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THE REFLEXIVE RE-NONNEGATIVE DEFINITE SOLUTION TO A
QUATERNION MATRIX EQUATION*

QING-WEN WANG! AND FEI-ZHANGH

Abstract. In this paper a necessary and sufficient condition is established for the existence of
the reflexive re-nonnegative definite solution to the quaternion matrix equation AX A* = B, where
* stands for conjugate transpose. The expression of such solution to the matrix equation is also
given. Furthermore, a necessary and sufficient condition is derived for the existence of the general
re-nonnegative definite solution to the quaternion matrix equation A1 X1 A} + A2X2A%5 = B. The
representation of such solution to the matrix equation is given.
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1. Introduction. Throughout this paper, we denote the real number field by
R, the complex number field by C, the real quaternion algebra by

H= {ao—l—a1i+a2j+a3k | i2 =j2 = k2 =1ijk = —1, ag, a1, a2, a3 ER},

the set of all mxn matrices over H by H™*", the set of all mxn matrices in H™*" with
rank r by H”**™ the set of all n X n invertible matrices over H by GL,,. R (4), N (4),
A*, AT, dim R (A), I; and Re[b] stand for the column right space, the left row space,
the conjugate transpose, the Moore-Penrose inverse of A € H"™*™ the dimension of
R(A), an i x i identity matrix, and the real part of a quaternion b, respectively.
By [1], for a quaternion matrix A, dim R (A) = dim N (A), which is called the rank
of A and denoted by r(A). Moreover, A~* denote the inverse matrix of A* if A is
invertible. Obviously, A™* = (A™1)* = (A*)"1. H,, = { A € H"*"| A* = A} . Because
H is not commutative, one cannot directly extend various results on C to H. General
properties of matrices over H can be found in [2].
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We consider the classical matrix equation
AXA* = B. (1.1)

The general Hermitian positive semidefinite solutions of (1.1) have been studied ex-
tensively for years. For instance, Khatri and Mitra [3], Baksalary [4], Grog [5], Zhang
and Cheng [6] derived the general Hermitian positive semidefinite solution to ma-
trix equation (1.1), respectively. Moreover, Dai and Lancaster [7] studied the similar
problem and emphasized the importance of (1.1) within the real setting. Liao and
Bai [8] investigated the bisymmetric positive semidefinite solution to matrix equation
(1.1) by studying the symmetric positive semidefinite solution of the matrix equation

A1X1AT + A X5 ; =B, (1.2)

which was also investigated by Deng and Hu [9] over the real number field.

The definition of reflexive matrix can be found in [10]: A complex square matrix
A is reflexive if A = PAP, where P is a Hermitian involution, i.e., P* = P, P2 = I.
Obviously, a reflexive matrix is a generalization of a centrosymmetric matrix. The
reflexive matrices with respect to a Hermitian involution matrix P have been widely
used in engineering and scientific computations (see, for instance, [10]). In 1996, Wu
and Cain [11] defined the re-nonnegative definite matrix: A € C"*" is re-nonnegative
definite if Re[z* Az] > 0 for every nonzero vector x € C"*!. However, to our knowl-
edge, the reflexive re-nonnegative definite solution to (1.1) and the re-nonnegative
definite solution to (1.2) have not been investigated yet so far. Motivated by the
work mentioned above and keeping the interests and wide applications of quaternion
matrices in view (e.g. [12]—[27]), we in this paper consider the reflexive re-nonnegative
definite solution to (1.1) and re-nonnegative definite solution to (1.2) over H.

The paper is organized as follows. In Section 2, we first present a criterion that
a 3 x 3 partitioned quaternion matrix is re-nonnegative definite. Then we establish a
criterion that a quaternion matrix is reflexive re-nonnegative definite. In Section 3,
we establish a necessary and sufficient condition for the existence of re-nonnegative
definite solution to (1.2) over H as well as an expression of the general solution.
In Section 4, based on the results obtained in Section 3, we present a necessary and
sufficient condition for the existence and the expression of the reflexive re-nonnegative
definite solution to (1.1) over H. In closing this paper, we in Section 5 give a conclusion
and a further research topic related to this paper.

