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SOME GRAPHS DETERMINED BY THEIR SIGNLESS LAPLACIAN
(DISTANCE) SPECTRA*

CHANDRASHEKAR ADIGA', KINKAR CHANDRA DAS!, AND RAKSHITH B. R.%

Abstract. In literature, there are some results known about spectral determination of graphs with many edges. In
[M. Cdmara and W.H. Haemers. Spectral characterizations of almost complete graphs. Discrete Appl. Math., 176:19-23,
2014.], Cdmara and Haemers studied complete graph with some edges deleted for spectral determination. In fact, they found
that if the deleted edges form a matching, a complete graph K,, provided m < n — 2, or a complete bipartite graph, then it
is determined by its adjacency spectrum. In this paper, the graph Kn\Kj n, (n > [+ m) which is obtained from the complete
graph Kj, by removing all the edges of a complete bipartite subgraph K ,, is studied. It is shown that the graph Kn,\Ki m
with m > 4 is determined by its signless Laplacian spectrum, and it is proved that the graph Kn\Kj ,, is determined by its
distance spectrum. The signless Laplacian spectral determination of the multicone graph K, _2, V aKgs was studied by Bu
and Zhou in [C. Bu and J. Zhou. Signless Laplacian spectral characterization of the cones over some regular graphs. Linear
Algebra Appl., 436:3634-3641, 2012.] and Xu and He in [L. Xu and C. He. On the signless Laplacian spectral determination of
the join of regular graphs. Discrete Math. Algorithm. Appl., 6:1450050, 2014.] only for n — 2a = 1 or 2. Here, this problem is
completely solved for all positive integer n — 2a.. The proposed approach is entirely different from those given by Bu and Zhou,
and Xu and He.
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1. Introduction. Graphs considered in this paper are all simple. Let G be a graph with vertex
set V(G) = {v1,v2,...,v,} and edge set E(G). The degree of a vertex v; is the number of neighbors
of v; in G and is denoted by d;(G). Throughout the paper, we assume that the sequence {d;(G)}",
is non-increasing, i.e., d;(G) > diy1(G), i = 1,2,...,n — 1. The adjacency matriz of G, denoted by
A(G), is the n x n real symmetric matrix whose (i, j)-entry is 1 if v;u; € E(G) and 0 otherwise. The
adjacency spectrum or spectrum of G is the multiset of eigenvalues of A(G). The matrix L(G) = Dy(G) —
A(G) (resp., Q(G) = Dy(G)+A(G)), where Dy(G) = diag(di(G), d2(G), . .., dn(G)) is the Laplacian matriz
(resp., signless Laplacian) of G and the L-spectrum (resp., Q-spectrum) of G is the spectrum of L(G)
(resp., Q(G)). Two graphs are cospectral (resp., L-cospectral, Q-cospectral) if they have same spectrum
(resp., L-spectrum, @-spectrum). We say that a graph G is determined by its spectrum (resp., L-spectrum,
@-spectrum) or simply G is DS (resp., DLS, DQS) if there is no non-isomorphic graph cospectral to G.

One of the interesting problems in spectral graph theory is to characterize graphs which are determined
by their spectra. This question was raised by Giinthard and Primas [12] with motivations from Hiickel
theory. In [25, 26], Dam and Haemers gave a survey of (partial) answers to the posed question. In literature,
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there are several papers addressing the problem of characterizing graphs which are DS, DLS and DQS. For
some recent papers on this topic, see [8, 14, 16, 22, 24].

The distance between the vertices v; and v; of G is the length of a shortest path between them. It is
denoted by d(v;,v;). The maximum of all distances between any pair of vertices of G is the diameter of G.
The distance matriz D(G) of a connected graph G is the real symmetric matrix of order n with (i, j)-entry
equal to d(v;, v;). The distance spectrum or D-spectrum of G is the spectrum of D(G). Two connected graphs
are D-cospectral if they have same D-spectrum. A connected graph G is DDS if there is no non-isomorphic
graph D-cospectral to G. In [18], Lin et al. showed that the complete graph, the complete bipartite graph
and the complete split graph are DD.S. Further, they conjectured that the complete multipartite graph is
DDS and this conjecture was confirmed by Jin and Zhang in [17]. In [28], Xue et al. proved that the path
graph and double star graph is determined by their distance spectrum. In [8], Das and Liu proved that the
kite graph Ki,, ,—1 (for definition, see [8]) is DDS.

