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Abstract. Through the matrix rank method, this paper gives necessary and sufficient conditions
for a partitioned matrix to have generalized inverses with Banachiewicz-Schur forms. In addition, this
paper investigates the idempotency of generalized Schur complements in a partitioned idempotent
matrix.
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1. Introduction. Let C™*™ denote the set of all m x n matrices over the field of
complex numbers. The symbols A*, r(A) and Z(A) stand for the conjugate transpose,
the rank and the range (column space) of a matrix A € C™*" | respectively; [ A, B]
denotes a row block matrix consisting of A and B.

A matrix X € C"*™ is called a g-inverse of A € C™*™, denoted by X = A~,
if it satisfies AXA = A. The collection of all A~ is denoted by A{1}. When A is
nonsingular, A~ = A~!. In addition to A~, there are also other g-inverses satisfying
some additional equations. The well-known Moore-Penrose inverse AT of A € C™*"
is defined to be the unique matrix X € C™*™ satisfying the following four Penrose

equations
(i) AXA=A4,
(i) XAX =X,
(iil) (AX)* = AX,
(iv) (XA)*=XA.
An X is called an {i,...,j}-inverse of A, denoted by A(7) if it satisfies the
i,...,Jth equations, while the collection of all {i,...,j}-inverses of A is denoted by

A{i,...,j}. In particular, {1, 2}-inverse of A is called reflexive g-inverse of A4; {1, 3}-

inverse of A is called least squares g-inverse of A; {1, 4}-inverse of A is called minimum

norm g-inverse of A. For simplicity, let P4 = I,,, — AA™ and Q4 =1, — A~ A.
Generalized inverses of block matrices have been a main concern in the theory of

generalized inverses and applications. Let M be a 2 x 2 block matrix
A B
" -2 2]

where A € C™*", B € C™*k C € C*" and D € C**. The generalized Schur
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complement of A in M is defined by
(1.2) S=D-CA™B.

If both M and A in (1.1) are nonsingular, then S = D — CA~! B is nonsingular, too,
and M can be decomposed as

[ I, o0][A 0][L. A'B
(13) M= [CA1 Il] [o S] [ o 5 |
where I; is the identity matrix of order ¢. In this case, the inverse of M can be written
as
4 [Im —A'B][AY 0 I 0
(14) M= { 0o 1 0 s |-cat g
AP+ ATIBSTICATY —ATIBSTE
o -S-tcAa-t St '

Result (1.4) is well known and has extensively been used in dealing with inverses of
block matrices.
Motivated by (1.4), the Banachiewicz-Schur form of M in (1.1) is defined by

. [I. —A-B1[A~ 0] I. ©
(1.5) N4 )[o I Ho S—H—CA— Il}
[A"+ABSCA~ —ABS~
= _s-cA- s |

where S is defined as in (1.2). The matrix N(A™) in (1.5) may vary with respect
to the choice of A~ and S~. In this case, the collection of all N(A™) is denoted by
{N(A7)}. It should be pointed out that N(A™) is not necessarily a g-inverse of M for
some given A~ and S~ although N(A™) is an extension of (1.4). Many authors have
investigated the relations between M~ and N(A7), see, e.g., [1, 3, 5, 6, 7, 11] among
others. Because M~, A~ and S~ can be taken as {i,...,j}-inverses, the equality
M~ = N(A7) has a variety of different expressions. In these cases, it is of interest to
give necessary and sufficient conditions for each equality to hold. In this paper, we
shall establish a variety of formulas for the ranks of the difference

(1.6) M~ — N(A7),

and then use the rank formulas to characterize the corresponding equality.
Some useful rank formulas for partitioned matrices and g-inverses are given in
the following lemma.
LeEMMA 1.1 ([10]). Let A€ C™*" B e C™** C e C*" and D € C™**. Then:
(a) r[A, B]=r(A)+r(B—AA"B)=r(B)+r(A— BB A).

