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THE OUTER GENERALIZED INVERSE OF AN EVEN-ORDER TENSOR
WITH THE EINSTEIN PRODUCT THROUGH THE MATRIX UNFOLDING
AND TENSOR FOLDING*

JUN JIt AND YIMIN WEI*

Abstract. Necessary and sufficient conditions for the existence of the outer inverse of a tensor with the Einstein product are
studied. This generalized inverse of a tensor unifies several generalized inverses of tensors introduced recently in the literature,
including the weighted Moore-Penrose, the Moore-Penrose, and the Drazin inverses. The outer inverse of a tensor is expressed
through the matrix unfolding of a tensor and the tensor folding. This expression is used to find a characterization of the outer
inverse through group inverses, establish the behavior of outer inverse under a small perturbation, and show the existence of a
full rank factorization of a tensor and obtain the expression of the outer inverse using full rank factorization. The tensor reverse
rule of the weighted Moore-Penrose and Moore-Penrose inverses is examined and equivalent conditions are also developed.
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1. Introduction. For a positive integer N, let [N] = {1,2,...,N}. An order k tensor A= (A;, i, )€
ChixIzxxI i 3 multidimensional array with I3 - - - I); entries over complex field C, where i; € [I;],j € [k].
Given A = (4;,..4.) and B = (B;,..;,) € Clvx2xxle and a scalar a € C, with the standard addition
A+ B = (A;,. i, + Bi,..i.) and the scalar product ad = (aA;,. ;, ), CI1>*12X*Ik jg 3 vector space. The
vector space C™ and matrix space C1 %2 are special examples of tensor spaces.

For tensors A € ClixxIkxixxXJk and B € C/1x X JeX ki1 XX Jm with m > k, the Einstein product
A sy, B of tensors A and B is a tensor in Cl1>xIkxJkt1>XJm defined in [9] by

(A B)iyiggson = D Ay ingnedn Biveniegadim
Jr€lJr]relk]

This tensor product satisfies the associative law. When m = k and B € C/1*%Jx A %, B is in Cl1 ¥ * 1k,

Thus, the 2k-order tensor A corresponds to a linear operator L4 from tensor space C/1* %7k to tensor

space Clrxx1Ik,

An alternative product of two tensors A € C™*"2X"X"2 of order m > 2 and B € Cn2XnsX " Xnk+1 of
order k > 1 is introduced in [26, 4] and various topics such as the inverse, rank, similarity, and congruence

under this product can be found in [26, 4, 43]. For a survey of many interesting topics of tensors, including
the modal-k product and its applications, refer to [5, 6, 10, 16, 21, 23, 34, 41].

In this paper, we work with the even-order tensor spaces with the Einstein product. For a scalar « in C,
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XX Jix-XJk the conjugate transpose A* of A is a tensor

@ is the conjugate of . For a tensor A € Cl1x~
in CTxxJexloexIe with its elements defined by (A*)j, . jxir...ir = Aiy.ixir...jn- The diagonal tensor D in

CNux XN Nix--xNk g the tensor with its entries defined by

diy.ip, if iy = jr € [N,], for r € [K]
(D)il...ikjl...jk =

0 otherwise,
where d;,...;, is a complex number. If all the diagonal entries d;,...;, = 1, then the diagonal tensor D is
called the identity tensor, denoted by Z. The identity tensor depends on the dimensions Ny, Na,..., Ni
of all orders. For simplicity, we will not indicate its dependency on the dimension of each order and use
T to denote both identity tensors in Cl1X>*IkxTix-xIk gnd CJix-xJexJix-xJi 1t ig easy to show that
(AxB)* =B*sx A* and Tx A= AxT = A for A€ CloxlixJix-xJk and B e CTrxxJexburxxLi 3],

For a tensor A € CTix>xIuxIix-xIx if there exists a tensor B € Cl X TkxIix-xIk gych that A* B =
B+ A =T, then A is said to be invertible and the B is called the inverse of A and denoted by A~ [3]. For

a general tensor A in CT1X - *TexJix-xJi its inverse may not exist. But it is shown in [30] that there exists
a unique X in C71X X JexTixXIk gatisfying

(1.1) Ax X x A=A,

(1.2) XxAxX =X,

(1.3) (A*xX)" = Ax X,

(1.4) (X*xA) =X A

The unique X, denoted by AT, is called the Moore-Penrose inverse of A. Obviously, we have At = A=1 if A
is invertible.

A tensor X € C/irxJ2xxJixhixlax--xIr g called a {2}-inverse of A if X satisfies the equation (1.2).
We will consider the {2}-inverse of A with prescribed range and nullspace, i.e., the outer inverse of A.
This generalized inverse will unify the three very important classes of generalized inverses of A introduced
recently in the literature [2, 33]: the weighted Moore-Penrose inverse [13], the Moore-Penrose inverse [30, 18],
the Drazin inverse [14, 24], as well as the Core and the Core-EP inverse [25, 8, 17, 19], the CMP and the
DMP inverse [20, 32]. The expressions of these generalized inverses are to be obtained through the matrix
unfolding of a tensor. We study the full rank factorization of a tensor and express the outer inverse using
the factorization. A characterization of the outer inverse of a tensor through group inverse, the behavior of
outer inverse under a small perturbation, and the reverse order rule of the weighted Moore-Penrose inverse
of tensors are also presented.

