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ON THE CHARACTERISTIC POLYNOMIAL OF MATRICES WITH
PRESCRIBED COLUMNS AND THE STABILIZATION AND
OBSERVABILITY OF LINEAR SYSTEMS~
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Abstract. Let A € F*X" B € F"X? where F is an arbitrary field. In this paper, the possible
characteristic polynomialsof [ A B ], when some of its columns are prescribed and the other columns
vary, are described. The characteristic polynomial of [ A B] is defined as the largest determinantal
divisor (or the product of the invariant factors) of [z, — A — B]. This result generalizes a
previous theorem by H. Wimmer which studies the same problem when ¢ = 0. As a consequence,
it is extended to arbitrary fields a result, already proved for infinite fields, that describes all the
possible characteristic polynomials of a square matrix when an arbitrary submatrix is fixed and the
other entries vary. Finally, applications to the stabilization and observability of linear systems by
state feedback are studied.
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1. Introduction. Throughout this paper, F' denotes a field. If f(x) is a poly-
nomial, d(f) denotes its degree.

Several results are known that study the existence of matrices (matrix comple-
tions) with a fixed submatrix and satisfying certain conditions. For example, the
following theorem, due to Wimmer, describes the possible characteristic polynomials
of a matrix when a certain number of rows are fixed and the others vary.

THEOREM 1.1. [20] Let A1 1 € FP*P Ay 5 € FP*9 and m = p+q. Let f € Flz]
be a monic polynomial of degree m. Let oy | --- | o, be the invariant factors of

o ]
Then, there exist Ay 1 € F'9%P and As o € F'9%9 such that

[ A A ]
Ay Asp

has characteristic polynomial f if and only if
(1) ay-ap | f.

Later, Zaballa [22] characterized the possible invariant polynomials of a matrix
when a certain number of rows are fixed and the others vary. As a square matrix is
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similar to its transpose, these results also describe the possible characteristic poly-
nomials and the possible invariant polynomials of a matrix when a certain number
of columns are fixed and the others vary. For other results of this type, see, e.g.,
[1, 9, 10, 11, 12, 15, 17, 19, 22, 25].

Recall that the characteristic polynomial of a matrix A € F™*™ is the product
of the invariant factors of xl,, — A. Now call characteristic polynomial of a matrix
[ A B ], where A € F™X™ B ¢ F™*" {0 the product of the invariant factors of

[ 2l,—A -B].

Note that the condition (1) says that the characteristic polynomial of
[ Al,l A1,2 ] divides f

In a previous paper [7], we have described all possible characteristic polynomials
of [ A B ] when some of its rows are fixed and the others vary. The main purpose
of this paper is to describe all the possible characteristic polynomials of [ A B ]
when some of its columns are fixed and the others vary. Note that, in order to solve
this problem, we may assume that the columns fixed in A are the first ones and that
the columns fixed in B are also the first ones. In fact, if P € F™*™ and Q € F"*"
are permutation matrices, then

[ A B ] and [ P~1AP P 1BQ ]

have the same characteristic polynomial.
Analogously, call characteristic polynomial of a matrix [ At ]t , where A €
mxm o e FX™ to the product of the invariant factors of

t

[ zl, — A" —C? ]

Two matrices

A B A B
(2) |: C D :| and |: oD :|
AA e FmXm B B e X O C € F™ and D, D' € F**™ are said to be

m-similar if there exist matrices P € F'™*™ Q € F*** R € ['""*" § ¢ ['™m*s
T € F'™*™ guch that P, Q and R are nonsingular and

3 A Bl [ PYS A B P 0
(3) ¢ Do 0 Q ¢ D T R |’
It is easy to see that the matrices (2) are m-similar if and only if the pencils

[x[m—A -B ]

zl, — A —-B
_C D and [ ]

(4) (P
are strictly equivalent. Therefore the m-similarity classes are completely described
by the Kronecker invariants for strict equivalence. Moreover, a canonical form for m-
similarity results easily from the Kronecker canonical form for strict equivalence. An
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explicit canonical form for m-similarity was presented in [3, Lemma 2]. For details
about strict equivalence, see, e.g., [8]. Note that the proof of the existence of the
Kronecker canonical form presented in [8] fails in finite fields. However the Kronecker
canonical form is valid in arbitrary fields; see [6].

