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THE MULTIPLICITY OF A,-EIGENVALUES OF GRAPHS*

JIE XUET, RUIFANG LIUT, GUANGLONG YU, AND JINLONG SHU$

Abstract. For a graph G and real number « € [0, 1], the Aq-matrix of G is defined as Aq(G) = aD(G) + (1 — a)A(G),
where A(G) is the adjacency matrix of G and D(G) is the diagonal matrix of the vertex degrees of G. In this paper, the largest
multiplicity of the A,-eigenvalues of a broom tree is considered, and all graphs with an Aq-eigenvalue of multiplicity at least
n — 2 are characterized.
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1. Introduction. Unless stated otherwise, we follow [2] for terminology and notations. All graphs
considered here are simple and undirected. Let G be a graph with vertex set V(G) = {v1,va,...,v,}. The
adjacency matriz of G is denoted by A(G). The (4, j)-entry of A(G) is 1 if v;v; € E(G), and otherwise 0. Let
D(G) be the diagonal matrix of the vertex degrees of G. For real number a € [0, 1], Nikiforov [19] defined
the A,-matrix of G:

Ao (G) =aD(G)+ (1 — a)A(G).

It is clear that Ag(G) is the adjacency matrix, and A 1 (G) is essentially equivalent to the signless Laplacain
matrix. The eigenvalues of A, (G) are called A,-eigenvalues of G. Clearly, the A,-eigenvalues are the vertex
degrees of G when o = 1. Thus, unless otherwise specified, we only consider the case of 0 < a < 1 throughout
this paper. For more results about A,-matrix, one can see [14, 15, 16, 17, 18, 20, 21, 22, 29].

The study of the eigenvalue multiplicity is a classical topic in spectral graph theory. Biggs [1] presented
that for any symmetric graph with valency k, every adjacency eigenvalue A (# =+k) has multiplicity at
least two. In [28], Terwilliger obtained a lower bound on the eigenvalue multiplicity for highly symmetric
graphs. Yamazaki [30] proved that if a bipartite distance-regular graph has an eigenvalue with multiplicity
equals its valency, then such graph is 2-homogeneous. Furthermore, the relationship between the eigenvalue
multiplicity and the valency of triangle-free distance-regular graphs was investigated in [6, 11, 12]. The
upper bounds on the eigenvalue multiplicity for cubic graphs and triangle-free graphs were considered in
[24, 25]. The multiplicity of a specific eigenvalue was also studied in many papers. The multiplicity of the
eigenvalue zero of a graph is called its nullity. There are many studies about the nullity of graphs (see, for
example, [7, 8, 9, 10, 23]). In particular, Cheng and Liu [7] determined the graphs with the nullity n — 2
or n — 3. In [8], the bipartite graphs with nullity n — 4 and the regular bipartite graphs with nullity n — 6
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were characterized. For A,-matrix, Gardoso, Pastén and Rojo [5] considered the multiplicity of « as an
A-eigenvalue of a graph. Along this line, we study the multiplicity of the A,-eigenvalue of a graph.

For a graph G, we use M, (G) to denote the largest multiplicity for its A,-eigenvalues, that is,
My (G) = max{m(}\) : X is an A,-eigenvalue of G},

where m(\) is the multiplicity of A. Let d(G) be the diameter of a connected graph G. Nikiforov presented
that A, (G) has at least d(G) + 1 distinct eigenvalues (see Corollary 33 in [19]). Therefore, for a connected
graph we obtain that

(1.1) Mo(G) < n—d(G).

Note that the upper bound is sharp. Brualdi and Goldwasser [3] defined the broom B, i as follows: it is
a tree obtained from the path Pj by attaching n — k pendent vertices to an end vertex of P,. The broom
tree has the extremal values with respect to some spectral parameters (see, for example, [13, 26, 27, 31]).
Clearly, By =2 K1 p—1 if k=1,2 and B, = P, if k =n — 1,n. It is easy to see that both K;,_; and P,
achieve the upper bound in (1.1). In Section 2, we will determine the value of My (B, ) for 3 <k <n—2,
and show that

(1.2) Mo(Bug) =n—d(Bny) — 1

if « > 2/3. Clearly, M,(K,,) = n— 1 and M,(nK;) = n. Hence, any integer from 1 to n is a possible
value of M, (G). It is natural to consider the following problem: Characterize all graphs with M, (G) =i for
i=1,...,n. We consider the problem for some special values. In Section 3, we determine all graphs with
an A,-eigenvalue of multiplicity at least n — 2.

2. The largest multiplicity of the A,-eigenvalues of a broom tree. Let S be a symmetric real
matrix whose rows and columns are indexed by X = {1,2,...,n}. Let {X1,...,X,,} be a partition of X.
The matrix S may be represented as

S11 0 Sim

Sm,l e Sm,m
where S; ; is a sub-matrix (block) of S with respect to rows in X; and columns in X,;. Let R be a matrix
of order m whose (i, j)-entry equals the average row sum of S; ;. We say that R is a quotient matriz of S
corresponding to this partition. If the row sum of each block S; ; is constant, then the partition is called
equitable. The following lemma presents the relationship between the eigenvalues of S and R.

