl, + zR(A) + yS(A)),

where R(A) = (A+ A*)/2 and S(A) = (A — A*)/2i. Fiedler [6] conjectured the inverse problem that there
exists a pair of n x n Hermitian matrices H, K satisfying

F(z,y,z) = det(zI, + 2H + yK),

whenever F(x,y, z) is a homogeneous polynomial of degree n for which the equation F'(— cosf, —sinf,z) =0
in z has n real roots for any angle 0 < 6 < 27. Helton and Vinnikov[10] proved that this conjecture is true
and such pair H, K can be obtained by real symmetric matrices. In other words, F(x,y, 2) = Friix(x,y, 2),
where the representation matrix H + ¢K is a complex symmetric matrix. The result provides an intensive
interest on symmetric matrices in this direction. Garcia et al. [7] and references therein investigated
conditions for matrices unitarily similar to complex symmetric matrices. Some classes of matrices are known
being unitarily similar to complex symmetric matrices, such as Toeplitz matrices [1], unitary boarding
matrices [4], and cyclic weighted matrices with reversible positive weights by,ba,...,be,b; [11]. As a non-
normal analogue of unitary matrices, cyclic weighted shift matrices and their numerical ranges have been
studied by a number of authors in the past few years (cf. [2, 3, 5, 8, 13, 17]). A cyclic weighted shift matrix
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with weights a1, a9, ..., a, is an n X n matrix of the following form
0 az O O --- 0
0 0 a O --- 0
0 b
0 0 o oo vang
ap O e e e 0

which is denoted by S = S(ay,as,...,a,).

In this paper, we obtain a new class of matrices which are unitarily similar to symmetric matrices,
namely, the class of cyclic weighted shift matrices with pivot-reversible positive weights. The definition of
pivot-reversible weights is defined in Section 2.

2. Reversible weights with pivots. Let S = S(aj,as,...,a,) be a cyclic weighted shift matrix. It
is easy to see that S(aj,as,...,a,) is unitarily similar to €**S(|ay], |az],...,|an|) via a unitary diagonal
matrix for some angle ¢ € [0,27). Moreover, the cyclic weighted shift S(aq,as,...,a,) is unitarily similar
to S(an,a1,as,...,a,—1) which is clockwise rotating its weights (cf.[8]). If ap = 0 for some 1 < k < n,
then by clockwise rotating its weights, S(ai,as,...,a,) is unitarily similar to the upper triangular weighted
shift matrix S(ag41,...,an,a1,...,a5-1,0). In this case, the numerical range of S is a circular disc (cf.[2,
17]). Hence, in the following of this paper, we may assume that the weights of a cyclic weighted shift
matrix are positive. A cyclic weighted shift S(a1,as,...,a,) is called reversible if its weights are ordered
by ai1,a9,...,am, @m+1,Gm, - - -, 62,a17 When n = 2m + 1 is odd, and ay,as,...,0m,am,-..,a2,a1 if n =2m
is even. Symmetry of cyclic weighted shift matrices with reversible weights is obtained in [11], and the
determinantal representation of their ternary forms is studied in [5].

We introduce a new type of cyclic weighted shifts, namely, the class of cyclic weighted shift matrices with
pivot-reversible positive weights. A matrix of even size n = 2m is a cyclic weighted shift matrix with two-
pivot-reversible weights if its weights are ordered as ai,aq,...,0m, Gm+1,@m, Am—1,-- ., a2, the two pivots
are aj and a,,+1. A matrix of odd size n = 2m — 1 is a cyclic weighted shift matrix with one-pivot-reversible
weights if its weights are ordered as aq,as, ..., am, Gm, Gm_1, - - -, a2, the one pivot is a;. Figure 1 displays
the graph of a reversible cyclic weighted shift with two pivots a; and ag for even size n = 10. Figure 2 shows
the odd size n = 9 with one pivot a;.

a3 a4 ad

af’/”az a
a2 a3 ad _ ab / 6

Figure 1. Reversible weights with two pivots a1 and ag.
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/ a2 a3 a4 ab

a1l

a2 a3 ad a5

Figure 2. Reversible weights with one pivot aj.

Assume that A is a 2 x 2 complex matrix. Then there is a unitary matrix U and and an angle 6 such
that

A O 11 ve'?
AU* = S(AVU* = )
UR(A)U ( 0 )\2> and US(A)U (ye_ze o )

for some real numbers Ay, Ao, pi1, o, v, and thus,

1 0 1 0 A1+ iy v
o | (UAU™ 0| =
(0 e“9> ( ) (O e_w) ( w A2 + iug)

is a complex symmetric matrix. Hence, in the following of this paper we assume the size of a matrix n > 3.

THEOREM 2.1. Every cyclic weighted shift matriz with pivot-reversible positive weights is unitarily sim-
ilar to a complex symmetric matriz.

