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FIBONACCI-HORNER DECOMPOSITION OF THE MATRIX
EXPONENTIAL AND THE FUNDAMENTAL SYSTEM OF
SOLUTIONS*

R. BEN TAHER', M. MOULINE!, AND M. RACHIDI}

Abstract. This paper concerns the Fibonacci-Horner decomposition of the matrix powers A™
and the matrix exponential e!4 (A € M(r;C), t € R), which is derived from the combinatorial
properties of the generalized Fibonacci sequences in the algebra of square matrices. More precisely,
et4 is expressed in a natural way in the so—called Fibonacci-Horner basis with the aid of the dynamical
solution of the associated ordinary differential equation. Two simple processes for computing the
dynamical solution and the fundamental system of solutions are given. The connection to Verde-
Star’s approach is discussed. Moreover, an extension to the computation of f(A), where f is an
analytic function is initiated. Finally, some illustrative examples are presented.
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1. Introduction. It is well known that the computation of e*4, where A €
M (r;C) (the algebra of square r x r matrices) plays a central role in many fields of
mathematics and applied sciences. There is a large variety of methods for computing
the exponential of a matrix and the differential equation method is among them; see
[4, 6, 7, 9, 12, 13] and references therein. As a consequence, diverse decompositions
of e!4 have been considered in the literature, associated with various kinds of bases
for the vector space of polynomials; see, e.g., [4, 6, 7, 9, 12, 13, 14]. An approach
for the decomposition of e’ related to the combinatorial expression of generalized
Fibonacci sequences (see [8, 10]) is studied in the recent papers [1, 2, 11]. Indeed,
many important results in [1, 2, 11] are derived from combinatorial expressions of
these scalar recursive sequences that have been extended to linear recursive relations
in the algebra of square matrices.

In this paper we provide two elementary methods for computing the exponential
et4 (A€ M(r;C), t € R) in the Fibonacci-Horner basis and give their applications in
some simple situations. Our approach is based on the connection between the linear
recurrence relations in M (r; C) and a combinatorial method for computing the powers
A™ and e (see [1, 2, 11]). More precisely, the aforementioned decomposition of e!4
is derived from two simple practical processes for computing the dynamical solution
of a specific scalar r-th order homogeneous linear differential equation. Moreover, the
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usual polynomial decomposition of e!4 can be recovered. Finally, an application of
the preceding methods to the computation of f(A), where f is an analytic function,
is also initiated.

This paper is organized as follows. In Section 2, using a standard computation,
we give the basic Fibonacci-Horner basis, as well as the relationship between the
matrix exponential and the system of fundamental solutions of an associated scalar
linear differential equation of order . We also state our main problem of computing
explicitly the dynamical solution and the fundamental system of solutions of this
differential equation. In Section 3, we illustrate our first method, called elimination
process, providing the dynamical solution of the preceding differential equation. The
decomposition of ¢4 in some important situations is also studied. In Section 4, we
give a functional process which permits us to establish an explicit expression of the
dynamical solution and obtain the Fibonacci-Horner decomposition of e*4. Also,
a connection between our approach and the one by Verde-Star is established. In
Section 5, we improve the Fibonacci-Horner decomposition of f(A), when f is an
analytic function. Finally, Section 6 is devoted to some illustrative examples.

2. Fibonacci-Horner decomposition of the matrix exponential and dy-
namical solution. Let A € M(r;C) and let P(z) = 2" —apz" ! — -+ —a,_1
be its characteristic polynomial. Following the Cayley-Hamilton Theorem we have
P(A) = O, (the zero r x r matrix). Therefore, the sequence of matrices {A"},,>0 is an
r-generalized Fibonacci sequence in M (r; C), whose coefficients and initial conditions
are ag,---,a,—1 and A® = I,. (the identity matrix), 4,---, A"~!, respectively. When
A is invertible, we consider for reasons of convenience the r- generalized Fibonacci
sequence {A"},>_,41, whose coefficients and initial conditions are ag, -, a,_1 and
A7 AT A = T respectively. Following results of [1, 10, 11], we have

