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SUBDIRECT SUMS OF S-STRICTLY DIAGONALLY DOMINANT
MATRICES*

RAFAEL BRU', FRANCISCO PEDROCHE', AND DANIEL B. SZYLD#

Abstract. Conditions are given which guarantee that the k-subdirect sum of S-strictly diago-
nally dominant matrices (S-SDD) is also S-SDD. The same situation is analyzed for SDD matrices.
The converse is also studied: given an SDD matrix C' with the structure of a k-subdirect sum and
positive diagonal entries, it is shown that there are two SDD matrices whose subdirect sum is C.
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1. Introduction. The concept of k-subdirect sum of square matrices emerges
naturally in several contexts. For example, in matrix completion problems, overlap-
ping subdomains in domain decomposition methods, global stiffness matrix in finite
elements, etc.; see, e.g., [1], [2], [5], and references therein.

Subdirect sums of matrices are generalizations of the usual sum of matrices (a k-
subdirect sum is formally defined below in section 2). They were introduced by Fallat
and Johnson in [5], where many of their properties were analyzed. For example,
they showed that the subdirect sum of positive definite matrices, or of symmetric M-
matrices, is positive definite or symmetric M-matrices, respectively. They also showed
that this is not the case for M-matrices: the subdirect sum of two M-matrices may
not be an M-matrix, and therefore the subdirect sum of two H-matrices may not be
an H-matrix.

In this paper we show that for a subclass of H-matrices the k-subdirect sum
of matrices belongs to the same class. We show this for certain strictly diagonally
dominant matrices (SDD) and for S-strictly diagonally dominant matrices (S-SDD),
introduced in [4]; see also [3], [9], for further properties and analysis. We also show
that the converse holds: given an SDD matrix C with the structure of a k-subdirect
sum and positive diagonal entries, then there are two SDD matrices whose subdirect
sum is C.

2. Subdirect sums. Let A and B be two square matrices of order ni and no,
respectively, and let & be an integer such that 1 < k& < min(ny,nz2). Let A and B be
partitioned into 2 x 2 blocks as follows,

A11 A12 Bll BlQ
A= B = 2.1
{ Az Az ] ’ { Bs1 Bao ] ’ (2.1)
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where Ago and Bj; are square matrices of order k. Following [5], we call the square
matrix of order n = ni + no — k given by

A Aio O
C= Ag1 Ass + By Bipo (2.2)
o] By Bas

the k-subdirect sum of A and B and denote it by C = A @, B.
It is easy to express each element of C in terms of those of A and B. To that
end, let us define the following set of indices

S = {1,2,...,n1 — k},
So = {m—k+1Ln—k+2...,n1}, (2.3)
S3 = {n1+1,n1—|—2,...,n}.

Denoting C' = (¢;5) and ¢t = ny — k, we can write

Q5 iESl, jESlUSQ
0 1€851, j€ES;3
Qij 1€ SQ, j € S1
Cij = aij + bi—t,j—t 1€ 85y, jES (2.4)
bi—t,j—t i €5, jES3
0 1€ 83, jES
bi—tj—t 1€83, j€ESyUS;s.

Note that S; US U S5 ={1,2,...,n} and that n =t + no; see Figure 2.1.

S1 So S3
r i aip A1y 1 0 S,
1 : 1 .
1 : 1
1 I- --------------------------------- i -I
' ap1 1 app +bi,1 Apny +01ny—t ! b1,n—t :
1 . 1
C=|. : ' ! : So
! ’ 1 ! 1
10n,y 1 U lnyp Fbne1 o Gngng T 00—yt 1 bry—tn—t !
B : '
: 1 1
1 1
S
0 : bnft,l bnft,nlft bnft,nft : 3
L e e e e e e e e e e e e e e e e e e e e e e - - - ———— = ——— = —— - J

F1a. 2.1. Sets for the subdirect sum C = A @ B, witht =n1 —k and p=1t+1; cf. (2.4).

3. Subdirect sums of S-SDD matrices. We begin with some definitions
which can be found, e.g., in [4], [9].
DEFINITION 3.1. Given a matrix A = (a;;) € C"*", let us define the ith deleted
absolute row sum as
ri(A)= > lail, Vi=12,....n,

j#i, =1
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and the ¢th deleted absolute row-sum with columns in the set of indices
S ={i1,i9,...} SN :={1,2,...,n} as