2. Reflexive re-nonnegative definite quaternion matrix. In this section,
we first present a criterion that a 3 x 3 partitioned quaternion matrix is re-nonnegative
definite, then derive a criterion that a quaternion matrix is reflexive re-nonnegative
definite.
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Throughout, the set of all n x n reflexive quaternion matrices with a Hermitian
involution P € H™*" is denoted by RH"*" (P), i.e.,

RH"™ " (P) = {A € """ | A= PAP}.

DEFINITION 2.1. Let A € H"*™. Then
(1) A € H,, is said to be nonnegative definite, abbreviated nnd, if * Az > 0 for any
nonzero vector z € H”*!. The set of all n x n nnd matrices is denoted by SP,,.
(2) A is re-nonnegative definite, abbreviated rennd, if Re[z* Ax] > 0 for every nonzero
vector z € H"*!. The set of all rennd matrices in H"*" is denoted by SP}..
(3) A is called reflexive re-nonnegative definite matrix if A € RH"*" (P) N SP;,. The
set of all n x n reflexive re-nonnegative definite matrices is denoted by RSP}, (P).

For any quaternion matrix A, it can be uniquely expressed as
1 % 1 %y def
A= §(A+A )+5(A—A ) = H(A) +S(A4).

It is easy to prove the following.

LEMMA 2.2. Let Q € GL,,, A € H"*". Then
1) A € SP;, if and only if H(A) € SP,,.
A € SP, <= Q*AQ € SP,,.
<~ Q*AQ € SP;.

The following lemma is due to Albert [28] which can be generalized to H.

LEMMA 2.3. Let A € H™™" be partitioned as

All A12 )
A= e H,
( Afy Az

where A;; € Hy, (n1 +n2 =n). Then the following statements are equivalent:
(1) A € SP,,.

(2) T (All) =T (AH; A12) 5 A11 and AQQ — AIQALAQ are nnd.

(3) T (AQQ) =T (ATQ, AQQ) 5 AQQ and A11 — AlgAEQA’{Q are nnd.

The following lemma follows from Lemma 2.2 and Lemma 2.3.
LEMMA 2.4. Let A € H™™" be partitioned as
A An )
A =
( A1 Az
where A;; € H™ ™ (ny + ne = n). Then the following statements are equivalent:
(1) A e SP;,.
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(2) 7 (A + An) = 7 (A} + A, Aie + A3)), Anand Az — (A}, + A21) (A +
AT (A + A3)) are rennd.
1

(3) r(A2z + A3y) = r(Aly + Aa1, Aoz + A3y), A2z and Ay — 5(Arz + A3y)(A22 +
Aso)T (A3, + Ag1) are rennd.

The case of complex matrices of Lemma 2.4 can also be found in [11].

Now we present a criterion that a 3 x 3 partitioned Hermitian quaternion matrix
is nnd.

LEMMA 2.5. Let

All A12 A13
A= A>1k2 A22 X23 S Hn
Als X33 Ass

where A1 € Hyy, Aoa € Hyy, Ass € Hi—ry—ry- Then there exists Xos € Hr2x (n—ri-r2)
such that A € SP,, if and only if the following

A A ) def ( A A ) def
= A 5 == A
( Aly Az U\ An Ass 2

are all nnd.

Proof. If there exists a quaternion matrix Xog3 such that A € SP,,, then by Lemma
2.3, Ay is nnd. Clearly, Ay € Hy,—p, by A € H,. For an arbitrary nonzero column

vector o = ( a ) , it follows from A € SP,, that
(6]
A A Agg aq
A= (of 0 ab )| Aly Axn X 0 |>o.
AT3 X;3 A33 (65

Therefore, As is also nnd.

