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SINGULAR VALUES, EIGENVALUES AND DIAGONAL ELEMENTS
OF THE COMMUTATOR OF 2 x 2 RANK ONE MATRICES*
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Dedicated to Professor Yik-Hoi Au-Yeung

Abstract. The region of singular values of the commutator XY — Y X for 2 x 2 rank one complex matrices X and Y
is determined. This answers in affirmative a conjecture raised in [D. Wenzel. A strange phenomenon for the singular values
of commutators with rank one matrices. FElectron. J. Linear Algebra, 30:649-669, 2015.] when 2 X 2 matrices are concerned.
The approach and proofs also lead to a complete relation between the singular values, eigenvalues and diagonal elements of the
commutator under consideration.
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1. Introduction.

1.1. Background and main results. Let F denote the set of real numbers R or the set of complex
numbers C, and let i = v/—1. We use column vectors for vectors in F”, and use row n-tuples for points in
F™. The Euclidean inner product and norm on F™ are denoted by (-,-) and || - ||, respectively. Let M, (F)
denote the set of n x n matrices with entries in F. We use also || - || to denote the Frobenius norm on M, (F).
For X € M, (F), let s1(X) > --- > 5,(X) denote the singular values of X arranged in non-increasing order,
and let s(X) = (51(X),...,s,(X))T. Let | X||1 = s1(X) + -+ + 5,(X) denote the trace norm (also known
as Schatten 1-norm and Ky-Fan n-norm) of X. Be aware that two norms are used in this paper. By a norm
one matrix X it is always meant || X|| = 1 unless otherwise stated. For X,Y € M, (F), the commutator of
X and Y is defined and denoted by

[X,Y]=XY -YX.
We assume n > 1 throughout the paper to avoid trivial situations.

Let
Y. (F) = {X : X € M,(F),s(X) = (1,0,...,0)T},

which is the set of rank one norm one matrices in M, (F). When X,Y € %, (F), the rank of the commutator
[X,Y] is at most two. Let

(L1) 85 = {(51(IX, Y]),s2([X, Y])) : X,V € 5, (F)} € B2
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It is proved in [7] that the set SE is the region R (see Figure 2.1) bounded by the segment joining (0,0) and
(1,1), the segment joining (0,0) and (1,0), the segment joining (1,0) and (@, @), and the curve

N e (i T
(12) m(cob¢751n¢), ¢ S [tan 1 (\/§+1),Z:| .

For an alternative characterization of S¥, see Theorem 1.5 below. It is also conjectured in [7, Conjecture

no

3.6] that S¢ = R. Numerical experiments highly suggest that this is true. Sadly, the approach used in [7]
relies heavily on real numbers (in the form of angles) and cannot directly be adopted to the complex case.

When XY € %, (F), we may assume X = ab* and Y = cd* where a,b,c,d € F™ are unit vectors. It
is shown in [7, Theorem 4.1] that s1([X,Y]) and s2([X,Y]) depend solely on

A=(a,c), B=(b,d), C={cb), D=(d,a).

Based on these inner products, the result is proved. The main purpose of this paper is to prove in affirmative
that the conjecture is true for 2 x 2 matrices. During our investigation, we found that there is a point in the
proof in [7] that is not clear when 2 x 2 matrices are concerned. Let us first point out the difference between
the cases n = 2 and n > 3.

It is trivial that S5 C S5 C S¥ C ... Whenn >4 and X,Y € %,,(F), there exists a unitary (orthogonal
if F = R) matrix U € M,,(F) such that U* XU, U*YU € My(F)®0,_4. Consequently we know that S} = S}
for all £ > 4. Using the following proposition, we can extend the result to 3 x 3 matrices to have S,Ig =S¥
for all k& > 3.

PROPOSITION 1.1. Suppose a,b,c,d € F* are unit vectors. Then there are unit vectors Vi, Vs, Vs, Vy €
F3 such that

(vi,vs) = (a,c), (va,va) =(b,d), (v3,va)=(c,b), (vi4,v1)=(d,a).
Proof. By choosing a suitable unitary (orthogonal if F = R) matrix U € My(F) and considering Ux for
x € {a,b,c,d}, we may assume
a=(a1,0,0,0)", b= (b1,02,0,0)", c=(c1,¢2,¢3,0), d=(di,do,d3,ds)".
The vectors
vi = (a1,0,0)T, vy = (b1,b2,0)T, vs=(c1,c0,¢3)T, vy=(di,do,\/|ds|?> +|ds]?)T.
serve our purpose. 0
The situation is different when n = 2. Suppose we choose
a=(1,0,0,07, b=(0,1,0,007, ¢=(0,0,1,007, d=(1/v2,0,0,1/v2)".

Then
A=(a,c)=0, B=(b,d)=0, C=(c,b)=0, D=(d,a)=1/V2.

However, for unit vectors a, b, c,d € F?,

A=(a,c)=0, B=(b,d)=0, C={c,b)y=0
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imply D = (d,a) = 0. Thus, we know that not all inner products (A, B,C, D) that can be achieved by
vectors in F* can be achieved by vectors in F2. It is then not clear that S5 is not a proper subset of Sf
(= R), although numerical experiments strongly suggest S§ = R and the boundary of R can be achieved
by 2 x 2 real matrices (see the proof of [7, Proposition 3.3]).

We will first show in Section 3 that the smaller freedom in order 2 does not change the result.

THEOREM 1.2. 8§ =R.

This is not merely to give an alternative proof for 2 x 2 real matrices. The proof here also reveals that all
the possible combinations of the singular values can be achieved by commutators having real eigenvalues and
hence are orthogonally upper triangularizable. This fact is used in Section 4 for proving our main theorem.

THEOREM 1.3. 8§ = R.

Our approach and proofs also give immediately interesting results relating the singular values, eigenvalues
and diagonal elements of the commutators under consideration. Before going to the lengthy proofs of
Theorems 1.2 and 1.3, we include below a discussion on the results.

1.2. Singular values, eigenvalues and diagonal elements. Suppose X,V € ¥(F) and [X,Y] =
[6‘ _5/\] has singular values s; and so, and eigenvalues +A. It follows readily from the Bd&ttcher-Wenzel

inequality (e.g. [2, 6]) that |A\| < 1 because

2 < XYY < 2l X PP = 2.
A simple proof of the inequality for 2 x 2 real matrix can be found in [1]. The proof there can easily be
modified for 2 x 2 complex matrices. Our formulation leads us to consider the possible values of |d| with ||

being fixed. The key result is that, for both the cases F = R and F = C, |§| can assume every value between
0 and a common maximum value | where 6|2>\\ is given by

1 if 0< |\ <1/2,
(1.3) 5y :{ =1/

AN — 42 1/2< M <1

The graph of 5‘2/\| is given below.
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Figure 1.1. The graph of 6|2>\|.