LEMMA 2.1. ([4]) Let R be a quotient matriz of a symmetric real matriz S with respect to an equitable
partition. If X is an eigenvalue of R, then X\ is also an eigenvalue of S.

LEMMA 2.2. ([14]) Let G be a graph with an independent set of order s. If all vertices in this independent
set have the same neighbours and the same degrees o, then o is an A, -eigenvalue of G with multiplicity at
least s — 1.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 36, pp. 645-657, September 2020.

647 The Multiplicity of A,-Eigenvalues of Graphs
Let ko, k1,..., K4, ... be a sequence defined as follows:
—a a-—1
a—1 —a a-—1
—a a-—1
2.3 =0 = ;= . ’
( ) Ro ) R1 a—1 0 ' ) ) K .
a—1 —-a aoa-1
a—1 0

We remark that any entry in the above matrices is zero if it does not belong to the three middle diagonal
lines. By computing the determinant, it is easy to see that

K; +ak;_1 + (Ot - 1)2/%—2 =0
for every integer ¢ > 2. Thus, the characteristic equation of the above recurrence formulas is
t* +at+(a—1)*=0.

If 1 > a > 2/3, then it follows that a? — 4(a — 1)2 > 0 and so the characteristic equation has two distinct
real roots t; and t; such that
ti+ty = —a, tity = (a—1)%

By the theory of linear recurrence equations, there exist two real numbers a and b such that x; = at} + bt}
for i > 0. Note that 0 = kg = a + b. It follows that a = —b. Thus, we obtain that

(2.4) Ky = a(th —th).

Since t; +t2 = —a < 0 and t1t2 = (o — 1)2 > 0, we see that ¢} — t5 # 0. Hence, k; # 0 (i > 1) if a # 0.
Note that

—« a—1
a—1 0

K1 =

——@-12#0

Also, since k1 = a(t] — t2) (by equation (2.4)), it follows that a # 0. Thus, we obtain the following lemma.

LEMMA 2.3. Let kg, K1, ..., K, ... be a sequence defined as in (2.53). If 1 > a > 2/3, then k; # 0 for any
nonnegative integer i.

Now let us give the main result of this section.

THEOREM 24. Let 3 <k <n—2. If1>a>2/3, then My(Bpy) =n—k—1. If 0 < a < 2/3, then
My(Bpg)=n—k—1o0rn—k.

Proof. Suppose that 1 > « > 2/3. We consider the partition {Vi,Va,...,Vii1} of V(By k), where V3
contains the n — k attached pendent vertices and |V;| =1 for 2 < i < k+ 1. According to this partition, we
obtain the quotient matrix of A, (B, k):

o l1-«a
(n—k)(1l-a) n—k+a 1-«
l-a 20 11—«
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Hence,
0 a—1
(n—k)a=1) —(n—kla a-1
a—1 —-a a-—1
ol = R| = o — (= K)o — 2.
a—1 —a o-1
a—1 0

Using Lemma 2.3, it follows that ki_1 # 0, and so |al — R| # 0. This implies that o cannot be an eigenvalue
of R. Lemma 2.2 shows that « is an A,-eigenvalue of B, , with multiplicity at least n — k — 1. Combining
these observations and Lemma 2.1, one can see that the A,-spectrum of B,, ;, contains all eigenvalues of R
together with « of multiplicity n—k — 1. Then we will show that R has k+ 1 distinct eigenvalues. Otherwise,
assume that A is an eigenvalues of R with multiplicity at least two. Hence, there exists a nonzero eigenvector
v = (v1,va,...,v541)" of X such that vy = 0. Since Rv = v, it follows that A\v; = avy + (1 — a)v,. Using
1 = 0 in the above equation, we have vo = 0. Similarly, we obtain that v3 = --- = 11 = 0, which
contradicts the fact that v is nonzero. Therefore,

My(By i) =max{n —k—-1,1} =n—k—1,

as required. If 0 < a < 2/3, then Lemma 2.2 shows that M, (B, ) > n—k — 1. Using (1.1), we have
My (B, k) < n — k, thus the result follows. 1]

3. Graphs containing an A,-eigenvalue of multiplicity at least n — 2. For any connected graph
with at least two vertices, the Perron-Frobenius Theory shows that its largest A,-eigenvalue is simple. Then
we obtain the following result.

THEOREM 3.1. Let G be a graph of order n. Then M, (G) = n if and only if G = nkK;.

THEOREM 3.2. Let G be a graph of order n > 2. Then M,(G) =n — 1 if and only if
(i) G = K,, or
(1) G = K,U(n—p) K, withn—1>p>2and a=1/p.