Conversely, if A; and Ay are all nnd, then Ay, Agg— A3y Al Ajg, Agg— AT, AT Ajs
are all nnd by Lemma 2.3. Taking Xo3 = A’{QALAB and

I, —Al A —Al A
P=| o 1, 0
0 0 In77’177’2

yields that
P*AP = diag(AH, A22 — AT2A11A127A33 — AigA];lAlB)

Hence by Lemma 2.2 and Lemma 2.3, A is nnd. O
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Based on the above lemma, we now present a criterion that a 3 x 3 partitioned
quaternion matrix is rennd. The result plays an important role in constructing a
rennd matrix.

THEOREM 2.6. Assume that

All A12 A13
A= Agl Asg Xo3 € H™ <"
Az1 Azz Ass

where A1; € H™ X" Ayy € H™%™2 Agg € HM—71—72)X(n=m1=72)  Thepn there exists
Xo3 € Hr2X(=m1=72) sych that A € SPY if and only if the following

A A ) def ( A Ags > def
4, Ief
< Aoy Az D\ As Asg ?

are all rennd.

Proof. Put By11 = A11+ Ajy, Bia = A3 + A1, Big = A13+ A%, Bag = Aga + Al
ng = X23 + A§2, B33 = A33 + A§3 Then

B B B B
iy = (gt B ) ean = (g0 )

Bi1 Bz Bis
2H(A) = By B2y Bas
Bis B33 Bas

Hence the theorem follows immediately from Lemma 2.2 and Lemma 2.5. O

Now we turn our attention to establish a criterion that a quaternion matrix is
reflexive rennd.

For A € H™*", a quaternion \ is said to be a right (or left) eigenvalue of A if
Ax = a2\ (or Az = A\z) for some nonzero vector x € H"*!. In this paper, we only
use the right eigenvalue (simply say eigenvalue). It can be verified easily that the
eigenvalues of an involution P € H"*" are 1 and —1.

In [29], a practical method to represent an involutory quaternion matrix was given
as follows.

LEMMA 2.7. (Theorem 2.1 in [29]) Suppose that P € H"*™ is a nontrivial invo-

I,+P
lution and K = ( nt

I ), then we have the following:

(1) K can be reduced into ( N0

o M ), where N is a full column rank matriz of size
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nxr and r =r(I, + P), by applying a sequence of elementary column operations on
K.
(it) Put T=( N, M ), then

I 0
p=1( 7 T 2.1
( 0 —Ip_, ) (2.1)

By Lemma 2.7, R (V) is the eigenspace corresponding to the eigenvalue 1 of P and
R (M) the eigenspace corresponding to the eigenvalue —1 of P. Since P is Hermitian,
it can be orthogonally diagonalized. To see this, we perform the Gram-Schmidt
process to the columns of N and M, respectively. Suppose that the corresponding
orthonormal column vectors are as follows:

V:{alv"' 7ar}7W:{ﬂ1,"' aﬁnfr}

It is clear that PV =V, PW = —W and U = ( v, W ) is unitary. Hence it follows
from P* = P that

I 0
P= " *. 2.2
U( 0 —Ih_, )U (2.2)

Therefore, similar to Theorem 2.2 in [29], we get the following lemma.

LEMMA 2.8. Let A € H"™™. Then A € RH"™" (P) if and only if A can be
expressed as

_ Al 0 *
AU< . A2)U (2.3)

where Ay € H™*" | Ay € H"=")X(=) "] is defined as (2.2).

At the end of the section, we present a criterion that a quaternion matrix is
reflexive rennd.