It is obvious that 6|2>\\’ and hence, d)| is non-increasing. This plain-looking fact will play a critical role in
our later proof in Section 4.

When X,Y € X5(C), [X,Y] is unitarily triangularizable. Our key result asserts that when the complex
commutator in triangular form has real eigenvalues and real ¢, it can also be achieved by X, Y € ¥5(R). On
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the other hand, it is easy to deduce that
(14) |(5| = 81 — S9.

Consequently, together with the obvious condition |A\|[? = s1s2, we can easily deduce the following two
theorems. The first one gives the relation between the eigenvalues and singular values of the commutators,
and the second one gives a simple characterization on the singular values of the commutators.

THEOREM 1.4. There exist X,Y € 3o(C) such that [X,Y] has eigenvalues £\ and singular values
s1 > so if and only if |\ < 1, |\* = s1s2 and

81—82§1 Zf()§|)\|§1/27

Moreover, X andY can be taken to be real if X is real.

THEOREM 1.5. There exist X,Y € Yo(C) such that [X,Y] has singular values s1 > so if and only if
5182 <1 and
s1—s2<1 if 0< /5182 <1/2,
{ S1 +82§2(8182)1/4 Zf 1/2<\/m§1.

Moreover, the singular values can always be attained by real matrices.

For A € M, (C), the numerical range and numerical radius of A are defined respectively by
W(A) ={2"Az : 2 € C",|jz|| =1} and w(A)=max{|z]|:z€ W(A)}.

The study of the numerical range and numerical radius has a long history and is extensive. One may refer to

[5, Chapter 1] for more information. For [X,Y] = [§ °,], the Elliptical Range Theorem (e.g., [5, Theorem

1.3.6]) tells us that W([X,Y]) is an elliptical disk with foci +A and minor axis |§|. Thus, from the above
discussion, we have the following theorem.

THEOREM 1.6. There exist X,Y € %2(C) such that W([X,Y]) is an ellipse with foci £\ (A € C) and

minor azis 0 > 0 if and only if

vesedl if 0< A <172,
=O=V 2/ if 1/2< A <L

Moreover, X andY can be taken to be real if X is real.

From Theorem 1.6, we have
COROLLARY 1.7. There exist X,Y € 3o(C) such that [X,Y] has eigenvalues £\ and w([X,Y]) = r if
and only if 0 < |A| <1 and

A<r< [ VOEFTA i 0N <1/2,
R WRV/PY if 1/2<Al<1.

Moreover, X and Y can be taken to be real if A is real.

The set W(A) can be regarded as the collection of all values for the first diagonal entry of U* AU when U
varies over all unitary matrices. From Corollary 1.7, and replacing |A| there by ,/s1s2, we have the following
relation between the singular values and diagonal elements.
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COROLLARY 1.8. There exist X, Y € Xo(C) such that [X,Y] has singular values s1 > so and a diagonal
element d if and only if s152 <1 and

|d|< 8152+1/4 Zf 0§\/8182§1/2,
= | (s189)t/4 if 1/2< /3182 <1.

Moreover, X andY can be taken to be real if d is real.

The elliptical disk with foci £ and minor axis |d] is {z = A+ 2+ A <2V NP+ |(5|2/4}. From
Theorem 1.4 and using (1.4), we can now have our ultimate result relating the singular values, eigenvalues
and diagonal elements of the commutators under consideration.

THEOREM 1.9. There exist X,Y € £5(C) such that [X,Y] has singular values sy > sq, eigenvalues £\
and diagonal elements +d if and only if, in addition to the necessary conditions in Theorem 1.4,

|[d+ A+ |d— Al < 51+ s2.

Moreover, X andY can be taken to be real if A and d are real.

Finally, we mention here another consequence of our study. There is a close relation between the region
SC and the determination of the best (smallest) constant C,, 1 1 such that

IXY - YX|, <Cp11lX[1]lY 1, X,Y are n x n complex matrices,

where || - ||, denotes the Schatten p-norm, 1 < p < co. When 2 < p < oo, this is an unsolved situation of the
general problem (see [8, 3]) of finding the best constant Cp 4, such that

IXY - YX|, <CporllXlgllY|lr, X,Y aren x n complex matrices.

For more information on commutator norm inequalities, see the surveys (2, 6]. In fact, we have Cp 11 =
max{[|x|, : x € ST} in which we also use || - ||, to denote the vector p-norm. In [4], the constant C | | =
max{[|x||, : x € S§} for real matrices is found via the determination of C%, | for real matrices. Theorem
1.3 tells us that S§ = S§¥ and consequently we can conclude that all the results obtained in [4] for real
matrices are also true for 2 x 2 complex matrices.

2. Transforming the problem geometrically. Our approach is to consider, instead of the singular
values s1([X,Y]) and so([X,Y]) of the commutator [X,Y], the characteristic polynomial of [X,Y]*[X,Y],
i.e., the monic quadratic polynomial having s?([X,Y]) and s3([X,Y]) as roots. To this, we first consider

{;102 — (s% + s%)x + s%s% : (s1,82) € R},

the set of monic quadratic polynomials having s? and s3 as roots when (s, s3) varies over R. To describe
the set, it is equivalent to consider the set of the varying coeflicients given by

Q = {(s3 + s3,5%53) : (51,82) € R} C R?

and we have the following characterization.

PROPOSITION 2.1. The set Q (see Figure 2.2) is the region bounded by the segment joining (0,0) and
(1,0), the curve x = 2,/y for 0 < y < 1, the curve v = 1+ 2012 for 0 < y < 1/16, and the curve
=4yt =212 for 1/16 <y < 1.
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Proof. Let F : R — R? be defined by F(s1,s2) = (s? + s3,s7s3) which clearly is injective. Then
Q=F(R). For 0 < 8 <1,let Cs = {(s1,52) : (51,82) € R,s7s5 = f}. When 8 = 0, Cp is the line segment
joining (0,0) and (1,0); when 0 < 3 < 1, Cy is the intersection of R and the hyperbola sise = /3, see
Figure 2.1. !