(2.1) A" =up Ao+ up—141 + - + Up—rt14,-1, forevery n>r,
such that
(22) Ag=1I; Aj=A" —apA" ' —-.. —a; I, foreveryi=1,---,r—1

and the sequence {uy, },>_,41 defined by,

Z (kO + kl + -+ kr—l)!akoakl k1

(23) Up = ko!kl!,,,kr_l! 0 @1 '”a"rfl

ko+2k1+-+rkr_1=n

for every n > 1, with up = 1 and u, =0 for —r +1 < n < —1. It was established in
[8, 10] that the sequence {up }n>_r4+1 satisfies the following linear recurrence relation:

(2.4) Upt1 = QoUp + G1Up—1 + *** + Gpr_1Up—prt1, fOr every n > 0.

In other words, {u,}n>—r+1 is an r-generalized Fibonacci sequence.

In fact, a simple induction shows that the decomposition (2.1) of the powers A™
(n > r) is still valid for every r x r complex matrix A (invertible or not), with the A;
(0 <j <r—1) given by (2.2) and the sequence {uy}n>_r+1 by (2.3).
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The set of matrices {Ag, A1, -+, A,_1} is called the Fibonacci-Horner basis of

the power decomposition (2.1) of A. Indeed, this basis is derived from the Fibonacci
combinatorial process and we show that each matrix A; (0 < j <r—1) given by (2.2)
satisfies A; = h;(A4), where ho(z) =1, h1(2) = z — ao, - -, hj(z) = zhj_1(2) — aj_1,

-, hy—1(2) = zhr—2(2) — aj—2 and h,(2) = zhy—1(2) — ar—1 = P(z) are the Horner
polynomials associated with the characteristic polynomial P(z).

For the computation of e!4 we consider the expression e!4 = > n>0 fl—,A" A
straightforward computation using (2.1)-(2.3) allows us to derive the following result.

PROPOSITION 2.1. Let A € M(r ; C) with characteristic polynomial P(z) =
2" —agz" ' — - —ap_1. Then,

(2.5) e = U () Ao + oI () A1+ + (D) A,
where p*) (t) is the k-th derivative of function,

too gntr=1

(2.6) plt) =) un

— 1
— (ntr—1)

Expression (2.4) shows that o(¢) satisfies the following ordinary differential equa-
tion yM(t) = aoy" V() + a1y "D (t) + --- + a,_1y(t). Moreover, using (2.6), we
establish easily that the k-th derivative of the function ¢(t) satisfies ¢*)(0) = 0 for
k=0,1,---,7 —2 and ("~ (0) = 1. Hence, the function ((t) given by (2.6) is noth-
ing else but the dynamical solution of the preceding differential equations (see [7, 13]).
Also (2.5) shows that the coefficients of e!4 in the Fibonacci-Horner basis are the ele-
ments of the fundamental system of solutions {¢(t), ¢’ (t), -, =2 (t), o= ()} of
the preceding differential equation.

By Proposition 2.1 the decomposition of e*4 in the Fibonacci-Horner basis, de-
pends on the knowledge of the dynamical solution ¢(t) given by (2.6). The goal of the
next section is to study the question of computing explicit formulas for this function.

REMARK 2.2. Expressions (9)-(10) of [1] give the closed relation between the
Fibonacci decomposition and the polynomial decomposition of the powers and the
exponential of matrices. Expressions (2.1)-(2.2) give A™ = po(n)I, + p1(n)A+--- +
pr—1(n)A™"1 where pi(n) = up_g_1 — Z?:1 Qp—ktj—1Un—;. Therefore, (2.5) implies
that we have the polynomial decomposition et/ = Zg;é Q;(t)A7, where Qi (t) =

Y sy Dpr(n) (see [1)).