Proof. Suppose that M, (G) =n— 1. If G is a connected graph, then (1.1) implies that G is a complete
graph. If G is disconnected, then clearly all but one components are isolated vertices. Thus, G = K, U (n —
p) K1 withn—1 > p > 2. The A,-eigenvalues of K, are p—1,pa—1,...,pa—1. Since 0 is the A,-eigenvalue
of G with multiplicity n — 1, it follows that & = 1/p. Thus, we complete the proof. 0

In the following, we will determine the graphs with M,(G) = n — 2. We first consider connected
graphs. Let G be a set of connected graphs on n vertices: G = {K; V 2KnT—1,K1 V(K1 UK,_2), KV (K1 U
Kn_so1),sK1V (K1 UK,_s-1), K1V K%1%7K5 V (n —$)K1, K ,—s}. For conciseness, we use J and 0
to denote the all ones matrix and all zeros matrix of appropriate size, respectively.

LEMMA 3.3. Let G be a connected graph of order n > 3. If M(G) =n — 2, then G € G.

Proof. Suppose that A is an A,-eigenvalue of G with multiplicity n — 2. Thus, rank(A.(G) — A\I) = 2.
Let us consider the matrix A = %{;M. Suppose that the degrees of G are denoted by dy,ds,...,d,. Let
dq',Ol

€= T_a/\ for i =1,...,n. Hence, A = diag(e1,e2,...,6n) + A(G). The following fact is direct.

Fact 1. If two diagonal entries of A are equal, then the corresponding two vertices have the same degree.
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Clearly, rank(A) = 2. Assume that its first two rows (say vi-row and ve-row) are linear independent.
It follows that:

Fact 2. Any other row of A must be a linear combination of v1-row and ve-row.

Let V* = V(G)\{v1,v2}. We infer that any vertex of V* is adjacent to v; or ve. Otherwise, assume
that w is a vertex of V* which is nonadjacent to v; and va, the (vi,w)-entry and (ve,w)-entry equal zero.
Hence, Fact 2 shows that the (u,w)-entry of A is zero for any vertex u € V(G)\{w}, and so w is an isolated
vertex. But this contradicts the connectivity of G. We denote by N (v;) the set of neighbours of v; in G. Let
Ny = N(v1)\{v2} and N2 = N(v2)\{v1}. Thus, V* = N; U N5. We divide our proof into five cases:

(I) N1 g_N%NQ{qu and NlmNgf(b,
(II) NQ#@, NQ;ANl and N2 QNl,
(IH) ]\/&750)7 N27é®and NlnNQZQ);
(IV) N1 = No # 0;
(V) N1 :(Z) and N2 7&@

Therefore, the corresponding possible structures of A should be as follows:

v |e b J J 0
L vy fer b J J
Vg b €2 J 0 J

Vg b €2 J 0
WilJ J My Mo M3,

Vild J M1 M
VolJ 0 Myy Mys Mg Vol 0 My Moo
Vs |0 J M3y My Mss ’ '

(1) (1)
V1 |€1 b J 0
(%) b €2 0 J
VilJ 0 My Ma|’
Vo LO J My Mo
(I17) (Iv) (V)

vy [e1 b J vi [e1 b 0
valb e J |, wal|b e J |,
Vild J M wilo J M,

where b € {0,1} and M, ; denotes a block sub-matrix. We next show the properties of the block sub-matrices
of A.

Fact 3. If i # j, then M; ;j =0 or J.

Proof of Fact 3. Note that each entry of M; ; is 1 or 0. According to Fact 2, it is clear that the entries
of each row of M; ; are either all ones or all zeros. The same property should also apply to M ;. Hence, we
see that M; ; = 0 or J.

Fact 4. If the size of M, ; is at least 2, then M;; =0 or J.

Proof of Fact 4. Since the off-diagonal entry of M;; is 1 or 0, this claim follows immediately from Fact
2 and the symmetry of M, ;.

In other words, Fact 4 also implies that V; is either an independent set or a clique.

Fact 5. G dose not contain an induced Pj.
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Proof of Fact 5. If not, we can obtain a sub-matrix of A with respect to Pj:

* 1 0 0
1 = 1 0
0 1 x 1
0 0 1 =

The first two rows of the above matrix are linear independent. But clearly its third row cannot be represented

as a linear combination of the first two rows due to the last column, contradicting rank(A) = 2. Therefore,
P, cannot be an induced subgraph of G.

(I) Suppose that {v1,vs, Vi, Va2, V3} is the partition of V(G) corresponding to the partition of A. Let
01 = [e1,b,J,J,0] and 0 = [b,e2, J, 0, J] be the first two rows of A.

Case I-1. My 2 =0 and M; 3 = 0.

According to Fact 2, each row of [J, J, M7 1, My 2, M; 3] should be represented as a linear combination
of 6; and 6. Assume that the first row of [J, J, My 1, M; 2, M 3] is equal to k1601 + kof2. Since M; o =0
and M, 3 = 0, it follows that k; -1+ k2-0=0, k1 -0+ k-1 =0 and k€1 + k2b = 1, but clearly these three
equations cannot be simultaneously true.

