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QUADRATIC CONVERGENCE BOUNDS OF SCALED ITERATES
BY THE SERIAL JACOBI METHODS FOR INDEFINITE
HERMITIAN MATRICES*

J. MATEJAST

Abstract. Using the technique from [12], sharp quadratic convergence bounds for scaled Jacobi
iterates are derived. The iterates are generated by any serial Jacobi method when applied to a general
complex nonsingular Hermitian matrix. The scaled iterates are defined relatively to the diagonal.
The estimates depend on the relative separation between the eigenvalues. The assumptions are
general, since no monotonic ordering of the diagonal elements within any diagonal block which
converges to a multiple eigenvalue is presumed.
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1. Introduction. In [11, 12], we have derived quadratic convergence bounds of
scaled iterates Hék) = D,;l/QH(k)D,zl/Q, k > 0, where Dy, = diag(H®)), and H*) are
obtained by the serial Jacobi method applied to the positive definite Hermitian matrix
H = H©. Here diag(H(’“)) denotes the diagonal part of H®*). Similar results are
obtained for the Kogbetliantz method [7, 14] and for the J-symmetric Jacobi method
of Veseli¢ [15]. In this paper, we prove that the results of this kind also hold for the
serial Jacobi method when applied to indefinite nonsingular Hermitian matrices. This
last result completes our survey of scaled iterates.

The motivation for all these endeavors came from several origins. First, we wanted
to generalize the classical quadratic convergence results for the symmetric Jacobi
method [4, 9, 10, 17] in order to comply with the new theory of relative perturbations
for the eigenvalues and singular values. The norms of scaled matrices and the relative
gaps in the spectrum appear naturally in the relative accuracy results (see [1] and
many other references from [8]). We note that the pioneering work of Demmel and
Veselié¢ [1] has promoted Jacobi method as an accurate eigensolver for the full eigen-
decomposition of positive definite matrices and recent results of Drmaé¢ and Veselié
[2, 3] have shown that (one-sided versions of) Jacobi methods can be made very
efficient.
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Second, since Jacobi methods are generally accurate, the termination criterions
should carefully be chosen. The one, most often recommended, has been introduced
in [1] (although it had already been used in disguised form by Rutishauser [19]):
|hij| < tol- \/m , © # j. This criterion has been additionally theoretically justified
in [6], where the structure of scaled almost diagonal Hermitian matrices is revealed.
Some results from [6] (here described in Theorem 1) show that the diagonal elements of
a Hermitian matrix H are relatively close to the corresponding eigenvalues provided
that the off-diagonal part of Hg = |diag(H)|~"/2H|diag(H)|~'/? has sufficiently
small norm, smaller than the minimum relative gap. Similar results hold for the
singular value problem [13]. So, convergence of scaled iterates should be monitored.

Third, note that Jacobi method is not relatively accurate for a general initial
indefinite Hermitian matrix H. However, numerical tests and the recent theoretical
investigation [16] indicate that Jacobi method is relatively accurate for the scaled
diagonally dominant (s.d.d.) indefinite Hermitian matrices. This, together with the
results presented here, indicates that standard Jacobi method can be safely used as
an accurate eigensolver for general s.d.d. Hermitian matrices.

This paper is closely related to [12] although it presents its counterpart which
deals with complex s.d.d. indefinite Hermitian matrices. There are many similarities
with the content of [12]. We use the same notation (without introducing it) and the
same technique of the proof which is based on induction over the set {1,2,...,p},
where p is number of distinct eigenvalues of H. Since this technique is well described
and discussed (with figures and all details) in [12], we avoid to explain it. The readers
are forewarned of it at several places in the paper. To keep the exposition short, we
assume the reader is acquainted with [12]. This paper is sort of continuation of [12].

However, the proofs of several auxiliary results had to be modified because of the
differences between the positive definite and the indefinite case. In particular:

e For indefinite s.d.d. Hermitian matrices, the diagonal elements are not all
positive. This fact is reflected in the proofs of Lemmas 2 and 5.

e For indefinite s.d.d. Hermitian matrices, the bounds from [6], appearing in the
estimates for the structure of indefinite s.d.d. Hermitian matrices are larger
than those for the definite case. They are given in Theorem 1 and are used
in Lemmas 5, 11 and 14.

e In contrast to [12], we abandon the assumption that the eigenvalues associ-
ated with the diagonal elements are monotonically ordered. We shall only
require that the diagonal elements affiliated with multiple eigenvalues occupy
successive positions on the diagonal (see the asymptotic assumption (A2)),
as in the classical result of Hari [4]. It resulted in modifying the proof of
Lemma 7.
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Because of these differences, the asymptotic assumption (A1) had to be made more
stringent than the one in [12] (the constant 1/6 appearing in [12, p. 25] is replaced by
1/10). Consequently, the constants in the auxiliary lemmas, as well as in Theorem 6,
are different from those in [12].

The paper is organized as follows (cf. [12]). In Section 2, we derive some prepara-
tory results. In Section 3, we prove the main result (Theorem 6) and in Section 4, we
present some numerical examples.

2. Preparatory results.

2.1. Scaled diagonally dominant matrices. Let H € C"*" be a Hermitian
matrix with the eigenvalues

21)  M=do=- =Xy, Ag1 = = Aeyy ceey Asy g1 =0 = Ay,

where s, = n. Then p is the number of distinct eigenvalues of H and for each 4,
1<i<p,n;=s;—8;—1 (so =0) is the multiplicity of ;. We define the appropriate
sets of indices

(2.2) N, ={teN:s,1+1<t<s,.}, 1<r<p,
and if H = (h;;) is nearly diagonal, we assume
(2.3) fort € N,  hy is affiliated with A, , 1<r <p.

The assumption (2.3) ensures that the diagonal elements of H which correspond to
the same multiple eigenvalue occupy successive positions on the diagonal. It means
that for each 1 < r < p, the diagonal elements hy;, t € N,., belong to the Gerschgorin
disc around As,..

For each i € {1,...,p}, we define the relative gap of As, in the spectrum of H by,

|>\Si - ASJ |

2.4 ; = min § ————, 1 <1 < ’
(24) v 1S5 {I/\Si sl _p}
JFi

The minimum relative gap is then

(2.5) Y= min i

For H with nonzero diagonal, the (symmetrically) scaled H is defined by
(2.6) Hg = |diag(H)|~Y?H|diag(H)| /2.

The spectral matrix norm is denoted by | - ||2. Since we frequently use the Frobenius
matrix norm, it is denoted simply by ||-||. By Q(X) we denote the off-diagonal part of
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X, Q(X) = X — diag(X). Using the notation from [12, pp. 19-20], we now state the
result [6, Corollary 3.1], which reveals the structure of an a-s.d.d. Hermitian matrix!.