REMARK 2.3. In [13] improved expressions for A" and e'” are obtained with the
aid of the dynamical solution. In the latter case, this is done in various forms, using
a specific technique of the theory of divided differences. In Verde-Star’s approach
Horner polynomials play an important role. Moreover, this approach is also consid-
ered in [14] for the study of functions of matrices in connection with partial fraction
decompositions (see [5]). We shall discuss this aspect in Subsection 4.2 below.



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 15, pp. 178-190, May 2006
Fibonacci-Horner Decomposition of the Matrix Exponential 181

REMARK 2.4. Regarding expression (2.6) of the dynamical solution and its
derivatives, knowledge of the eigenvalues of the matrix A is not necessary. ;From
a computational point of view it seems more convenient to consider (2.6). However,
the problem with this expression is that the coefficients u,, may grow fast and some-
what irregularly. This occurs when approximations in (2.6) are considered. For this
problem it seems natural to take into account properties of the asymptotic behavior of
r-generalized Fibonacci sequences that have been studied in the literature (see, e.g.,
[3]). Indeed, this may help to control asymptotically the growth and the irregularity
of u, for large n, and to study approximations of (2.6).

3. Fibonacci-Horner decomposition of e’ : elimination process. Let
A € M(r; C) and suppose that A1, Aa, -+, A, are the distinct roots of its character-
istic polynomial P(z) = 2" — apz"~! — -+ — a,_1, having multiplicities my,- - -, m,,
respectively. It is well known that the dynamical solution ¢(t) given by (2.6) can be
expressed in the following form:

(3.1) o(t) = Ri(t)e™ + Ry(t)e? + - + R, (t)e'7,

where R;(t) (1 < j < p) are polynomial functions of degree m; — 1. More precisely,
the polynomials R;(t) (1 < j < p) are derived from the initial conditions

(3.2) e(0) =¢'(0) =+ =" 2(0)=0, and " V(0) =1.

For a matrix A of large order r, computing the polynomials R;(t) (1 < j < p)
by (3.2) is not a very simple task in general. Meanwhile, recently Verde-Star’s theory
permits to obtain the polynomials R;(t) (1 < j < s) using the method of divided
difference (see [13]). In Subsection 4.2 we bring focus to this observation.

The aim of this section is to disassociate the value of the polynomials R;(t)
(1 < j < p) from the linear systems that we construct, using only a direct computation
and without resorting to existing techniques in the literature. Thus, we derive the
explicit Fibonacci-Horner decomposition of !4 with the aid of (2.5)-(2.6) and (3.2).
For reasons of clarity, we shall first illustrate our method in the three cases p =1, 2
and 3.

Suppose that the characteristic polynomial P(z) = 2" — agz" ' — -+ — a,_1 of
the matrix A has a unique root A; that is, P(z) = (z — A)". Therefore, expression
(3.1) of the dynamical solution can be written as p(t) = R(t)e*, where R(t) is
a polynomial of degree » — 1. If we consider the Taylor expansion of R(t) we have

R(t) = ;;(1) R(:!(O)tk = p(t)e~*. The initial conditions (3.2) imply that R*)(0) = 0

for 0 <k <r —2and R"~1(0) = 1. Hence, we have the following result.

PROPOSITION 3.1. Let A € M(r ; C) with characteristic polynomial P(z) =
(z = N)". Then, e = U= D($)Ag + @2 () Ay + -+ + p(t)A,_1, where o) (t) is
the k-th derivative of the function ¢(t) = %e“‘.
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Suppose that the characteristic polynomial P(z) = 2" —agz" ! —---—a,_ of the

matrix A has two distinct roots A\; and Ao, of multiplicities m1 and ms, respectively,
where my + mo = r. Hence, we have P(z) = (z — A1)™ (2 — A\2)™2 and expression
(3.1) of the dynamical solution can be written as () = Ry (t)e*? + Ra(t)e*2t, where
R;(t) ( =1, 2) is a polynomial of degree m; — 1. The main task here is to determine
the explicit formulas of the polynomials R;(t) (j = 1, 2). Starting from the Taylor