(b) r{é} =r(A)+7r(C—-CA A)=r(C)+r(A-AC~C).
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A B _ _
(c) r c o =r(B)+r(C)+r[(L,— BB )A(IL,—C~C)].
A B [ 0 B—AA™B
W rle p| =W+ lc_ca-a D-caB|

The formulas in Lemma 1.1 can be used to simplify various matrix expressions
involving g-inverses. For example,

PB1A1 - _Bl 0 Al
(1.7) T{P&AJ =7y B, AJ —r(B1) —r(B2),
(D, D,
(18) T[DlQCI) DQQCz] =riCy 0 77/.(01)77‘(02)7
| 0 Oy
(A B 0
(1.9) r[PAC BQOBI}T C 0 O —rB)-r(C),
“ [0 B 0
(1.10)
A B By 0
PB1AQC1 PBIBQB2 _ ¢ 0 0 _ — — —
r|:PC2Cch 0 ="le 0 0 0 r(B1) — r(Bs2) —r(Cy) —r(Ca).
0 By 0 O

The generalized Schur complement D — C' A~ B in (1.2) may vary with respect to
the choice of A~. In this case, the following results give the maximal and minimal
ranks of D — C' A~ B and its properties.

LEMMA 1.2 ([15]). Let M and S be as given in (1.1) and (1.2). Then

(L.11) xgaxr(DCAB)min{r[C,D], r[g}, r(M)r(A)},

(1.12) rgmr(DCAB)r(A)H(M)M[C,DHT[B}T[A 0 B}

A 0
0 B
¢ D

—7r ,

(1.13) max (D — CAYY B = min { r(A) + (D), r[C, D], T[D} , (M) — r(A)},
A(1,3)

(1.14) max r(D — CAG9B) = min{r[A;A A;B] —r(4), r{g”,

AA* B
— (1,4) — 1 —
(1.15) f}ﬁi‘)r(’j CA B)—Imn{?“[C’,D]7 7“|:C 1+ D} r(A)}.

COROLLARY 1.3. Let M be as given in (1.1). Then there is A~ such that
(1.16) r(M)=r(A)+r(D—-CA B)
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if and only if

(1.17) r(M) < r(A) + min {r[c, DI, r{gﬂ.
Equality (1.16) holds for any A~ if and only if
A 0
(1.18) r[é g g}zr(fl)—i—r[CD]andr g g zr(A)—f—r[g],

that is, 7] (PaB)*] € %[ (PeD)"] and 2(CQa) C #(DQp).
Proof. Note from (1.11) that »(M) — r(A) is an upper bound for r(D — CA™B).
Thus, there is A~ such that (1.16) holds if and only if

rr}ﬁxr(D —CA™B)=r(M)—r(A).

Substituting (1.11) into this and simplifying yield (1.17). Equality (1.16) holds for
any A~ if and only if

rﬁiﬁnr(D —CA™B)=r(M)—r(A).

Substituting (1.12) into this yields

A 0

(T{jg g g]_’"[C’D]—T(A))ﬂL r g g —r[g]—r(A) = 0.

Note that both terms are nonnegative. Hence this equality is equivalent to (1.18).
Applying Lemma 1.1(a) and (b) to the block matrices in (1.18) yields
PaB
"l PoD
These two rank equalities are obviously equivalent to Z[(PaB)*] C Z[(PcD)*] and
Z(CQa) € Z(DQp). O
Equality (1.16) is in fact a rank equation for the partitioned matrix M. For given
A, A=, B and C, it is of interest to find D such that (1.16) holds. Other two basic
rank equations for the partitioned matrix M are given by

r[é )'i,]r(A), r[é )ﬂr{é CfB]+r(XCA—B).

The first one has been investigated in [9, 13].
LEMMA 1.4 ([15]). Let A€ C™*" and G € C**™. Then

] =r(PcD) and r[CQa, DQgp|=r(DQp).

(119)  minr(A~ - G) =r(A - AGA),
(1.20) min (A2 —G) = max{r(A—AGA), r(G) +r(A) —r(GA) — r(AGQ) },
(1.21) min r(AL3) — @) =r(A*AG — A*),
(1.22) min (AT — @) = r(GAA* — A%).
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When A and G are some given block matrices, the rank formulas on the right-hand
sides of (1.19)—(1.22) can possibly be simplified by elementary matrix operations. In
these cases, some necessary and sufficient conditions for G to be {1}-, {1,2}-, {1,3}-
and {1,4}-inverses of A can be derived from the rank formulas. We shall use this rank
method to establish necessary and sufficient conditions for N(A™) in (1.5) to be {1}-,
{1,2}-, {1,3}- and {1,4}-inverses of M in (1.1).