Proof. Let S be an n x n cyclic weighted shift matrices with pivot-reversible positive weights. Suppose
n=2m —11is odd. Then S = S(a1,a2,...,am—1,0m, @m,Am_1,---,a2). By the cycling property [8],
S(a1,a2y ..y QmyQmy Gm—1, . .. ,a2) is unitarily similar to S(am,...,a2,a1,az2,...,a,). According to the
result in [11], the type of reversible matrix S(am,...,a2,a1,0az,...,0a,) is unitarily similar to a complex
symmetric matrix.

Suppose n = 2m is even. Then S = S(a1,as9,...,am, mt1,@m, - - -,a2). Denote two Hermitian matrices

H =2R(S(a1,az2,...,0m, Gnt1,Cmy- - ,02))

and
K =23(S(a1,a2,. .., Gm, Gmi1, Gm,y - - -, G2)).
Then
S( )= +'K
A1,02, -5 0m; Gm+41,0m, - --,02) = 9 22-
Let )
=—(1,1,0,...,0)7T,
fl \/5( - )
f i(o 0,1,0 0,1,0 0T, 2<k<m
k*\/i ) s Uy Ly Uy s Uy Ly Uy ) ) ’
k n—2k k—2
and
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1
gr = —=(0,...,0,(=1)%,0,...,0, (=)L 0,....007, 2<k<m.
V2N NG NG
k n—2k k—2
Then, {f,..., fm,91,---,9m} is an orthonormal basis for C". After a direct computation, we have that

Hfi = aifi +azfa,
Hfy=arfr—1+apt1fot1, 2<k<m—1,
Hfm = amfm-1+ amitfm,

Hgi = —a191 — azg2,

Hgy = —akgr—1 — arr1gk41, 2<k<m—1,

Hgm = —Amdm—-1 — Om+19m-

With respect to the orthonormal basis {f,..., fm,91,---,9m}, H is expressed as a block matrix

HO Om
Om 7H0 ’

where
ai ax 0 0 0 0
azg 0 a3 O 0 0
0 as 0 aq 0 0
Hy = .
0 0 0 0 0 Ay
0 0 0 0 Am  Am+1

Similarly, we also have that

Kfl = i(—a1g1 + a292),
=i((=1)*argr—1 + (=) apr1gr41), 2<k <m— 1,
Kfm =i((=1) ™ amgm—-1 + (1) ami19m),
Kg1 = —i(—a1f1 + a2 f2),
ng— (=D apfie1 + (1) M appr fer), 2<k<m—1,
—i((=1)"am frn—1 + (_1)m+1am+1fm)'

With respect to the orthonormal basis {f,..., fm,91,---,9m}, K is expressed as a block matrix

0m —Ko
Ky 0p )’

where
—a;  a 0 0 0 0
a9 0 —as 0 0 0
0 —as 0 Q4 0 0
KO =1 .
o 0 0 0 -- 0 (=1)™ay,

0 0 0 0 - (=D™ay, (=)™ a1
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Hence, the Hermitian matrices H and K are simultaneously unitarily similar to the respective block matrices

HO Om and Om _KO
Om _HO KO Om )

Choose the unitary matrix

then we have that
U HO Om U* — HO Om
0., —Hp 0 —Hpy)’
U 0., —Kp Ut — 0, Ky
Ky Op iKg Opm /)’
The two matrices on the right-hand sides are real symmetric. This proves the matrix
S(a1,ag,...,0m,Am41,Gm, - - -,a2) is unitarily similar to a complex symmetric matrix. 0

It is shown in [5] that when n is odd, for any n x n cyclic weighted shift matrix S(aq,as,...,a,) there
exists a reversible cyclic weighted shift matrix S(by, ba, ..., bs, b1) such that

Fs(ay,a,00) (0, 2) = FS(by ba,... 02,01) (T, Y, 2)-

It follows that the numerical ranges W (S(a1,as,...,an)) = W(S(b1,b2,...,b2,b1)). When n = 2m is even,
we deal with the same problem that for an n x n cyclic weighted shift matrix S(a1,as,...,ay), does there
exist a 2-pivot reversible cyclic weighted shift matrix S(b1, b2, ..., bm, bmt1,bm, - - ., b2) satisfying

FS(ay,a,.an) (T3 Y5 2) = FS(by bas. b bmss b b2) (T3 Y5 2)7

This problem may relate to the Helton-Vinnikov theorem (cf. [15, Theorems 6,7]). So far, we are unable to
solve this problem. In the following, we confirm only for the case n = 4.