When s = 0, m-similarity appeared in [2] with the name of feedback equivalence.
(Also see [22].) Note that, in this case, the pencils (4), which do not have the second
row of blocks, have neither row minimal indices nor infinite elementary divisors. When
s = n = 0, m-similarity is the usual relation of similarity.

2. The Characteristic Polynomial of Matrices with Prescribed
Columns. The following result was obtained by Zaballa when ¢ = 0 [22] and when
q = 0 [23]. The general case was established in [4].

THEOREM 2.1. Let A1y € FP*P gnd Ayq € FU*P. Let aq | -+ | «p be the
invariant factors and ky > --- > ky be the row minimal indices of
xl, — Al 1
5 P I
Letm=p+gq, By € F™™ and By € F™¥t. Let vy |-+ | vm be the invariant factors
and s1 > -+ > 8, > 5,01 = -+ - = s¢(= 0) be the column minimal indices of
(6) [ l‘[m — Bl —Bz ] .

Then, there exist Ay o € FPX9, Ay 5 € FPX1 Ay oy € FI%1 and Ay 3 € FI¥* such that

(7) Arr Ao A
Ayt Az Asj

and [ By By ] are feedback equivalent if and only if

(iZ.l) Yi |ai |Pyi+q+pa ZE{l,,p},
(fia.1) m > d(¢?) and

(ky 41, kg + 1) < (m—d(¢Y),d(CI™h) — d(¢i™?), ..., d(¢h) — d(¢?)),

where {§ = C{ e 1];+j and CZ] =lem{ai_j, 7},
ie{l""’p—i—j}’jE{O""’q};
(fit21) m > d(n*) and

(51’ ) SP) = (m - d(np_l)’ d(ﬁp_l) - d(np_z)’ ) d(ﬁl) - d(no))’

where pf =1 - - M ot and = lLemdai_g, Yitp—j )
ie{l,...,om—p+3j},7€{0,...,p}.
[We make convention that v; = 0 whenever i > m, and oy = 1 whenever i < 0.]
The following lemma is not hard to prove; see [17, Lemma 8] for details.
LEMMA 2.2, Lettq, ... dm, 1], ... 10, 1" be inlegers such thaltt; < - <y, 1) <
e Aty <UL 44U, Then there exist integers tY, ... 1l such
that 1/ < - <t 4, <t <t ie{l,... mh it + 4t =t".
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COROLLARY 2.3. Let Aj1 € FP*P and Ay € F?P. Let aq | -+ | &, be
the invariant factors of (5). Let m = p+ ¢ and let t be a positive integer. Let
[ € Flz] be a monic polynomial. Then, there exist Ay, € FPX1 A5 € FPXT
As o € FI%1 and Ay 5 € F1%' such that (7) has characteristic polynomial f if and
only if dl.em{ar - -ap, f}) <m and

(8) ay-apop | f,

where p = min{m — d(f),t}.
Proof. Necessity. Suppose that there exists a matrix of the form (7) with char-

acteristic polynomial f. Let 41 | - -+ | v, be the invariant factors of
) zl, — A —Ai 2 —Ai3
—Asn el —Azs —As3

According to Theorem 2.1, m > d(¢?). Clearly lL.em{aq - - ap, f} | {7 and, therefore,
dl.emd{ar - ap, f}) < m. Tt also follows from Theorem 2.1, that «y - -ap_p |
Yitg4p - Ym, Where p/ is the number of nonzero column minimal indices of (9).
Note that p > p’. Therefore a1 ---ap_, | f.
Sufficiency. Suppose that d(l.e.m.{ar - ap, f}) <m and a1 ---ap_, | f, where
p = min{m — d(f),t}. Suppose that
a; = ﬂ'll"l~ i ied{l,...,p},

l lr
f:71'11~~~71'7_’

were m1i,..., T, are monic, pairwise distinct, irreducible polynomials and [; ; and {;
are nonnegative integers. For each j € {1,..., 7}, let
l; = max{l; + -+ 1}