THEOREM 1. Let H € C™*" be a Hermitian matriz satisfying the condition (2.1),

;
Q(Hg)|2 < ——,
I908s)12 < —

and (2.3). Here v and Hg are defined by the relations (2.5) and (2.6), respectively.
Then the following assertions hold

‘ As,
(i) §:1—m4

2
16
+1Q(m (Hs))|I? < ?llTr(HS)ll‘l, L<r<p,

GEN, J r
" AP 8

(i2) E:l—ﬁ%-ﬂmﬁﬁ&mpé;ﬂﬂﬂﬂm
j=1 73

2.2. Hermitian Jacobi method. A brief description of Jacobi method for
computing the spectral decomposition of Hermitian matrices is given in [12, pp. 20—
22]. We consider here the column-cyclic pivot strategy. The final result then holds
for any equivalent pivot strategy (in [18], they are called wave front strategies). The
total number of rotations in each cycle is

n(n—1)
2.7 N=——-—.
(27) |
The scaled iterates are defined by
(2.8) H = |diag(H™)[2H®) | diag(H ™)~/ k>0,

where H® = H, H®W ... are generated by the method.

We shall use A®*)| the off-diagonal part of Hék), and its norm ay,
29) AW =@H) = 1Y -~ diag(H), ax = |QHS)|, k>o0.

Thus, the diagonal elements of A®) = (al(:;)), k > 0 are zeros and the off-diagonal
ones are given by

(k) i,
(2.10) alt) = —m [ 4m, k>0
(k) g, (k)
[y e |
IThe original assumption hi; > haa > --- > hpnn is replaced here with the weaker one (2.3).

This is the weakest form of the assumption under which the result holds.
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2.3. Auxiliary lemmas. We proceed in the same way as in [12, pp. 22-23].

LEMMA 2. Let H = (hym) be a Hermitian matriz of order n. Suppose H is

obtained from H by applying a single Jacobi step which annihilates the element h;;.
Let A = (aim) and A = (am) be defined by

A= Q(HS)v Hs = Ail/QHA?l/Q; A= |dla’g(H)|7
A=Q(Hs), Hs=A"Y2HA"Y? A =|diag(H)).
If lai;| <1, then

2 2
. . - a;r|” + a4 L.
() Jaal? + @ < et aal® oy s
1 — |ag]
y ~ A|)? = 2|a;
(6) AN = JAJ? < Jag JAIE= Zlasl.
1 — |ag|

If in addition || A|| > || A, then
1 2
(i) lail < 5 1Al

Proof. (i) In the considered Jacobi step only the ith and the jth row and column
change. If h;;hj; > 0, using the relations [12, rel. (15) and (16)], we obtain

. [hal® [l _(Ihill2 N |hjl|2> 7
hiihll hjjhll hiihll hjjhll

(laal? + [azl?) = (Jaul® + laul*) = &

where

K = sgn(hihu),
and the proof follows the lines of the proof of [12, Lemma 2(i), pp. 38-39].
If hi;h;; < 0, using the relations [12, rel. (15) and (16)], we obtain

([al® +1a@l®) = (aal® + laj|*)
lhal® — Thal® ) <|hu|2 B |hjz|2)
h“‘h” h]‘jh” hiihll hjjhll
2 2 1 12 2 2 1 12

@11)  =wg| (S o L) el s 1)

h“‘ hjj hii hll ;
1 1 “hyh;

—286 = + = 7%(6 h?,lh_]l) s

h]‘j h“‘ hll

il
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where s and ¢ denote sine and cosine of the rotation angle and ' = hy;/|hi;|. Let

t = s/c. Since h;ihj; = hiihjj — |hi;|* (see the proof of [12, Lemma 2(i)]), using the

relations [12, rel. (13) and (14)], one easily obtains

&1 Plhyy A+ hilt) — 82 (hi — hilt) 1

hig  hy;  hi hiihj; hii

?hj; — s%hy + byt 1 hj; — s%(hjj + his) + |hgjlt 1
hiihjj — hi;|? hi hiihjj — [hi;|? hii

 Jhig P4 wihg

~ hii(haihg — [higl?)”

(2.12)

where wy = |hi;|t — s*(h;j + hi;). Using again the relations [12, rel. (13) and (14)],
we estimate wq:
wi = —8%(hii + hyjj) + |hijt
= _252hii — SQ(hjj — h”) + |h7;j|f, = _252hii — 52 2|hij| cot 2¢p + |hij|t
= —282h“‘ + |h”|t(1 — QCQtCOt 2(,0) = —282}%1‘ + 282|hij|t

1 29
=3 tan? 2¢ o8 2 hii + tan 2p cos 2¢ t%|hyj|
c2
2|hij|*  cos? 230 2|hj]
= — hii + ——2 cos2¢ t2|hys
(hjj — hi;)? hJJ — hi; a ]|
2|hij|2 ii COs 2(p 2
= 0L os2 t
Ty —ha a '
2|hij|2 2 2
- cos — )+
2|hi|? 2 hii
hos — cos 2¢ —I— + Ty — T
2|hi; |2 #2h;; — hy;
_ 2" o, Bhas = i
hjj = hii ~~—~ hjj = hii
+ %,—/
+

So, in both cases, hi; > 0 > h;; and hj; > 0 > hy;), wi/hj; is positive and

“ro 20hi[* |l cos 20 t2hj; — hii
hij = |hiihl |hgj — hal —— s ~ i
—_——— —_——

< 2laijl?.
Combining the above relation with (2.12) we have
—lai|* + 5%

hi 1+ Jay?
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]2 |2 |2
(2.13) < 1 —laij|® + 2|as| _ 1 |asj|
lhail 14 ai;|? |hii| 1+ |ai; |2

In a similar way, one obtains

02 82 1 —|hij|2 +Wthj
et = 5
hij  ha Mg hyi(haihgs = [higl?)

where wo = |h;;|t + s2(hj; + hi;), and also

2|hi;|? hjj — t*hii
wyg = —""  cos2p 2L~
hjj — hii N hjj — hii
+ %/_/
+

(From the above expression, one can see that ws/h;; is negative and

An  |hy hy; — 2hi;
w2 < |hij] |hys] cos2p 2~ < 2|aij|2,
hii hiihjs| [R5 = Piil ~~— hjj — ha

—_——— <] N———

<1 <1

Combining the obtained relations, we have

1 ai|* + 72

hjj 1+ lai?

1 Jayl?

|hjjl 14 |aiz|?