THEOREM 2.9. Let A € H"*". Then A € RSP, (P) if and only if

(A0,
AU< . AQ)U (2.4)

where Ay € SPy, Ay € SP,,_, and U is defined as (2.2).

n—r

Proof. If A € RSP} (P), then A € RH"*" (P). Hence by Lemma 2.8, A can be
expressed as (2.4) where A; € H™*", Ay € H=)x("=7) Tt follows from A € RSP (P),
Lemma 2.2 and Lemma 2.4 that A; € SP;, Ay € SP;,_,.

Conversely, by Lemmas 2.2, 2.4 and 2.8, it is easy to verify that the matrix A
with the form of (2.4) is reflexive rennd, where 4; € SP;, A, € SP,,_,. O
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3. The re-nonnegative definite solution to (1.2). In this section, given
Ay € H™ " Ay € H™* (") and B € H™*™ we investigate the rennd solution to
the matrix equation (1.2).

In order to investigate the rennd solution to (1.2), we recall the following lemma.

Lemma 3.1 ([30]) Let Ay € HX" Ay € HZ:(nﬂ). Then there exist P €
GL,,,Q € GL,,T € GL,,_, such that

I 0 T
PAQ = o1 “ 3.1
19 < 0 O) m—re, (3-1)
I 0 0 S
0 0 0 Tq, — 8
PAT = “ 3.2
: 0 0 I, t (3:2)
0 0 0 m-—rq —t
S M—T—"Tg, t

where

rab =7 ( A1, Az ),8=Ta, +Tay —Tab, t=Tab —Ta,-

In some way, Lemma 3.1 can be regarded as an extension of the generalized
singular value decomposition (GSVD) on a complex matrix pair (see [31]-[33]). It is
worth pointing out that there is a good collection of literature, [8] and [9] for example,
on the GSVD approach for solving matrix equations.

Now we propose an algorithm for finding out P, @ and 7" in Lemma 3.1.

ALGORITHM 3.2. Let

I, A1 A
K= 0 0 I,
0 I 0

Apply a sequence of elementary row operations on the submatrices ( L, A A )

of K, and a sequence of elementary column operations on the submatrices 0
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and < IA2 > of K, respectively, till we obtain the following

n—r

I, 0 0

I, 0 0 0 O
P al

(0 0> 0 0 I

0 0 O

0 0 T

0 Q 0

Then P,Q and T are obtained.

Now we consider (1.2). Let

X X T
1 % 11 12 a
X = 3.3
A G I (33)
Tay T —Ta
Y1 Y12 Yi3 s
T XoT = | Yo Yoo Yo3 n—1r—"re (3.4)
Ya, Y3a Y33 t
§ Mm—r—"rg, t
By Bia Bz By s
. Bs1 Bgs  Bas Boy Tay — 8
PBP* = ! 3.5
B31 B3z Bss B3y t (8:5)
By Bsz By By m—rg, —1
S Tgq — S t m—"Tq, —1

LEMMA 3.3. Let A, € H™*", Ay € H™*("=") and B € H™*™. Then matriz
equation (1.2) is consistent if and only if

Ba4 = 0, B4ﬁ = 0, [ 5 = ]., 2, 3,4; ng = 0, ng =0. (36)

In that case, the general solution of (1.2) can be expressed as

< Bi1 —Yi1 By > X1
X1=Q Bo Bas Q" (3.7)
Xo1 Xoo
Yiin. Yi2 Bis
Xo=T|[ Yo Yoo Yo3 |T7, (3.8)

B3i Yz DBss
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where X192, X21, Xoo; Y11, Y12, Yo1, Yoo, Yos, Y30 are arbitrary quaternion matrices
whose sizes are determined by (3.3) and (3.4).