(10) l;,j = liyj, iE{l,...,p—l},
b = g TG =+ + )

We have
bttt <G <G=l+ -+

The first inequality follows from (8). Take l; ; = l; ; = 0 whenever 7 < 0. According

to Lemma 2.2, there exist integers {{;,...,{;, ; such that
0y <<l
(11) li—q—p,j S l;/,] S l;—q,j’ i € {1a .. 'am}a

=05+ +l;
Let

1t 1t
I l

vi=m T ie{l,...,m}.
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From (10) and (11), it follows that

L ie{l,...,m},
(12) Yi | i |, ie{l,...,m—1},

where o; = 0 whenever ¢ > p. If ¢ > 0, then the condition (i2.1) is already proved.
Now suppose that ¢ = 0. Then d(a---«,) = p. From d(L.em{aq - - ap, f}) <m it
follows that f | oy ---a,. Therefore I} =1y j+---+l,jand [, ; =1, ;, 5 €{l,...,7}.
From (11) it follows that v, | ;. In any case, the condition (i3.1) is proved.

Let j € {1,...,7}. Note that

max{l;_g ;, l;f]»} < lg_q,]», ie{l,...,m}.

Therefore

m m
Zmax{li—q,j’ L} < Zlg—q,j =1
i=1 i=1

Also note that

m
Wi max{l;—q, 7, ’l’) 1
Cq - np = Hl.c.m.{ai_q’%} — szjz_1 q,0:tq5 o,

i=1

where g.c.d{m;,0;} =1, and Lem{aq -+ ap, f} = T;»jO'}, where g.c.d.{m;,0}} = 1.
Therefore (7 = n” |Lem{ay -+ -a,, f} and d(¢?) = d(n”) < m.

From (12), it follows that ¢/ = a3 -a,,j € {0,...,g—1}. As y1 -y = f
and d(f) < m — p, we have y; = --- = 4, = 1. Therefore, from (12), it follows that
n° = Yp41 - Ym = Y1 Ym = f. Suppose that m — d(f) = pg + h, where g and h
are integers and 0 < h < p. Let

Si:g+1a ZE{l,,h},
s = 4, Ze{h+1aap}

Note that d(y1 - -ym) + 51+ - - -+ s, = m. Looking at the normal form for feedback
equivalence, it is easy to find By € F™*™ and By € F™** such that (6) has invariant
factors y1 | - - | ¥m and column minimalindices s1 > -+ > s, > 5,41 = - -+ = 5(= 0).

From the previous remarks, it is not hard to deduce that the conditions (i21)-
(ii15.1) are satisfied. According to Theorem 2.1, there exist Ay o € FPX9 Ay 5 € FPX!
As o € F?%4 and Ay 5 € F9* such that (7) and [ By B, ] are feedback equivalent.
Therefore (7) has characteristic polynomial y1 -+, = f. O

The following lemma is easy to prove.

LEMMA 2.4. Let Al,laAllyl € Fpo, A173,A/173 € prt’ AZ,laAlzyl € qup’
Az, A5 € FeXt Letm = p+q, and let f € Flx] be a monic polynomial. Suppose

that
Ay A Al Aag]
3 3 d 3 3
[ Ayy  Agg ] e [ Al Ay



ELA

24 Susana Furtado and Fernando C. Silva

are p-similar. Then, there exist A1 o € FP*9, Ay 4 € FPXU Ay o € FIX9 Ay 4y € FIXY
such that

[Am Ao A3 A1,4]
Ayt Az Azz Ay

has characteristic polynomial f if and only if there exist A’L2 € Frxa, A’174 € Frxu
Ab o € FOX9 ALy € FO such that

/ / / /
[ A1,1 A1,2 A1,3 A1,4 ]
/ / / /
Az,l Az,z A2,3 A2,4

has characteristic polynomial f.