A )

08T

F

0.6 N 06T

04T - 04T

0z T 0ZT

0.0 0.0 t t t H—
00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 20
Figure 2.1. The region R (green) and the Figure 2.2. The region Q (green) and the seg-
curve s182 = v/ (blue). ment F(Cg) (blue).

Then
U Cs =R, andhence, Q=F(R)= U F(Cpg).

0<B<1 0<B<1

For each 3, as Cp is closed and connected, F(Cg) is a horizontal segment in Q with height 5 above the
z-axis, see Figure 2.2. When 3 increases from 0 to 1, the curve Cg and the segment F'(Cj) sweep over the
regions R and Q, respectively. By clicking Figure 2.1 or 2.2, one can see the demonstration of the movement
of the corresponding Cz and F(Cg) when § increases.

Let F(Cg) = {(z,B8) : * € Lg} where Lg = {s? + s3 : (s1,82) € Cp} is a closed interval. The result
follows if we can show that

2.1) LB:{ [2V/B, 1+ 2B if 0<B<1/16,

[2v/B.4BY4 —2/B] if 1/16 <B < 1.

It remains to determine the two endpoints of Lg, i.e., to find the maximum and minimum of Lg.

When 3 = 0, Ly = [0, 1] obviously. We now suppose 3 > 0. When 3 is fixed and s3s3 = 3, as s1 > sa,
we see that the bigger is sy, the bigger is s7 4 s3. Hence, the minimum of s7 +s3 occurs when s; = sp = /4,
and thus, the minimum of Lg is 2y/B. Similarly, the maximum of s} + s3 occurs at a point (s, s5) which is

on the right-hand boundary of the region R, i.e., on the segment joining (1,0) and (@, @), or on the

curve (1.2).

When 0 < 5 < 1/16, the point (s}, s3) is on the line segment joining (1,0) and (‘/%H, ‘/5271), ie.,
st —s5 =1, 5" € (1,(v2+1)/2]. Hence, we know that (s7)2 + (s3)? = (s — s5)% 4 2s%s5 = 1 4+ 2y/P.

When 1/16 < 8 < 1, the point (s}, s5) is on the curve (1.2), say with ¢ = ¢*. Let a = (s7)? + (s3)? be

LA sketch of the region R is given in [4].
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the required maximum, and write z = cos ¢* sin ¢*. Easily,

(2.2) Va=/(s)?+ (s3)? = dy/cosg*sing* 4z

1+ 2cos¢*sing* 1+2z

and
- 16 cos ¢* sin ¢*
(2.3) \/B = 8152 = a 0

(1 4+ 2cos ¢* sin ¢*)? cos ¢ sing” = az.

Multiplying (2.2) by v/a, we get 2az — 4\/az + a = 0 and hence, by (2.3), a = 48"/* — 2\/B as required. [

3. The real case. In this section, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. For X,Y € Ya(R), ||[X,Y]]|? = s3([X,Y]) + s3([X,Y]) and (det[X,Y])? =
s2([X,Y])s3([X,Y]). The set of characteristic polynomials of [X, Y]*[X,Y] is

{2 = [I[X, Y|Pz + (det[X, Y])? : X,Y € B2(R)}
and, as before, we consider the set of varying coefficients
TR) = {(IIX, Y]], (det[X,Y])?) : X,Y € S5(R)} C R*.

It is then clear that S5 = R if and only if 7(R) = Q (defined in Section 2), and we now show that the latter
is true. We note that for X,Y € 33(R), one has 0 < |det[X,Y]| < 1. To prove the result, it suffices to show
that for each 0 < 8 <1,

(3.1) {IIX,Y]|]* : X,Y € 52(R), (det[X,Y])*> = B} is as in the right-hand side of (2.1).

The proof is divided into two parts, depending on whether the eigenvalues of [X, Y] are real or not.

3.1. Eigenvalues of [X,Y] are real. Suppose the eigenvalues of [X,Y] are real (and opposite), i.e.,

det[X,Y] = —/B < 0. Under suitable simultaneous orthogonal similarity on X and Y, we may assume
A6

3.2 X, Y] =

(32 xyi={y % |

where A > 0 and 6 > 0. Of course \? = —det[X,Y] = /B, and
JX, V]I = 202 4+ 82 = 2/F + 62

Thus, to prove (3.1), we need to find the range of §2. For each 0 < A < 1, suppose the maximum value of §
is 5 > 0. We have to show that d3 is as given in (1.3) (note that as A > 0 here, we drop the absolute value
sign in d)|) and that § can attain every value between 0 and dy. The proof is divided into several steps.

Step 1. We give an alternative form of (3.2). As X and Y are of rank one, suppose

(3.3) ¥ — c?sa [cosb sinb]: Cf)sacosb Cf)sas.inb
sina sinacosb sinasinb

and

cos h . coshcosk coshsink
Y= [ sin b } [ cosk sink ] = { sinhcosk sinhsink }’
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where a,b,h, k € R. From (3.2), we have

cosasinbsinhcosk — coshsinksinacosb = A,
cosacosbceoshsink + cosasinbsin hsink — cos hcoskcosasinb — cos hsinksinasinb = §,

sinacosbcoshcosk + sinasinbsin h cos k — sin h cos k cos a cosb — sin hsin k sina cosb = 0.

The first equation can be rewritten as

sin(a 4+ b) sin(h — k) — sin(a — b) sin(h + k) = 2\,
while the second and third equations can be replaced by their sum and difference given by
sin(a — b) cos(h + k) — sin(h — k) cos(a + b) = 4,
—sin(a 4 b) cos(h + k) + sin(h + k) cos(a + b) = 6.
Note that a + b and a — b can achieve any values independently, and so do h 4+ k and h — k. Thus, writing
(3.4) a+b=A a—-b=B, h+k=H, h—k=K,
the above three equations become, with independent variables A, B, H and K,
sin Asin K — sin Bsin H = 2,
sin B cos H — sin K cos A = 6,
—sin Acos H + sin H cos A = 6,

respectively.

We first show that § can be 0. Take A = H = 7/2, and B and K satisfy sin B = —\ and sin K = A.
Then (3.5)—(3.7) are satisfied with ¢ = 0.