Case I-2. M1 = J and M; 3 = J.
Consider the sub-matrix [J, J, M7 1, M7 2, M1 3], and suppose that one of its rows is
k101 + kgag = [klsl —+ ka, klb —+ k2€2, (kl —+ kQ)J, klj, ng}

Since M; o = J and My 3 = J, it follows that k; = ko = 1. Hence, M;; = 2J. According to Fact 4, we see
that the size of M, ; is one, and so My ; = 2. Moreover, since kg1 + kb = 1 and k1b + kaex = 1, we have
c1=eyand b+e; = 1.

Subcase I-2.1. b = 1.

Thus, €1 = €3 = 0. In this case, #; = [0,1,J,J,0] and 63 = [1,0, J,0, J]. According to Fact 2, one can
easily obtain that each row of [J,0, M5 1, M3 2, M3 3] is equal to 65 (since its second column is 0), yielding
M2 =0 and M, 3 = J. Similarly, since each row of [0, J, M3 1, M3 2, M3 3] is equal to 61, we have M3 o = J
and Ms 3 = 0. To summarize what we have obtained:

b =1 implies that v is adjacent to wvo;

g1 = g9 and Fact 1 imply |Va| = |V3];

M1 =2 implies |V1| = 1,

M9 =0 and M3 3 = 0 imply that V5 and V5 are independent sets;

Mo =J, Miz = J and M3 = J imply that two vertices are adjacent if they belong to two
different sets of Vi, V5, V3.

The structure of G is depicted in Figure 1-i. Therefore, G = K1 V K|y, |41, v5|+1 € G-
Subcase I-2.2. b = 0.

Hence, e1 = e = 1. It follows from Fact 1 that v; and vy have the same degree, which implies
[Va| = |V3]. By an argument similar to above, we obtain Myo = J, M33 = J and M3 = 0. Figure 1-ii
shows the structure of G, that is, G = K1 V 2Ky, |41 € §.
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Case I-3. Without loss of generality, suppose that M; o = J and M; 3 = 0.

Consider the sub-matrix [J, J, M7 1, My 2, My 3] = [J, J, M1 1, J,0]; by Fact 2, we may assume that one
of its rows equals k1601 + k26s. Recall that 61 = [e1,b,J,J,0] and 02 = [b,e2,.J,0,J]. A simple calculation
shows that ky = 1 and ko = 0. It follows that ¢, = 1, b = 1 and My ; = J. If two vertices u € V3
and v/ € V3 are nonadjacent, then G contains an induced subgraph P; = wwvivau’, contradicting Fact
5. Hence, any vertex of V5 is adjacent to all vertices of V3, and so M3 3 = J. Consider the sub-matrix
[J,0, M21, M3 o, Ms 3] = [J,0,J,Ms o, J]. By Fact 2, we may assume that one of its rows is kj60; + kb0s =
[k} + kb, Ky + kheo, (k) + kb)J, k1 J, k5 J]. Thus, ki = 0 and k5 = 1, and so e; = 0 and M5 2 = 0. Hence, 61 =
[1,1,J,J,0] and 6, = [1,0, J,0, J]. Clearly, we see that each row of [0, J, M3 1, M3 2, M3 3] = [0, J, 0, J, M3 3]
is equal to §; — 05, yielding M3 3 = —J. Using Fact 4, we obtain that the size of M3 3 is one and M3 3 = —1.
It follows that

nll 1 J J 0
v |1l 0 J 0 1
A=V, |J J J J 0
VolJ 0 J 0 J
Vslo 1 0 J -1

Figure 1-iii shows the structure of G. Therefore, G = (|Va| + 1)K V (Kjy;+1 U K1) € G.

(IT) Suppose that {vy,vs, Vi, Va} is the partition of V(G) corresponding to the partition of A. Let

01 = [e1,b,J,J] and 05 = [b, g2, J, 0] be the first two rows of A.
Case II-1. b= 0.

Thus, 6; = [e1,0,J,J] and 63 = [0,e2,.J,0]. See Figure 1-iv. We first claim that any vertex of V; is
adjacent to all vertices of V5. Otherwise, if two vertices v € V; and v’ € V5 are nonadjacent, then G contains
an induced subgraph Py = vouviu/, this contradicting Fact 5. Hence, M; 2 = J. Consider the sub-matrix
[J, 0, M2,1a Mg’z} = [J7 0, J, ngg]. Assume that one of its rows is k101 + k202 = [k1€17 k2€2, (kl + kQ)J, klj}
It follows that kie; =1 and Moo = ki J. If My o = 0, then ky = 0. But this is impossible since k11 = 1.
Therefore, M> 2 # 0. From Fact 4, we see that V5 is a clique, and also V; is either a clique or an independent
set. It follows that G = Ky, V (K1 U K|y, 41) or [V1|K1 V (K1 U Kjy,41), and thus, G € G.