THEOREM 2.5. Let Al,l S Fpo, A173 S prt’ A2,1 € FP*P gnd A273 € F1Xt Let
Br| | Boge be the invariant factors, € the number of infinite elementary divisors,
[ the sum of the degrees of the infinite elementary divisors, w the sum of the column
minimal indices of

(13)

Letm = p+q, and let f € F[x] be a monic polynomial. Then, there exist A 5 € FP*4,
A2,2 € quq, A174 € FPXY qnd A274 € F9%% such that

[Am Ao A3 A1,4]

14
(14) Asy Ass Ass  Asa

has characteristic polynomial f if and only if one of the following conditions is satis-

fied.
(Ir5) max{e,u} > 0,d(lemdfr - Bpge, f}) <m—w—1{ and

61"'6p+e—p |fa

where p = min{m —w — { — d(f), e + u}.
(Ibs) e=u=0,d(f) =m—w and

BByl f
Proof. Note that /4 = -+ = By = 1. With permutations of the rows and
columns of the normal form for p-similarity of
Ap o A
15 ’ ’
(15) [ Aoy A ]

one can get a p-similar matrix of the form

D, 0 | 0
0 Eiq1| B3
(16) Dar 0 [ 0 |
0 Esq | Eas
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where Dy 4 c F(p—w—l+e)><(p—w—l+e)’ D5, c F(q—ﬁ)x(p—w—l-l-e)’ Fya c
Flotl=ax(wHl=¢) the matrix

|: xIp—w—l+e_D1,1 :|

—Dy 4
has invariant factors w4141, ..., fpte, and the matrix
elyyi—e —F11 —FEi3
17 wHl—¢ ) )
(17) [ —Fsq —Fs 3

has w + { invariant factors equal to 1. Bearing in mind Lemma 2.4, one may assume,
without loss of generality, that (15) has the form (16).

Necessity. Suppose that there exists a matrix of the form (14) with characteristic
polynomial f. Bearing in mind that (17) has w + [ invariant factors equal to 1, and
that, therefore, its Smith normal form is [ I+ O ], it 18 not hard to deduce that

(18) xl, — A171 —Al,z —A1,3 —A1,4
—Asn wly —Aso —Asz —Asa

is equivalent to a matrix of the form

el woiye— D1 D1 —Di3 0 0
(19) —Ds; wly e —Dys —Dsjs 0 01,
0 0 0 Iuy O

where Dy 3 € Flp-w=ltex(etu) - Congequently,

Diqi Di2 Dz

20
(20) Doy Dsos Dsos

has characteristic polynomial f.
Suppose that max{e, u} > 0. According to Corollary 2.3, d(l.c.m.{f1 - Bpte, [}
=d(l.em{Bitws1 - Bpye, [} <m—w—{ and

B1 - Bpte—p = Biyws1 - Bote—p | [

where p = min{m — [ — w — d(f), e + u}.
Now suppose that ¢ = « = 0. Then [ = 0 and, as (20) is a square matrix, its
characteristic polynomial, f, has degree m — w. According to Theorem 1.1,

Br By =PutrBp | [

Sufficiency. The arguments are similar to the ones used to prove necessity.
Suppose that max{e, u} > 0. According to Corollary 2.3, there exist Dy 5 €
Flo-w=lte)x(g=e) Dis€ Flo-w=lte)x(etu) Dy € Fla=)x(4=¢) and Dss €
Fla—ex(etu) guch that (20) has characteristic polynomial f. Tt is not hard to see
that the matrices (18) and (19) are equivalent for certain blocks A4, 5, A 2, A1 4 and
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As 4. For these blocks (14) has characteristic polynomial f. The case e = v = 0 is
analogous. O

The next theorem was established in [5] for infinite fields. Now it can be deduced,
for arbitrary fields, as a simple consequence of Theorems 1.1 and 2.5. This theorem
describes the possible characteristic polynomials of a matrix with a prescribed arbi-
trary submatrix. Note that, with permutations of rows and columns that correspond
to similarity transformations, the general problem can be reduced to the case where
the prescribed submatrix lies in the position considered in the next statement; see [5],
for details.