(2.14) —— b —+—

2 s2 1
hyj;

i i

Using again the relations [12, rel. (13) and (14)], we have

1 1 i 4 Fuss Boe 4 R
2sc <~——|—~—> = 286M = 2sc g + N

hjj  hi hihj; hiihjj — hi;|*
hii + hg; 2|hij| hjj + hg;
= tan 2y cos 2y 7 = cos 2¢p
hiihjj = |hig[? haihgs = hag|? hjy — R
= — %ij 5 72 + cos 2.
Vihiihii] 1+ laii|* hyj — hi;
Since ij%: cos 230’ < 1, we have
1 1 1 2|a;;|
hji o hg Vihiihj;| 14 lai;?

Finally, using the relations (2.11), (2.13), (2.14) and (2.15), we obtain

(laa® + a;*) = (laal® + |asl?)
|ai;|? 2 |ai;|? 2 2|ai;|
—\Q; —a; Q; a
1+ |aij|2| ’Ll| + 1+ |a1;j|2| jl| + 1+ |Cl1 |2| ’Ll|| jl|
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L a2 0 ?) + L (aaf? + )
- 1+|aij|2 1+|aij|2
|aij|* + laij| 2 2
(2.16) = W(Wzﬂ +lal%).
Since
Jais| + lass|* _ a1+ laig)) _ _lais|
1+ [ai;[? 1 —a;[? 1—|ay|’

the obtained bound (|a;;| + |aij|?)/(1 + |a;;|?), is better in the case hj;hj; < 0, than
the bound |a;;|/(1 — |ai;|) which is obtained in the case h;;hj; > 0. Using the weaker
bound in the relation (2.16), the assertion () immediately follows.

The proofs of (i7) and (ii7) are exactly the same as those of [12, Lemma 2(i4), p. 40]
and [12, Lemma 2(ii7), p. 40], respectively. O

LEMMA 3. Let H be Hermitian matriz of order n > 3 and let N be as in the
relation (2.7). Let HO = g, HM ... HWN) be obtained by applying N Jacobi
steps to H under any ordering. Let ay be defined by the relation (2.9). If

< 1
o _—
= TJon’
then
o < cpag, 0<E<N,
where

k

0.00126

ckz(l—l- 3 ) < 1.0007, 0<k<N.
n

Proof. The proof goes in the same way as the proof of [12, Lemma 3] or [11,
Lemma 3, pp. 178-179] with suitable modifications of constants. O

LEMMA 4. Let H be as in Lemma 3. Let HO = H, HO ... HWN) be obtained
by applying N Jacobi steps to H under the column-cyclic strategy. Let

T
nglﬁ) = [aglf,),... a(k)} , 1<s<r<n, 0<k<N

) sr

and

(2.17) Qs=14+2+---4+(s—1).



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Societ;

VoFI)ume 17, pp. 62-87, February 2008 ’ g E L A
70 J. Matejas
If

< 1
o -
O = Ton’
then
In$F1? < K|l
where
K, = (1-a/v2)~®73 < 11581

and
(2.18) a = V1.0007 ag .

Proof. The proof follows the lines in the proof of [12, Lemma 4, p. 40] and [11,
Lemma 9, pp. 190-193], where we use Lemma 3 to estimate K. O

LEMMA 5. Let HO = H, HO .. HWN) be as in Lemma 4. In addition, let
H©O) satisfy (2.3) and
(2.19) o <imin 1 n>3
. 0 = 10 ’I’L’ Yo = Iy

where ag and ~y are defined by the relations (2.9) and (2.5), respectively. Then the
following relations hold for 0 <k < N,

(i) (1—-0.02017)A,, < AP < (14+0.02029)A,,, tEN,, 1<r<p,
(i) rg(h{® h)) > 0.9605y, teN, qeN,, L #£T,

tt 1 '%qq
o o)
(ii6)  |tano®| < W]Gom < 0.5206;—], i €N, jEN,, L#T,

where (i,7) = (i(k), j(k)) is the pivot pair.

If hgf)hy;) < 0 in (i) or hgf)hy;) < 0 in (41), then the constant 0.9605y can be
replaced by 1.

Proof. (i) The proof follows the lines in the proof of [12, Lemma 5(¢), pp. 41—
43]. The difference appears in using Theorem 1(i) for Hermitian aj-s.d.d. matrix
H®)  instead of using the corresponding result for positive definite matrices. Thus,
we obtain for 1 < r <p,
r(k o (k
Al EHSIP A 4r (")

2
<1 7§~]€T <1+ I <14
Vr Tr hgt) Yr Ir

| 20k

2
20,
)

teN,.
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Hence, in the same way as in [12, Lemma 5(7)], we obtain

21.0007
A, (1 - %ﬁmv) < hip) < (1+ %v)

1030
According to this relation, we modify the constants in the rest of the proof, and obtain
(#¢) From the deﬁmtlon of the function rg(, ), we have rg(hgf), h(k)) = 1 provided
that hgf)hék) < 0. If htt ) > 0, we use (7) and follow the lines in the proof of [12,
Lemma 5(4¢)] or [11, Lemma 5(4), pp. 181-182]. We also use k = (1 — 0.0201~)/(1+
0.02027).

(7i7) As above in the case of opposite sign, we have

R} nP IR

(k)

| |
k k k k
|h() ()| |h§‘j) ()|

| tan | <

[l
In the case of same sign, we use the assertion (i7) and follow the lines in the proof of
[12, Lemma 5(43), p. 43] or [11, Lemma 5(i7), p. 182]. O

3. Quadratic convergence of scaled iterates.

3.1. Asymptotic assumptions. According to the conditions used in Lemmas 4
and 5, and the assumptions used in [12, p. 25], we formulate the following asymptotic
assumptions:

(A1) H is a complex or real Hermitian matrix of order n > 3, satisfying

< 1 . 1
ap < g5 ming =, ¢,
where ag and v are defined by the relations (2.9) and (2.5), respectively.
(A2) The diagonal elements of H satisfy the relation (2.3) i.e.

for all t € .,  hy is affiliated with A\, , 1 <7 <p,

where the sets V., 1 <r < p, are defined by the relation (2.2).

3.2. The Main Theorem. Here we state and prove the main result.

THEOREM 6. Let H satisfy the asymptotic assumptions (Al) and (A2). Let
the sequence HO) = H, HV ... HWN) be generated by the column-cyclic Jacobi
method. Then

2
an < 2820
7
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where ag, an and 7y are defined by the relations (2.9) and (2.5), respectively.

Proof. We provide here just an outline of the proof. One has to follow the proof
of [12, Theorem 6].