Case II-2. b = 1.

Thus, 61 = [e1,1,J,J] and 63 = [1,e9,J,0]. Fact 3 shows that Mj 5 is either O or J. Suppose first
that My 2 = 0. Consider the sub-matrix [J,J, M1, M1 2] = [J,J,M1,1,0]. Suppose that a row of the
above sub-matrix is equal to k1601 + ka0 = [k1e1 + ko, k1 + kaea, (k1 + k2)J, k1 J]. Since kie1 + ko2 = 1 and
kiJ = 0, it follows that k; = 0 and ko = 1, yielding M; 1 = J. Moreover, we see that Mso # 0. If not,
[J,0, M1, Ms 2] = [J,0,0,0] and its rows cannot be the linear combination of §; and 6, a contradiction.
Thus, Vi and V5 are cliques. The structure of G is depicted in Figure 1-v. If the size of M3 o is one (i.e.,
[Va| = 1), then G = K1 V (K1 U Ky, |41) € G. If the size of M is at least two, then Fact 4 shows that
Ms o = J. Since My ;1 = J and My 5 = J, it follows from Fact 1 that the vertices in V; and V, have the same
degree, that is, [Va| = V1| + 1. Thus, G = K V (Ky, |41 U K}y, 141) € G.

Now suppose that M; o = J. If M;; # 0, then Fact 4 implies that V; is a clique. Again, using
fact 4, it follows that V5 is either a clique or an independent set. Figure 1-vi shows the structure of G;
it follows that G = Ky, |41 V (K1) U K1) or Kjy,j41 V (|[Vo| + 1)Ky, and so G € G. If My ; = 0, then
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[J, J, My 1, M 2] = [J,J,0,J]. Assume that one of the rows of the above sub-matrix is represented as
k101 + kol = [k1€1 + kz, ki + kQ{:‘Q, (kl -+ kQ)J, li]

Thus, kg1 + ko =1, k1 + koeo =1, k1 + ko = 0 and k; = 1. Therefore, we have ¢ = 2 and €5 = 0, yielding
that 61 = [2,1,J,J] and 6, = [1,0,J,0]. Consider the sub-matrix [J,0, Mz 1, M2 2]. According to Fact 2,
it is easy to see that each row of [J,0, Ma 1, M 5] is equal to 6o, implying Mo = 0. Since M;,; = 0 and
M9 = 0, both Vi and V5 are independent sets. Moreover, Fact 1 implies that all vertices in Vi U V, have
the same degree. Note that the degree of any vertex in V; is |Va| + 2 and the degree of any vertex in V3 is
|Vi|+1. Hence, |V1| = |Va|+1. The structure of G is depicted in Figure 1-vii, and so G = K1V K}y, | jv,| € G.

(III) Suppose that {v1,vs, V1, Va} is the partition of V(G) corresponding to the partition of A. Let
01 = [e1,b,J,0] and 05 = [b,e2,0, J] be the first two rows of A. See Figure 1-viii. Since Pj is not an induced
subgraph of the connected graph G, one can easily obtain that v; is adjacent to v, and any vertex of V;
is adjacent to all vertices of V5. This implies that M; 2 = J and b = 1. There are three possible cases for
V1 and V5@ two cliques; two independent sets; one clique and one independent set. Suppose that V3 and
Vo are two cliques. If |V1| > 2 and |Vz| > 2, then Fact 4 shows that My ; = J and My = J. Note that
61 = [e1,1,J,0] and 03 = [1,£9,0, J]. Consider the sub-matrix [J,0, M7 1, M 2] = [J,0,J, J]. According to
Fact 2, it follows that each row of the above sub-matrix is equal to 61 4+ 63 = [e1 + 1,62 + 1, J, J], yielding
€1 +1=1. Also, since [0, J, M3 1, M2 2] = [0, J, J, J], its rows are equal to 61 + 02 = [e1 + 1,0+ 1,J,J]. It
follows that €1 +1 = 0, contradicting €1 +1 = 1. So, we may assume, without loss of generality, that |V;| = 1.
Thus, G = 2K, V (K1 U K)y,|) € G. If A; and Ay are two independent sets, then G = Ky, |11 |v,+1 € G-
Finally, without loss of generality, suppose that V; is a clique and V5 is an independent set, and thus,
G (|Ve|+ 1)Ky V (K, UK|V1‘) €gq.

a clique
74 an independent set
1

C/1 | acliqueor an independent set

Vi V) Vi V) Vi V) Vi V) Vi V) i 'V, Vi W
— o

[C/I]—‘C][C] [C][C]—‘C/I][l]—‘]][C/[]—‘C/[][C/I][C/I]

W o novo nor nh N

v v vi vii viil ix X
FIGURE 1. Proof of Lemma 3.3.