In [4], CAmara and Haemers proved that the graph K,\Kj,, is DS. In [29], Zhou and Bu showed that
if G is a disconnected DLS graph, then the join graph GV K, is DLS. From this, it follows that the graph
K \K; m with m > 1 and % > g is DLS, since K; U K,,, with m > 1 and % > % is DLS, see [1]. Motivated
by these results, in Section 3 of this paper, we show that the graph K, \Kj ,, with m > 4 is determined
by its signless Laplacian spectrum and we also prove that the graph K,,\Kj ,, is determined by its distance
spectrum. Recently, the signless Laplacian spectral determination of the join of graphs has been studied, for
example, we have the following joins which are D@S.

1. K1V (cK2U(n—2c—1)K7) with n > 2c¢+1 and ¢ > 0 [20].

2. Ky V C,, where C,, is the cycle with n vertices [19].

3. GV K1, where G is an r-regular graph on n vertices and r = 1 or n — 2 or 2 with n > 11, and
G V Ky, where G is an (n — 3)-regular with G having no triangles [3].

4. GV K,, where G is an r-regular graph on n vertices and r =1 or n — 2, and G V K5, where G is an
(n — 3)-regular with G having no triangles [27].

5. GV K,,, where G is an (n — 2)-regular graph and K, V Ky for n # 3 [21].

6. The complete split graph K, V K,, for n # 3 [7].

Motivated by these results, in Section 4, we prove that the join graph G V K, is determined by its signless
Laplacian spectrum, where G is a 1-regular graph. This result extends the following known theorem.

THEOREM 1.1. ([3, 27]) Let G be a 1-reqular graph. Then for r = 1,2, GV K, is determined by its
signless Laplacian spectrum.

2. Some preliminary results. In this section, we give some necessary theorems and lemmas required
to prove our main results. We denote the eigenvalues of a Hermitian matrix M of order m by 61(M) >
O2(M) > - > 0,,(M) and also, let 11(G) > 72(G) > - > 7,(G) and 171(G) > n2(G) > --- > 1, (G) be the
signless Laplacian eigenvalues and distance eigenvalues of G, respectively.

THEOREM 2.1. ([15]) Let M be a Hermitian matriz of order n.

(i) If My is a principal submatriz of M of order k with 1 < k < n, then for 1 < i <k, Op_p+i(M) <
0;(My) < 6;(M).

(i) If M = N + P, where N and P are Hermitian matrices of order n. Then for 1 <i,j < n, we have:
(@) 05(N) +6;(P) < 0iyj_n(M) (i+j>n);
(0) Oirj—1(M) < 0;(N)+6;(P) (i+j—1<n).
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A connected bipartite graph G with vertex partition sets U and V is called as balanced if the cardinalities
of U and V are same.

THEOREM 2.2. ([5, 6, 8, 11]) Let G be a connected graph of order n.

(i) We have v2(G) < n — 2, for n > 2. Moreover, vi11(G) =n —2 (1 <k <n—1) if and only if G has
either k balanced bipartite components or k + 1 bipartite components.
(i) dp—1(G) > Yn—1(G) — 1. Furthermore, if the equality holds, then d,_1(G) = dn(G).
(i1i) If G is a bipartite graph, then the Q-spectrum of G is equal to its L-spectrum.
(iv) The largest Laplacian eigenvalue of G is at most n and v1(G) < 2d1(G).
(v) The multiplicity of 0 as an eigenvalue pertaining to Q(G) is the number of connected bipartite compo-
nents of G.

LEMMA 2.3. Let I+ m <mn —1. Then the signless Laplacian spectrum of K,\Kim consists of n —2 of
multiplicity n —l —m, n —m — 2 of multiplicity | — 1, n — | — 2 of multiplicity m — 1, and the two roots of
the quadratic polynomial x* + (I +m — 3n + 4)x + 2n? — (21 + 2m + 6)n + (4m + 2)l + 2m + 4.