Step 2. We further transform the problem. We now assume ¢ > 0. Equation (3.7) gives
(3.8) 0 =sin(H — A).
Equations (3.5) and (3.6) give

—sinH sind } [ sin B ] B { 2\ }

cosH —cosA sin K 1)

and hence, with (3.8) and using Cramer’s rule, we obtain

—2Xcos A —dsin A 2\
. B = __“ A . A
o sin H cos A — sin A cos H 5 cos sin
and " R B
—2Acos H — §sin
S sin H cos A — sin A cos H 5 cos sin

Thus, equivalently, we need to find the range of ¢ subject to (3.8),

2\ 2\
(3.9) 6c0sA+sinA‘ <1 and ’6 cos H +sin H| < 1.
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Step 3. Suppose 0 < 2X <1 (i.e., 0 < < 1/16). For any 0 < § < 1, choose H = 7/2 and A such that
cos A =6 and sin A = —v/1 — 2. Then sin(H — A) = cos A = § and both inequalities in (3.9) are satisfied.
Hence, § can assume any value in [0, 1] as required.

Step 4. We suppose 1 < 2)\ < 2 (i.e., 1/16 < 8 < 1) and find the maximum value of §. Geometrically,
(3.9) means that the inner products of the vector (2A/§,1)7 with the two unit vectors (cos A,sin A)” and
(cos H,sin H)T have absolute values not bigger than one.

Suppose the maximum value of § is §) = sin(Hog — Ag) > 0 where 0 < Hy — Ag < 7. If sin(Hy — Ag) = 1,
{(cos A, sin Ag)™, (cos Hy,sin Ho)T'} is an orthonormal basis of R?. Then, (3.9) implies ||(2A/dx, 1)7|| < v/2.
This gives a contradiction as 2)\/dy > 1. So sin(Hp — Ag) < 1. We claim that for § = d,, both inequalities in
(3.9) must hold in equality. If both of them are strict inequalities, we can purturb Hy and Ay a bit to have
a bigger value of & without violating (3.9), and this gives a contradiction. If exactly one of them is equality,
we may consider replacing Hy and Ag by Hyg + € and Ag + € for small suitable ¢, resulting in both of them
are strict inequalities and with § = sin((Ho + €) — (Ao + €)) = dx. Thus, as in the previous case, we have a
contradiction.

Now suppose both inequalities in (3.9) hold in equality. Geometrically, it is clear that there are 4

unit vectors x € R? such that |[(x,(2\/dx,1)T)| = 1, namely, u = (0,1)7, v and their negatives, where
v = (cos®,sin)T, —7/2 < § < 0, is the reflection of u across the vector (2A/dy,1)”. See Figure 3.1 below.
A /
/
/
/
/
1 /
"""""""""" A T RN
’
/
/o
/
u / :
/
/ 1
/
/ '
/ .
/ ' .
22
83

Figure 3.1. The vectors u and v.

In other words, when restricting —m < Hy, Ag < m, we have Hy, Ay € {£7/2,0,0+7}. Since sin(Hp—Ag) > 0,
the possible choices for (Hy, Ag) are (7/2,0), (0, —7/2), (—7/2,0 + 7) and (0 + m,7/2).

We may take (Hy, Ag) = (7/2,6). The other choices of (Hp, Ag) will always lead to this case. For
example, if (Hy, Ag) = (0, —7/2), (3.9) becomes

2 T . T 2\ .
mcos (—§>+Sln <_2>'—1 and mcose“rslne —].7
which is equivalent to
2\ T T 2\
- 5| — 1 — = 1 _— 1 = 1
Sin(w/2_9)cos(2)+sm<2>‘ and Sin<ﬂ/2_9)cosﬁ+sm0 ,
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and these two new conditions exactly mean taking (Hop, Ag) = (7/2,6).

So, fix now (Hy, Ag) = (7/2,0). It is easy to check that the triangle with vertices (0,0), (0,1) and
(2M\/0x,1) and the triangle with vertices (0,0), (cos6,sinf) and (2)\/dx,1) are congruent (see Figure 3.1).
Consequently, in the triangle with vertices (0,0), (0,1) and (2A/dx, 1), the angle at (0,0) is m/2-6

2
6 < 0). Hence,
22\ /2 -0
1 — =1
+<5>\> cos( 5 ) ,

(remember

which gives, with & = sin(r/2 — 6),

(1 + sin?((r/2 — 0)/2))\2082((7T/2 — 9)/2)> cos? (W/22— 9> L
Thus, . W)
and hence, ( 2

63 =sin?(1/2 — ) = 4sin? (77/22_‘9> cos? (77/22_9) =4\(1 - )\).

Step 5. Finally, we show that any value between 0 and §, can be achieved by 4. For any 0 < § < 4y,
take H = /2 and A such that

(3.10) (cos A,sin A) = (6, —v/1 — §2).

Then § = cos A = sin(H — A) and the second part of (3.9) is satisfied. It remains to show that the first part
of (3.9) is also satisfied. With (3.10), it suffices to show |2\ — v/1 — 62| < 1 for all § where 0 < § < d). Note

that
2A—V1-8<1 & 4N -5 <41 -62
If 402 — §2 < 0, we are done. Now suppose 4\? — 62 > 0. Then
AN =2 <A1 -82 & 16" +8X%5% + 6% — 16)7 < 0.

Since 0 < 6 < 4y, it suffices to show that 16A* + 8)\2(5§ + 5§ — 162 < 0. With (5§ = 4\ — 4)2, the result
follows from 16A* + 8A263 + &5 — 16A% = 0.

3.2. Eigenvalues of [X,Y] are purely imaginary. We now suppose the two eigenvalues of [X,Y]
are purely imaginary, i.e., det[X,Y] = /8 > 0. We claim that

(3.11) VB <1/4.

We don’t have the upper triangular form as in (3.2). Under suitable simultaneous orthogonal similarity on
X and Y we may assume

x| P q

0 0

] vvherepz—i—q2:17 Y:[Zy/i z;z]

Then

X,Y] = { qy21 P12 + q(y22 — yi1) } '
—PY21 —qY21
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11 Singular Values of Commutator

Taking the determinant on both sides,
(3.12) VB = —a*y3 + py21lpyrz + q(y22 — y11)]-
As Y11Y22 = Y21Y12 (i.e., detY = O), we get

(qy21)? — p(y22 — y11)(qy21) + (/B — p*y11902) = 0.

Regarding this as a quadratic equation in qyo; with real coefficients, it has (one and hence) two real roots.
Its discriminant must be non-negative, i.e.,

0 < [p(y22 — y11)]* — 4(V/B — P*y11y22) = [p(ya2 + y11)]* — 4/B-
Thus, v/ < p?(y22 + y11)%/4 < 1/4 as claimed.