2. Generalized inverses of partitioned matrices. In this section, we show
a group of formulas for the rank of the difference in (1.6) and then use the formulas
to characterize the equality M~ = N(A™).

THEOREM 2.1. Let N(A™) be as given in (1.5). Then

(2.1) r[N(A™)] = (A7) +7[(D - CA B)"|.

Proof. Tt follows from the first equality in (1.5). O
THEOREM 2.2. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then

(2.2) rﬁi}lr[M*fN(A*)]:T(M)fr(A)fr(DfCA*B).

Hence, the following statements are equivalent:
(a) N(A™) e M{1}.
(b) The g-inverse A~ in N(A™) satisfies r(M) =r(A)+r(D —CA™B).
(c) The g-inverse A~ in N(A™) satisfies

[ 0 B—-AA™B
r

C—CAA DCAB} =r(D-CA™B).

Proof. Tt follows from (1.19) that
(2.3) rﬁi}lr[M*fN(A*)]:T[MfMN(A*)M].

It is easy to verify that

M — MN(A=)M = {_PABS_CQA PABQS],

PsCQa 0

where S = D—CA~ B. Recall that elementary block matrix operations do not change
the rank of matrix. Applying (1.10) and elementary block matrix operations to the
matrix on the right-hand side leads to
_ _ [PaBS™CQa PaBQs
r[M — MN(A )M]fr_ PsCO 0
[BS—C B A
C 0 0
A 0 0 —2r(A) —2r(S)
0 S 0

cowno
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[0 B A 0
C 0 0 S
=r A 00 ol 2r(A) —2r(S)
| -SS=C S 0 0
[0 B A 0
cC o0 0 S
=714 0 0 ol 2r(A) —2r(S)
|0 S 0 S
[0 B A
=r|C =S 0] —2r(A)—r(9)
_A 0 0
[0 B A
=r{C —D+CA B 0| —2r(A)—r(9)
_A 0 0
[0 B A
=r{C —-D 0| —2r(A)—r(9)
A 0 A
[—A B 0
=r| C =D 0] —2r(A) —r(S)
0 0 4

=r(M)—r(A) —r(S).

Substituting this into (2.3) gives (2.2). The equivalence of (a) and (b) follows from
(2.2). The equivalence of (b) and (c) follows from Lemma 1.1(d). O
Theorem 2.2 gives necessary and sufficient conditions for a given N(A™) to be a
generalized inverse of M. From Theorem 2.2, we are also able to give the existence
of A~ so that N(A™) € M{1}.
THEOREM 2.3. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then:
(a) The following statements are equivalent:
(i) There is A~ such that N(A™) € M{1}.
(ii) There is A~ such that (M) =r(A) +r(D —CA™B).
(iii) The rank of M satisfies the following inequality

(2.4) r(M) < min{r(A) +r[g}, r(A) +r[C, D]}.

(b) The following statements are equivalent:
(i) The set inclusion {N(A~)} € M{1} holds.
(ii) (M) =r(A)+r(D —CA~B) holds for any A~.
(iii) (1.18) holds.
Proof. Substituting (1.11) and (1.12) into (2.2) gives

A{I,lil\l/lli r[M~ —N(A7)]
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_ maX{r(M) —(A) = 1[C, D], r(M)—r(A) —r[g}, 0},

maxminr[ M~ — N(A7)]
A~ M-

:(r{‘g 2 g]—r[QD]—T(A))—i— r g % —r[g]—r(fl)

Combining these two equalities with Corollary 1.3 results in the equivalences in (a)
and (b). O

THEOREM 2.4. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then the following statements are equivalent:

(a) N(A™) e M{1,2}.

(b) The g-inverses A~ and S~ in N(A™) satisfy A~ € A{1,2}, S~ € S5{1,2}

and r(M) =r(A)+r(D—-CA™B).