Proof. The signless Laplacian matrix @ of K,,\Kj ,, can be written as follows:

Jnfmfl + (n - 2)In7mfl J J
J Jl—l—(n—m—Z)Il 0 R
J 0 T+ (0 —1— 2L,

where J is a matrix whose all entries are 1 and I,,, is the identity matrix of order m. From the above matrix,
we see that the matrices Q — (n—2)1,, @ — (n—m —2)I, and @ — (n — 1 — 2)I,, have rank at most | +m+ 1,
n—1+1and n —m+ 1, respectively. This implies that the matrices Q — (n — 2)I,, @ — (n —m — 2)I,, and
Q — (n — 1 — 2)I,, have nullity at least n — ! —m — 1, I — 1 and m — 1, respectively. Thus, the spectrum of
Q consists of n — 2 with multiplicity n — —m — 1, n — m — 2 with multiplicity { — 1 and n — [ — 2 with
multiplicity m — 1. Now observe that the given partition of @ is equitable (see [2]) with the quotient matrix

n—m—1—2 l m
Q1= n—m-—1 n—m-+1-—2 0
n—m—1 0 n—I0l+m-—2

The spectrum of Q; consists of n — 2 and the two roots of the polynomial 22 + (I + m — 3n + 4)z + 2n? —
(20 +2m + 6)n + (4m + 2)l + 2m + 4. As the spectrum of @ is contained in the spectrum of @, see [2], we
are done. O

The following lemma gives the D-spectrum of K, \Kj . As the proof of the lemma is in similar lines of
the above lemma, we omit the details.

LEMMA 2.4. The distance spectrum of K,\K| ., consists of —1 with multiplicity n—3 and the three roots
of the polynomial 3 — (n — 3)x? — (3lm +2n — 3)x —mi®> —m(m —n+3)l —n + 1.

LEMMA 2.5. ([10]) For i = 1,2, let G; be an r;-regular graph on n; vertices. Then the Q-spectrum of
G1V Gq consists of v;(G1) +n2 ( =2,3,...,n1), v(G2) +n1, (j =2,3,...,n2) and the two roots of the
quadratic polynomial 2% — (2(r1 + 7))+ (n1 + ng))x +2(2r179 + TN + rong).

LEMMA 2.6. Let Q1 = Jp—m+t1 + (n—2)1,_ i1 be a square matriz of order n —m+ 1 withn > m+ 1.

Then n — 2 is an eigenvalue of multiplicity n — m and 2n — m — 1 is the remaining eigenvalue of Q1.

Proof. Let x = (1, 2,..., ¥,)T be an eigenvector corresponding to the eigenvalue § of Q;. Then
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@1x = 0x. One can easily see that the eigenvalue n — 2 with corresponding eigenvectors

(1, -1,0,..., 007, (1,0, =1,0,..., 07, ..., and (1,0,...,0, —1)T
N—— N—— N——
2 3 n—m-+1

satisfy the above relation. Since these n — m eigenvectors are linearly independent, n — 2 is an eigenvalue
n—m-+1
with multiplicity at least n — m. Since . 6;(Q1) = (n—1)(n —m+1), 2n —m — 1 is the remaining
i=1
eigenvalue. 0

COROLLARY 2.7. Let Q1 = Jy—ma1+(n—2)I i1 be a square matriz of order n—m+1 withn > m+1.
Then 9n—7n+1(Q1) =n-—2.

Proof. Since n > m + 1, by Lemma 2.6, we get the required result. ]
LEMMA 2.8. Let G be a graph of order 2a, where the spectrum of the signless Laplacian of G is

QRs(G)=|4a—-4,2a0-2,...,20—2,200—4,..., 20— 4

a a—1

Then G is regular of degree (2a0 — 2).

Proof. From the signless Laplacian spectrum of G, one can easily see that

2c 2a 2a 2a 2a
Zdi:Z’yizéla(a—l) and dezZ’yg—Z’yizﬁéa(a—l)Q.
i=1 i=1 i=1 i=1 i=1

Thus, we have
2c

2
3 (di—2(a—1)> —0, thatis, dj=2a—2 i=1,2..., 2u.
i=1
Hence, G is regular of degree (2a — 2). O

Let A1 (G) denote the spectral radius of the graph G and also let Lg be the line graph of G. The following
result was obtained in [9, 13]:

LEMMA 2.9. (]9, 13]) Let G be a connected graph of order n. Then v1(G) =2 + A (Lg).

COROLLARY 2.10. Let G be a connected graph of order n with m edges. Then v1(G) < m + 1 with
equality holding if and only if Lg = K,,.