2. The generalized inverses through its matrix unfolding. In this section, we will introduce the
generalized inverses through its matrix unfolding.

DEFINITION 2.1. For (i1,...,4) and (j1,...,Jk) in [I1] X [I3] X -+ x [I], we write (i1,...,i5) <
(J1,---,Jk), and say (i1,...,i) is less than (ji,...,Jk) if there exists an integer ! in {1,2,...,k} such
that i < jyand i, = j; for [ +1 <t < k.

Under this ordering, we have (1,1) < (2,1) < (1,2) < (2,2). We also define a map h: [I1] x [I3] x --- X
[Ix] = [I112 -+ - I)] by

hi,I) =i+ (lo— 1)1+ (is— 1)1 Io+ -+ (i — V)1 1o+ - Tjo—q
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where i = (i1,142,...,1x) and I = (11, L5, ..., Ij).

For A (S (CIIXI2X“'XI’€><J1><J2XMXJ’€7 let i = (i17i27 e aik})a j = (jlaj27 cee ajk?)a I= (117[27' .. 7Ik>7 and
J = (J1,Jo,...,Ji), and define the transformation f : CTv¥ > TexJix-xJe o ClhoTexJiJi with f(A) = A
defined component-wise as

(2.5) A N A n), )

Here, the matrix A is the matrix unfolding of a 2k-order tensor A with the first k& orders for the row and
the last k orders for the column ordered according to Definition 2.1 with the rows from top to bottom and
columns from left to right and A is the folding of a matrix A into a tensor in Cl1*/2XxTexJixJoxxJp
Though the matrix unfolding f and tensor folding f~! depend on I and J, we may omit their dependency
for simplicity in the remainder of the paper.

For A € Clixlzx-xlixixJoxxJk and B g CT1xJ2xxJuxlaxLax-xXLk it ig observed in [3] that both

h and f are bijections for given I and J and that
(2.6) F(A*B) = f(A)- f(B) and f~'(A-B)=f"'(A)x[(B)
for A = f(A),B = f(B) where - refers to the usual matrix multiplication.

Any B € C/1x72XxJk can be viewed as an even-order tensor in C/1>xJ2X- X JkxLux-XLk with [; = 1
for [ = 1,...,k. In this case, f(B) is actually a vector in C’/1/2/kx1 = C/1/2Ji That is, the operator
f() turns tensors of order k into column vectors ordered according to Definition 2.1. With this extension,
(2.6) now even holds for a B € C71*7/2%*Jx  Throughout the paper, any B € C/1*/2XxJk will always be

treated as an oven-order tensor in CJ1%J2X X Jpx1x-x1

Note that the transformation f, which preserves the structures of the tensor space of even-order with
the Einstein product and the matrix space with the usual matrix multiplication as indicated in (2.6), allows
us to explore many interesting properties of tensors through those of matrices. Indeed, the singular value
decomposition (SVD) of a tensor A € CIX/*IXJ_ the inversion of higher-order tensor, and multilinear
systems were studied in [3, 7, 35, 36, 42] through the transformation f and the SVD of a general even-order
tensor A € Clixf2xxhux JixJ2xx Ik yag given in [30].

In view of (2.6), we have
AxB=17 ifandonlyif f(A)-f(B)=L

for “square” tensors A,B € Cli*fzx-xlixhixlaxxIv and T above is f(Z), the identity matrix of order
LiIy---Ip. Thus, the condition that A~! exists as a tensor is equivalent to the condition that [f(A)]™"
exists as a matrix. Moreover, [f(A)]7! = f(B), that is,

(2.7) AT =B = £ (A ).

The expression (2.7) connects the inverse of a tensor A with that of its matrix unfolding f(A4). We may
use it to compute the inverse of an invertible tensor. We illustrate the procedure through an example.

EXAMPLE 2.2. Let A € R?*2X2%2 i [1] where

0 0 1 -1 0 1 1 0
Aij11 = 0 1 y  Gijo1 = 0 1 y  Qij12 = 0 0 , and Q522 = 10 .
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First form A = f(A) as follows.
0 1 0 1
0 0 0 -1
A=IA=19 11 o
1 0 0 O

A simple calculation indicates that the matrix A = f(.A) is nonsingular and its inverse is

0
ATl = !
1

O = = O
o = O O
S O O =

-1

Finally, applying the inverse transformation f~! onto A~', we have A~! = f~! (A‘l), ie.,

_ 0 1 _ 0 1 _ 0 1 _ 1 0
ijh:(l 0)’ ijél:(l _1>a ijb:(O 0)’ and Aij%2:<0 0)'

Next we study the generalized inverses of tensors through their matrix unfoldings under the transfor-
mation f with a focus on the {2}-inverse of a tensor with prescribed range T' and nullspace S. We give a
necessary and sufficient condition for the existence and uniqueness of such a tensor by extending an analo-
gous result from matrix spaces to tensor spaces. More importantly, we establish an expression similar to the
one in (2.7) for this inverse. As special cases, expressions like (2.7) for the weighted Moore-Penrose inverse,
the Moore-Penrose inverse, and the Drazin inverse of a tensor are obtained.