The proof of Theorem 6 uses induction over the set {1,2,...,p}. We use the
notation from [12, Section 5] (relations [12, rel. (28)—(31), p. 26] and figures [12,
Fig. 1,2, p. 27]). The matrices and matrix blocks appearing in the proof are sketched
below.

M, N, T, ot
£0

The matrices My, N; and T;.

Sr—1 Sr Sr—1 Sy

Sr—1 Sr—1

Sr Sr

F,

The blocks F,, F, and G,.

In the proof of Theorem 1, we shall use the inequality

N, ||?
(3.1) e e
where Qs, is given by (2.17) and
\ r e 2\ 1/2
(3.2) C, = 1.85‘”H(1+30”7—’QH> ., 1<r<p.

i=1
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Here
2\ —1
(6%
(3.3) = (1 -0.521-2) .
v

Using the assumption (A1), we have «ap/y < 1/10 and «ap < 1/(10n) < 1/30, so
that

—1
(3.4) € < (1 ~0.521 %ao) < 1.0018.

Using the inequality

-1
(3.5) [[a+a) < (1—le> c o =0, Y @<,
l l

l

2
with z = %{% and the assumption (A1), we obtain

~0.521 noo ap /7y
1—-0.521 g xo /7y

-1
(36) " =(1+2)" < (1-—nz) ! < <1 > < 1.0053.

Similarly, using the relations (3.5) and (3.6), and the assumption (Al), we obtain
from the relation (3.2)

1.82 1.82 1.82

C2 < 5287- < 5271 < 1005327 < 3.853
T G2 — 2 > — 5
1-30%5, 1548 13024 1= 15 (1/10)

Therefore, C,. is uniformly bounded from above and from below,
(3.7) 1.8 < C, < v3853, 1<r<p.

The proof of the inequality (3.1) uses induction with respect to . Asin [12, p. 28], we
divide it into three parts: the induction base is checked in PART I and the induction
step is proved in PART II and PART III.

PART 1
We assume that

[V
1

Sr—1

gl

2
(3.8) I | < ¢, |

Sr—1

holds for some 2 < r < p, where I :=Q,,_, =14+24---4(s,—1 —1). The induction

base (for r = 2) is now trivial because TS(II) =0.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 17, pp. 62-87, February 2008

74 J. Matejas

PART II

Let I1:=Qs,_, + Sr—1(8r — $p—1) = I + s,_1n,. We prove in this part

N. 2
(3.9) ||T8(7Uz|| <TI0 ” er 7
N
'Y
PART 111

Let IIT :=Q,,. =1+2+---+ (s, — 1) =II + ny(n, — 1)/2. We prove

(3.11) |FESID| < 1.015 | FXD),
III II
(3.12) T = 71

This is illustrated in [12, Fig. 3, p. 29].

To complete the induction step, we use the relations (3.12), (3.11), (3.9), (3.10),
(3.2) and (3.7). We have

TSN = (TSP + IESD)P < TP + Lo1s? | ECD)2

Sr_1 Sr—1
N, s
< @22 H er +1.015%8.9832 H er G|

INVs 1t 2 Vs, 1

< T Cr < G
1 72 2

)

L4 (10158983 261
1.8 ~?

and the relation (3.1) is now proved. Now, we can complete the proof of the main
theorem,

p
N
% = 2T+ 371 ALY )2

i=1

2
<M+ S (2T2)" < 272 (14 o)
Sp 72 Sp Sp 72 Sp

N, 4 4 4
<1+16C§| a ) <2020 <1+160§0‘—2>
Y 2 2

I

2 ||N9p
< QCp 72
a4 a4
(3.13) <23.853(1+163.853(1/10)%) 7—3 <2820,

72

Here, we have used Theorem 1(ii) to bound Y7, ||A£1N)||2 O
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3.3. Details of the Proof. Here we present the proof of the relation (3.1). The
proof is quite similar to the proof in [12, Section 5.3, pp. 30-35], so we avoid here full
explanation of all details.

PART 11
In the following lemma, we use

(3.14) Wy = Qs,, +(Mm—1=58_1)8—1, Sr—1+1<m<s,.

LEMMA 7. Let H satisfy the assumptions of Theorem 6. Let w,, be defined by
the relation (3.14). Then

() a](:frszrk) =0, 1<k<sr,

i 1.0412
(i) g™ < 1.0027 <| (wm)) o 22 Z| (1) g (o += 1>|>’

1<k<sp_1, E<l<m-1

k

1.045

o Wm+k Wy +t—1 Wm

(iid) ol D] < LB 5 g >|(| |+
’y t=I+1

1<li<k<s_1

L0412 (1 +1-1) (wti—1
—F_M% a0

(Wm+sr— 1)| < §| (wm)

+

(iv) lay, |y,

1<i#t<s1

tm

1-043( (=) g (wmH1=1)) | (m 1) o 4t 1)|)
’y b

1.043 N N
m+Sr—1 W Wy +1—1 Wy +1—1
() a0 < gla )|+ = lafum T Va1V,

1<li<s.1 <t<m,

where & in (iv) and (v) is given by the relation (3.5).

Proof. In the proof we shall omit the index w,.

(i) This obvious since a,(;:,)L

(73) We follow the proof of [12, Lemma 8(4i)] or [11, Lemma 7(%i), pp. 184-185], and
use Lemmas 5(i¢) and 3, and the relations (2.18), (3.3) and (3.6) to obtain

is the annihilated pivot element.

|s(t71)hlt| < 1 |a(t 1)
b (k) N — 0.9605y

(3.15) a|

a2
010) gl = e 1 > g0 (1 )

1.0007a2
>|hql)|( WOJ_VL(‘ZIKI 1<qg<s,1
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and
g |
(3.17) < R < em < 1.0053, 1<t<k<s._1.

| Bl
This implies (i4).

Since hgf) = hg) = hy — |h 1)| tanp~Y 1 <t <k < s,._1, we have the
relation analogous to (3.16), i.e

-1
(3.18) hal (T < ¢
|h§f)| - 0.9605 -

(3.19) <1.0018, 1<t<k<s,_1.