Proof. Recall that X € A{1,2} if and only if X € A{1} and r(X) = r(A). Hence,
N(A™) € M{1,2} if and only if N(A™) € M{1} and r[N(A7)] = »(M). From
Theorem 2.2(a) and (b), N(A™) € M{1} is equivalent to

(2.5) r(M)=r(A)+r(D—-CA™B).
From Theorem 2.1, r[ N(A™)] = r(M) is equivalent to
(2.6) r(M)=r(A")+r[(D—-CA B)"].

Also note that (A7) > r(A) and r[(D—-CA B)~ | > r(D—CA™B). Hence, (2.5)
and (2.6) imply that r(A~) =r(A) and r[(D —CA B)~ | =r(D —CA~B). These
two rank equalities show that A~ € A{1,2} and S~ € S{1,2}. Thus (a) implies (b).
Conversely, the third equality in (b) implies N(A~) € M{1} by Theorem 2.2(a) and
(b). If A= € A{1,2} and S~ € S{1, 2}, then we see from Theorem 2.1 that

r[N(AT)] = r(A02D) 4+ 7(ST2) = r(A) 4 r(S) = r(M).

Thus N(A™) € M{1,2}. 0
THEOREM 2.5. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then there are A~ € A{1,2} and S~ € S{1,2} such that N(A~) € M{1,2} if and

only if
27) (M) <min {zr(A) + (D), (A)+ r[g} . (A +r[C, D]}
holds.
Proof. Tt follows from (1.20) that
(2.8) min (M~ = N(A™)] = max{r1, 72},

M-eM{1,2}
where

ri=r[M—-MN(A")M], ro=r(M)+r[N(A")]—r[N(A")M]—-r[MN(A7)].
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When A~ € A{1,2} and S~ € S{1,2},

r[M—MN(AT)M]| =r(M)—r(A) —r(S)
holds by (2.2). Tt is easy to verify that

(2.9) MN(A‘)[éi: P’ggf_][_éa_ 2}
(2.10) N(A)M[Ig _f};BHnggA fg:g}

When A~ € A{1,2} and S~ € S{1,2}, we can find by (2.1) and elementary block
matrix operations that

r[N(A7)]=r[MN(A7)] =r[N(A")M ]| =r(A) +r(9).
Hence,

(2.11) M7?&21,2}T[M7 —NAT)]=r(M)—-r(A)—r(D—-CA™B).

Substituting (1.13) into (2.11) gives

(2.12) M~ —N(A7)] =max{ry, ra, r3, 0},

min r
M-eM{1,2},A- € A{1,2}

where

ri = (M) = 20(4) = r(D), 2 = r(M) = r(4) = r[C, D], ry T<M>T<A>T[g}

Let the right-hand side of (2.12) be zero, we obtain (2.7). O
THEOREM 2.6. Let M be given in (1.1) and N(A™) in (1.5). Then

A*Py C’*Pg]

(2.13) min r[M~ —N(A7)]= T[B*PA D* Py

M-eM{1,3}

Hence the following statements are equivalent:
(a) N(A™) e M{1,3}.
(b) The g-inverses A~ and S~ in N(A™) satisfy A*P4, =0, C*Pg =0, B*P4 =0
and D*Pg = 0.
(c) Z(B) C Z(A), Z(C) C #(S) and the g-inverses A~ and S~ in N(A™)
satisfy A~ € A{1,3} and S~ € S{1,3}.
Proof. From (1.21)

min  r[M~ —N(A7)]=r[M"MN(A™) - M~"].
M-eM{1,3}

From (2.9)
M*MN(A™) = M* = =M*[Ln4; — MN(A7)]

« | PA+ PysBS—CA- —P,BS—

=M —PsCA~ Pg
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Also by elementary block matrix operations

Py + PyBS~CA~ —P4BS~
—PsCA~ Pg

B )

Thus we have (2.13). The equivalence of (a) and (b) is derived from (2.13). Note
A*Py =01is A*AA~ = A*. This is equivalent to A~ € A{1,3}, this is, AA~ = AAT.
In this case, B* P4 = 0is B* AA" = A* which is equivalent to Z(B) C %#(A). The two
equalities C*Ps = 0 and D*Ps = 0 imply that (D — CA~B)*Ps = S* — §*55~ =
0, which is equivalent to S~ € S{1,3}. In this case, C*Ps = 0 is equivalent to
Z(C) C #(S). Conversely, if (c) holds, then the first three equalities in (b) follow
immediately. Also note that Z[C, S] = Z[C, D] and that Z(C) C Z(S) implies
Z|C, S| =2%(S). Hence Z|C, D] = %#(S). This shows that Z(D) C %(S). Thus
D*Pg =0.0