1 R®
expansions R;(t) = Y%, ! R~7k!(0)tk of R;(t) (j =1, 2), we determine first the poly-

nomial Ry (t). Since Ry(t) is of degree mgy — 1 and o(t)e™2t = Ry (t)ePM—22)t 4 Ry(t),
we can eliminate Ro(t) after the derivative of order mgy of both sides of this later
expression. Indeed, we have

m2

¥(t) = pr(B)e ™ =3 ()R OO0 = o)™
=0
where (7)) = W and @1(t) = Y0205, (= A)™2 50l (¢). If we set C) =
(L) = A2)™ =L we have ) (t) = S22 QR (), with 0 < 1+ k < my — 1.

Since ©*)(0) =0 for 0 < k <7 —2 and 9"~ (0) = 1, we derive that gagk) (0) =0 for
0<k<m; —2and go(lml_l)(O) = 1. Hence, for k = m; — 1 we have (™ ~1(0) = 1
and ) (0) = 0 for k =0, ---, m; — 2. These equations imply that the Taylor coeffi-
cients ng)(O) (0 <k <my —1) of the polynomial R;(t) satisfy the following system
of linear equations:

s—1
(33)  GoR{™V(0)=1 and Y CR™ ) (0) = 0for 2 < s <my — 1.
j=0

The same argumentation shows that the Taylor coefficients of the polynomial Ra(t)
satisfy the following system of linear equations:

s—1
(34)  KoRY™ (0)=1 and Y K;RY™*H(0)=0for 2 < s <my,
j=0

where K; = (},,)(A2 — A1)™27". Since A1 # A2, a simple iterative process shows that
each one of the two systems (3.3) and (3.4) has a unique solution.

PROPOSITION 3.2. Let A € M(r ; C) with characteristic polynomial P(z) =
(2 A)™ (2 — A)™ (i1 + 1z = 7). Then, ¢4 = (=D (t) Ag + g2 (t) Ay +-- -+
©(t)Ar_1, where p(t) = Ry(t)e™ + Ra(t)et?? is the associated dynamical solution;
Ri(t), Ra(t) are polynomials of degree my — 1, mo — 1, respectively, whose Taylor
coefficients R;k) (0) (=1, 2 and 0 < k < mj—1) are solutions of the two elementary
linear systems of equations (3.3)-(3.4).

The preceding method can be extended to the case of distinct roots Ay, ---, Ap
(p > 3) of P(z). For reason of clarity, let us suppose that P(z) = 2" — apz" ! —
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-+« — a,_1 has three distinct roots A1, A2 and A3 of multiplicities mi, ms and msg,
respectively, where mi +mao+ms = r ; that is P(2) = (2= A1) (2 — A2)™2 (2 — A3)™=.
Therefore, (3.1) can be written as ¢(t) = Ri(t)e?? + Ra(t)e*2! + Rs(t)e??!, where
R;(t) (j = 1,2,3) is a polynomial of degree m; — 1. The main task here is to
determine the explicit expressions of each polynomial R;(¢) (7 = 1, 2, 3). As in the
preceding case, we are going to exhibit the polynomial Ry (¢). To this aim, we consider

(*)
the Taylor expansions R;(t) = szjo_l R’k!(o) th of R;(t) (j =1, 2, 3). Since Rs(t) is

of degree mz — 1 and @(t)e 23! = Ry (t)eM =)t L Ry(t)er2=23)t 1 Ry(t), we derive

that
(3.5) wa(t)e ™t = | (4, )RY (#) (A — Ag)™e 7 | M Ry g(t)ePe M),
j=0

where @3(t) = 3750 (3,,)(=X3)™* 1) (t) and Ry 3(t) is a polynomial of degree mg —
1. We show that the polynomial R3(t) is eliminated after mgs derivations of both sides
of (3.5). In the same way, after some simplifications and ms derivations of both sides

of Expression (3.5), we also eliminate the polynomial R 3(¢). More precisely, we have