To complete the proof, as 0 < 3 < 1/16, it suffices to show that ||[X,Y]||?> < 1+ 2/B. Note that, using
(3.12),
X, Y] < 1+2y/3
& 2073, +2v/B + 75 + iz + alyee —yn))? < 1+2V/B+2/B
& 2{pyarpyiz + a(y22 — y1)]} + P51 + [Pz + a(yae —y1n))* < 1+4/8
& {pyor + [py1z + a(y22 — 1))} < 1+4/8.

That is, subject to (3.12), we have to show that
[p(y21 + 912) + q(y22 — y11)]* < 1+4y/B.

From 43, + y3, + yis + y31 = 1 and y11y22 — y12y21 = 0, we get (y21 + y12)? + (Y22 — y11)> = 1. The result is
now clear as both (y21 + y12, y22 — y11)” and (p,q)T are unit vectors. 0

4. The complex case.

4.1. Complex vs. real. There are fundamental differences between the real and complex problems
and we tried in vain to modify the proof of Theorem 1.2 to prove the complex case. As an illustration,

X—[al][bl bg]—[algl 0,152:|

ag azby  aszby

suppose

where (a1, a2)T and (by,b2)T are unit vectors in C2. When the two vectors are real, in the proof of Theorem
1.2, we have
a1by — asbs = cosacosb —sinasinb = cos(a + b) = cos A

and
azby + a1by = sinacosb + cosasinb = sin(a + b) = sin A.

In the real case, |cos A| < 1, |sin A| < 1 and ||(cos A,sin A)T|| = 1. In the complex case, though we have

\all_)l — (ZQZ_)2| S 1 and |a21_71 + all_)2| S ].,

the norm of (a1131 — agbs, agby + algg)T ranges from 0 to 2. For example, the matrices % [_11 i] and % [} _‘1}
give the norms of the corresponding vectors 0 and 2, respectively. Consequently, there are several places in
the proof of Theorem 1.2 where the geometric argument cannot be adopted directly to prove the complex

problem.
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4.2. Some lemmas. When [X,Y] is not in triangular form, we may use ||[X,Y]||* — 2| det[X,Y]| to
represent 62 in our formulation. The following proposition tells us that if we can reduce one of the matrices
X and Y to have zero trace then we are done.

PROPOSITION 4.1. For 0 < |A\| <1 and 5|2>\\ as given in (1.3),

max{||[X, V]||* — 2| det[X, Y] : X,V € 55(C), |det[X,Y]| = [A]*, tr X = 0} < 0.

0 1

Proof. Under suitable unitary similarity, we may assume X = [ 0 0 ] . With Y = (y;5),

XY - VX = { Y21 Y22 — Y11 }
0 —Y21

and so |ya1| = /| det[X,Y]| = |\|. Hence,

(4.1) I YT = 20 + Jy22 — yaa|* < 2IA% + (Jyze| + [y11))?
<2+ (51(Y) + 52(Y))?
=2\ +1.

Inequality (4.2) follows from the relation between the singular values and diagonal elements of a matrix,
e.g. see [5, (3.1.10a)]. Consequently, for 0 < || < 1/2, we get as desired the maximum to be bounded by
&3, = 1.

RS

When 1/2 < || < 1, we can have a smaller upper bound for (|yaa| + |y11])? instead of 1. The conditions
[y + [yz2? + AP + g2 = 1 (e, [V = 1) and [ya1yo2] = [M|y12] (Le., det Y = 0) give

(lyaa] + y22])® + (A = [y12])? = 1.
2
Replacing [y12] by |yl|y2zl /1A, and using [ynalyea| < (1255220)" < 174 < |2, we get

2 2
+12
<)\|2 _ <|y11|2\y22\) >
<1

A2 -

(Iy11] + lya2])® +

which, by direct calculation, gives

<|y11\+\y22\>2 ?

2

A -7 <1.
Al + B <

Consequently, after taking square root on both sides, we easily get
(gl + ly22))? < 41A] — 4|7
Thus, from (4.1), the result follows. ]

In the following lemma, we modify the proof of Theorem 1.2 to handle a particular case of the complex
problem.
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LEMMA 4.2. Suppose X € 35(R) and

Y:|:C+dl Y12

22(C), cd R, d#0
Y21 —C—i-di]e 2(C), ¢, d,y12,y21 €R, d#0,

A6

XY -YX =
such that {O Y

]. Then, with 6|y as given in (1.3),

(i) 16] < 0ja) 5 or )
(ii) there exist X,Y € $5(C) such that XY —Y X = { 3 _5)\ ] with |8] > |4].

Proof. We remark that ||Y] = 1 and det Y = 0 read 2(c*+d?) +y?5+y3, = 1 and —(c?+d?) —y12y21 = 0,
Ve +d? Y12

tively. Y2(R). Let

respectively. So, { o JETE € 35(R). Le

Ve +d? Y12 _ | cosh [cosk sink]— coshcosk coshsink
Yo1 —Ve2+d? | | sinh " | sinhcosk sinhsink |

The matrix on the left has zero trace and so the condition
0 =coshcosk + sinhsink = cos(h — k)
grants h — k € {w/2 + Ir : [ is an integer}. Set t = ¢/v/c? + d?, so that we can rewrite Y as

(4.3) v [tcoshcosk coshsink

dli, —-1<t<]l1.
sinhcosk tsinhsink } T abh, <ts<
Suppose X is as in (3.3). We divide the proof into several steps.

Step 1. Parallel to Step 1 in Section 3.1, by replacing the terms coshcosk and sinhsink there by
tcos hcosk and tsin hsink, we obtain (parallel to (3.5)—(3.7))

(4.4) sin K'sin A — sin Bsin H = 2),
(4.5) tsin Bcos H — sin K cos A = 0,
(4.6) —tsin Acos H + sin H cos A = 4,

where A, B, H and K (defined in (3.4)) are independent variables with K € {7/2 4 I7 : | is an integer}.
From (4.6), in which the left-hand side can be regarded as the inner product of (—sin A, cos A)T and
(tcos H,sin H)T, we know that |6| < 1. Thus, we have (i) if || < 1/2.

Step 2. Suppose |A| > 1/2. Following the calculation in Step 2 in Section 3.1, we see that the solvability
of (4.4)—(4.6) is equivalent to the solvability of (4.6),

2 2A
(4.7) TCOSA-i-SiIlA =|sinB| <1 and FtcosH—i—sinH =|sinK| =1.