To this end, we need to collect a few useful results related to the mapping f.
First, it is easily seen from the definition of f (2.5) that

(2.8) fA) = (f(A)" and  f(aA+ BB) = af(A) + Bf(B)

XTI X Jy X Ja2 XX

for any scalars o, 8 in C and tensors A, B in C/1xf2x Tk, In view of (2.8), it is easy to verify

that
FL)={f(X): X eL}

is a subspace of CV1V2"Ne if and only if £ is a subspace of CN1X %Nk Moreover, due to the fact that f is

a bijection, we have

(2.9) dim(£) = dim(f(£)).

It can also be easily verified that

(2.10) Ly =Ly if and only if f(L£q) ={(Ls)
for subspaces £1 and Lo of CN1XN2X-X Nk

Consider the range and nullspace of A € Cl1x 12X xLixJixJox-=XJi defined by

R(A) = {AxX: X cC>**v} and N(A) = {X e CT e Ax X =0}
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It is easily seen from (2.6) that
(2.11) FR(A)) = {F(A) - f(X) : f(X) € CTPTr} = R(F(A)).
In view of (2.6), A * X' = 0 is equivalent to f(A) - f(X) = 0 which, together with (2.6), further implies
(2.12) F(N(A)) = {f(x) € C727k - f(A) - f(X) = 0} = N(f(A)).
Combining (2.9) with (2.11), we have
(2.13) rank(f(A)) = dim(R(f(A))) = dim(f(R(A))) = dim(R(A)).
Replacing A by A* in (2.13), with the help of (2.8), we have
dim(R(A")) = rank(f(A")) = rank([f(A)]") = rank(f(A)).

Therefore, we have dim(R(A)) = dim(R(A*)), which is equal to the rank of f(A). We comment that the
fact that dim(R(A)) = dim(R(.A*)) was first observed in [14, Lemma 2.2].

The rank of the tensor A is defined as the dimension of R(.A). With this definition, we have proved the
following result.

THEOREM 2.3. The rank of a tensor A, i.e., dim(R(A)), is equal to the rank of its matriz unfolding
f(A). Both A and A* have the same rank.

The set of all tensors in Cl>* > LexJrxXXJk with rank r is denoted by CLr>* X IkxJuxxJk

THEOREM 2.4. Let A € Clvx>xIexJux-xJi T pe g subspace of C1*72>%Xk of q dimensiont < r and
S a subspace of Clv*12xxIk of dimension I1I5--- Iy —t. Then A has a {2}-inverse X such that R(X) =T
and N(X) = S if and only if

(2.14) AxT @8 = ChxlaxxIx

in which case, X is unique and denoted by A%%?S. Moreover, .Agg?s exists if and only if [f(A)]gcz()T) f(5) €xists
and

2 _ - 2)
(2.15) APy = ([f(A)] fm,f<s>)-
Proof. Under the transformation f, (1.2) is equivalent to

f(X) - f(A) - f(X) = f(X).

Thus, X is a {2}-inverse of the tensor A if and only if f(X) is a {2}-inverse of the matrix f(A) €
ChlzDixJiJaJk  Notice that rank(f(A)) = rank(A) = r. It is seen from (2.11) and (2.12) that

R(X) =T if and only if R(f(X)) =1{(T)

and

N(X) if and only if N(f(X)) = (S).

=S
Moreover, we also have dim(f(7)) = dim(7) =t < r and dim(f(S)) = dim(S) = I1Iy--- I —t. Thus, A
has a {2}-inverse X’ such that R(X) = 7 and N(X) = S if and only if f(.A) has a {2}-inverse f(X) such
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that R(f (X)) = f(T) and N(f(X)) = f(S) which, in view of [33, Theorem 1.3.8, p. 24] or [2, Theorem 14,
p. 72], is equivalent to

(2.16) (f(A) - F(T) @ f(§) = Chirte,
Finally, the condition (2.16) is equivalent to (2.14), due to (2.6) and (2.8). Thus, we have f(X) =
[f(A)}SCQ()T) #(s) Which further deduces the result in (2.15). O

Theorem 2.4 is the extension of [33, Theorem 1.3.8, p. 24] from matrix spaces to even-order tensor
spaces with the Einstein product. The expression (2.15) is a direct extension of the formula (2.7) for the
regular inverse to the {2}-inverse with prescribed range and null space. Based on this formula, Ag?s can
be obtained by first obtaining the {2}-inverse of its matrix unfolding f(.A) with the prescribed range f(7)
and nullspace f(S) and then folding back to its original tensor space through f~!. One may employ the
methods in [28, 12, 37] or any other ones in the literature for the {2}-inverse of the matrix f(A) with the
prescribed range f(7) and nullspace f(S) for such a task.