(3:6) T [ps(t))e 1] = > Ci jRY™ (1) | et

dtmz
0<i<mg; 0<j<m3

m
of (3.6) can be written as

where C; j = (4,,) (0, ) (A — A2)™ (A1 — A3)™377. On the other hand, the left side

am
dtma

[ps(t)e "] = po(t)e 2",

where o (t) = 372 (3, )(=A)™2=3 () (t). Therefore, we have

j:O mo

(3.7) V() =g ™M= Y G R,

0<i<mg; 0<j<ms3

where C; ; = (4,,)(%,,) (A1 — A2)™ (A1 — Ag)™ 7. More precisely, (3.7) can be

written as e
ma+ms
(3.8) T(t)= Y C.RP®),
s=0
where
(3.9) Cs = > (o) Gy )AL = A2) ™27 (Mg — Ag)™e 7.

i+j=s; 0<i<ma; 0<j<ms
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Since o(t) is the dynamical solution given by (2.6), we have ©*)(0) = 0 for
0 <k <r—2and p~1(0) = 1. Therefore, (3.5) shows that gogk)(O) = 0 for
0<k<my+ms—2and gagmlerrl)(O) = 1. Hence, (3.7) implies that ¥(*)(0) = 0,
for 0 < k <my —2 and U™~ (0) = 1. Since

ma+ms3

v )= 3 CRETV (),
s=0

we deduce that for k = my — 1, m; — 2, ---, 2, 1, 0, respectively, the Taylor
coefficients R§k)(0) (0 <k < my — 1) of the polynomial Ry(t) satisfy the following
system of equations:

s—1

(3.10)  CGoR{™V(0)=1 and Y CR™*H(0) =0 for 2 <s <my,
=0

where the C; are given by Expression (3.9). In the same way, the computation of the

Taylor coefficients R,(,k) (0) of the polynomial R,(t) (p = 2, 3), are derived from the
following systems of equations:

s—1

(3.11) DoRY™V(0) =1, 3" DRI (0) = 0 for 2 < s <my
§=0

and
s—1

(3.12) EoR{™™(0) =1, Y BRY™ T (0) = 0 for 2 <5 < m.
=0

Therefore, for p = 3 the exponential e*4 is given as follows.

PROPOSITION 3.3. Let A € M(r ; C) with characteristic polynomial P(z) =
(z = A)™ (2 = X2)™2 (2 — A\3)™3 (my +ma +m3 = 1r). Then, e = oD (1) Ay +
=D)AL + -+ p(t)Ap_1, where o(t) = Ry(t)e™ + Ry(t)et*? 4+ Rs(t)e!s is the
associated dynamical solution such that Ry(t), Ra(t), Rs(t) are polynomials of degree
my1 — 1, mg — 1, mg — 1, respectively, whose Taylor coefficients R§k) 0) =123,
0 <k < my —1) are solutions of the three elementary linear system of equations
(3.10), (5.11) and (5.12).

Following the same method, the process of elimination given in Propositions 3.1,
3.2 and 3.3 can be extended recursively to the general case. Indeed, we have the
following general result.

THEOREM 3.4. Let A€ M(r; C) (r > 2) with characteristic polynomial P(z) =
?:1(2 — X)), where p >3, mi+---+mp =1 and N\; # \j for i # j. For every j
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(1<j<p), set

P

(3.13) o= X [T Gooy —agm*

Yiconjcpke=l [ 5=1 577

Then, 4 = G (6) Ay +oT=D(t) Ay +- -+ plt) A1, where (1) = S0, By ()"
is the dynamical solution whose associated polynomials R;(t) (0 < j < p) are solutions
of the following system of linear equations:

s—1
(3.14) CYRI™V0)=1 and Y CPRI™TV(0) = 0 for 2 < s <my,
=0

where the coefficients Cl[j] (0 <1< 302 iz;mi) are given by (3.13).

As shown in Theorem 3.4 the process of elimination is simple and the technique
seems to be more appropriate (from a computational point of view) for deriving the
explicit formulas of the coefficients of the polynomials R;(t) (0 < j < p).