(IV) See Figure 1-ix. According to Fact 4, V; is either a clique or an independent set. Note that G
cannot be a complete graph, and thus, it is easy to see that G = Ky V |V1|K1, Ky |y, or 2KV K}y, |, yielding
Geg.
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(V) See Figure 1-x. Since G is connected, we obtain that vy is adjacent to vy. By Fact 4, it follows that
GgKl\/(KlUK‘Vﬂ) or KLWIHl,yieldingGeg. 0

From Lemma 3.3, we only need to consider the A,-eigenvalue multiplicity of graphs belonging to G. The
next lemma is needed.

LEMMA 3.4. Let G be a connected graph of order n > 4 and My (G) = n—2. If X is a multiple eigenvalue
of Ax(G), then its multiplicity is n — 2 and the other two A, -eigenvalues are simple.

Proof. Clearly, A,(G) is irreducible, so its spectral radius is simple. If there is another A,-eigenvalue
(not A) of multiplicity at least two, then M,(G) < n — 3, a contradiction. Therefore, A is the only one
multiple A,-eigenvalue, thus this lemma follows. ]

Let PY(x) = |zl — A,(G)| denote the A,-characteristic polynomial of a graph G. In the following, we
consider the A,-eigenvalues of the graphs in G by using the A,-characteristic polynomials. With the help of
Matlab and the properties of the A,-matrices, we obtain the A,-characteristic polynomials for the graphs
in G. For conciseness, we present here the A,-characteristic polynomials without proofs:

Pfsv(KlUKt)(:c) =(z—(s+t+Da+1)*"z—({t+s)at+1)?
(2® 4+ (25—t —2as — at — a)z? + (a?s® + st + a?s + 2as” + ast

(3.5)

—as+oat? —a—2s—t+ 1z — a?s3 — 20252t — a?s? — o?st? + a?st

+ 2as? — ast + as + st — s),

pFVIRIED) () —(z — (t+ 1)a)* (@ — (s + )+ 1)t
(3.6) (x3 + (1 —t—2as — at — )z + (a?s% + a?st + s + 3ast + as
‘ +at? —a—st— s)x — 20252t — 20252 — o®st? + a®st + as®t + as?
— 2ast + 2as + st — s),

(3.7 PEIV2Es () =(z — (s + Do+ 1)*2(z —s —a + 1)(m2 +(1—s—2as—a)r+2as—2s+ 20452),
(3.8) PRV K. (@) = (z — (s + Da)?" " 2(x — (2s + D + 8) (2% — (a + s + 2s)x + das — 25 + 2as?),
(3.9) PEsVIEL () = (2 — (s + t)a+ 1)° "z — sa)t ! (22 + (1 - (s +t)a — s)z + 2sta + s2a — sa — st),
(3.10) PaK“ (z) = (z — sa)! "z — ta)* ! (x2 + s+ t)x + 2ast — st).

LEMMA 3.5. Let G =X K1V QK% with n > 5. Then M,(G) =n —2 if and only if « = n%rl

Proof. If a = %H, then clearly M,(G) = n — 2 (see Table 1). Suppose that My(G) = n — 2. Let

s = "T_l > 2. By (3.7), the A,-characteristic polynomial of G is as follows:

Péz)=(z—(s+Da+1)*2(z—s—a+ 1)(2® + (1 — s — 2as — @)z + 2as — 25 + 2as?)

[e3

Since 2s — 2 > 2, we have m((s + 1)ae — 1) > 2. Moreover, Lemma 3.4 implies that m((s +1)aa —1) =n — 2,
and so (s 4+ 1)a — 1 is a root of the equation

(z—s—a+1)(z>+ (1 -5 —2as — a)z + 2as — 25 + 2as”) = 0.

Using # = (s + 1)a — 1 in the above equation, we have —s?(a — 1)?(a + as — 1) = 0, yielding a(s + 1) = 1,
as required. 0

LEMMA 3.6. Let G 2 K1V (K3 UK,,_3) withn > 4. Then M,(G) =n — 3.
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Proof. According to (3.5), it follows that the A,-characteristic polynomial of G is as follows:

PY(x) = (z — (n—a+1)""*f(a),

f@)=2*+B-n—(n+Da)z®>+ na®+ (n* —n—2)a—n+ 1z — (n® - 3n+4)a® — (n —5)a+n—3.

By calculation, we have f((n—1)a—1) = (n—2)(1—a)((n—1)a?—3a+1) and f(n—2) = (a—1)((n—4)a+1).
Since n > 4 and 0 < a < 1, we have f((n —1)a —1) > 0 and f(n —2) < 0. This implies that f(z) = 0 has
three distinct roots which belong to intervals (—oo, (n — 1)ae — 1), ((n — 1)a — 1,n — 2) and (n — 2, +00).
Therefore, M, (G) =n — 3. 0

LEMMA 3.7. Let G 2 K,V (K1 UK,,_s_1) with2 <s<n—3. Then M,(G) <n-—3.