THEOREM 2.7. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then there are A~ € A{1,3} and S~ € S{1,3} such that N(A~) € M{1,3} if and
only if

r[M*MN(A™) — M*] = 7“( {

(2.14)  #(B) C 2(A), %[giﬂm%[gi] — {0} and r[C, D] @B]

hold.
Proof. If A= € A{1,3} and S~ € A{1,3}, then AA13) = AA! and SS13) =
SST. In these cases,

ae[Pa O]\ _ [PaA PaB
" 0 Ps|)~"|PsC PsD
A 0 A B
:7’_0 g C D} —7r(S) (by (1.7))
_[4 0 0 B (s)
~"lo D c o
=7r[A, Bl 4+r[C, D] —r(A) —r(D - CALIB),

Substituting this into (2.13) results in

(2.15)M7£nﬂi4r%173}r[M_ —N(A7)]=r[A, B]+7r[C,D]—r(A) —r(D—-CA™B).

Substituting (1.14) into (2.15) gives

min r[M~™ —N(A7)] =max{r, 72},
A—€A{1,3}, M—eM{1,3}

where

A*A A*B

:r[A,B]—l—r[C,D]—T[ c D

}, ro = r[A, B] +7[C, D] - r(A) —r{g].
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Let the right-hand side be zero, we see that there are A~ € A{1,3} and S~ € S{1, 3}
such that N(A™) € M{1,3} if and only if

(A0 A, Blre D]ZT[ACA ADB} andr[A, B] +r[C, D] <7“(A)+r[g}
Note that
r[A,B]—l—r[C,D]>T(A)+T[C’D]>T[ACA ADB}

Hence, the first equality in (2.16) is equivalent to

A*A A*B

#(B) C #(A) and r[ o D

] =r[AA*, A*B]+r[C, D],

B

and the second inequality in (2.16) is equivalent to r[C, D] < T[D

} Thus (2.16) is

equivalent to (2.14). O
Similarly, the following two theorems can be derived from (1.22) and (1.15).
THEOREM 2.8. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then

: - v | QaAT QaCT
(2.17) M—g}\%,qr[M — N(A )]—T[QSB* QSD*].

Hence the following statements are equivalent:
(a) N(A7) e M{1,4}.
(b) The g-inverses A~ and S~ in N(A™) satisfy QaA* =0, QaC* =0, QsB* =
0 and QsD* = 0.
(c) Z(C*) C Z(A*), Z(B*) C Z(S*) and the g-inverses A~ and S~ in N(A™)
satisfy A~ € A{1,4} and S~ € S{1,4}.
THEOREM 2.9. Let M and N(A™) be as given in (1.1) and (1.5), respectively.
Then there are A~ € A{1,4} and S~ € S{1,4} such that N(A~) € M{1,4} if and
only if

R(C*) C B(A%), %[éii}m%[g] — {0} and r[g] <r[C, D]

hold.

Note that X = AT if and only if X € A{1,2}, X € A{1,3} and X € A{1,4}.
Hence the following result is derived from Theorems 2.4, 2.6 and 2.8.

THEOREM 2.10 ([1]). Let M and N(A™) be as given in (1.1) and (1.5). Then
the following statements are equivalent:

(a) N(A™) = MT.

(b) #(B) € #(A), #(C*) € #(A*), #(C) € &(S), #(B*) € #(S*) and the

g-inverses A~ and S~ in N(A™) satisfy A~ = AT and S~ = ST.
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3. The Generalized Schur complement in idempotent matrix. Consider
the square block matrix

(3.1) M[A B],

¢ D

where A € C™*™, B € C™*F C € C*™ and D € CF**. Then this matrix is
idempotent, namely, M? = M, if and only if

(32) A=A*4+BC, B=AB+BD, C=CA+DC, D=CB+ D>

From (3.2), we find that the square of the generalized Schur complement S = D —
C A~ B can be written as

(33) S*=D*-DCA"B—CA BD+CA BCA™B
=D-CB—-(C—-CA)A"B-CA (B—-AB)+CA (A—-A*)A™B
=S—-C(I,—A"A)(I,—AA")B+C(A~AA~ — A )B.