Now, let us turn to the three special cases: the weighted Moore-Penrose inverse, the Moore-Penrose
inverse, and the Drazin inverse of an even-order tensor.

For P € CN1xxNexNix--x Ny if there exists a unitary tensor I such that
(2.17) P=UxDxU",

where D is a diagonal tensor with positive diagonal entries, then P is said to be Hermitian positive definite
[13]. In view of (2.6) and (2.8), the factorization (2.17) is equivalent to

Thus, P is a Hermitian positive definite tensor if and only if f(P) is a Hermitian positive definite matrix in
CNI"‘NkXNl”'Nk_

If M and N are Hermitian positive definite in Cl1XxTex[ixX Ik and CJ1xxJexJixXJr pegpectively,

then there exists a unique X in C/1 X XJexTix-xXIx gatisfying
(2.18) AxXx A=A,

(2.19) XxAxX =X,

(2.20) MsxAxX)" = Mx Ax X,
(2.21) NxXxA) =N xX*A

and the unique solution is the weighted Moore-Penrose inverse of A, denoted by .Aj\,( - It is shown in [13,
Theorem 3.4] that

(2.22) R(Alw) =R(A%) and N(Aly) =N(4%),
where
(2.23) A* = N7 s A 5 M.

It is seen from (2.22) and Lemmas 3.2 and 3.3 of [13] that
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Moreover, in view of (2.6), (2.7), (2.8), and (2.23) we have

(2.25) FAR) = [FW]T [FA]T - F(M),

which, together with Theorem 2.3, implies

(2.26) dim (R (A#)) = rank (f(A#) = rank(f(A)).

It follows from (2.9), (2.12), and (2.26) that

(227)  dim (N (A#)) = dim (f(N (4#))) = dim (N (F(A#))) = 1o - I — rank (f(A)) .

With the help of (2.22), (2.24), (2.26), and (2.27), it is seen from Theorem 2.4 that
1) _ -1 (2)
(2.28) A = Ay ey = I (AN ramy sosiary) -

Define [f(A)]# = [f(N)] " [f(A)]" - f(M). In view of (2.25), we have f(A#) = [f(A)]#. Equations (2.11),
(2.12), and (2.25) imply that
F(R(A™)) = R(f(A7)) = R([f(A)]F) and {(N(AF)) = N(f(A™)) = N([{(4)]7),

which together with (2.28) imply

(2.29) Ay =71 ([f(A)]g()[f(A)]#),N([f(A)]#)) =f ([f(A)]}(M),f(N)) )

where the last equality directly comes from [38, Lemma 1.2].

Also, the expression for the (unweighted) Moore-Penrose inverse of a tensor can be obtained from (2.29)
by taking M and N to be the identity matrices of proper orders and the fact that f(Z) = I.
In summary, we have derived the following result.

THEOREM 2.5. Let A € Chx-xlixJixexJe — 1f M and N are Hermitian positive definite in
Clhoxcxlexixexli gpd Clx X JexJix=XJx respectively, then

2 _
(2.30) Al = ARy wamy = 1 ([f(A)]j‘(M)J(N)) :
In particular, we have
(2.31) At = AR ) s = £

The expression (2.30) for ‘Aj\/t, A was derived as a special case of the {2}-inverse with prescribed range and
nullspace. Alternatively, it can be shown through the algebraic equations (2.18)-(2.21). X = ‘Aj\/l,/\/ is the
unique solution of (2.18)-(2.21). Taking the transformation f on both sides of four equations (2.18)-(2.21),
with the help of (2.6) and (2.8), we have

(2.32) fLA) - (X) - F(A) = f(A),
(2.33) F(X) - f(A) - f(X) = f(%X),
(2.34) (fM) - f(A) - f(X)" = F(M) - f(A) - f(X),
(2.35) (V) - F(X) - F(A)" = FN) - £(X) - f(A),
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which implies that f(X) = [f(‘A)]}(M),f(N) . Therefore, we have X = f~! ([f(‘A)]}(M),f(N’))'
The concept of the index and the Drazin inverse of an even-order tensor A € ClX:>xIpxIixXe XTIy g

introduced recently in [14]. The smallest non-negative integer p such that R (.APH) = R (AP), denoted by
Ind(A), is called the index of A. Let Ind(A) = i. If | is a non-negative integer and X' € CT1>xexTux--xIx
is such that

(2.36) ATl s x = Al X5 AxX =X, and AxX =X A,
then [ > ¢ and there exists a unique solution, denoted by A4, to (2.36). It is shown [14, Theorem 3.2] that
(2.37) R(AY) @ N(AY) = Cloxxde)

which implies that dim(N(A%)) = I1I5--- Iy — dim(R(A%)). Due to the fact that R(A) C R(A), we have
dim(R(A%)) < dim(R(A)) = rank(A). Since A * R(A?) = R(A™!) = R(A?), (2.37) can be re-written as