(791) Here, in the proof of [12, Lemma 8(¢i¢)] or [11, Lemma 7(i4i), pp. 185-186], we
cannot estimate the term |he|/|hy| for all ¢ > I. However, we can easily overcome this
problem by using a proper association of the factors as follows. Using the relations
(3.15), (3.17) and (3.19), we have

[ D <1 Ia(t Yay| A | [ T
/ k k

1 (t-1)
< V1.00531.0018, 1<t<k.
< 596057 lag, a| V1.00531.0018, 1<t<k

Now, using the relation [12, rel. (13)], Lemma 5(i7) and the relations (3.17) and (3.19),
we have

eS|

_ -1 1 -1 -1
|s(t Dl l)h( )| < |h(t )| |h( )| |h§ )|
|h(k)h( )

/1 | (ot = iz | T = Bl | /|00
(t—1)| /|htth(t 1)| l(fn 1)| /|h”h(l 1)|

rg(hae, Bm)) |heel + hiem” | ve(has, i) [hul + [B |

| et b |
|h(k)hsﬁm|

agh V]

t—1 -1 -1 -1 t—1
apy Vale Vaf U bl A | huhY)]
- (0.9605’}/)2 |ht|+|hmm1)| |h”|+|h(l 1)| |h(k)h(k)
|att l)all 1 t |
< Ztm Tim “tm 1 /1700531.0018.
= (0.9605)2

The obtained relations yield the assertion (7).
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(7v) In a similar way as in the proof of (iii) (see the proof of [12, Lemma 8(iv)] or
[11, Lemma 7(iv), pp. 186-187]), we obtain

h hih
—¥ < o] % < §laul,
hl(lsT_1)h§:r—1) |h” htt |
_ -1 1-1) (I-1 -1
5D D) ap Val V|

[t e

/hglsr_nhifr_l) — 0.9605y

<1.0018

and

_ t—1 t—1 t—1
s Dhp U1 g Ve |

/hl(f"*l)hﬁf“l) — 0.9605y

which together imply (iv).

gy~
gy

<1.0018

(v) We use the assertion (iv) and the proof of [12, Lemma 8(v), p. 43]. O

Using Lemma 7, we can estimate the elements of the mth column, prior and after
annihilations. Let

(3.20) ) — [ag’;{, cna® Ll s +1<m<s,, 0<E<N,
(3'21) Pm = [almv a2my - - - 7am—1,m] , Sr—1+1<m< s,

(wm)

LEMMA 8. Let H satisfy the assumptions of Theorem 6. Let W, Mm and
MS(:”,UJ’}) be defined by the relations (3.14), (3.20) and [12, rel. (28)], respectively. Then

Sr—1
() @) < 2 g forany 0< g <1, 1<1< 8,1,
=1
s 0.547 12 147342 2
.. Wyn+qp . 3 m m : m
) > Gaf < S ey (|M§:~.”1>||+fm|n;t” >||2)
=1

forany 1 <q <s.—1, 1 <1< s,

where

1.0027
1— 0.7383 HMs(w,l)

(3.22) [ =
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Proof. We follow the lines in the proof of [12, Lemma 9] or [11, Lemma 8, pp. 188—
190]. We use Lemma 7(i%) to prove (i) and Lemma 7(ii7) to prove (i7). O

The next lemma estimates the norms of the matrices M, _, and Ty, _, after the
annihilations in the mth column of the block F,. are completed.

LEMMA 9. Let H satisfy the assumptions of Theorem 6. Then for s,—1 +1 <
m < s, hold

(i) IMl < gy

Sr—1
(wm) 2
1476 0.547 1.473
A l1+¢ (“Mgr 0 LT ) ﬂ
Yy Y Yy
(i) T < gl
104342, || niv) |12 \/0 547 1.4734:2
S e + S22 e 2)

where wy,, ngf), tm and & are defined by the relations (3.14), (3.20), (3.22) and (3.3),
respectively.

Proof. Using Lemmas 7(iv) and 8, the proof follows the lines of the proof of [12
Lemma 10, pp. 43-45]. O

LEMMA 10. Let H satisfy the assumptions of Theorem 6. Let s,.—1+1 < g <
m < s, and let wq, Wn, nék), ngn), tg and pm be defined by the relations (3.14),
(3.20) and (3.22). Then
1041270 o
)
Y

I

(i) [aler D] < 1.0027 <|a§;;;"> ) , 0<1<s,1,

(wm)

) w oy 104120
(id) Jal®; =|agm«+1>|sxoow(mgwufqnnq ST «>|).

Proof. Using Lemmas 7(i¢) and 8(i), the proof is implied by the proof of [12
Lemma 11, pp. 45-46]. O

LEMMA 11. Let H satisfy the assumptions of Theorem 6. If the hypothesis (3.8)
holds, then

(sl

Sr—1

INs PP
||<5668f7 I—1+2++(S,«_1—1)

Proof. Following the lines in the proof of [12, Lemma 12, p. 46], we apply first
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Theorem 1(i) and the relation (3.8), to obtain

10|17 < 207,

Sr_1

Ne o I* 1
H r—l” 6 (2”

2
et g (AT + NG, P = 1D, )

Sr—1 r—1 Sr—1
After that, we apply Lemma 4, the relation (3.7) and the assumption (Al). We obtain

4
||M(I) ||2 < HNSr—lH
> 72

S

2 4

1 2 INs, |l
23.853 + 16 [ 2 — 3.853 + 1.1581 < 5.668% 1l
100 2

which completes the proof. O

LEMMA 12. Let H satisfy the assumptions of Theorem 6. Let w,, and ., be
defined by the relations (3.14) and (3.22), respectively. If the hypothesis (3.8) holds,
then for s.—1 4+ 1 <m < s,, it holds that

() i < p— 105,
Nm2
(id) Mﬁﬁm|<5%%mﬁl'7”,

A

(i) TSy < 670G

Proof. We use the same technique as in the proof of [12, Lemma 13, pp. 46-48].
The induction base (m = s,_1 +1) is proved by using the relation (3.22) and Lemmas
11, 9 and 4. The induction step (m — 1 — m) is proved by using the assertions (i7)
and (i47) as the induction hypothesis. Thus, using the relations (3.22) and (3.6), the
assertion (i7) (for m — 1), and the assumption (A1), we obtain

B 1.0027
Hm = 1707383 5.668 1.0053 (1/10)2

<105 =p

which is (7) (for m). Now, using Lemma 9(), the assertions (i) (for m) and (i¢) (for
m — 1), Lemma 4, the relation (3.6) and the assumption (A1), we have

[ Mo
14762l |12 V0.547 147342
< €M) + b ™17 1 4 I || LA oy 2
o o o
No—1lI?  1.4761.0521.1581 | pm|I?
é 55.6685’”171757'71 || > 1” 4 > Hp ||

v/0.54
14 0.547
gl

N,—1|?  1.4731.0521.1581
(508 gn-tmer IRt npm¢2)]

y
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_ Npo1 V0.547 L Npl?
< 5.668 M1 || N H 4+ 1.885 12mil ||PmH 1+ 5.668 £™ 1—s,_1 | N |
Y Y Y

N, 2 2
< s6gm—ert Mmoo llomll” (1 +V0.547 5.6681.0053 O‘—g)
v Y 7

[N |I*
v ’

< 5.668 £ -1

that is (é¢) (for m). Similarly, using Lemma 9(é¢) and the assertion (4i7) (for m — 1),
we obtain (¢#i) (for m). This makes the induction step, and thus, it completes the
proof. O

For m = s, the assertion (i) is just the relation (3.9).