Note that as B and K are independent of the other variables, we may focus on ¢, § A and H. If we want to
show that there are matrices satisfying the assertion in (ii), it suffices to show that there are t1, 01, A; and
H; such that, with the terms |sin B| and |sin K| dropped, (4.6) and (4.7) are satisfied and |01 > |6]. The
values of B and K can then be chosen suitably.

We use a perturbation argument, assuming that there are ¢, §, A and H satisfying (4.6) and (4.7). Let
us outline our steps first.
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Step 2.1. Perturb ¢ in (4.6) to ¢; to have d; such that |01 > |6]. With the values ¢, 6; and H, the
second part of (4.7) will probably be violated.

Step 2.2. Adjust H to H; so that t1, 6; and H; satisfy the second part of (4.7). With the values ¢,
41 and Hy, (4.6) will probably be violated.

Step 2.3. Adjust A to A; so that t1, §;, Hy and A, satisfy (4.6) .

During the steps, we also have to ensure that the first part of (4.7) is always satisfied. Before we carry out
our plan, we first note the following points.

Point 1. We now eliminate the situation that sin Acos H = 0, so that we can perturb ¢ in (4.6) to have
a bigger value of |§]. If sin A = 0, we have —sin Bsin H = 2 from (4.4) and this contradicts 2\ > 1. If
cos H =0, then (4.5) and (4.6) are independent of t. Take ¢t =1 in (4.3) to have

~ coshcosk coshsink
Y { sinhcosk sinhsink ] € o (R).

Readily, the pair X,V € B5(R) satisfies (4.4)-(4.6). Thus, || < d)x and we are done.

Point 2. We refer to the first part of (4.7). If equality holds, then |sin B| = 1, and hence, tr X = cos B =
0. By Proposition 4.1, we have (i) and we are done. We now assume

2
‘(;\COSA—I—SHIA‘ < 1.

With this assumption, we know that the first part of (4.7) will not be violated if we perturb ¢, §, H and A
small enough. This ensures the first part of (4.7) will be satisfied throughout the perturbations.

Point 8. We show that

(4.8) |0] < V12 cos H? + sin® H.

The main purpose of showing this is to guarantee that after we perturb ¢, § and H to ¢, §; and Hq,
respectively, we still have

(4.9) |61] < \/t% cos H? +sin® H;.

Consequently, we can perturb A to A; as required in Step 2.3. (Note: Geometrically, the left-hand side of
(4.6) is the inner product of the vectors (tcos H,sin H)T and (—sin A, cos A)”. To have A; in Step 2.3, we
need [01| < ||(¢1 cos Hy,sin Hy)T|.)

We now prove (4.8). By the Cauchy-Schwarz inequality, we know from (4.6) that (4.8) is true when
“<” is written. If equality holds, then the two vectors (—sin A, cos A)T and (tcos H,sin H)T are linearly

dependent and ||(¢ cos H,sin H)T|| = |§|. So, we can rewrite the second part of (4.7) as
2\ 1
(4.10) 5(—sinA)+cosA‘ = o

The two vectors (—sin A, cos A)T and (cos A, sin A)T form an orthonormal basis of R2. Using (4.10) and the
first part of (4.7) we get
2
22\ 22\ 2 2a 21
— 1= —,1 — A inA] < —+1
(|6> i H<6> +'6C°S A S e T

= ’?(—sinA) + cos A
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15 Singular Values of Commutator

and this contradicts the assumption 2X > 1. Hence, we have (4.8).
We are ready to carry out the Steps 2.1-2.3.

e For Step 2.1, by Point 1, we may assume sin A cos H # 0. By a small perturbation of ¢ to ¢; in (4.6),
we get
—tysin Acos H +sin Hcos A =6y, where [d1| > |9].

e For Step 2.2, with ¢; and §; obtained, we adjust H to Hy (with |H — H;| small) so that the second
part of (4.7) is satisfied with ¢1, §; and H;. This is possible because of the second part of (4.7),

H (26/\1251 , 1)TH > 1, and that ¢; and d; are small perturbations of ¢ and §, respectively.

e For Step 2.3, with (4.9), we can adjust A suitably to A; (again with |4; — A| small) so that ¢, d1,
H, and A; satisfy (4.6).

Summing up, with reference to Point 2, we have found t;, §;, Hy and A; such that (4.6) and (4.7) are
satisfied and |d1] > |§|. Assertion (ii) follows. 0

4.3. The main proof. We now give the proof of Theorem 1.3.
Proof of Theorem 1.3. Similar to T (R) in the proof of Theorem 1.2, let
T(C) = {(I[X, Y%, | det[X, Y]|*) : X, Y € 85(C)} € R%.

To prove the theorem, it suffices to show that 7(C) = Q. As @ = T(R) C T(C), it suffices to consider the
right boundary of 7(C) and show that

max {[|[X, Y]] : X,Y € £5(C), | det[X, Y]|* = B} = max {||[X, V]| : X,V € 2(R), | det[X,Y]* = 5} .

The left boundary (which corresponds to diagonal [X,Y]) and the bottom boundary of 7(R) and 7(C) are
obviously the same.

4.3.1. A transformation of the problem. Suppose

tr X

X=X
T3

I

in which tr X = 0, and similarily for Y. Then XY —YX = XY — Y X which allows us to work with zero
trace matrices. As X is of rank one, its non-trivial eigenvalue is tr X. On the other hand, suppose the
eigenvalues of X (which has zero trace) are +u. Then X + X [, is of rank one if and only if Jtr X = +pu.
When F = R, the latter is possible only if X has real eigenvalues, equivalently, det X < 0. Note that

2

- 1 . - .
X117 = [|X[|* + 2 ‘QtrX = [|X[1* +2/pf* = |1 X]1* + 2| et X]|.

Thus, instead of matrices from 4(F), we may assume, if F = R, the matrices are chosen from
OR) ={H: Hc My(R),tr H =0, || H|* +2|det H| = 1,det H < 0}
that and, if F = C, the matrices are chosen from

®(C)={H: H e My(C),tr H = 0, ||H||® + 2| det H| = 1}.
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We also note that
|H||? + 2| det H| = s?(H) + s3(H) + 2s1(H)s2(H) = (s1(H) + s2(H))" = | H|3.