AxR(A") ® N(A") = Chex e,

Therefore, it is seen from Theorem 2.4 that

) _ -1 (2)
(2.38) Aa = AR iy xany = f ([f(A)]f(R(Ai)),f(N(Ai))) :
THEOREM 2.6. Let A € ClixlexoxDixhixlzx-xIk gnd Ind(A) = i. Then we have Ind(f(A)) =1i and
(2.39) Aa = Ag()Ai),N(.Ai) = fil ([f (A]a) -

Proof. In view of (2.6), (2.11), and (2.12), for any nonnegative integer p, we have
(2.40) FR(A") =R(f(A") = R([f(A)]P) and f(N(A")) = N(f(A")) = N([f(A)]"),
which, together with (2.10), lead to
R(APTY) = R(AP) is equivalent to R([f(A)]PT!) = R([f(A)]P).

Therefore, we have Ind(f(A)) = Ind(A) = . The expression (2.39) immediately follows from (2.38), (2.40),
and the expression for Drazin inverse of the matrix unfolding f(.A) [38, Lemma 1.2]

[f(A)la = [f(A)]g()[f(A)r»N([f(A)]i) : .

Again, the expression (2.39) was derived as a special case of the {2}-inverse with prescribed range and
nullspace. It can also be proved through the algebraic equations (2.36) which define the Drazin inverse. In
view of (2.6) and (2.36), we have

[FAITEF) = [FA], FX) - F(A) - f(X) = f(X), and  f(A)- f(X) = f(X) - f(A),
implying that f(X) = [f(A)]a. Thus, expression (2.39) follows immediately.

The expressions (2.30), (2.31), and (2.39) can be viewed as extensions of (2.7) from the regular inverse
to the weighted Moore-Penrose, the Moore-Penrose, and the Drazin inverses of an even-order tensor. One
application of these expressions is that they can be used to compute these generalized inverses of a tensor
through any existing algorithm for the corresponding generalized inverses of matrices. Let us illustrate the
procedure through an example which computes the Moore-Penrose inverse of a tensor.
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EXAMPLE 2.7. Let B € R?*2%2x2 ip [1] where

1 -1 0 1 0 O 0 0
bijllz(o 0 >7 bij21:(0 0>7 bij12:(_1 O)’ and bij22:<1 0)-

First form B = f(B) as follows.

1 0 0 0
0 0 -1 1
B=7B)=| ;| o ¢
0 0 0 0

The matrix B = f(B) is singular and its Moore-Penrose inverse is

o O

Bf =

N|—=

O O = =
|

o O = O

o O O O

[SIE

Finally, folding BT back to the tensor space R?*2*2x2 by f~1 we have B = f~! (BT), i.e.,

1 0 0o —3% 0 0 00
BZj11:<1 O)’ B;rjzlz(o 12)7 Bjj12:<1 O)’ and BLZQ:(O 0>'
2

Recall that if the index of a matrix A is one, then the Drazin of A is called the group inverse of A,
denoted by A,. A characterization of the outer inverse of a matrix through group inverse was given in [38].

LEMMA 2.8. Let A € C**", let T be a subspace of C™ of dimensiont < r, and S be a subspace of C™ of
dimension m—t. In addition, suppose G € C"*™ such that R(G) =T and N(G) = S. If A has a {2}-inverse
Ag?)s, then

(2.41) Ind(A-G) =Ind(G-A) =1.
Furthermore, we have
(2.42) AP =G (A-G)g = (G- A)y-G.
We end up this section by extending Lemma 2.8 from the matrix spaces to the tensor spaces of even-order

with the Einstein product. The Drazin inverse of a tensor A of index 1 is also called the group inverse and
denoted by A,.

THEOREM 2.9. Let A € CLvx>xIkxJux-xJi T pe g subspace of C1*72>% %k of q dimension t < r and
S a subspace of CTr* 2% XIx of dimension I Is - - - I, —t. In addition, let G € CTv <X TexixxXIx qych that
R(G) =T and N(G) = S. If A has a {2}-inverse Agg?s, then

(2.43) Ind(A+G) =Ind(G * A) = 1.
Furthermore,

(2.44) -Agg,)s =G*(AxG)g=(GxA)g*G.
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Proof. Consider f(A) € Chlz=IixJiJaJi gnd f(G) € C/1/2IexIilzIi If A has a {2}-inverse A(TQ?37
then [f(A)];Q()T)’f(S) exists in view of Theorem 2.4. It is seen from (2.11) and (2.12) that R(f(G)) = f(R(G)) =
f(T) and N(f(G)) = f(N(G)) = f(S). Applying Lemma 2.8 to f(A) and f(G), with the help of (2.6) and
Theorem 2.6, we can write

Ind(A*G) =Ind(f(A=xG)) =Ind(f(A)- f(G)) =1,
Ind(G x A) = Ind(f(G x A)) = Ind(f(G) - f(A)) =1,

and
245)  [FA) sy = PN onnen = F@) - LFA) - F(O)]y = [£(G) - F(A)]y - F(9).
The results of (2.44) are immediately from Theorem 2.4 and Theorem 2.6 with the help of (2.6). d

3. The outer inverse under a small perturbation. Let us recall a result on the perturbation for
the outer inverse Agg)s of matrix A in [39, 40].