LEMMA 13. Let H satisfy the assumptions of Theorem 6. Let s,—1+1 < g <
Sp and let Wy, n( ) and pm be defined by the relations (3.14), (3.20) and (3.21),
respectively. If the hypothesis (3.8) holds, then
. 1.198 &
s < L0138 e+ === 7 faGhe ) ol
m=q+1

where for q = s,., the empty sum is assumed to be zero.
Proof. In the same way as in the proof of [12, Lemma 14, pp. 48-49], using

Lemmas 7(v), 10(4), 8(i), 12(4) and 4 together with the relation (3.6), we obtain the
following estimates

2
o) | < (€+ 1.043 1.0412 17.8027M 1.1581

||pm||2) G|

Zm

n 1.043 1 1.0027 /1.1581
2

z

| wq+1)| ||pmH

Spr Sr
s < e T 2m + 2 > 2e - zmrn 16580 (ol
m=q+1 m=q+1

and

-1
o T ||pm|) 1.391 "
|| Zm < € H(1+1391 5o) = ( : )

m=q+1 m=2

1 1\*!
<1. 1-1.391= — 1.01
< 0053< 39 2100) < 1.013,
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which imply the desired assertion. [
Now we are able to prove the relation (3.10).

LEMMA 14. Let H satisfy the assumptions of Theorem 6. If the hypothesis (3.8)
holds, then

2
|ESD) < s.983 11" Gyl -
’Y

Proof. We follow the lines in the proof of [12, Lemma 15, pp. 49-51]. First, we
use Lemmas 8(i7), 12(i), 4 and 12(7), and the relation (3.6), to obtain

[k
0547 N, 1|>  1.437421.1581 2
< 11581 | pgI? (5 o8 ¢11-or- | (’71' 2 |pq||2)
0.5471.052 2 2 |IN,
< 22 11581 | pg |2 (5 668 e 1 Nall” ;' ) < 22,677 ””q” ” %

After that, we use Lemmas 10(47), 12(i) and 4, to obtain

2
Z Z st |2 < 1.00272 (||Am«| 1.0412M1.1581HG |2>
A2
q=sr—1+1 m=q+1 \/_ v

To bound || A,,||, we use Theorem 1(7),
4 2712 4 2
[Arr || < ;(HFTII +HIF?) < = 1N, 1

We complete the proof by combining the obtained estimates with Lemma 13, in the
same way as in the proof of [12, Lemma 15, p. 51]. O

By proving the relations (3.9) and (3.10), PART II of the proof has been com-
pleted.

PART III
For s,_14+2<m<s,, let

(323) vy = Qs,_, +(Sr —Sr—1)Sr—1+ (M —8p_1 — 1)(m — 8,1 —2)/2.

LEMMA 15. Let H satisfy the assumptions of Theorem 6. Let vy, be defined by
the relation (3.23). Then

HFT(UW+1)H < 1.015 ||F7Sv5r_1+2)H .
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Proof. In the proof of [12, Lemma 16, pp. 52-53], we use Theorem 1(¢) to obtain
4 —(k)
14B1 < = (IEDI+IF1)

Thus, we have @ < /2 a?/v. The proof is completed by using the relation (2.18) and
the assumption (Al). O

The last lemma proves the relation (3.11) and completes PART IIT of the proof.

4. Numerical examples. We have made several experiments using MATLAB.
The main m-file that we have used is displayed below. In the first (second) part
of that file, we generate an s.d.d. symmetric matrix of order n with simple (multi-
ply) eigenvalues. We cannot display all the m-functions which are called in this m-file;
instead, we briefly describe what they do. The m-function symd(a,k) generates an al-
most diagonal symmetric matrix, from the vector a, by the formula A=Q*diag(a)*Q’,
where Q is an orthogonal matrix whose off-diagonal elements are of order 107% (cf.
[5]). Then A is symmetrically scaled to be an s.d.d. matrix. After that, three method
are applied to A: two Jacobi methods (djacobivpa(A,180) and djacobi(A)), and the
QR method which hides within the intrinsic eig(A) function. The first two methods
are coded almost in the same way, using the row-cyclic pivot strategy.

The first method, within the m-file djacobivpa(A,k) is the control one. It uses
variable precision arithmetic (vpa) with k decimal digits. We have taken k=180, large
enough to watch the asymptotic convergence during several cycles. Its input is the
matrix A in double precision and its outputs are also in double precision: V (the eigen-
vector matrix), Lambda (the eigenvalue diagonal matrix) and OFF (the two-column
matrix: the first (second) column contains the off-norms of Jacobi iterates (scaled it-
erates) obtained after each full cycle). Within djacobivpa(4,180) all computations
are performed using vpa.

The second and third method are the standard double precision algorithms.

The eigenvalues computed by these three methods are displayed in non-increasing
ordering as vectors: cO (here are “exact” eigenvalues rounded to double precision), c1
(here are the eigenvalues computed by djacobi(A)) and c3 (here are the eigenvalues
computed by eig(A)). The relative errors of the eigenvalues contained in c1 and c2
are computed and stored in the vectors c4 and c5, respectively. From the entries of
c1, the absolute and relative gaps are computed. From the columns of OFF, we can
watch the off-norm reduction of simple and scaled iterates, that is, we can watch the
asymptotic convergence.

In the second part of the main m-file, we use the m-function dmult3vpa(V1,B,
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V1’,128) and the orthogonal matrix V (already available from the first part) to com-
pute the new A by the formula A=V*BxV’ where B=diag(b), and b is the given vector
with multiple entries (which will be recomputed as eigenvalues of A). Although, the
input matrices and the output matrix to dmult3vpa are in standard double precision,
the computation within dmult3vpa uses vpa with 128 decimal digits. We have chosen

s
% case of simple eigenvalues of an s.d.d. symmetric matrix
format short e; n=12; al=[1 2 3 4]; a2=[al al -al -al -all; a=a2(1:n);

Al=symd(a,3); d=logspace(10,-10,n); D=diag(d); A=D*A1*D; A=A+A°
[V Lambda OFF] = djacobivpa(A,180); [V1 Lambdal] = djacobi(A);