Proof. It is well known that the adjacency spectral radius A\ (G) < n — 1 with equality holding if and
only if G 2 K,,. Then by Lemma 2.9, we have 71 (G) < m 4 1 as m is the number of edges in G. Moreover,
the equality holds if and only if Lg & K,,. O

3. Signless Laplacian (distance) spectral characterization of K,\K,,. Let A\1(G) > \2(G) >
-+ > Ay (G) be the spectrum of G. The following theorem gives a general form of Theorem 2.2 (ii).

THEOREM 3.1. Let G be a graph with n vertices and let H; be the graph induced by the vertices
Un—itlsUn—it2s---,Un Of G, where 2 < i <mn. Then

Yn—it+1(G) — M (H;i) < dp—i+1(G).
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Proof. Let A(H;) be the adjacency matrix of H; with its rows and columns indexed by v, —it1, Vn—it2,

.oy Un. Let Q; = D; + A(H;), where D; = diag(dp—i+1(G), dn—it2(G),...,dn(G)). Then clearly, Q; is a
principal submatrix of Q(G) and so by Theorem 2.1 (i), we have 61(Q;) > Yn—i+1(G). Hence, v,,—i+1(G) <
91 (Q1) S dn_i+1(G) + )\1(Hz) by Theorem 2.1 (11) O

In literature, complete graph K,, with some edges deleted is studied for spectral determination. In the
following theorem, it is shown that if the deleted edges form a star graph with at least 4 edges, then it is
determined by its signless Laplacian spectrum.

THEOREM 3.2. If n > m+ 1 and m > 4, then K,\K1 , is DQS.
Proof. Let G be a graph Q-cospectral with K,\Kj ,,,. Then by Lemma 2.3, the @-spectrum of G is

(3n —m =5+ /mZ+ @n—1Dm+ (n+ 1)2)/2,
(3.1) n — 2 with multiplicity n —m — 1,
n — 3 with multiplicity m — 1.

This implies

ABG) = di(G) = S (G) = n® — 2m —m,

(3.2) " i=1 i=1
Zdi(G)(di(G) +1)= Z%Q(G) =n®—n?+m?— (4n — 3)m.
i=1 i=1

Since n > m + 1, from (3.1), one can easily see that

m(G) = (Bn—m75+ Vm2 + (2n — 14)m + (n+1)2)/2 > 2(n —2),

and 1 (G) < 2d1(G) by Theorem 2.2 (iv). It follows that di(G) = n — 1, and hence, G is connected. Since

<3n7m757\/m2+(2n714)m+(n+1)2>/2<n73,

by Theorem 2.2 (ii) and (3.1), we have d,,_1(G) > n — 4. Furthermore, if d,_1(G) =n —4, then d,,_1(G) =
dn(Q). Let v, be a vertex of degree d,,(G) and let n; be the number of vertices in V(G)\{v,} of degree n—1,
1 =1,2,3,4. Suppose dp,_nm+1(G) =n —1. Then Q1 = Jy—ma1 + (n — 2)I,_n11 is a principal submatrix
of Q(G) and so by Theorem 2.1 (i) with Corollary 2.7, we have vy_1m11(G) > On—m+1(@Q1) = n — 2. Since
Yn—m+1(G) = n — 3, this is a contradiction. Thus, 1 <n; <n —m.

From (3.2), we have

(3.3) ng+ng+ns+n =n-—1,
(3.4) (n—4)ng+ (n—3)nz + (n—2)ng + (n — Dng =n? —2m —n — d,(G),

(35) (n—4)2n4+ (n—3)*n3 + (n —2)%ny + (n — 1)?ny = n® — 2n% — (4m — 1)n +m? + 5m — d%(G).
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Suppose d,,—1(G) =n —4. Then d,,(G) = d,,—1(G) = n — 4 and by equations (3.3)—(3.5), we have

(3.6) ng + 2ng + 3ny = 3n — 2m,

(3.7) (n —3)n3 4+ 2(n —2)ng + 3(n — ny = 3n? —3n+m? — (2n + 3)m
Eliminating ng from (3.6) and (3.7), we have

(3.8) ng = (1/2)m? — (9/2)m + 3n — 3n;.

Substituting (3.8) in (3.6), we have

(3.9) n3 = —m? 4+ Tm — 3n + 3n;.