THEOREM 2.6. Let Al,l S Fpo, A173 S prt’ A2,1 € FP*P gnd A273 € F1Xt Let
Br| | Boge be the invariant factors, € the number of infinite elementary divisors,
[ the sum of the degrees of the infinite elementary divisors, w the sum of the column
minimal indices of (13). Let u be a nonnegative integer and m = p+ ¢+t + u, and
let f € Fla] be a monic polynomial of degree m.

If e = u =0, then there exist A1 o € FP*4 Ayy € FI¥1 Ay 4 € FP*Y Asy €
Faxe A371 € thp’ A3,2 S Ft><q’ A373 € FtXt, A374 € thu’ A471 € Fuxr A472 €
Fuxq’ A473 € FUXt, A474 € FUXU, such that

(21) AZ,l AZ 2 AZ 3 AZ 4
A371 A372 AS 3 AS 4
A4,1 A4,2 A4 3 A4 4

has characteristic polynomial f if and only if there exists a polynomial g of degree
p+q—w such that

61"'6}7 |g|f
If max{e,u} > 0, then such a matriz completion exists if and only if
PrBp—u | J.

Proof. Necessity. Let g be the characteristic polynomial of (14). According to
Theorem 1.1, ¢ | f.

If e = u = 0, then according to Theorem 2.5, ¢ has degree p+q—wand 8, --- 5, | g.

Now suppose that max{e,u} > 0. According to Theorem 2.5,
dl.em{fr - Bpye,9}) <p+g—w—"{and 51 Bppe—p | g, where p = min{p + ¢ —
w—{—d(g),e+ u}. Therefore B ---Bp_u | 9| f.

Sufficiency. Suppose that € = v = 0. According to Theorem 2.5, there exists a
matrix of the form (14) with characteristic polynomial g. According to Theorem 1.1,
there exists a matrix of the form (21) with characteristic polynomial f.

From now on suppose that max{e,u} > 0. Let ¢ = 81 - - 8,_u and p = min{p +
qg—w—1—4d(g),e+u}.

Firstly suppose that p = p+¢—w—1—d(g) < e+ u. From the normal form for
p-similarity [3, Lemma 2] of (15) [or the normal form for strict equivalence of (13)],
it follows that

p=d(f1- Bpre) +k+w+1—¢,
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where k is the sum of the row minimal indices of (13), and that ¢ > €. f d(Bp4c—,) > 0,
then d(Bp—ut1 - Bpte) > p=p+g—w—I—d(g) and d(B1 - Bpye) >ptqg—w—1>
p—w—k—1+¢, which is impossible. Therefore, 1 = 81 - Bpyecp =51 - Fp—u = ¢.

For any of the two possible values of p, according to Theorem 2.5, there exists a
matrix of the form (14) with characteristic polynomial g. According to Theorem 1.1,
there exists a matrix of the form (21) with characteristic polynomial f. O

LEMMA 2.7. Let A, A’ ¢ F™X™ B B' ¢ >t ¢ C' € F*X™ and D, D' € F**!,
Let f € Fla] be a monic polynomial. Suppose thal

4 B A B
C D and oD

are m-similar. Then, there exists X € F'X™ such that

A+ BX
(22) [C+DX]
has characteristic polynomial f if and only of there exists X' € F'X™ such that
A"+ B'X'
(23) ENea

has characteristic polynomial f.
Proof. Suppose that (3) is satisfied. Suppose that there exists X € F'*™ such
that (22) has characteristic polynomial f. Let X’ = R=Y(XP —T). Then

[A+Bw']_[P* S][A+BX]P
'+ DX | 0 Q C+ DX ’
which shows that (22) and (23) are feedback equivalent and, therefore, have the same
characteristic polynomial. O

THEOREM 2.8. Let A € F™*™m B ¢c pmxt (O ¢ F**™ aqnd D € F**'. Let
Bi || Bmte be the invariant faclors, € the number of infinite elementary divisors,