> aygl, Vi=1.2,...,n
j#i, j€S
Given any nonempty set of indices S C N we denote its complement in N by
S := N\S. Note that for any A = (a;;) € C"*" we have that r;(A) = r{ (A) + 7 (A).
DEFINITION 3.2. Given a matrix A = (a;;) € C"*", n > 2 and given a nonempty
subset S of {1,2,...,n}, then A is an S-strictly diagonally dominant matrix if the
following two conditions hold:
} (3.1)

i) laiil > 7 (A4) i i
i) (Jai| =7 (A)) (laj;] =75 (4)) > rP (A)r7 (4)

It was shown in [4] that an S-strictly diagonally dominant matrix (S-SDD) is a
nonsingular H-matrix. In particular, when S = {1,2,...,n}, then A = (a;;) € C"*"
is a strictly diagonally dominant matrix (SDD). It is easy to show that an SDD matrix
is an S-SDD matrix for any proper subset S, but the converse is not always true as
we show in the following example.

ExAMPLE 3.3. Consider the following matrix

TS(A) =

(2

Vi €S,
Vie S,VjeS.

26 —-04 -0.7 —-0.2
A —-0.4 26 —-05 -0.7

-0.6 —0.7 22 —-1.0 |’

-08 —-0.7 —-0.5 2.2

which is a {1, 2}-SDD matrix but is not an SDD matrix. A natural question is to ask
if the subdirect sum of S-SDD matrices is in the class, but in general this is not true.
For example, the 2-subdirect sum C' = A ©, A gives

26 —-04 -0.7 —-0.2 0 0

—-04 26 —-05 -0.7 0 0

= -06 -0.7 48 -14 -07 -0.2
-08 -0.7 -09 48 -05 -0.7

0 0 -06 -07 22 -10

0 0 —-08 =07 -0.5 2.2

which is not a {1,2}-SDD matrix: condition ii) of (3.1) fails for the matrix C for the
cases i = 1,5 =5 and i = 2,7 = 5. It can also be observed that C' is not an SDD
matrix.

This example motivates the search of conditions such that the subdirect sum of
S-SDD matrices is in the class of S-SDD matrices (for a fixed set S).

We now proceed to show our first result. Let A and B be matrices of order n;
and na, respectively, partitioned as in (2.1) and consider the sets S; defined in (2.3).
Then we have the following relations

S1 _ S
5O 2 A e,

3

rP2US (0 = pP2(A) (3:2)
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which are easily derived from (2.4).

THEOREM 3.4. Let A and B be matrices of order ny and no, respectively. Let
ny > 2, and let k be an integer such that 1 < k < min(nq,ne), which defines the
sets Sy, S2, S3 as in (2.3). Let A and B be partitioned as in (2.1). Let S be a set
of indices of the form S = {1,2,...}. Let A be S-strictly diagonally dominant, with
card(S) < card(S1), and let B be strictly diagonally dominant. If all diagonal entries
of Aaa and Byy are positive (or all negative), then the k-subdirect sum C = A @y B
is S-strictly diagonally dominant, and therefore nonsingular.

Proof. We first prove the case when S = S;. Since A is S;-strictly diagonally
dominant, we have that

Z) |am-| > ’I“;Sl (A) Vi € Sl,
.. S SQ 52 Sl - . (33)
i) (lau| — 77 (A)) (Jajj;| — T (A)) > r?(A4) T (A) Vie S,VjeS,.
Note that A is of order n; and then the complement of Sy in {1,2,...,n;} is Ss.
We want to show that C is also an Si-strictly diagonally dominant matrix, i.e.,
we have to show that
1) ey > (C) Vie S, and
2)  (eiil = r7(C)) (|eji| = r729%(C)) > rP2Y%3(C) rH(C) Vi€ Sy, Vj € SpUSs.
(3.4)
Note that since C' is of order n, the complement of S7 in {1,2,...,n} is Sy U Ss.
To see that 1) holds we use equations (2.4), (3.2) and part i) of (3.3) (see also
Figure 2.1) to obtain

|cii| = law] > P (A) = rP1(C), Vi€ S

To see that 2) holds we distinguish two cases: j € So and j € S3. If j € Sy, from
(2.4) we have the following relations (recall that ¢t = nq — k):

O = Y ewl= D lagkl =ri(A), (3.5)

j#k, k€S, k. kES)
SaUS.
e () I N (0T [ N 17 S N
J#k, k€S2US3 j#k, kES, j#k, kES3
= 152(C) + 1% (C), (3.6)
rPC) = Y agk bk, (3.7)
j#k, kESs
S S.
7"]‘3(0) = Z 1bj—tk—t| = Tjit(B)7 (3.8)
j#k, k€S
Cjj = @jj + Dj—tj—t- (3.9)

Therefore we can write
(Jesl = 77(0)) (Jegg| = r29%2(0)) =
(3.10)
(laiil = {1 (A)) (lagj + bj—s | = 752(C) = r3°(C)), Vi € 81, Vj € Sa,
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where we have used that ¢;; = a;, for i € S7 and equations (3.2), (3.6) and (3.9).
Using now that A,y and Bj; have positive diagonal (or both negative diagonal) we
have that |aj; + bj—¢,j—¢| = |a;j| + |bj—¢,j—¢| and therefore we can rewrite (3.10) as

(eiil =77 (C)) (ejgl = 522 (C)) =

(laii| = {1 (A)) (lagz| + b1t = r52(C) = 153(C)), Vi € Sy, Vj € Sa.