Since m > 4 and n; < n—m, from (3.9), we have ng = 0 and n; = n — 4. These results with (3.3) and (3.4),
we get ny+ng4 = 3 and ngy = m— 3. Therefore, by (3.8), it follows that no = 2 and ny = 1. This is impossible
because if ny =n —4, ng =1 and d,,(G) = n — 4, then we must have ny = 0. Hence, d,,_1(G) > n — 3 and
n4 = 0 holds in equations (3.3)—(3.5). Now from (3.3) and (3.4), we have

(3.10) N + 201 = 3n — 2m — dn(G) — 3.

Eliminating ngs from (3.3) and (3.5), we have

(3.11) (2n — 5)ng + 4(n — 2)ny = 5n® +m? — dmn + 5m — 1dn + 9 — d2(G).
Solving equations (3.10) and (3.11) for ny, we have

(312)  mi=(1/2m? — (1/2)n + (n - 5/2)dn(G) — (1/2)d2(G) — (5/2)m + (7/2)n — 3

If d,(G) > n — 2, then by (3.12), we have ny > n — 3, a contradiction, since n; < n —m and m > 4. Thus,
1<d,(G)<n-3.

Now, define

o(x) = (1/2)m? — (1/2)n? + nx — (1/2)2* — (5/2)m + (7/2)n — (5/2)z — 3

Then

d(x)=n—-2-5/2>0,1<z<n-3.

Hence, ¢(x) is an increasing function on 1 <x <n—3. If n—m < d,(G) <n—23, then p(n—m) =n—-3 <
1
ny < n—m, a contradiction, since m > 4. Thus, d,(G) < n—m—1. Since |E(G)| = 5(71—2)(%—1)—i—n—m—17

we have

(n—2)(n—1)+2(n—m—1) =2|E(G)|
<dn(G)+dn(G)(n—1)+ (n —dn(G) = 1)(n - 2)
(3.13) = (n—1)(n—2) + 2d,(G).

If d,(G) < n—m —2, then from (3.13), we get a contradiction. Thus, we have d,(G) =n —m — 1. Again

1
since = —(n— n—1)+n—m—1, we have Unt = Ky_1. Hence, G = K\ K1 -
i EG 5 2 1 1 h G K H G = Kp\K;, 0
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THEOREM 3.3. Let G be a connected graph onn vertices with diameter 2 and having a distance eigenvalue
—1 with multiplicity n — 3. Then G = K,\K| 1, where ,m > 1 and l+m <n —1.

Proof. Since —1 is a distance eigenvalue of G with multiplicity n — 3, it follows that the symmetric
matrix D(G) + I is of rank 3. Thus, we can assume that

[ Dy X
D(G)+I_|:XT D2:|a

where D; is a nonsingular matrix of order 3. Since the nullity of D(G) + I is n — 3 and D; is a nonsingular
matrix of order 3, we have Dy = XTDI_IX. Thus, xTDl_lac = 1 for each column z of X, since D5 is a
matrix with 1 as its diagonal entries. Now as D; — I is a principal submatrix of D(G), the distance matrix
of G with diameter 2 and rank(D;) = 3, we have

1 2 2 11
D=2 1 2 or D=1 1 2
2 2 1 2 1
In the first case,
-3 2 2
Dit=(1/5) ] 2 -3 2

2 2 -3

and it is easy to see that the only possible columns z of X satisfying 1 = 7Dz are [1,2,2]7, [2,1,2]
and [2,2,1]7. In the second case,

Di't=| -1 0 1
-1 1 0

and so 7Dy 'z = 1 implies that x is one of the three vectors [1,1,1]7, [1,1,2]7 and [1,2,1]7. Thus, these
two cases leads to the following two possibilities for D(G) + I:

Je 2J 2J Je J T
DG +I=|2J J 2J or J T 2J |. a
2J 2J Jn J 2J Jn

The first possibility is impossible because G is a connected graph. Thus, we must have

Je J
DG +I=|J J 27|, ie, GZEK\Kn.
J 2] Jn

THEOREM 3.4. The graph K,\Kj ., is DDS.