[ the sum of the degrees of the infinite elementary divisors, k the sum of the row
minimal indices of

(24)

zl,—A -—-B
-C -D |

Let f € F[x] be a monic polynomial. Then, there exisis X € F'*™ such that

@ ooy ]

has characteristic polynomial f if and only if one of the following conditions is satis-

fied.
(Lg) e>0,d(l.emd{f - Bmge, [1)<m—k—1+¢ and

B Bmgep | 1,
where p=min{m —k —{+ e —d(f), c}.
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(Ibg) e=0,d(f) =m—k and

Pro B | ]

Proof. By performing permutations of rows and columns in the normal form for
m-similarity [3, Lemma 2] of

4 3]

one get an m-similar matrix of the form

A A ‘ 0 0 0
A1 | 0 oL 0 o

@7 [ D ] |G Ga 0 0 0|
0 0 0 L 0

where Ay € FP*P Ay 5 € FP*X9 m =p+q, and

[ Ap Agp ]

Cs1 Csp

has a normal form for p-similarity. Note that u is the number of infinite elementary
divisors of (24) of degree equal to 1. Let (1 =) {1 = -+ =, < lyqy1 < -+ < I be
the degrees of the infinite elementary divisors of (24). It is not hard to deduce that
Bygtu+t1i,-- -, Pmte are the invariant factors and I, 41 — 1,...,l. — 1 are the degrees of

the infinite elementary divisors of

l‘Ip — Al,l —Al 2
_03 1 _03 2

)

Moreover, #1 = ... = By4u = 1. Bearing in mind Lemma 2.7, one may assume,
without loss of generality, that (26) has already the form (27).

Necessity. Suppose that there exists X € F**™ such that (25) has characteristic
polynomial f. Note that (25) has the form

A A
Ay Asp

28 14

(28) C31 C3a |’
Cy1 Clap

where Ag 1 € F'9%P Ay g € F9% Cyq € FU*P Oy € F'**4. According to Theorem
2.5, one of the conditions (12 5), (Il2.s) is satisfied.

Sufficiency. Suppose that one of the conditions (Iz5), (/12 5) is satisfied. Accord-
ing to Theorem 2.5, there exist Ay € F9*P Ay 5 € F9¥4 Oy € FU¥P Oy € F*74
such that (28) has characteristic polynomial f. Note that (28) has the form (25) for
some X € F'**m O
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3. Stabilization and Observability of Linear Systems by Linear Feed-
back. Let F be the field of complex numbers, C, or the field of real numbers, R.
Consider a linear system &

{ab(t) = Ax(t) + Bu(t),
v(t) = Ce(t) + Du(t),

where A € F™*™ B e F™*" C € F**™ D € F**", z(t) is the state, u(t) is the
input and v(¢) is the output.

Several results are known that relate matrix completion problems to linear sys-
tems; see, e.g., [16, 18, 20, 24].

Recall that S is stable if and only if all the solutions of #(¢) = Az(t) converge to
0 as t — +oo if and only if the real parts of the eigenvalues of A are negative; and
that S is stabilizable if and only if there exists a state feedback u(t) = Xz(¢) such
that #(¢) = (A+ BX)xz(t) becomes stable if and only if the roots of the characteristic
polynomial of [ A B ] have their real parts negative. In this context, arises the
problem of describing the possible eigenvalues of A + BX, when X varies, whose
solution is known for a long time, and it is a particular case of Theorem 2.8.

Also recall that & is completely observable if and only if the characteristic poly-
nomial of [ At ]t is equal to 1 if and only if rank O(A4, C) = m, where

O, C)=[ ¢t (cAY .. (camhy ]

is the observability matrix of §; and that & is detectable if and only if the roots of
the characteristic polynomial of [ At ]t have their real parts negative. For the
meaning of these concepts in systems theory and other details, see, e.g., [13].

Now suppose that the entries of A and C' are polynomials in variables 1, ...,z
and let A be the set of all h-uples (aq,...,as) € F* such that

rank O(A(ay,...,an),C(ay, ..., a)) < m.