THEOREM 2.2. Let S(a1,as,as3,a4) be a 4 x 4 cyclic weighted shift matriz with positive weights. Then
there exist two-pivot reversible positive weights by, ba, bz, by such that

FS(al,az,a37a4)(xa y7 Z) = FS(b17b2,b37b2) (1‘, y? Z)
Proof. According to a formula in [8], the ternary form Fs(a, ay,a4,04) (%, ¥, 2) is given by

16F5(ay,a5,a5,a4)(2, — cos 0, —sin )

= 162" — 4(a? + a3 + a3 + a2)2* + a2k + a3a? — 2a1aza3a4 cos(46).

Hence, to prove the existence of 2-pivot reversible positive weights b1, bs, b3, b2, it suffices to find positive
numbers by, by, by satisfying the following three conditions

2
b1b3b3 = ajazazas,
272 4 2.2 2 2
bibs + by = ajaz + azaj,

b3 + 2b3 + b3 = ai + a3 + a3 + aj.
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We change the variables: A; = a? and B; = b?, 7 =1,2,3,4. Then the above three conditions are rewritten

as
B1 B3B3 = Aj Ay A3 Ay,

B1B3 + B = A1 A5 + A3 Ay,
By + B3 +2By = Ay + Ay + Az + Ay,
Firstly, we choose By = /A3 A4 = asay. Then, the three conditions imply that

B1B3 = A1A3 and B1 + B3 = A1 + Ag + (\/ Ay — vV A4)2.
Consider the quadratic equation

12— (A] + Az + (VA — VANt + A1 A3 = 0.

If the two roots of this equation are positive which can be chosen for By and Bs, then the proof is completed.
In fact, the discriminant of the quadratic equation is given by

D= (A + Ay + Az + Ay — 2/ Ay Ay)? — 4A, A3
= ((a1 + a3)* + (a2 — as)?) ((a1 — a3)® + (a2 — as)?) .

Hence, the discriminant D is positive except a; = a3z and as = a4. In this exceptional case, by letting
b1 = b3 = a1 = as, by = as = a4, all the required conditions on by, bo, b3 are satisfied. 0

3. Fourier transform method. In this section, we provide an alternative proof of Theorem 2.1
through Fourier transform method which is used in [11] to prove the symmetry of reversible cyclic weighted
shift matrices. Define an n x n unitary transformation matrix U = (ug):

1
Upp = —— B
n

where w = €2™/". Let A = (ap,) be an n x n matrix. The Fourier transform B = (by,) = U* AU of A is
given by
1 n
bpe = - Z C‘,—(k—l)(p—l)o‘)(f—1)((1—1)%(1.
p,q=1
Denote B = nB.

THEOREM 3.1. Let n =2m and A = (apq) be an n x n two-pivot-reversible cyclic weighted shift matriz
with wetghts a1, as, ..., Qm, Gmt1,Am,--.,a2. Then V*BV is a complex symmetric matriz, where

V= diag(wil/z, w w32 ,w*(”*l)/z).

Proof. If A = (apq) is a weighted shift matrix with weights a1, as, ..., ay, the matrix B=nB= (bpg) s
given by

P
bpp:wp_lzaj:wf”_l(al—|—ag—i—---—l—an)7 p=12,...,n,
j=1

n

n
7 _ +hk—14+(G—Dk _ +ik—1
by pik _§ a;wP (i—-1) _§ :ajwp J
j=1

j=1

_ wp-‘rk—l(al +a2wk +a3w2k 4o _i_anw(n—l)k),
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forl<p<n-1,1<k<n-—p,and

n
T —1-(j—1)k
bprip =y _awh ™ 707D
j=1

= WP Hay + apw™F + azw T 4 4 g (DR

forl1<p<n—-1,1<k<n-—p.

In the case that n = 2m and the weights are 2-pivot reversible a1, ao, ..., am, Gm+t1, Cm, - - ., a2, We have
that

bpp = WP a1 + amy1 +2a2 + - +2a,), p=1,2,...,n,

bppik = W' (a1 4+ (=1)*ams1 + 2as cos(km/m) + 2a3 cos(2km/m) + -+ - + 2a,, cos((m — 1)kr/m)) ,

bpikp =wP " (a1 + (=1)*ay,11 + 2as cos(km/m) + 2a3 cos(2km/m) + - - - + 2a,,, cos((m — 1)km/m))

forp=1,2,...,n—1,k=1,2,...,n— p. Define a diagonal unitary matrix

V= diag(ﬂ1;627 s 7/671)5

where 8; = e /™/" j = 1,2,...,n. Then the (p,p + k) and (p + k,p) entries of the matrix V*BV are
respectively equal to 8, " 8,4 pw? 1y and £ L BpwP ™1y, where

v = a1 4+ (=1)*ay, 11 + 2as cos(km/m) + 2az cos(2kw/m) + - - - + 2ay, cos((m — 1)kr/m).

Clearly, these two entries are the same since BZ +kwp+k = Bﬁwp =1, and thus, V*BV is symmetric. 0
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