Proof. Let G be a graph D-cospectral with K,\Kj ,,. If the diameter of G is at least 3, then G has P;,
the path of length 3 as its induced subgraph and D(P,) as a principal submatrix of D(G). Therefore, by
Theorem 2.1 (i), 72(G) > —0.586 and n3(Py) = —1.162 > n,,—1(G), which is a contradiction to Lemma 2.4.
Thus, the diameter of G is at most 2. Clearly G 2 K, and so G is of diameter 2. Hence, by Theorem 3.3,
G = K,\Kj, m,. Since G and K,\K),, have same Q-spectrum, from Lemma 2.4, we have Im = [;m; and
I+ m =11 +ma. Solving these equations, we get I = Iy and m = my. Thus, G = K,,\ K| . 0
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In this section, we prove that the multicone graph aKs V K,,_o, is determined by its signless Laplacian

spectrum which complement the works of Bu and Zhou in [3], and Xu and He in [27].

THEOREM 4.1. Let n and « be positive integers with n — 2« > 1. Then the graph oKV K, o4 is D@QS.

Proof. Let G & aKy V K;—94 (n —2a > 1). When a = 1, G is a complete graph and so G is QDS.
For n — 2a = 1, by Theorem 1.1, G = aKs V K; is determined by its @-spectrum. Otherwise, o > 2 and

n —2a > 2. Let H be a graph @-cospectral with G. Then by Lemma 2.5, the @-spectrum of H is

n (H), yn(H) = (3n —da+ \/n2+8n(a—1) - 16a2 + 16)/2,
VZ(H) = 73(H) == ’7n72a(H) =n-—- 2;

(4.14)
Yn—20+1(H) = Yn—20+2(H) =+ =Yp_a-1(H) =n — 20 + 2,
’Yn—a(H) = 7n—a+1(H) == ’Yn—l(H) =n— 2a.

Let H be the complement graph of H. From Theorem 2.1 (ii) and (4.14), we have
n—2 <y 2a(H) +72042(H) < 02(Q(H) + Q(H)) =n — 2,
n—2=0,(Q(H) + Q(H)) < Yn-2a+1(H) +724(H) =1 — 200+ 2 + 720 (H),
n—2a+ 2+ %a43(H) = Yn—a—1(H) + Yars(H) < 02(Q(H) + Q(H)) = n — 2,

n—2=0,(Q(H)+Q(H)) < vYp—alH) +Ya+1(H) =n — 20 + Yat1(H)
and
n =20 +3(H) = yp-1(H) +73(H) < 02(Q(H) + Q(H)) =n — 2.

Thus,
v(H) =n(H) = =741 (H) = 2a - 2,
(4.15) Ya+3(H) = Yara(H) = -+ = 72a(H) = 20 — 4,
V2a+2(H) = y20+43(H) = -+ = 7, (H) = 0.

Since G and H are @Q-cospectral, it is easy to see that

n

(416) S (H) = 20EH)| = S di(H) = 3 di(@) = dafa - 1),
i=1 =1 i=1

(4.17) Z%Q(F) =Y di(H)(di(H) +1) = Zdi(é)(di(é) +1) =da(a —1)(2a - 1).

i=1
If o = 2, then from (4.16), |E(H)| = 4. Thus, we have the following possibilities for H.
HyU(n—>5)K,, Hjis a tree on 5 vertices,

HyU(n—4)K;, H;is a connected graph with 4 vertices and 4 edges,

T
I

Ks;UKyU (n—5)K1 or P, UK, U(’I’L—G)Kl or 51)3UK2U(TL—6)K1, or

P3UP3U(TL—6)K1 OI‘P3UK2UK2U(’H—7)K1 OF4K2U(71—8)K1.
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By Sage [23], using the @Q-spectrum of connected graphs with at most 5 vertices, one can easily check that all
these cases for H, except H & K5 oU(n—4)K; contradicts either (4.15) or (4.17). Thus, H & K5 sU(n—4)K1,
and hence, the theorem is true for 1 < a < 2. Now let a > 3. The following claim is important for our
proof.

Claim: H has at least one connected component H; with vo(Hy) > 2a0 — 2.

Proof of Claim: Let H= HyUH,U---UH;, Ur K, where H; (1 <1i < k) is i-th connected component

of order n; in H (r =n—mny —ng — - —ny). Then v(H) = vy(Hy)U~y(H)U---U~y(Hg)U{0,..., 0}, where
———
~v(H;) denotes the signless Laplacian spectrum of H;. Suppose to the contrary that vy2(H;) < 2a—2 for all ¢,
1<i<k. Since y1(H) > v2(H) > v3(H) = y4(H) = - -+ = Yo1+1(H) = 2. — 2, there exists o + 1 connected
components H;,, Hy,,..., H;,  , such that
n(H) =n(H;y), vwH)=7(Hsy), -\ Yot (H) =7(Hi,,).