[k1 k2]=size(OFF); cO=sort (diag(Lambda) ,’descend’) ;
cl=sort(diag(Lambdal) ,’descend’); c2=sort(eig(A),’descend’);
c3=(c1-c0)./c0; c4=(c2-c0)./c0; format long e;

disp(’ Exact Jacobi QR
rel.err. Jacobi rel.err.QR’)

disp([cO c1 c2 c3 c4]); gaps=gap(c0); sort(gaps,’descend’);

disp(’ Absolute gaps Relative gaps’); disp(gaps(i:n,:))
disp(’ Minima gaps ’); disp(gaps(n+l,:));

disp(’ Initial off-norm Initial scaled off-norm’);
disp(OFF(1,:)); disp(’ O0ff-norm per cycle

Scaled off-norm per cycle’);  disp(OFF(2:k1,:));
Hhte

% case of multiple eigenvalues of an s.d.d. symmetric matrix

bi=[1 1 1 1]; b2=[1e16%bl 2e4*bl -2e-3*bl -5e-17%bl]; b=b2(1:n);
B=diag(b); A2=dmult3vpa(V,B,V’,128); format short e; A=0.5%(A2+A2’)
[V Lambda OFF] = djacobivpa(A,180); cO=sort (diag(Lambda) , ’descend’) ;
[Vi, Lambdal] = djacobi(A); cl=sort(diag(Lambdal),’descend’);
[V2, Lambda2] = eig(vpa(A)); sort(diag(double(Lambda2)),’descend’) ;
c2=sort(eig(A),’descend’); c3=(c1-c0)./c0; c4=(c2-c0)./c0;
c5=(c6-c0)./c0; format long e;

disp(’ Exact Jacobi QR
rel.err. Jacobi rel.err.QR rel err. eig(vpa(d))?’)
disp([cO cl c2 c3 c4 c5]);  gaps=gap(c0); sort(gaps, ’descend’) ;
disp(’ Absolute gaps Relative gaps’); disp(gaps(l:n,:));
disp(’ Minima gaps ’); disp(gaps(nt+l,:));

(k1 k2]=size(OFF);

disp(’ Initial off-norm Initial scaled off-norm’);
disp(OFF(1,:));

disp(’ 0ff-norm per cycle Scaled off-norm per cycle’);

disp(OFF(2:k1,:));

Table 1: The m-file used in the experiment.
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the entries of b to be of the same sign and of the similar magnitudes as the diagonal
elements of A from the first part of the main m-file. We hope that this might ensure
that an s.d.d. symmetric matrix A with multiple eigenvalues (actually, with small
clusters of eigenvalues of width not much larger than the machine precision) will be
generated. The problem with matrix generation, in this part of the program, lies in
the fact that the input matrices to dmult3vpa are in double precision and therefore
V is just within machine precision (double precision) close to an orthogonal matrix.

Then we apply four methods to this new A in the same way as described above.
The additional method (provided by MATLAB), eig(vpa(A,180)), computes the
spectral precision of A to 180 decimal digits and serves only as a control method for
djacobivpa(A,k). The computation in this part is more delicate than in the first
part, and we wanted an additional control.

In our experiments, we have been changing n (between 6 and 30) and the vectors
al, a2, bl, b2 in an arbitrary fashion. The results that we display are typical and are
obtained as output from the m-file given below.

As can be seen from Table 2, the case of simple eigenvalues delivered an ex-
pected behavior of the Jacobi method. Except for the off-norm reduction, which is
closer to cubic than to quadratic convergence. This is often the case when the scaling
diagonal matrix D has decreasingly ordered diagonal elements and for smaller ma-
trix dimension. When we have changed the command d=logspace(10,-10,n) ; into
d=logspace(-10,10,n) ;, we got the following sequence of scaled off-norms per cycle
(we display just four figures): 1.996e-002, 1.745e-005, 2.987e-011, 4.015e-022,
7.792e-045, 5.782e-094, 1.310e-199. In all considered cases, the relative accuracy
of the Jacobi method has been in average just few ulps, while the intrinsic MATLAB
function eig delivered quite erroneous small eigenvalues.

In the case of (almost) multiple eigenvalues, Jacobi method proved to be relatively
accurate on scaled almost diagonal symmetric matrices, while this is certainly not true
for the QR method (Table 3). The asymptotic behavior of Jacobi method is here most
instructive. Since the relative gaps are so tiny, in the first cycles Jacobi behaves as if
multiple eigenvalues were present (see the analysis of Jacobi method in the presence of
clusters [4, last section]). So, quadratic (or faster) asymptotic convergence takes place.
As the scaled off-norm, call it ay becomes smaller and approaches the magnitude of
relative gaps, the asymptotic convergence slows down. And when ag becomes smaller
than the minimum gap, its reduction per cycle is subjected to the rule described by
the main theorem here. Then, actually Sy = ag/7, reduces quadratically per cycle.
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2.0000e+020 8.8742¢+015
8.8742e+015 9.2405e+016
3.3952e+014 7.5958e+010
8.5408e+011 4.6505¢+008
-4.8888e+010  -2.9021e+005
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-5.3137e-003  -1.3299e-005
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.139945356976755¢+018
732774891717876e+005
884826740121735e+003
.131423858946626e+001
.008899495511716e-013

[ [ !
[ I O RN

© o N -

Initial off-norm
8.880711476893470e+015

0ff-norm per cycle
033617937736517e+005
685298539763208e-024
755405903042885e-080
.672916428515878e-187

0

[CRICIITEN

5408e+011
6505e+008
6113e+006
8628e+009
.0751e+002
.8053e+002
.6837e+001
.8046e-002
.9748e-003
.5249e-005
.4150e-007
.7874e-012

.2615e+001
3873e-004
.6700e-004
.5249e-005
3148e-008
7510e-010
2776e-011
5438e-013
0839e-015
4953e-013
5574e-019
0855e-021

-4.8888e+010 -2.3741e+008
-2.9021e+005 -3.9117e+005
-8.5534e+005 -1.1924e+004
-5.0751e+002 -5.8053e+002
-5.6960e+005 -5.3446e-001
-5.3446e-001 -2.6317e+002
-1.3281e-002 -1.0234e-004
-5.0881e-004 -8.5806e-006
4.9874e-006 1.0215e-007
9.3148e-008 3.7510e-010
1.9112e-009 5.4289e-011
-4.4112e-011 -7.5379e-013
1.3057e-001 -5.3137e-003
3.5830e-004 -1.3299e-005
-1.0724e-007 -1.3834e-007
-1.4150e-007 5.7874e-012
1.9112e-009 -4.4112e-011
5.4289e-011 -7.5379e-013
6.5178e-014 -2.4384e-015
6.2077e-015 -2.7659e-016
2.1443e-017 -6.8156e-019
5.5574e-019 -9.0855e-021
2.5973e-016 -2.2376e-022
-2.2376e-022 8.0000e-020
QR