LEMMA 3.1. Let B= A+ FE € C™*", and let T and S be subspaces of C™ and C™, respectively, such
that AT @ S = C™. Suppose R(E) C AT and R(E*) C A*St. If A, = ||EA§12)S||F < 1, then BFE,?)S exists
and

2 2 — 2 2 2) 1—
Bls = [+ AGSE| ™ AT = AT + EAT] ™.

In addition, we have

2 2
Ay IBEs — ATslle _ &
T+ A)s(4) = aflle T 1M
where kK(A) = ||AHF||A¥)SHF is the condition number [40] of the generalized inverse Ag@s and || - ||F is the

Frobenius norm of matrices.

We comment that Lemma 3.1 was established in [39] for a general norm. Next, we will extend this result

to the outer inverse of a tensor A € Clx - *IexJiXxJr ypder the Frobenius norm which is defined as

2

(3.46) |Al|lF = > |Aivi-ingaie |

i €[I],jr€[Jr],rE[K]

Since the matrix unfolding of a tensor is just the re-arrangement of its elements into a matrix, we obviously

have

(3.47) [Alle = [[f (Al

Define the inner product on C/* >k

(348) <X7y> = Z Euzkyzlzk for all X,y € CIIX“.Xlk.
ir€[I],relk]

The orthogonal complement of a subspace £ in C'***Ix is defined by

EL:{XE(CIM'"XI": (X,¥Y)=0 for all ye.c}.
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LEMMA 3.2. For any subspace £ € CIv12XxIk “yye have [f(L)]F = f(L1).

Proof. Observe that z € [f(£)]1 is equivalent to (z, f(X)) = 0 for all X € £. Define Z = f~1(2) €
Chixl2xxIk Tn view of (3.48), we can write

I Is---1y
<Zuf(X)> = Z Zi [f(‘){)}l = Z ZitigeinXigigeif, = <Z7X>
i=1 ir €[], rek]
Therefore, z € [f(L£)]* is equivalent to f~1(z) € L+, i.e., z € f(LY). O

Define x(A) = HAHFHAS%)SHF for the generalized inverse A%%?S of tensor A.

THEOREM 3.3. Let B = A + & € ChxI2xXxlixixloxxXJe —qnd let T and S be subspaces of
ClrxJexxdi gnd Ch*I2xxIv respectively, such that A+ T @S = Clv*12>xxIk - Guppose R(E) C A* T
and R(E*) C A* xSt IfA = || *A(Q) [|lF <1, then Bg)s exists and

(3.49) BYs = [T+ A5 <& Al = AT+ [T+ Ex AT
In addition, we have
2 2
5.50) A _ B - ATl A
T+ 2)s(A) = APllr T 1A

Proof. Note that f(B) = f(A)+ f(€) € ChilzIixJuJ2Jk Tt ig seen from the proof of Theorem 2.4 that
f(T) and f(S) are subspaces of C’/1/2*/k and C/1/2Ik yespectively, and in addition, we have f(A)f(T) ®
f(S) = Chl+Ik With the help of (2.6), (2.8), (2.11), (3.47), Theorem 2.4, and Lemma 3.2, we can write

R(f(€)) = f(R(E)) C f(A=T) = f(Af(T),
R([f(E)) =R(f(E)) = F(R(EY)) C [ (A" +S) = f(A)f (SF) = [F(AN" /(S

and
B85 = IFE) AN, s llr = 1FE)F (APs) llr = I1F (€% APs) Il = 11E « APsllr = A < 1.

Being applied to f(A) and f(B), Lemma 3.2 indicates that [f(B)];Q()T)_f(S) exists,

(3.51) B s = (1+ AN ) F(E >)’1 0 s
(3.52) = AP sy (L+ FO VA 10) -
and

Ao BN ps) = FAN P ps) [l Ay
(35%) A+ B2)r((A) = AN s NI SToAy

In view of (2.6), (2.7), (2.8), (3.51), and Theorem 2.4, we have
-1
B =1 (BN s) = £ ((I + AN, 5 F() [f<A>1§i4)7f<s>)

1
— ! <[I+ [f(A)}}Q()T),f(s)f(E)} ) 7 ([f(A)];Q()T)’f(S)>
=T+ _,4(7?7)3 * &7 % A%g?s
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Thus, the first equality of (3.49) is derived from (3.51) and the second equality of (3.49) can be derived
similarly from (3.52).