In the next Section we supply another process for the explicit expression of the
dynamical solution and obtain the Fibonacci-Horner decomposition of e*4.

4. Fibonacci-Horner decomposition of e*4 : functional process.

4.1. Explicit formula of the dynamical solution. Let A € M(r; C) (r > 2),
whose characteristic polynomial is P(z) = 5-):1(2' — )™ (N # Aj for i # 7). Let
o(t) = Ri(t)eMt + - + Ry(t)etr, where R;(t) (1 < j < s) is a polynomial of degree
m; — 1, be the dynamical solution associated with the matrix A. In this subsection
we give a functional method for computing explicit formulas of the polynomials R, (t)

(1 < j < p) and derive the Fibonacci-Horner decomposition of the exponential et4.

For reasons of clarity, let us first illustrate our method in the case p = 3. Suppose
that P(z) = H?:1(Z —X;)™, where A\; # \j for 1 <i#j<3and m; > 1, mg > 1
and m3 > 1. Let ¢(t) = Ry (t)e!™ + Ra(t)e!*2 + R3(t)e!*s be the associated dynamical
solution, where Ry (t), Ra(t), R3(t) are polynomials of degree m; — 1, mo — 1, mg — 1
(respectively). We project to determine the polynomial R (t) by computing its Taylor

coefficients ng) (0) (0 <k <my —1). To this aim, consider the polynomial function,

Ql(z) = (Z + A — )\Q)mz (Z + A = )\3)m3.

A direct verification shows that expression (3.9) of Cj is given by Cs = +9<21(0).
Therefore, the solution of the linear system of equations (3.10) is

1 dlm=k=1 ()

Q1
o= k=) et )

(4.1) R{P(0) =

To avoid confusion, in the rest of this subsection it is convenient to denote ng) (0)

by 'y,[:] (A1, A2, A3). A straightforward computation, using the derivation Leibniz rule,
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allows us to establish that (4.1) can be written as

ny ) (g )
4.9 [1] — (_1)mtk-t (n2+m2*1 n3+mz—1 )
( ) Tk ()\17>\27)\3) ( ) Z (Al _ )\2)"2+m2(A1 _ Ag)"3+m3

no+ng=mi—k—1

Thus the Taylor expansion of the polynomial R;(t) is given by

mi-1_ [

(4.3) Ri(t) = Z Mtk,

k!
k=0

where ’y[ ](/\1,)\2, A3) is given by (4.2). In the same way, an identical computation
implies that the polynomials Ro(t) and R3(t) are given by

ma—1 2] ms—1_[3
Y (A1, A2, A3) Y (A1, A2, A3)

(44)  Ro(t)= ) thk and Ry(t) = ) thk,

k=0 k=0
where 'y,[f] (A1, A2, A3) = %[ﬁl](/\g, A1, A3) and ’y,[f’](/\l, A2, Az) = fy,[;] (A3, A1, A2). Thus we
have the following proposition.

PROPOSITION 4.1. Let A € M(r ; C) with characteristic polynomial P(z) =

(z = A)™ (2 — X2)™ (2 — A3)™ (M1 + ma +mg = 1), where N\; # \; for i # j.
Then, et = or=D(#)Ag + @D (1) Ay + -+ + @(t)Ar_1, where p(t) = Ry(t)e™ +
Ry(t)et*2 + R3(t)e!s is the associated dynamical solution such that the polynomials
Ry(t), Rao(t) and Rs(t) are given by (4.3) and (4.4).

Now let A € M(r;C) and suppose that its characteristic polynomial is P(z) =
?zo(z — Aj)™, where \; # A; for ¢ # j. In the aim to generalize the preceding
method, let us consider the polynomial function

H (24X —A)™.

Following the same method, as in the case p = 3, we obtain,

1 dmi=h= ()

[] _ i
(4.5) B dp) = (m; —k—1)! dz(mi—k=1) (0).