Proof. From (1.1), we have M,(G) < n — 2. By contradiction, assume that M,(G) = n — 2. Let
t=n—s—12>2. Thus, by (3.5), the A,-characteristic polynomial of G is as follows:
(3.11) PS(x)=(z—(s+t+Da+1) Yz —(t+s)a+ 1) f(x),
where

fx)=a®+(2—s—t—2as —at — a)z? + (a®s* + a?st + a®s + 2as” + 3ast — as + at® — a — 2s

—t+ 1D —a?s® — 2025 — a?s? — a®st? + a’st + 2as® — ast + as + st — s.
If t > 3, then (s+t)a—1 is a multiple A,-eigenvalue. According to Lemma 3.4, we see that m((s+t)a—1) =
n — 2, and so it is a root of f(x) = 0. But
f((s+ta—1)=t(1—a)(t+s)a* - (2s+1)a+s) #0

since (2s + 1) — 4s(s +t) < 0. Thus, we infer that ¢t = 2, and so
f(2) = 23+ (=3a—s—2as)r? +(a?s? +3a%s+2as? + 5as+3a—2s— 1)z —a?s® —5a? 5% — 2a%s+2as” —as+s.

By calculation, it follows that f(sa) = s(1 —«a)? > 0 and f(sa + 1) = —2s(1 — «)? < 0. This implies that
f(z) = 0 has three distinct roots. Note that (s + t)a — 1 is not a root of f(z) = 0. Hence, G has at least
four distinct A,-eigenvalues, contradicting the assumption M, (G) = n — 2. Thus, we complete the proof. O
LEMMA 3.8. Let G = sK 1V (K1 UK,_s—1) with2 < s <n—3. Then M,(G) =n —2 if and only if
n=3s—2 anda:%.
Proof. Suppose that M, (G) =n—2. Let t = n—s—1 > 2. It follows from (3.6) that the A,-characteristic
polynomial of G is as follows:

PY(x) = (x = (t+1)a)* Mz — (s +t)a+ 1) f(a),
where
f(x) =2+ (1 —t—2as —at —a)x? + (a?s® + a’st + a’s + 3ast + as + at? — a — st — s)x
—2028% — 2025% — a®st? + a’st + as’t + as® — 2ast + 2as + st — s.

By calculation, we obtain that f(sa) = s(t—1)(1—a)? > 0and f(sa+t—1) = —st(t—1)(1 —«a)? < 0. This
implies that f(x) = 0 has three distinct roots. Note that (¢t + 1)a and (s +t)a — 1 are A,-eigenvalues of G.
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If (t4+1)a # (s+t)a—1, then M,(G) < n— 3, a contradiction. Therefore, we have (t 4+ 1)a = (s +t)a — 1,
that is,
1
s—1°
Moreover, since M, (G) = n — 2, by Lemma 3.4, we see that (£ + 1)a must be a root of f(x) = 0. Thus,

(3.12) o=

f((t+1)a) = —s(a—1)*(a—t—as+2at +at? —ast +1) =0,
yielding
(3.13) a—t—as+2at+at? —ast+1=0.

Combining (3.12) and (3.13), it follows that ¢ = 2s — 3. Since t = n — s — 1, we obtain that n = 3s — 2 and
o= %, as required. Conversely, if n =3s —2 and a = %, then Table 1 shows that M,(G) =n—2. 0O

LEMMA 3.9. Let G =2 K; V Kananl where n > 5 is odd. Then My(G) = n — 2 if and only if and

o= 4
n+1"
Proof. If a« = %_H, then Table 1 shows that M, (G) = n — 2. Conversely, suppose that M,(G) =n — 2.

Let s = 251 > 2. By (3.8), the A,-characteristic polynomial of G is as follows:

PS(z) = (z— (s 4+ 1a)>* 2(z — (25 + Da +s) (2% — (a + s + 2as)z + das — 2s + 2as?).

o

Since s > 2, we obtain that (s + 1)« is a multiple eigenvalue. According to Lemma 3.4, it follows that
m((s+ 1)a) =n — 2, and so it must be a root of

(z— (2s+ Do+ s)(2° — (o + s+ 2as)z + das — 2s + 2as®) = 0.

Using # = (s+ 1)« in the above equation, it follows that s?(1—a)?(a+sa—2) = 0, yielding a = SJQFI = niﬂ,

which completes the proof. ]

LEMMA 3.10. Let G =2 K,V (n — s)K; withn —2 > s > 2. Then M,(G) = n — 2 if and only if and
1

n—s’

o =
Proof. Suppose that M, (G) =n — 2. From (3.9), the A,-characteristic polynomial of G is as follows:

2

PS(z) = (z —na+1)" 1z —sa)" "1 (z? + (1 —an — s)z + s* — ns — as® — as + 2ans).

Let f(z) =22+ (1 — an — s)x + 82 — ns — as? — as + 2ans. It is easy to see that
f(sa)=—s(n—5)(1—-a)*#0 and f(na—1)=s(1—a)(s—n+1)#0.