We have observed Ay = A. Moreover, in view of (2.8), (3.47), and Theorem 2.4, we can write
2 2 2
AN ses) e = 117 (ADs) 1l = 114D s |,

K(F(A) = IF NN AN s e = MILEIAT ] 1F = r(A),

and
2 2 2 2 2 2
BN s = AN 5o e = 15 (BPs = ADs ) 11 = [1BPs — AP
which, together with (3.53), immediately implies (3.50). d

4. The generalized inverses and full-rank factorizations. In a recently published paper [1], the
authors asked about whether or not there exists a full rank factorization of a tensor and how to compute
the Moore-Penrose inverse from its full rank factorization if there is one. As we know, the answer to this
question is affirmative in the matrix case [2]. It is well-known that for A € C"*" there exist B € C"*"
and C € C7*" such that A = BC and AT = C* (B*AC*)™" B*. This classical result was extended to the
{2}-inverse of a matrix A with prescribed range and nullspace in ([27, Theorem 3.1}, [29, 37]).

LEMMA 4.1. Let A € C**", let T be a subspace of C" of dimension t < r, and let S be a subspace of
C™ of dimension m — t. In addition, suppose G € C**™ such that R(G) = T and N(G) = S.If A has a
{2}-inverse A(T2’)S, then QAP is invertible and A(TQ)S = P(QAP)~1Q for any full-rank decomposition G = PQ
of G.

DEFINITION 4.2. For a given tensor A € CLrxf2xxIixJixJ2xxJi ‘the factorization A = BxC is called

a full rank factorization of A if B € Clx>IuxBix-xRi and ¢ g CRx->xBixJix-xJk for positive integers
Ri,Rs,- -+, Ry such that RyRy--- R = .

With the help of the matrix unfolding f and its inverse f~!, the existence of a full rank factorization
of a tensor can be easily established and Lemma 4.1 can be extended to the {2}-inverse of a tensor .4 with
prescribed range and nullspace.

THEOREM 4.3. Let A € ChxIaxoxlixixJaxxJy, Then there exist two 2k-order tensors
B c C£1x12><~--x1erx1><~--x1 and C c C:xlx-<~><1><,]1><J2><-~><Jk such that ./4 = Bx(C.

Proof. Consider the matrix unfolding f(A) of the tensor A. It is seen from Theorem 2.3 that
rank(f(A)) = r and thus, there exist B € Chl2Isx7 and ¢ € Cr¥71%2Jk such that f(A) = B - C.
Define

B= f—l(B) c Cll><12><~~~><lk><r><1><~~><1 and C = f—l(C) c Cr><1><~~><1><J1><J2><~~><Jk_

Again, in view of Theorem 2.3, we have rank(B) = rank(f(B)) = rank(B) = r and rank(C) = rank(f(C)) =
rank(C') = r. In addition, in view of (2.6), we have

A=f1{fA)=Ff1B-C)=f1B)xf1(C)=B=C. 0

THEOREM 4.4. Let A € Clx>x1exJux-xJi T pe q subspace of C1*72>XJk of q dimension t < r and
S a subspace of CTv 12X xIk of dimension I Iy ---I), —t. In addition, let G € CJ1x< - XJexlixxXIk gych that
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R(G) =T and N(G) = S and let G = P x Q be any full-rank decomposition of G. If A has a {2}-inverse
Ag,?))s, then Q x A x P is invertible and

(4.54) Aggzp*(Q*A*P)fl*Q.

Proof. Under the assumptions of the theorem, f(A) € ClxIxxJ1Jk " £(T) is a subspace of C/1/2/x of a
dimension ¢ < 7, and f(S) is a subspace of C/1%2"Ik of dimension I;I5 - - - I —t. In view of (2.11) and (2.12),
we also have f(T) = f(R(G)) = R(£(G)) and /() = f(N(G)) = N(f(G)). In addition, £(G) = f(P)- /() i
a full-rank factorization of f(G). In view of Theorem 2.4, [f(.A)];()T)’f(S) exists. It is seen from Lemma 4.1
that f(Q) - f(A) - f(P) is invertible and

(4.55) AN i) = FP) - (F(Q) F(A) - F(P) - F(Q).
In view of (2.6), (2.7), (2.15), and (4.55), we have that Q x A * P is invertible since f(Q)- f(A)- f(P) is

invertible and we can write

A ([f(A)].(f?ﬂ,f(&)

= (fP) - F([QxA=P]7) - £(Q)
:P*(Q*.A*P)_l*Q. 0

Let A € ClxxlexJixexJi and A = B« C be a full rank factorization of .A. Then it follows from
Theorem 2.3 and Definition 4.2 that A* = C* % B* is a full rank factorization of A*. In view of (2.31), we
may take G = A* in (4.54) for the Moore-Penrose inverse, resulting in

(4.56) At =C" % (B* « AxC*) '« B*.

In order to get an expression for the weighted Moore-Penrose inverse, we take G = A% due to (2.30), which
has a full rank factorization

AF = NTHs A« M= (N7 C) % (B* « M) .
Thus, the expression in (4.54) becomes
(4.57) Al =N 5 (B s Mx Ax N1+ C*) 5B 5 M
— N xC  [(BFx M B)x (Cx N1 %C*)] ' % B x M.

Finally, let A € Clx-xlexlixxIk with Ind(A) = i. Notice that we can take G = A’ for the Drazin
inverse of A as indicated in (2.39). For any full rank factorization A* = P * Q of A’, which always exists as
indicated by Theorem 4.3, we have

(4.58) As=Px(QxAxP) % Q,
for the Drazin inverses of tensors as a special case of (4.54).

