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ANALYTIC ROOTS OF INVERTIBLE MATRIX FUNCTIONS*

LEIBA RODMANT AND ILYA M. SPITKOVSKY'

Abstract. Various conditions are developed that guarantee existence of analytic roots of a given
analytic matrix function with invertible values defined on a simply connected domain.
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1. Introduction. Let G be a simply connected domain in the complex plain
C, or an open interval of the real line. By an analytic, resp., a meromorphic, matrix
function in G we mean a matrix whose entries are (scalar) analytic, resp., meromorphic
functions in G. Unless specified otherwise, G will denote a fixed simply connected
domain, or a fixed real interval.

Let A(z), z € G be an n x n matrix function analytic and invertible in G. In
this paper we study analytic mth roots of A, that is, matrix functions B which are
analytic in G and satisfy the equation B(z)™ = A(z) for all z € G. Here m > 2 is
positive integer. Of course, it is a well known fact from complex analysis that for
n = 1 there are exactly m analytic mth root functions.

However, in the matrix case not much is known. See, for example, [2]. This is
somewhat surprising, especially because the problem is a natural one.

To start with, consider an example.

ExXAMPLE 1.1. Let G be a simply connected domain such that —1,0 € G and
—% ¢ (. Consider the analytic matrix function

A(z):[( 0)2 ;] Led.

Clearly A(z) is invertible on G. An easy algebraic computation shows that there are
only four meromorphic (in G) functions B(z) such that B(z)? = A(z), given by the
formula

(1.1)

B(z) = l 0(z+3) (u(z+3)+30)" 1 . z€G,

0 %52

where 6; and J; are independent signs +1. None of the four functions B(z) is analytic
in G. ]

One can use functional calculus to compute square roots of an analytic invertible
n x n matrix function A(z), as follows. Fix zg € G. For z € G sufliciently close to zy,
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use the formula

B(z) = = /F(AI — A(2))" Y)Y ™A, (1.2)

21

where I is a simple closed rectifiable contour such that all eigenvalues of A(zg) are
inside I', the origin is outside of I', and (/\)1/ ™ is an analytic branch of the mth
root function. Clearly, B(z)™ = A(z). Formula (1.2) shows that locally, i.e., in a
neighborhood of every given zg € G, an analytic mth root of A(z) always exists.

In the next section we treat the case of 2 x 2 analytic matrix functions and their
analytic roots, using a direct approach. The general case of n X n matrix functions
requires some preliminary results which are presented in Sections 3 and 4. Our main
results are stated and proved in Section 5. Finally, in the last Section 6 we collect
several corollaries concerning analytic roots of analytic matrix functions.

2. 2 X 2 matrix functions. We start with triangular 2 x 2 matrix functions.
We say that the zeroes of a (scalar) analytic function a(z), z € G, are majorized by
the zeroes of an analytic function b(z), z € G, if every zero zg of a(z) is also a zero of
b(z), and the multiplicity of zp as a zero of a(z) does not exceed the multiplicity of
zo as a zero of b(z), or in other words, if the quotient b(z)/a(z) is analytic in G.
THEOREM 2.1. A 2 x 2 analytic triangular matriz function

Az) = {““0(2) 228] €@ (2.1)

with diagonal entries non-zero everywhere in G admits an analytic square root if and
only if at least one of the functions \/ai1 + \/as2 and (/a1 — \/az has its zeroes in
G majorized by the zeroes of aja.

Here by /a11 and /az2 we understand either of the two branches of the analytic
square root scalar function; the statement of the theorem does not depend on this
choice.

Proof. The case when a5 is identically equal to zero is trivial: the condition on
the majorization of zeroes holds automatically, and the square roots of A are delivered
by the formula

(this exhausts all the possibilities if the diagonal entries of A are not identical, and
many more analytic square roots exist otherwise). So, it remains to consider the case
of a12 not equal zero identically.

If B(z) = [bi;]7 j— is the analytic square root of A(z) in G, then, in particular,

(b11 + b22)b12 = a2 and (b11 + b22)b21 =0. (22)

Since a2 is not identically zero in G, neither is b1 + boo. From the analyticity of
functions involved it follows from the second equation in (2.2) that bo; is identically



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 13, pp. 187-196, August 2005
www.math.technion.ac.il/iic/ela

Analytic Roots of Invertible Matrix Functions 189

zero. In other words, the analytic quadratic roots of the triangular matrix under
consideration are triangular as well.
But an upper triangular B is a square root of A if and only if

2 2
biy = a1, byy = ag,

and the first equation of (2.2) holds. The analytic square root of A therefore exists if
and only if at least one of the equations

bia(va1 + vaz2) = as

and

bia(va11 — va2) = a2

has an analytic in G solution byo. This, in turn, is equivalent to the condition on
the zeroes of the functions ai» and /a1 & /a2 mentioned in the statement of the
theorem. O