Hence,

(3.4) S?=S<C(I,,— A A)(I, —AA")B=C(A”AA~ — A" )B.

The right-hand side is a quadratic equation with respect to A~. Hence it is difficult
to show the existence of A~ satisfying this equation. Instead, we first consider the
existence of A~ satisfying

C(In— A A)(In,—AA")B=0 and C(A"AA~ — A~ )B =0.

Notice that if there is A~ satisfying C(I,, — A~ A)(I,, — AA~)B = 0, then the
product G = A~ AA™ satisfies

G e A{1,2} and C(I, — GA)(I, — AG)B = C(GAG — G)B = 0.

In such a case, D — CGB is idempotent by (3.4). In view of this, we only consider
the existence of A1) such that C(I,,, — AV A) (T, — AAL2)B = 0.
LEMMA 3.1. Let M in (3.1) be idempotent. Then:
(a) There is A2 such that (I, — AGD A) (I, — AAL2)B = 0 if and only
if

A%  AB A2
(3.5) 7”|:CA CB] <T[CA}+7'[A2,AB].
(b) C(I,, — AV A)(I,, — AAT2)B =0 holds for any A2 if and only if
X X A? AB
(3.6) Z(B) C#(A), or Z(C*)CZ%(A"), or [C’A C’B} =0.

Proof. Tt is well known that the general expression of A2 can be expressed as

AL — (AT 4+ FAV)A(AY + WEY),
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where E4 = I,,, — AAT and Fy = I,,, — AT A, the two matrices V and W are arbitrary;
see [4, 8, 12]. Correspondingly,
(3.7) C(I — AYD A) (I, — AAYD VB = (CFa — CFAVA)(EAB — AWEAB).

It is easy to see

B I, EuB — AWEAB
T[(CFA—CFAVA)(PAB—AWPAB)] =T |:CFA 7CFAVA 0 }—m,
where
I EAB—AWEAB| [ L. E.B] [A
B8 or, —crava 0 ] = [CFA 0 ] [o}w[o’ EaB]
0
[ v
Applying the following rank formula in [14]
A
(39) min ’I“(A - B1X,C; — BQXQCQ) =r|C; | + ’I“[A7 By, BQ] + max{ r1, T2 },
X11X2 02
where
4 Bl-fd B B)oa o
1 - - 1 )
Cy 0 Cy; 0 O C o]
& B)[A B B e
2 = - - 1
Ci 0 c; 0 0 C o]
to (3.8) and simplifying yield
min I, EsB - AWE.B
VW' | CFy - CFaV A 0

{ [A2 AB} [AQ
=maxym, m-+rnr -r

2
CA CB CA] —rl4 ’AB]}'

Hence

min r[C(Ly, — A A)(I, — AA")B]
A(1,2

A% AB A? 2
zmaLx{O7 7“|:CA CB}_T[C’A}_T[A’AB]}'

Letting the right-side be zero yields (a). Applying the following rank formula in [14]
max T(A — B1X101 — BQXQCQ )

X1, X2

A
o A B A B
=min r| Cy |, r[A, By, Ba], 7“[02 0}, T[C’l 0]

Cs
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to (3.8) and simplifying yield

maxr
V, W

m+min{r[é}r(ﬁl), r[ A, B] = r(A), 'r[éljl gg]}.

L, Es B - AWE.B
CF4—CFyVA 0

Hence,

ma r{ Oy, — A A)(L, — 4402)B]
A,

4] o [ 2}

Letting the right-side be zero leads to (b). O

Applying Theorem 3.1 to (3.4) gives us the following result.
THEOREM 3.2. Let M in (3.1) be idempotent. Then:
(a) There is A®2) such that the generalized Schur complement D — CAM2) B s

idempotent if and only if (3.5) holds.

(b) The generalized Schur complement D —CAM2) B is idempotent for any AM?)

if and only if (3.6) holds.
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