If sa # na— 1, then G has four distinct A,-eigenvalues, a contradiction. This implies that s« = na— 1, i.e.,
L. Conversely, if & = -1, then Table 1 shows that M, (G) = n — 2. Thus, we complete the proof. O

LEMMA 3.11. Let G2 K s with1 <s<n—1. Then My(G)=n—2if and only if s=1 or s = 5
Proof. Suppose that M, (G) =n —2. Let t =n — s > 1. From (3.10), the A,-characteristic polynomial
of GG is as follows:

o =
n

PY(z) = (x — sa)* Yz — ta)t? (2? — a(s + t)z + 2ast — st).

Let f(z) = 2% + a(s + t)x + 2ast — st. Suppose s > t. If t > 2, then sa is a multiple A,-eigenvalue. By
Lemma 3.4, we obtain that m(sa) = n—2, and so f(z) = 0. But, f(sa) = —st(1 —«)? # 0, a contradiction.
If t =1 or s = t, then Table 1 shows that M,(G) =n — 2. O
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Graphs A,-spectra
\/ﬁ _\/ﬁ
Kl,n—l na+4/n?a +24(n 1)(1 a),Oé, a, na n?a -;4('n 1(l—-a)
2a—1
Ky EEE R e
1 ns+s—s2+4(n—s—1)/s(4n—3s) < < ns+s—s2—(n—s—1)y/s(4n—3s)
Ksv (’fl - S)Kl (Oé - n—s) 2(n—s) ’ nis [ nis7 2(n—s)
_ 4 244n—5 —n2+48n+1
Kl\/K%’%(a—m) %,2,...,2,%
52 -2 - —1)(s— 52 —2s —(s— s— -
K1V (K1 UKzs_g)(Oé: nil) s°—2s4+24(s 527)«1/(33 1)(s 1)72’”.72’ s“—2s+2—(s 527)\1/(39 1)(s—1)
_ 2 (n=1)% n242n—3
K1\/2KnT_1(a7 m) 2(n+1)7n2(nr1> ,0,0,...,0

TABLE 1. The An-spectra of graphs in Theorem 3.12.

According to Lemma 3.3 and Lemmas 3.5-3.11, we obtain the following theorem immediately.

THEOREM 3.12. Let G be a connected graph of order n > 3. Then M, (G) =n — 2 if and only if
(I)GgKLn_l, or

(2) G= Ky » withn >4, or

(8) G= K,V (n—s)Ky with2<s<n-—2anda= -, or

(4)G’£K1\/Kn771’n771 withn > 5 anda:%ﬂ, or

(5) G2sK1 V(K1 UKy,_s_1) withs>3,n=3s—2 and o = n%l, or

(6)G%K1\/2K%1 withn >5 and a =

n+1"

Now, let us consider the disconnected graphs that have an A,-eigenvalue with multiplicity n — 2.

COROLLARY 3.13. Let G be a disconnected graph of order n > 3. Then M, (G) =n — 2 if and only if
(1) G =2K,, or

(2) G 22Ky U (n—4)Ky withn >5 and o =1/2, or

(3) G= KyU(n—2)Ky with o # 1/2, or

(4) G=Kis_1U(n—s)K; with3<s<n—1and a=0, or

(5)G=KssU(n—s)K; withd<s<n-1anda=0, or

(6)G%K1V2K%1U(n—s)K1 with3<s<n-—1 andazsil.

Proof. Let X\ be the Ay-eigenvalue G with multiplicity n — 2. Let Gy be a component of G with order
s > 3. Thus, all A,-eigenvalues of G — G; are equal to A, this implies that G — G is the union of some
isolated vertices, and so A = 0. Hence, we see that A = 0 is an A,-eigenvalue of G1 with multiplicity s — 2.
According to Theorem 3.12 and Table 1, we obtain that G; = K; ;1 with o =0, G = Ks s with a =0 or
G 2KV 2K with o = SJ% So in the following we may assume that G = sKy U (n — 2s)K;. Clearly,
its A,-eigenvalues are

1,1,...,1,2a—1,2a — 1,...,2a — 1,0,0,...,0.
— —

s s n—2s

Therefore, we obtain that G = 2Ks, G = 2K,U(n—4)K; witha =1/2 or G = KoU(n—2)K; with v # 1/2.
Thus, we complete the proof. ]

4. Conclusions. For graphs on n vertices, P, is the only graph with diameter n — 1. Note also that P,
has n distinct A,-eigenvalues. Thus, M, (P,) = n—d(P,) = 1. For K,,, clearly M, (K,) =n—d(K,) =n—1.
Hence, we see that P, and K, achieve the upper bound (1.1). In Theorem 3.12, we determine all connected
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graphs with M,(G) = n — 2. The diameter of any graph in Theorem 3.12 is two. Therefore, the graphs,
with diameter two, satisfying the equality in (1.1) are also characterized by Theorem 3.12. Motivated by
these results, we propose the following problem:

PROBLEM 4.1. Characterize all graphs G with M, (G) = n — d(G) for d(G) =3,4,...,n —2.
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