2.000046750664957e+020
9.240438209042619e+016
3.201932426557377e+013
9.862765376847088e+009
7.849982703729516e-003
7.999981069902117e-020
-2.816494199892072e-005
-9.119541211584167e-002
-4.867318339132567e+000
-2.631734820328961e+002
-1.639945514979879e+004
-5.696131240771967e+005

Absolute gaps
5.693499505946509e+005
2.630822868549989e+002
9.116708801031730e-002
2.808957050812661e-005
2.596456644737629¢-016
2.596455644737629e-016
7.492657453832981e-013
1.621512333853297e-009
9.862765376960863€+009
3.200946150019605¢+013
9.237236276616149e+016
1.999122706844052¢+020

Initial scaled off-norm

7.641990047129683e-003

Scaled off-norm per cycle

2.405416528131962e-014
7.703180036125967e-042
5.190144088267827e-094
5.432172951866892e-203

[

Minima gaps

N

.596455644737629e-016

9.990763768166148e-001

Table 2: Simple eigenvalues.
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Relative gaps
9.094947017729283e-017

cooooo

Initial off-norm
7.038941602976600e+008

0ff-norm per cycle
.201009424095137e+001

A=
1.0000e+016 8.6982e-005  -5.8954e-002  -7.4715e-002  -2.4439e+006  -1.1860e+004
8.6982e-005 1.0000e+016 4.8938-003 3.7359e-003 2.0350e+005  -4.1187e+004
-5.8954e-002 4.8938e-003 1.0000e+016  -7.5174e+000  -2.4121e+008  -3.5979e+006
-7.4715e-002 3.7359e-003  -7.5174e+000 1.0000e+016  -3.0286e+008  -5.8758e+008
-2.4439e+006 2.0350e+005 ~ -2.4121e+008  -3.0286e+008  -1.9985e+004 1.7882e+001
-1.1860e+004  -4.1187e+004  -3.5979e+006  -5.8758e+008 1.7882e+001  -1.9965e+004
-5.6179e+002  -4.2651e+003  -3.3121e+005  -1.7022e+007 5.2353e-001 1.0003€+000
-4.6392e+000  -8.2200e+001  -7.3447e+002  -3.8169e+004 1.1737e-003 2.2430e-003
2.5895e-005  -4.4448e-002  -3.6509e-001  -2.0023e+003 6.0826e-005 1.2540e-004
6.3102e-004  -1.1870e-004  -9.0075e-002  -2.5655e+001 7.8253-007 1.5369e-006
6.5272¢-006 3.8149e-005  -1.0278e-004  -1.4403e-001 4.4330e-009 1.2600e-008
-2.6556e-007  -1.4137¢-006  -4.0384e-005 2.8941e-005  -1.4966e-012  -5.9447e-011
-5.6179e+002  -4.6392e+000 2.5895e-005 6.3102e-004 6.5272e-006  -2.6555e-007
-4.2651e+003  -8.2200e+001  -4.4448e-002  -1.1870e-004 3.8149¢-005  -1.4137e-006
-3.3121e+005  -7.3447e+002  -3.6509e-001  -9.0075e-002  -1.0278e-004  -4.0384e-005
-1.7022e+007  -3.8169e+004  ~-2.0023e+003  -2.5655e+001  ~-1.4403e-001 2.8941e-005
5.2353e-001 1.1737¢-003 6.0826e-005 7.8253e-007 4.4330e-009  -1.4966e-012
1.0003e+000 2.2430e-003 1.2540e-004 1.5369¢-006 1.2600e-008  -5.9447e-011
-2.0000e+004 6.4997¢-005 3.2644e-004 5.1820e-006 1.6110e-008  -6.0216e-010
6.4997¢-005  -2.0000e+004 2.6080e-002 5.4113e-004 4.4622¢-006  -1.9873e-007
3.2644e-004 2.6080e-002 2.0000e-003  -7.0058e-010  -5.7901e-012 2.5915e-013
5.1820e-006 5.4113e-004  -7.0058e-010 2.0000e-003  -1.2037e-013 5.3771e-015
1.6110e-008 4.4622¢-006  -5.7901e-012  -1.2037e-013 2.0000e-003 4.4338e-017
-6.0216e-010  -1.9873e-007 2.5915e-013 5.3771e-015 4.4338e-017 2.0000e-003
Exact Jacobi QR
1.000000000000004e+016 1.000000000000000e+016 1.000000000000000e+016
1.000000000000001e+016 1.000000000000000e+016 1.000000000000000e+016
1.000000000000000e+016 1.000000000000000e+016 1.000000000000000e+016
1.000000000000000e+016 1.000000000000000e+016 9.999999999999996e+015
2.0000000000000026-003 2.000000000000001e-003 1.852542487720570e+000
2.0000000000000006-003 2.000000000000000e-003 1.062114463469422e+000
2.000000000000000e-003 2.000000000000000e-003 3.137526950677154e-001
2.0000000000000006-003 2.000000000000000e-003 2.0000000000000006-003
-2.000000000000000e+004 ~2.000000000000000e+004 -1.999805600114654e+004
-2.000000000000000e+004 -2.000000000000000e+004 -1.999903881970658e+004
-2.000000000000000e+004 -2.000000000000000e+004 -1.999999995759706e+004
-2.000000000000000e+004 ~2.000000000000000e+004 -2.000020236358738e+004
rel.err. Jacobi rel.err. QR Absolute gaps
-4.199999999999982e-015 -3.999999999999982e-015 3.637978807091713e-012
3.637978807091713e-012 -5.999999999999996e-016 0
-3.999999999999998e-016 0 0
0 0 o
0 -4.000000000000000e-016 0
-6.505213034913021e-016 9.252712438602841e+002 0
0 5.300572317347110+002 0
-2.168404344971009¢-016 1.558763475338577e+002 0
-2.168404344971009e-016 0 1.734723475976807¢-018
0 -9.719994267325092e-005
0 -4.805901467098010e-005 0
0 -2.120147109963000e-009 6.000000000000000€+000
0 1.011817936887382e-005 3.800000000000000e+001

Initial scaled off-norm

4.998902418448497e-002

Scaled off-norm per cycle

N

.201931286417376e-015

2
5.977604186695108e-001 5.977604187210803e-017
3.809484058360602e-006 3.809484058362190e-022
4.336808689942016e-016 1.224016819631911e-015 1.224016819631908e-031
0 1.223732657523249¢-047 1.223732657523246e-063
0 2.614185022365451e-162 2.614185022365445e-178
2.999999999999999e-016 0 0
1.899999999999995¢-015
Minima gaps
[ [

Table 3: Multiple eigenvalues.
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