(3.11)

Let us now focus on the second term of the right hand side of (3.11). Observe
that from (3.7) and the triangle inequality we have that

r2C) = Y lak+bis—d <Y el YD bkl
ik, k€S ik, k€S ik, k€S
S. S
= er(A) +Tjit(B) (312)

and using (3.8), from (3.12) we can write the inequality

laji| 4 [bj—1j—t] = 752(C) = 752(C) = lags| + |bj—vj—e| — 752 (A) = r32,(B) — ri2,(B).

Since we have r] +(B) + 7“ *,(B) = fz;JSg (B), we obtain

Jajs| 4+ [bj—tjmt| — 752 (C) = P52 (C) = lags] — 172 (A) + [bje j—¢| — r5255(B),

which allows us to transform (3.11) into the following inequality

(leiil =77 (C)) (ejgl = r727%(C)) =

(3.13)
(laii] =7 (A) (lags| = 752 (A) + [bj—r.j—e| = {275 (B)), Vi € 81, Vj € Sa,

where we have used that (|a;;| — 7' (A)) is positive since A is Sy-strictly diagonally
dominant. Observe now that |bj_; j_¢| — T,SzUSg (B) is also positive since B is strictly
diagonally dominant, and thus we can erte

Jaj| = 152 (A) 4 bjr el = r§275(B) > lag;| —rf?(4)
which jointly with (3.13) leads to the strict inequality
(lessl = r7(C)) (lejz| = r527%(C)) > (laal = 7 (A) (Jagg| = r52(4)),  (3.14)

for all i € Sy and for all j € Sy, Finally, using (ii) of (3.3) (i.e., the fact that A
is Sp-strictly diagonally dominant) and equations (3.2) and (3.5) we can write the
inequality

(lasi| =7 (A)) (lags| = r72(A) > P> (A) 1] (A) = r225(0) 17 (O)

for all ¢ € Sy and for all j € Sy, which allows to transform equation (3.14) into the
inequality

(leiil =7 (C)) (legs| = r322%(C)) > 1729%(C) 17 (C), Vi € 51, Vj € Sa.
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Therefore we have proved condition 2) for the case j € Ss.
In the case j € S3, we have from (2.4) that

rfl(C'): Z lejk] = 0.

J#k, k€S
Therefore the condition 2) of (3.4) becomes
(|cii| — ’I“;Sl (C)) (lejl — szUS;v, (C)) >0, VieS,,VjeSs, (315)

and it is easy to show that this inequality is fulfilled. The first term is positive since,
as before, we have that |c;;| — 77 (C) = |as| — 7" (A) > 0. The second term of (3.15)
is also positive since we have that c;; = bj_; j—; for all j € S5 and

r2USC) = T erl= YD bk = 152%(B), V€ Ss,
j#k, k€S>US3 j#k, k€S>US3

and since B is strictly diagonally dominant we have
|bj—t,j—t| - ,,43'5'3%53 (B) >0, Vj € S3.

Therefore equation (3.15) is fulfilled and the proof for the case S = S; is completed.

When card(S) < card(S7) the proof is analogous. We only indicate that the key
point in this case is the subcase j € S1\S for which it is easy to show that a condition
similar to 2) for C in (3.4) still holds. O

When card(S) > card(S1) the preceding theorem is not valid as we show in the
following example.

ExaMPLE 3.5. In this example we show a matrix A that is an S-SDD matrix
with card(S) > card(S1) and a matrix B that is an SDD matrix but the subdirect
sum C is not an S-SDD matrix. Let the following matrices A and B be partitioned

as
1.0 -03 —04 —05 2.0 02 —03]-0.1
—09| 16 —04 —07 0.8 29 —02|-05
A=1 _o1] 04 13 —o0a | ™ B=1 05 _01 24|-09
-0.1|—-09 —01 20 -0.6 —0.8 —0.8]| 23

We have from (2.3) that S; = {1}, S2 = {2,3,4} and S3 = {5}. It is easy to show
that A is {1,2}-SDD, A is not SDD, and B is SDD. The 3-subdirect sum C' = A®3 B