The condition ||H||? + 2| det H| = 1 in the definitions of ®(F) above is equivalent to ||H||; = 1.

We now work with matrices in ®(F). We see from the proof of Theorem 1.2 that the region 7 (R) (i.e., Q)
can be fully filled by commutators that are orthogonally upper triangularizable. Thus, under simultaneous
unitary (orthogonal if F = R) similarity, we may assume

H_|:h11 h12 :|,K_|:k11 k12

e o(F
ho1  —h11 kor  —kn ] ()
are chosen such that

Ao hi2ka1r — k12hor  2h11k12 — 2hi2k11
4.11 =HK - KH =
(411) { 0 —A ] [ 2ho1k11 — 2hi1kar  hairkiz — kaihao

Though we may assume A, § > 0 under diagonal unitary (orthogonal if F = R) similarity and multiplication
with a unit scalar, we do not do so here. Such actions will be used later.

Without assuming &, A > 0, we need to amend our problem. Our original formulation has | det([X,Y])|? =
B with 8 being fixed and so |A| is fixed, and we need to determine the maximum of |4|. Thus, referring to
(4.11), the equivalent problem is to find, for 0 < |A\| <1,

(4.12) 6‘F>\| = max{2|h11k12 — k11h12| : |h12k‘21 — k12h21| = |/\|7 h11]€21 — kuhgl = O7 H,K S @(F)}

The value of 6& is exactly the d) as given in (1.3). Here, we need to prove 5]‘%' = (5&.

For F =R, C and 0 < |\| < 1, we consider the following problem which has the constraint |hioka —
k12ha1| = |A| in (4.12) relaxed:

max F(H,K) = 2|hi1ki2 — ki1hi2]

(413) subject to |h12/€21 - k12h21| > |)\|
(414) hllk'gl - kllhgl =0
(4.15) H,K € &(F).

Let us denote the maximum value of the above problem by Alﬁ\‘. Obviously we have

S < ST
Al = C = 2
0
Al
It is easy to see that A]IFAI = max{df : |A\| <t < 1}. From (1.3), we know that 5]&‘ is non-increasing in |A|
see Figure 1.1 for (08 ? , and so
Al
R _ AR
O = Al

Hence, if we can show A]‘RM = A]CM, we get S‘IRM = 5& as required.
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4.3.2. Proof of A]‘Ri\l = A(ICAI' We now regard F = C. Suppose the maximum is attained with matrices
H and K, i.e.,
0< A(|C,\| = F(H,K) = 2|h11k12 — k11h12].

We will show that, under different assumptions, either Aﬁ\l < (5]'%\‘ or else there is a contradiction.
Step 1. Firstly, we handle the situations that H or K has a zero entry. Note that if |hi2| = 1, then

H € ¥5(C) and has zero trace. By Proposition 4.1, we get A(ICAI < 615\' and we are done. The same is true
for K. We have the following three situations:

(I) hy; = 0. Then (4.14) implies k11hoy = 0. If k173 = 0 then A(ch = 0 and we have a contradiction. If
ho1 = 0 then |hi2| = 1 and we are done.

(II) h21 = 0. Then ]7,11]€21 =0 by (414) If h11 = 0 we are back to (I) If kgl =0then A=0 by (413)
Moreover, |H||; = ||K|1 = 1 implies (2h11, —h12)” and (ki2,2k11)7 are unit vectors. Thus, A < 1 = 6§
and we are done.

(ITI) h1ga = 0. If k12 = 0 then A& = 0 and hence a contradiction. If |k13| = 1, again, we are done.
Suppose 0 < |k12| < 1. Then

lha1| = ||/ k12| and  2|hy1| = AT/ |k1a].
With 4|h11|? + |ho1|? = ||H||? = 1, we get back to (Ag|)2+|>\|2 < |k12)? < 1, which implies (as 1+|\| < 4|}
for |A| > 1/3)

c\2_q_ el if0<A<1/2) _ (sm)\?
(AR)" < 1= —{ 4N —A) if 1/2< N <1 <5IM> ’

which gives a contradiction.

Step 2. We derive some necessary conditions on H and K. From now on, we can assume all the entries

of H and K nonzero. If det H = 0, then H € X5(C) with zero trace. By Proposition 4.1, we have A(lc)\‘ < 6?%\'

and we are done. The same is true for K. We now further assume
(4.16) det H#0 and detK #0.
Via multiplication by suitable unit scalars on H and K, we assume hy; > 0 and k11 > 0.

Write .
I— hi1 |hia|eif12
|hoy |eif21 —h11

where 912, 921, 12, o1 € [0, 27‘(’). Define

} and K = [ ki1 |Ifl2\6w12 } )

ko1 |eir21 —k11

k11 klzeie
ko1 —k1n1

hi1 h12€i9

H(0) =
1(6) [hm —hi1

] and K1(9):[ ], 0 e J,

where J is an open interval containing 0 such that det H; () and det K () are nonzero on J. Such an interval
exists because H1(0) = H, K;(0) = K and (4.16). We see that for any 6 € J, Hy(0) and K;(0) satisfy (4.13)
and (4.14), though they may not belong to ®(C) because their trace norms may not be 1. If there exists
a 0y € J such that ||[H1(60)||3 - [|K1(60)||? < 1, then for o = 1/|[H1(60)|x and B = 1/||K1(60)|1, aB > 1,
laH1(00)||1 = 1 and ||SK1(6p)|1 = 1. Tt is easy to check that aHy(0p) and SK;(6p) satisfy (4.13)—(4.15)
and

F(aH:(6o), BK1(60)) = |aBe'® (2h11kia — 2kiihiz)| = aBAY, > A
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This gives a contradiction. Thus, the function G(0) = ||H1(0)||? - || K1(0)]|? has a global minimum value 1
attained at § = 0 and, consequently, G'(0) = 0 and G”(0) > 0. As ||[H1(0)]]1 = || K1(0)]|1 = 1, we get

(4.17) (HO)2) |,y + (IELO)2) |, = G"(0) =0,
and
(4.18) (H 1) |y—g + 2 IHLO1D) |,y - (KO |,y + (ELOID) ],_, = G"(0) > 0.