5. The reverse order rule. Next, we will turn our attention to the reverse order rules for the Moore-
Penrose inverse and weighted Moore-Penrose inverse of tensors with the Einstein product. Recall that the two

term reverse order law (AB)" = BT AT for two matrices A and B was studied by Greville [11] and Arghiriade
about a half century ago. Their results are collected in the following lemma (see [2, pages 160-161]).
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LEMMA 5.1. Let A and B be two matrices such that AB exists. Then the following statements are
equivalent:

(i) (AB)f = B A,
(i) R(A*ABB*) = R(BB*A*A);
(iii) R(A*AB) C R(B) and R(BB*A*) C R(A*).

There exist many results in the literature on the reverse order for the Moore-Penrose inverses of matrices.
As an application of the expression (2.31) for the Moore-Penrose inverses of tensors, the one in Lemma 5.1
will be extended in the next theorem to the tensor space of even-order with the Einstein product. In a
similar way, we can actually extend many other results from matrix space to tensor space, including the ones
in [22].

THEOREM 5.2. Let A € Ch>I2xXeXIkxXixJoxeXJk gnd B € ClixJexxJixLixLox--XLk  Thep, the
following statements are equivalent:

(i) (AxB)t =B« Af;
(ii) R(A* *x Ax B B*) =R(B* B* « A* x A);
(iii) R(A* * A% B) CR(B) and R (B * B* « A*) C R(A*).

Proof. Notice that (A % B)f = Bt x AT is equivalent to f((A % B)") = f(B x A") which, together with
(2.6) and (2.31), is also equivalent to

(5.59) [F(A)- FBT = [FB)]T - [F (A

(5.60) RS- (A - FB) - [f(B)I") = R(f(B) - [f(B)]" - [f (A" - f(A))
holds. With the help of (2.6) and (2.8), and (2.11), the condition (5.60) is equivalent to
(5.61) JRA* x AxBxB*)) = f(R(BxB"« A" x A)),

which is obviously equivalent to R(A* x A x B x B*) = R(B * B* * A* x A) due to (2.10). Therefore, part (i)
is equivalent to part (ii).

Similarly, part (i) holds if and only if (5.59) holds which, in view of Lemma 5.1, is equivalent to
R(f(A)"- f(A)- f(B)) CR(f(B)) and R(f(B)-f(B)"-f(A)") S R(f(A)),

or equivalently,

RA** AxB)CR(B) and R(B+B*xA") CR(A").
Thus, part (i) is equivalent to part (iii). O

We end this paper up with the following extension of Theorem 5.2 to the weighted Moore-Penrose inverse
of even-order tensors. Our approach closely follows the lines of [31].
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THEOREM 5.3. Let A € ClixIzx-xXlixixJoxXJi gnd B g CJixJaxxJexlaxboxxLe Lot M €
(CIIXIZX"'XIkXIIXIZX"'XIk7E c (CLI><L2><~~><Lk><L1><L2><~-><Lk; and N € CIixJ2xxJxxXJixXXJk po Hermitian

positive tensors. And let A be given in (2.23) and define B¥ = L™ xB*+N . Then the following statements
are equivalent:

(i) (AxB)ly e =Bl + Ay
(i) R(A¥ x A% B* B#) = R(B * B¥ + A% x A);
(iii) R(A¥ x Ax B) C R(B) and R(B * B* x A#) C R(A*).

Proof. 1t is seen from (2.11) of [13] that
A =N (M1/2 *A*N_1/2)T « M2,
B/T\/,z: =L« (Nl/Q * B ¥ £—1/2)T « N2,
(AxB)ly ,=L£7%x <M1/2 (A B) + Eﬂ/g)T M2

Therefore, (A * B)jvu: = B}L\u: * AI\A,N is equivalent to

(/\/11/2*(A>|<B)>l<£_1/2>T = (N1/2*B*£_1/2)T* (/\/11/2>«<Aﬂl<J\/"1/2)T
or
(5.62) (A*B)Tzﬁ*iﬂ,

where A = MY2x« Ax N=Y2 and B = N''V/2 « Bx £L7/2. Now, in view of Theorem 5.2, the reverse order
(5.62) of the Moore-Penrose inverse of A % B holds if and only if

R(A s AxBxB) =R (BB + A"+ A)
or
R(N*I/Q*A**M*A*B*Eil*B**Nl/z) :R(NI/Q*B*EA*B**A**M*.A*Nfl/z),

which can be readily re-written as R(A% x A x B x B#) = R(B * B# x A* x A). Thus, part (i) is equivalent
to part (ii).

Similarly, (5.62) is also equivalent to

R(A*+ A+B) CR(B) and R (zé « B % A*) C R(A%)
from which R(A# x Ax B) C R(B) and R(B % B# x A#) C R(A*) can be easily deduced. Thus, part (i) is

equivalent to part (iii). |
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