Proof. Obviously, matrix equation (1.2) is equivalent to the following matrix
equation

PAIQQ'X1Q *Q A} P* + PALTT ' XoT*T* A3 P* = PBP*. (3.9)

If (1.2) is consistent, then by (3.1)—(3.5) and (3.9), we have the following

Xy 4+ Yiiu 0 Yis 0 Bi1 Bi2 Bis B
" 0 0 0 0 _ | Bai B2z Baz B
Y31 0 Y3 0 B31 B3z DBz DBz

0 0 0 0 By Bss Bys By

yielding

By —-Y: B
X = ( Hoo ) ;Y13 = Bi3, Y31 = Bs1, Y33 = Bas,
B Bas
and (3.6) holds. Therefore X; and X5 can be expressed as (3.7) and (3.8), respectively.

Conversely, if (3.6) holds, then it can be verified that the matrices X; and X5
with the form (3.7) and (3.8), respectively, consist of a solution of (1.2). O

THEOREM 3.4. Let Ay € H™*", Ay ¢ H™*("=") and B € H™ ™ be given. Put
1 1
C= 5(312+B§1)(322+B§2)T(BTQ+B21%D = 5(313+B§1)(333+B§3)T(Bf3+331)a

and L = By; — C — D. Then matriz equation (1.2) has a solution X, € SPy, Xy €
SP;_,. if and only if (3.6) holds,

7“(322-1-3;2, BQ1+B>{2) = 7’(3224—.352), 7“(333+B§3, Bg1+B>f3) = 7“(333-1—3;3), (3.10)

and L € SP;, Byy € S]P’:a1 Bss € SP;. In that case, the general solution X; € SPy,

—8

X2 €SP} _,. of (1.2) can be expressed as the following, respectively,
N X3+ (N+N9Uy
X, — 21 *, 3.11
' Q(Xm F+%UT(N*+N)U1>Q (311
Xo=TMT", (3.12)
with

E+C By >
N = , 3.13
< Bo1 B (3:13)
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G+D -Y+(G+D+G*+D*)U; Bis
M = Yo K+ 3Us(G+D+G*+D")Us Yos |, (3.14)
B3 Y39 Bss

where E,G € SP;. are arbitrary but satisfy
E+G=1L; (3.15)

F e S]P):L—Tal , K € SP* ;Y23 € {Y23 S H(nfr—raz)xt| M e SP:L_T} ,

N—"r—"Taqy

Y3, € HX(n=r=7a2) 7} € Hrer X(n=7a1) Uy € H*("="="a2) gre all arbitrary.

Proof. If matrix equation (1.2) has a solution X; € SPy, X5 € SP;,_,., then by
Lemma 3.3, (3.6) holds and X7, X5 has the form of (3.7) and (3.8), respectively. Hence
by Lemma 2.2,

Yiin. Yi2 Bis
Yor Yoo Yo3 S SP:;?T (316)
B31 Y3 DBss

and
< Bi1 —Yi1 B2 ) X1

By, Bas
Xo1 Xoo

€ SP;. (3.17)

T

For (3.16), it follows from Theorem 2.6 that

Yii. Bis ) X ( Yii Yo ) "
€SP, esPr__ .
( B31 Bz T\ Yor Yao a2t

By Lemma 2.4, B3z € SP; and the last equation of (3.10) holds. Moreover,

Y, -DE @
is also rennd, i.e.,
Yu=G+D (3.18)
where G is rennd;
(Y + Y11, Yi2 +Y5)) = (Y11 + Y71), (3.19)
and
Yoo — %(Ym +Y75) (Y1 + Y1*1)T(Y§*1 + Y12) d:efK (3.20)

is rennd.
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It follows from (3.19) that the matrix equation (Y11 + Y15)X = Yio2 + Y5 is
consistent for X. Let Us is an any solution of the matrix equation. Then by (3.18),

Yio = -Y5) +(G+ D+ G* + D*)Us. (3.21)
Hence by (3.20),
1
Yoy = K+ 5U; (Vi + Y1) (Vi + Y7 (Y +Y11) Uz
1
=K+ aUg(Yll +Y71)Us
1
=K+§U2*(G+D+G*+D*)U2. (3.22)

Accordingly, it follows from (3.18), (3.20), (3.21) and (3.22) that (3.16) can be ex-
pressed as (3.14) implying X5 can be expressed as (3.12).