Then A is an algebraic set. Therefore, if §§ # A # ", then, in any neighbourhood of
any element of A, there are elements of F* that do not belong to A.

The following results are simple consequences of Theorem 2.8. We use the nota-
tion of Theorem 2.8.

COROLLARY 3.1. There exists a state feedback u(t) = Xx(t) such that

i(t) = (A+ BX)x(t),
(29) { o(t) = (C + DX)x(t)

becomes completely observable if and only if one of the following conditions is satisfied.
(Is.1) The system is already completely observable with u(t) = 0.
(113.1) e>0 and 61 .. Bm =1.
Proof. Note that, from the normal form for m-similarity [3, Lemma 2] of (26) [or
the normal form for strict equivalence of (24)], it follows that

(30) m=d(B1 Bmye) thk+w—+{—c¢,
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where w is the sum of the column minimal indices of (28).

Necessity. The characteristic polynomial of (25) is f = 1. According to Theorem
2.8, 01 Pm = 1.

Now suppose that ¢ = 0. Then { = 0 and m = d(81 -+ Bm) + k + w. According
to Theorem 2.8, m = k and, therefore, w = 0. It follows that B = 0 and D = 0.
Consequently the characteristic polynomial of [ At ]t 18 01+ By = 1, that is,
the system is already completely observable with u(¢) = 0.

Sufficiency. As the case (I51) is trivial, suppose that (Il31) is satisfied. Take
f=1€cTFx]. Let p = min{m — k —l 4+ ¢,¢}. Suppose that p = m —k — [+ . If
Bkt = Pmte—p #£ 1, then d(B1 -+ fBrate) > p = m+ € — k — [, which is impossible.
Then (I5g) is satisfied. If p = €, then (I25) is also satisfied. According to Theorem
2.8, there exists X € F'*™ such that (25) has characteristic polynomial f, that is,
(29) is completely observable. O

COROLLARY 3.2. There exists a state feedback u(t) = Xux(t) such that (29)
becomes detectable if and only if the roots of B1 - - - By have their real parts negative.

Proof. Necessity. Let f be the characteristic polynomial of (25). The roots of f
have their real parts negative. According to Theorem 2.8, the roots of 3y - - - 5, have
their real parts negative.

Sufficiency. Note that (30) is satisfied.

If e =0, then d(f1 -+ ) < m—k. Let f =31 Bmg be a monic polynomial
of degree m — k such that the real parts of the roots of ¢ are negative. According to
Theorem 2.8, there exists X € F*>*™ guch that (25) has characteristic polynomial f.
Therefore (29) is detectable.

Now suppose that ¢ > 0. From (30) it follows that d(8; - Bm) <m —k — [+ €.
Let p=min{m —k —{+e—d(B1-- Bm), €}

Suppose that p = m —k =1+ e —d(B1-- - Fm) < € If d(Bmye—p) > 0, then
d(Bmt1 " Bmye) >p=m—k —1+e—d(B1 - Pm), which is impossible. Therefore,
1=B1 Brgeep = B1- P

For any value of p, according to Theorem 2.8, there exists X € F™*™ guch that
(25) has characteristic polynomial 3; - - - 8, and (29) is detectable. O

COROLLARY 3.3. There exists a state feedback u(t) = Xux(t) such that (29)
becomes stmultaneously stable and completely observable if and only if the roots of the
characteristic polynomial of[ A B ] have their real parts negative and one of the
conditions (Is1), (I5.1) is satisfied.

Proof. The necessity follows immediately from the previous remarks and results.

Sufficiency. As the roots of the characteristic polynomial of [ A B ] have
their real parts negative, there exists Xy € F"*™ such that A + BXj is stable.
By continuity, there exists a neighbourhood V of Xy such that A + BX is stable
for every X € V. Now let A be the set of all the matrices X € F**™ such that
rank(O(A + BX,C + DX)) < m. As one of the conditions (f51), (Il5.1) is satisfied,
A # anm.

If Xy & A, the proof is complete with X = Xg. If X € A, there exists a matrix
X € V\ A and the proof is also complete. O
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