From (4.17), we have (| H1(0)[3)" |,_, - (IK1(8)]3)" |,_, < 0, and thus, (4.18) implies
1 1
(4.19) (EHLO)13)" [_p + (1K1 O)IF) " [5_g = 0.
We now obtain the explicit expressions for (4.17) and (4.19). From (4.14), since h11k21 # 0, we have
(420) 021 = M21.
Then

|H1(0)]13 = 2h3; + |haal® + [ho1|* + 2 )h% + |hyo||hay |el(Pr2 021 F0)

= 2h%1 + |h12|2 + |h21|2 + 2\/h4111 + 2h%1‘h12||h21| COS(912 —+ 921 + 0) + |h12‘2‘h21|2.

Thus,
(HHl(g)”%)/ — —2hi |haa||ho1| sin(f12 + 21 + 6)
Vhiy + 2h3 [haal[ha1] cos(612 + 21 + 6) + [h12]?[ha]?
and hence,
/ —2h3 |h12||ha1 | sin(B12 + O21)
(4.21) (I1H(0)]1?) oy = 111M2]| 21 12 +021)

| det H|
With a similar expression for (||K1(6)[1)’ |9:0, condition (4.17) implies

hihao|lhot| sin(f12 4 021) k% |kia||ko1| sin(pie + po1)

=0.
| det H| | det K|

(4.22)

Also, by direct calculation,

— —2|h1|?|ha2|hor | cos(B12 + Oa1) B 2|h11[*|h12|?| ot |? sin® (612 + Oa1)

Hi(O)D"],_, = '
(IH(0)117) |9:0 | det H| | det H|3

Thus, with a similar expression for (||K7(6)/1)" |9:0, (4.19) implies

hi1|hial[hai| cos(612 + 621) i hiy|hiz)?|ha1|? sin® (012 + 621)

| det H| |det H|3
ki kiallkai| cos(pa + po1) | kh[kizl? [k sin® (12 + po1)
(4.23) <0
' | det K| | det K |3 -

Step 8. We now come to the final argument. We refer to (4.22) and divide the proof into two cases,
depending on whether sin(612 + 621) is zero or not.
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Case 1. sin(912+921) =0. By (422), Sin(u12+u21) = 0 and so both 912 +021 and ,LL12+,LL21 are multiples
of m. With (4.20), we can easily deduce that H and K are of the form

—0211 —0211

k11 Ti |k12le

7 hi1 7 |hiz2le - ’
|kaq |€¥21! —k11

= . d K=

|ho1]ef> —h1 } o [
where 7, T € {1, —1}. Let D = diag(1, e!21), which is unitary. Then D*HD and D*K D are real matrices.
For notation simplicity, instead of using D*HD and D*K D, we now just assume H and K are real. We
have three subcases.

Subcase 1.1. det H < 0 and det K < 0. Here, both H and K belong to ®(R). Consequently, we have

A]‘RM > A]CM and the result follows.

Subcase 1.2. det H > 0 and det K > 0. The condition det H > 0 implies h%, + hiohe; < 0 and
consequently the condition ||H||7 = 1 becomes (hia — ha1)? = 1, which is independent of hq;. It means that
as long as the condition h2; + hiahgy < 0 is satisfied, we may vary hi; freely. The same is true for k13 when
det K > 0. Thus, for € > 0 but small enough, the pair

- (I1+e€e)h11 hio -

ha1 —(14+¢€)h1y ] an {

(14 €e)k1y hio
k21 —(1+ €)k11

satisfies (4.13)(4.15) and F(H,K) = (1+¢)F(H,K) > F(H,K) = A(ch. This gives a contradiction.

Subcase 1.3. det H < 0 and det K > 0 (the other case det H > 0 and det K < 0 is the same). We
check that X = H 4 /| det H|I; € 33(R) and Y = K + /| det K|I5i € ¥2(C). By Lemma 4.2, we conclude
that either AE\‘ < (5]&‘ or there is another pair that gives a larger value of F. The latter contradicts the
maximality of F(H, K). The result follows.

Case 2. sin(012 + 021) # 0. Suppose sin(f12 + 021) > 0 (the case sin(f12 + 021) < 0 is similar). Then
sin(u12 + p21) < 0 by (4.22) and we have from (4.21)

(HL(0)3) [,y <0 and  ([K:(O)]3)],_, > O-

Subcase 2.1. cos((012 + 021) — (pa2 + p21)) # —1. We can find an € € J (with |¢| small enough, to be
determined later) such that

cos((0h2 + 0a1) — (12 + p21)) > cos((f12 + O21) — (p12 + p21) +€).

Then, using (4.20),

AR =2 ‘h11\k12| — k| hag|el(Gr2 2= luatpz)

< 2\/h%1|k12|2 — 2hq11k11|hia||kie] cos((012 + 021) — (p12 + po1) + €) + k3 |h1a]? == p

and at the same time, again using (4.20),

IA| < [hiokar — kishat| = ||hao||kar|el@2ramma=02) |k by |

< V|h2?lka1[? = 2|haa[ka1||hoy || k12| cos((B12 + O21) — (pa2 + pi21) + €) + |k12[?[hay|? = q.
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Suppose ¢ > 0. Since (||H1(9)||%)/’9:0 < 0, we know that (|[H1(6)]?)’, being continuous on J, is
negative on a neighborhood N of 0. Thus, ||[H1(0)||? is decreasing on N. We can assume € small enough so
that ||Hi(e)||? < ||[H1(0)]|? = 1. Note that

hise'kor — kiohor  2h11k1a — 2k11hie'
H K-—-KH = :
() 1) 0 —(h12€*ka1 — k12ho1)

with [2h11k19 — 2k11hi2€l€| = p > A(\C/\I and |hi2€i€ka; — kioha1| = ¢ > |A\|. We now have a contradiction
because Hi(¢)/||H1(€)||1 and K satisfy (4.13)—(4.15) and

F(Hy(e)/|[Hi(e)]l1, K) = p/[Hi(e)[h > AR/ Hi(e)lln > Ay
If € < 0, we use (||K; (G)H%)/ |9:o > 0, and we have a contradiction similarly.
Subcase 2.2. cos((012 + 021) — (12 + po1)) = —1. We have
(012 + 621) = (12 + p21) + (2k + 1)m  for some integer k.
This implies
(4.24) (0 #) sin(f12 + 021) = —sin(pu12 + po1) and  cos(012 + 021) = — cos(p12 + p21)-
Then, (4.22) and the first part of (4.24) give

hiilhaa||hor| kT lkio| |k |
4.25 U =
(4.25) |det H]| | det K|

We now refer to (4.23). Using (4.24), (4.25) and the assumption that all the entries of H and K are nonzero,
we get a contradiction. 0
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