1.0 -03 —-04 -0.5 0

-0.9 36 —-0.2 -1.0|-01

C=1| -01 0.4 4.2 —-0.6 | —-0.5
-01|-14 -0.2 44| -09
0|-06 -0.8 -0.8 2.3

is not a {1,2}-SDD: the corresponding condition ii) for C' in equation (3.1) fails for
i=1,j=5.
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REMARK 3.6. An analogous result to Theorem 3.4 can be obtained when the
matrix B is S-strictly diagonally dominant with S = {n; + 1,n1 + 2,...},
card(S) < card(Ss), and the matrix A is strictly diagonally dominant. The proof
is completely analogous, and thus we omit the details.

It is easy to show that if A is a strictly diagonally dominant matrix, then A is also
an Si-strictly diagonally dominant matrix. Therefore we have the following corollary.

COROLLARY 3.7. Let A and B be matrices of order ny and na, respectively, and
let k be an integer such that 1 < k < min(ni,n2). Let A and B be partitioned as
n (2.1). If A and B are strictly diagonally dominant and all diagonal entries of Ago
and By1 are positive, then the k-subdirect sum C = A @y B is strictly diagonally
dominant, and therefore nonsingular.

REMARK 3.8. In the general case of successive k-subdirect sums of the form

(A1 @k, Ag) Bp, Az @ -+

when A4; is S-SDD with card(S) < ny — k1 and As, A, ..., are SDD matrices, we
have that all the subdirect sums are S-SDD matrices, provided that in each particular
subdirect sum the quantity card(S) is no larger than the corresponding overlap, in
accordance with Theorem 3.4.

4. Overlapping SDD matrices. In this section we consider the case of
square matrices A and B of order ni and ns, respectively, which are principal subma-
trices of a given SDD matrix, and such that they have a common block with positive
diagonals. This situation, as well as a more general case outlined in Theorem 4.1
later in this section, appears in many variants of additive Schwarz preconditioning;
see, e.g., [2], [6], [7], [8]. Specifically, let

My Mz M3
M= | My My Moss
Msy  Mszy Mas

be an SDD matrix of order n, with n = ni +ns — k, and with Mss a square matrix of
order k, such that its diagonal is positive. Let us consider two principal submatrices
of M, namely

. M1 My B My Moag
Mgl MQQ ’ M32 M33 ’

Therefore the k-subdirect sum of A and B is given by

My Mo 0
C=A¢,B= Moy 2Mss  Mos . (41)
O  Msy Mss

Since A and B are SDD matrices, according to Corollary 3.7 the subdirect sum
given by equation (4.1) is also an SDD matrix. This result can clearly be extended
to the sum of p overlapping submatrices of a given SDD matrix with positive diag-
onal entries. We summarize this result formally as follows; cf. a similar result for
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M-matrices in [1]. Here, we consider consecutive principal submatrices defined by
consecutive indices of the form {i,i 4+ 1,i+2,...}.

THEOREM 4.1. Let M be an SDD matriz with positive diagonal entries. Let A;,
i=1,...,p, be consecutive principal submatrices of M of order n;, and consider the
p — 1 k;-subdirect sums given by

Ci:Ci71®k;iAi+17 i1=1,...,p—1

in which Cy = A1, and k; < min(n;,n;+1). Then each of the k;-subdirect sums C; is
an SDD matriz, and in particular

Cp1=A1 Oy, A2 Dy -+~ S, Ap (4.2)

18 an SDD matrizx.

5. SDD matrices with the structure of a subdirect sum. We address the
following question. Let C' be square of order n, an SDD matrix with positive diagonal
entries, and having the structure of a k-subdirect sum. Can we find matrices A and
B with the same properties such that C' = A @, B? We answer this in the affirmative
in the following result.

PROPOSITION 5.1. Let

Cii Ci2 O
C=| Cu Co Ch |,
O (3 Cs

with the matrices Cy; of order ny —k, k, no — k, fori=1,2,3, respectively, and C' an
SDD matriz with positive diagonal entries. Then, we can find square matrices A and
B of order ny and ng such that they are SDD matrices with positive diagonal entries,
and such that C = A @ B. In other words, we have

Cll 012 BQQ C(23
A= B =
[ Co1 Ago } ’ [ Caz Css }

such that Cogs = Ago + Boas.

The proof of this proposition resembles that of [5, Proposition 4.1], where a similar
question was studied for M-matrices, and we do not repeat it here. We mention that
it is immediate to generalize Proposition 5.1 to a matrix C with the structure of a
subdirect sum of several matrices such as that of (4.2) of Theorem 4.1.
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