Since vo(H;;) <2a—2 (1 <j<a+1)and H has at most o non-zero signless Laplacian eigenvalues which
are strictly less than 2a — 2, there exist at least one connected component say H;, such that y2(H;;) = 0.
Therefore, H;, is of order 2, since v2(H;;) = 0 and 0 can be a signless Laplacian eigenvalue of a connected
graph with multiplicity at most 1. So H;; = K5. This implies that 2 = v, (H;,) > 2a—2 > 2 as a > 3. This
is a contradiction, and the claim is proven.

Let H; be a connected component of H with vo(H;) > 2a — 2, then from Theorem 2.2 (i), 2 — 2 <
v2(Hy) < |V(Hy)| — 2, thus |V(Hy)| > 2a. From (4.15) and Theorem 2.2 (v), it follows that the number
of bipartite components of H is either n — 2« or n — 2a — 1. First we assume that the number of bipartite
components of H is exactly n — 2. Then we have yao11(H) = 0. Since |V (Hp)| > 2«, then we have the

following possibilities for H.
Hy, U (n —2a)Ky, Hy is a non-bipartite graph of order 2a,
H = HyU(n—2a—2)K; UKy, Hy is a bipartite graph of order 2a, or
Hy U (n —2a — 1)Ky, Hy is a bipartite graph of order 2« + 1.

Case I: H = H; U (n — 2a)K;, Hy is a non-bipartite graph of order 2a. Since |V(H;)| = 2a and

Y2 (H) > 20 — 2, by Theorem 2.2 (i), we have yo(H) = 2a — 2. From (4.15), (4.16) and (4.17), we get

Y1(H) 4+ Yat2(H) = 6a—8 and ~i(H) + 72, 4(H) = 20a* — 48c + 32.

Solving these equations, we obtain v, (H) = 4(a — 1) and v442(H) = 2a — 4. By Lemma 2.8, H; is a
(2ac — 2)-regular graph on 2a vertices. Therefore, H; = o K5, and hence, H = G.

Case II: H = H, U (n — 2a — 2)K; U Ko, H; is a bipartite graph of order 2a. Then we have o, (H) =
2a0 — 4 < 2, that is @ < 3, and hence, @ = 3. From (4.16), H; is a bipartite graph with 6 vertices and 11
edges. This is impossible, since the maximum size of a bipartite graph with 6 vertices is 9.

Case III: H = Hy U (n — 2o — 1)Ky, H; is a bipartite graph of order 2« + 1. From (4.15), (4.16) and
Theorem 2.2 (i), (iii) and (iv), we get 8 — 10 = v1(H) + v2(H) + Yas+2(H) < 6a — 2. Thus, a = 3 or 4.
Then from (4.16), we see that H; is a bipartite graph with 7 vertices and 12 edges, i.e., Hy & K3 4 (v = 3)
or H; is a bipartite graph with 9 vertices and 24 edges (o = 4). The second case is clearly impossible, where
as the first case contradicts (4.17).
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Next we assume that the number of bipartite components of H is exactly n—2a—1. Then ya4.41(H) > 0.
Since |V (H1)| > 2a, we have the following possibilities for H.
HyU(n—2a—2)K;, H;is a bipartite graph of order 2o + 2,
H, U

n—2a — 3)K1 U P3, H; is a bipartite graph of order 2,

HyU(n—2a—-2)KyUK,, H;isnon bipartite graph of order 2«,

]
IR

HyU(n—2a— 1)Ky, H; is anon bipartite graph of order 2a + 1, or

U ( 3)
( )
HyU(n—2a—4)K; U2K,, Hi is a bipartite graph of order 2a,
( )
( )

n —2a — 3)K;7 U Ko, Hj is a bipartite graph of order 2« + 1.