And a long hard computation established by induction with purpose of obtaining
d(mrkfl)(L)

d(m——k—?)(o) in terms of Ay, -+, A, yields
Z Y1

46) WO A=y Y 11 (AJ(_&%

S nj=m;—k—11<j#i<p

In the latter expression we suppose that we have naturally n; < m;.
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THEOREM 4.2. Let A € M(r; C) (r > 2) with characteristic polynomial P(z) =

?Zl(z—)\j)mi, where p > 3, m1+---+my, =1 and \; # Aj for i # j. Then,

et = D) Ag + QU () A1 + -+ + () Ar_1, where o(t) = Y0_) R;(t)eM! s
the dynamical solution, whose associated polynomials R;(t) (1 < j < p) are expressed

as follows:
(A A
(47) Z ’)/k 17 ) )tk

where the coefficients 'ym()\l, -+, Ap) are given by (4.6).

For p = 3 in (4.6), we can recover expressions for 'y[ ]()\1, A2, Az), 'y,[f] (A, A2, A3)
and 'y,[f] (A1, A2, A3). We can also show that Proposition 4.1 is a corollary of Theorem

4.2.

4.2. Connection with the Verde-Star’s approach. As pointed out in Re-
mark 2.3, in this subsection we turn our attention to how our approach is connected to
Verde-Star’s approach. First, we notice that the dynamical solution given in Theorem
4.2, can be expressed differently using Verde-Star’s approach. Indeed, we can show
that R;(t) = Li 1, where Ly ; (1 <k <p, 0 <j < my) are the functionals associ-

(z — Aj)™i, defined by Ly ;f = E’\kdj(Pi)’
2

ated with the polynomial P(z) =

DI
i

P
j=1

where E,(f) = f(a), & =

__ P
Pk(z) - (Z—/\k)mk

result of Theorem 4.2 is expressed in Corollary 4.2 of [13] in terms of the functionals
Lk’] .

(D is ordinary operator of differentiation) and

(see (3.2)-(3.6) of [13] for more details). More precisely, the

Second, in [14] Verde-Star has arrived at the result of Theorem 4.2 using the
sequence of Horner polynomials {wy(z)}x associated with a given polynomial w(z) =
2MHL 4 b2™ 4 be2™ L + - + by, and the function w*(t) = (1 — zt) > k>0 wy, (2)tF.

given by Verde-Star is

=Y hat",

n>0

The formulation of

1
w*(t)

where iy, = Y0, TEZo (79N with § = (o, s+ dp)s 1l = d1+d2 + -+ +
and {\;}o<j<p are the roots of w(z) of multiplicities {m;}o<j<p, respectively. We
infer that for w(z) = P(z) the sequence {hy, },>0 is nothing else but the r-generalized
Fibonacci sequence {uy, },>0 considered in Section 2 (see Expression (2.4)). By the
way, we are going to digress from our aim in order to mention that this incorporation
allows us to obtain another explicit expression for the sequence {up}n>0 in terms of
Aj (1 < j < p), which will be useful in improving some results of [1]. Meanwhile,
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for w(z) = P(z) the formulas (5.7) and (5.12) of [14], can help us to deduce that the
coefficients of the polynomials R;(t) (1 < j < p) are merely the coefficients «; j that

figure in the partial fraction decomposition of m given by
1 ot 1
P~ 2 2 T E
Pl 2 2 ).

Moreover, following a known result, the dynamical solution (t) is the divided differ-
ence with respect to the roots of the polynomial P(z) of the function e** (see Corollary
4.1 of [13]). Therefore, ¢(t) is the sum of the residues of the function e*/P(z) at
the distinct roots (see [13]). By considering this latter function g(z,t) = e'*/P(x)
(x € R), a direct computation allows us to recover the result of Proposition 4.1.