For (3.17), by Lemma 2.4,

( Bi1 —Yi1 B2

€SP . 3.23
By Bao ) Ta1 (3:23)

Hence it follows from Lemma 2.4 that Bas € S]P’:a1 _ and the first equation of (3.10)
holds, and

Bh-Y,-C%¥E (3.24)

is rennd. It is implies that (3.23) can be expressed as (3.13). Therefore, (3.15) follows
from (3.18) and L € SP; from E and G is rennd. By (3.17) and Lemma 2.4,

r(N+ N* X2+ X5) =r(N+N¥) (3.25)
and
def

1
Xag = 5(Xa1 + XD)(V + N (X5, + X10) €' F (3.26)

is rennd. It follows from (3.25) that the matrix equation (N + N*)X = X9 + X3, is
solvable for X. Assume that U; is an any solution of the matrix equation. By (3.26),
we have that

Xis = — X3, + (N + N*)U, (3.27)
and
1
Xoo=F + §UT(N* +N)U1.

Consequently, X7 can be expressed as (3.11).
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Conversely, suppose that (3.6), (3.10) and (3.15) hold, where L € SP;, Bay €
SP:, .,
Bss € SP;. It can be verified that M, N are all rennd by Theorem 2.6, Lemma 2.4.
And the matrices with the form of (3.11) and (3.12) are all rennd by Lemma 2.2 and
Lemma 2.4. Tt is easy to verify that the matrices X; and X» with the form of (3.11)

and (3.12), respectively, are the solution of matrix equation (1.2). O

REMARK 3.5. Setting Ay vanish in Theorem 3.4, we can get the corresponding
results on the rennd solution to matrix equation (1.1) over H.

4. The reflexive re-nonnegative definite solution to (1.1). In this section,
we consider the reflexive rennd solution to the matrix equation (1.1), where A €
H™*" B € H™*™ are given and X € RSP}, (P) is unknown.

By Theorem 2.9, we can assume that

(X 0\,
XU< . X2>U (4.1)

where U is defined as (2.2) and X; € SP;, X, € SP,

n—r-

Suppose that
AU = ( A1, A ) (4.2)

where A; € H™*", Ay € H™*(™="). Then (1.1) has a solution X € RSP} (P) if and
only if matrix equation (1.2) has a rennd solution X;, X5. By Theorem 3.4, we
immediately get the following.

THEOREM 4.1. Suppose that A € H™*" B € H™*" are given and C, D, L are
the same as in Theorem 3.4, then matriz equation (1.1) has a solution X € RSP}, (P)
if and only if (3.6), (5.10) and (3.15) hold, L € SP, Bay € SP;, _,, B3z € SP;. In
that case, the general solution X € RSP (P) can be expressed as (4.1) where X1 and
Xo are as the same as (3.11) and (3.12), respectively.

5. Conclusions. In this paper we have presented the criteria that a 3 x 3 parti-
tioned quaternion matrix is re-nonnegative definite and a quaternion matrix is reflex-
ive re-nonnegative definite. A necessary and sufficient condition for the existence and
the expression of re-nonnegative definite solution to the matrix equation (1.2) over
H have been established. Using Theorem 3.4, we have established a necessary and
sufficient condition for the existence and the expression of the reflexive re-nonnegative
definite solution to matrix equation (1.1) over H. In closing this paper, we propose
the following two open problems which are related to this paper:

(1) How do we investigate the least-square re-nonnegative definite solution to (1.2)



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 17, pp. 88-101, February 2008

100

Qing-Wen Wang and Fei-Zhang

and the least-square reflexive re-nonnegative definite solution to (1.1) over H?

(2) How do we investigate the maximal and minimal ranks of the general reflexive
re-nonnegative definite solution to the matrix equation (1.1) over H?
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