Case I: H = H; U (n — 2a — 2)K;, H; is a bipartite graph of order 2a + 2. From (4.14), we have
Yn—2a(H) = n — 2. Therefore, by Theorem 2.2 (i), H has either n — 2a — 1 balanced bipartite components
or n — 2« bipartite components. Since the number of bipartite components of H is exactly n — 2o — 1, all
n — 2a — 1 bipartite components of H are balanced. Since H & H; U (n — 2« — 2)K; and an isolated vertex
K is not balanced, it follows that n — 2a — 2 = 0 and H; is a balanced bipartite component. Therefore,
by (4.16), 2|E(H)| = 4a(a — 1) < 2(a+ 1)2. This implies that a« = 3 or 4. If a = 3, then H; is balanced
bipartite graph with 8 vertices and 12 edges, and so H; is a graph obtained from K44 by deleting 4 edges.
In this case, by Sage [23], it can be seen that no such graphs satisfies (4.17). If & = 4, then H; is a balanced
bipartite graph with 10 vertices and 24 edges, and so Hy = Kj5\{e}, where e is an edge in K5 5. By Sage
[23], this is not possible by (4.17).

Case II: H = H; U (n — 2« — 3)K; U P3, H; is a bipartite graph of order 2c. From (4.14), we have
Yn—2a(H) = n — 2. Therefore, by Theorem 2.2 (i), H has either n — 2a — 1 balanced bipartite components
or n — 2« bipartite components. Thus, H has n — 2a — 1 balanced bipartite components as the number of
bipartite components of H is exactly n — 2a — 1. Since Ps is not balanced, we have a contradiction.

Case III: H = Hy U (n — 2a — 2)K; U K3, H; is non bipartite graph of order 2a. Since |H;| = 2a, by
Theorem 2.2 (i), we have y2(H) < 2a — 2. From (4.15), we get vo(H) > 2a — 2, and hence, vo(H) = 2a — 2.
Since H = H; U (n —2a —2)K; UKs, we have that H has 2 as its signless Laplacian eigenvalue. Since a > 3,
from (4.15), we have Yo, (H) = 2a — 4 > 2. From (4.15), we conclude that voo(H) = 2 or Yaq41(H) = 2.
First we assume that o1 (H) = 2. Then by (4.15), (4.16) and (4.17), we get

Y1(H) 4+ Yat2(H) = 6a— 10 and ~i(H) +72,5(H) = 20a* — 48 + 28.

Solving these equations, we have v,12(H) = 3a — 5 — Va2 + 6a — 11 < 2o — 4, a contradiction. Next we
assume that yo, (H) = 2a — 4 = 2, that is, o = 3. Then H; is a non bipartite graph with 6 vertices and 11
edges. Using the @-spectrum of connected graphs with 6 vertices and 11 edges, by Sage [23], one can easily
see that all the choices for Hy contradicts (4.15).

Case IV: H = H;U(n—2a—4)K; U2K», H; is a bipartite graph of order 2a. Since o > 3, from (4.15),
we have yo4(H) = 20— 4 > 2. Since H = Hy U (n — 2o —4)K; U2K>, then H has 2 as its signless Laplacian
eigenvalue with multiplicity 2 and so Yoo (H) = 2, that is, 2a — 4 = 2, that is, @ = 3. From (4.16), H; is a
bipartite graph with 6 vertices and 10 edges. This is not possible, since there exists no bipartite graph with
6 vertices and 10 edges.

Case V: H = H; U (n — 2a — 1)K;, H; is a non bipartite graph of order 2« + 1. From (4.14), we have
Yn—2a(H) = n — 2. Therefore, by Theorem 2.2 (i), H has either n — 2 — 1 balanced bipartite components
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or n — 2a bipartite components. Thus, H has n — 2a — 1 balanced bipartite components as the number of
bipartite components of H is exactly n — 2a — 1. Since an isolated vertex K is not balanced, in this case,
we must have n — 2« = 1, a contradiction as n — 2a > 2.

Case VI: H = Hy U (n—2a—3)K; UK,, Hy is a bipartite graph of order 2a + 1. From (4.14), we have
Yn—2a(H) = n — 2. Therefore, by Theorem 2.2 (i), H has either n — 2 — 1 balanced bipartite components
or n — 2o bipartite components. Since H = H; U (n — 2a — 3)K; U K5 and an isolated vertex K is not
balanced, it follows that n — 2ac = 3 and H; is a balanced bipartite component of order 2« + 1. This case is
not possible because a balanced bipartite graph has even number of vertices. 0
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