5. Application to the matrix functions. Consider an analytic function f on
adisc Dg ={z; |2| < K} and set

R (O]
(1) flo=3 L0

= n!
Let A € M(r; C) with characteristic polynomial Pa(z) = 2" —apz" "' — -+ —a,_1
such that K > Maax{| \; | ; Pa(A;) = 0}. Then, from (2.1)-(2.2) and (5.1) we derive
that,
r—1 +o0 f(n) (0)
(5.2) FIA) =" Qu(f)Ar, where Qu(f) = un_ -
k=0 n=0 ’

Recall that in Proposition 2.1, we had considered the (formal) analytic function
(2.6) defined by

+oo thrrfl
pl(t) = z%“" (n+r—1)"

The above expression shows that u, .11 = ©™(0). On the other hand, (3.1) shows
P n
that o™ (t) = Z Z (fb))\ngnfs)(t). Hence, using (5.2) we have the following

=1 s=n—m;+1
proposition.
r—1
PROPOSITION 5.1. Under the preceding hypotheses, we have f(A) = > Qx(f) A,
k=0

where

P

+oo
(5.3) Q) =D (D Tim(AeAp)

i=1 Ln=k

F"(0)

n!
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with
n—k+r—1 .
Fiﬂl()‘lv T )‘;D) = Z (fsz+r71)>‘$yn<js>+r7k71(>‘17 ) Ap)a

s=n—k+r—m;
where we have set

Y5 (s, Ap) = RIV(0).

To the best of our knowledge, expressions (5.2)—(5.3) of f(A) are new in the
literature. Note that a formula analogous to (5.2) also appears in [14]. We would like
to note that it is an interesting issue to illustrate the deep relationship between our
development and that of Verde-Star, even though the two approaches are based on
different techniques.

6. Examples. In the two first examples we illustrate the applicability of Theo-
rem 4.2. The last example concerns the practical use of Proposition 5.1 on a classical
matrix function.

Example 1. Suppose that A € M(r; C) (r > 2) has characteristic polynomial with
simple roots, that is, P(z) = H;=1(z — Aj), such that A; # A; (¢ # j). Then, the
dynamical solution associated with A is given by p(t) = Rie*? + .-+ R.e*?, where
R;(t) = R; is a constant polynomial for every i (1 < i < r). Application of (4.6)

allows us to derive that
(i r—1 1 1 1
o =T T T Tha - ) PO

Therefore, the dynamical solution associated with matrix A is

tA;

(6.1) o(t) = P‘f(m.

i=1

Expression (6.1) is well-known in the literature; see, e.g., [2, 9, 13]. Hence, the
decomposition of ¢4 in the Fibonacci-Horner basis can be obtained easily.

Example 2. Suppose that A € M(3; C) has characteristic polynomial P(z) =
(z — M1)%(z — \2), where \; # Aa. Then the dynamical solution associated with A is
given by ¢(t) = Ry(t)eM? + Roe?2t, where Ry (t) is a polynomial of degree 1 and Ry

is a constant polynomial. More precisely, it is easy to show that Ry (t) = ’y([)l] + ’Al]t

and Ry(t) = 7([)2] € C. Application of (4.6) shows that

m_ __ 1 m_ 1 and 42— 1
'YO (}\1 — )\2)2 771 ()\1 N )\2) ’YO ()\1 _ )\2)2 .
The dynamical solution associated with the matrix A is given by
1 1 Aot

p(t) = |- + ! Mt~
(A1 —=2X2)2 (A1 —A2) (A1 — A2)?
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Thus, the decomposition of e/ in the Fibonacci-Horner basis can be derived easily.

Example 3. As in Example 2, let A € M (3; C) whose characteristic polynomial is

P(2) = (z—\1)?(2 = A2) with A\; # X2. Consider the function f(z) = Log(1+2z). If we
+oo

Zn
consider the analytic expression f(z) = Z(—l)"“—, a straightforward application
n

n=1
of Proposition 5.1 implies that f(A4) = Qo(f)Ao + Q1 (f)A1, where

+00 n+2 n+2 n+1 n—1
A - A A (—1)
0 _ 2 1 9 1
o(f) ;{7@2_)\1)2 +(n+ )Al—AJ -
and
f A VSR I Vi
— )\2 — /\1) /\1 — )\2 n '
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