COROLLARY 2.2. Let A(z) be a 2 x 2 analytic matriz function on G. Assume
that the eigenvalues M\ (2), A2(2) of A(2), for every z € G, can be enumerated so that
A1 (z) and A2(2) become analytic functions on G. If for at least one branch of the
square Toot function we have

tr(A(z)) 4+ 2+/det (A(2)) #0

for every z € G, then there exists an analytic square root of A(z).
For the proof use Theorem 2.1 and 4.1 (to be proved in a later section); the latter
theorem allows us to assume that A(z) is upper triangular.

3. Algebraic preliminaries.
THEOREM 3.1. Let F' be a field, and let A = [a; ;]
matriz over the field. Assume that

n .
ij=1 be an nxn upper triangular

rank(A— M) >n—1 vV MePF. (3.1)

Then every n X n matric X over F' such that X™ = A for some positive integer m
must be upper triangular.

Proof. Passing to the algebraic closure of F, we may assume that F' is alge-
braically closed. Let X be such that X = A. By the spectral mapping theorem
(which is easily seen using the Jordan form of X)

{A™  Aeo(X)}=0(A).

In particular, there exists Ao € o(X) such that A\j* = a11. If z is a corresponding
eigenvector of X, then

Az = X"z = A\j'z = a1 12.

Thus, x is an eigenvector of A corresponding to the eigenvalue a;,;. But the condition
(3.1) implies that A is nonderogatory: Only one eigenvector (up to a nonzero scalar
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multiple) for every eigenvalue. So z is a scalar multiple of [1 0 ... 0]7, and therefore
the first column of X (except possibly for the top entry) consists of zeroes. Now use
induction on n to complete the proof. ]

The same result holds for any polynomial equation

i Cij = A,
j=1

rather than X™ = A.

Theorem 3.1 says nothing about existence of mth roots X of A. A necessary
condition (under the hypotheses of Theorem 3.1) is obviously that mth roots of the
diagonal elements of A exist in F'. From now on we assume that F' has characteristic
zero (or more precisely that the characteristic of F' does not divide m). It turns out
that under this assumption, the necessary condition for existence of the mth roots of
invertible nonderogatory matrices is also sufficient.

We proceed by induction on the size n of matrices. Let X = [xiyj]?,jzl beannxn
upper triangular matrix: xz; ; = 0 if ¢ > j. Then (using induction on m for example)
one verifies that the (1,7n) entry of X™ has the form

m—1
m _ § : J m—1—j
[X ]17" - xl,lxn,n L1,n
Jj=0
+ Pm7n($171, Il,g, e ,l‘l,n_l,xgg, e ,.Z'gm, e l‘n,n);
where
Pmm = m,n(xl,h $172, e ,.1'17"_1, $272, e ,.1'277“ e l‘n,n)

is a certain homogeneous polynomial of degree m with integer coefficients of the
(n? +n —2)/2 variables z; j, 1 <i < j <mn, (i,7) # (1,n). For example,

P3,3 = (I1,1I1,2 + 301,2302,2)302,3 + 21,272,373 3.

THEOREM 3.2. Let A = [ai,j];szl, a;; € F, be an upper triangular invertible
matriz, and assume that there exist mth roots x/aj; € F, for j =1,2,...,n. Then
there exist at least m distinct mth roots of A with entries in F'.

Proof. Select z/aj; so that

Qi = ajj = R/ = X/aj;. (3.2)

Construct the elements of the upper triangular n x n matrix X = [b; ;],_; such that
X™ = A by induction on j —i. For the base of induction, let

bi,i = Y/ Qi 7é 0, 1= 1, 2, ooy n. (33)
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If b;; with j —4 < k are already constructed, we let by py1,b2 5+2,...,bn—kn be
defined by the equalities

m—1
L
Wkt1 = Z Olabkieds | brke
i=0
+ Prkt1(b1,1,01,2, -+ b1k 0225 oo b2 kg1 - D1 k1), (3.4)

and so on, the last equality being

m—1
— § : J —1—j
An—k,n = bn—k,n—kbztn ! bn—r,n
i=0
+Pm,k+1(bn7k,nfk; bnfk,nkarl; B 7bn7k,n71; bn7k+1,nfk+17 R bnkarl,n; B bn,n)

Condition (3.2) guarantees that

3

WopTT L0, d5=1,...,n,

4,175,]

Il
o

J

and therefore equalities (3.4)—(3.5) can be uniquely solved for by g41, ..., bp—kn. The
proof is completed. O

COROLLARY 3.3. Let A = [a; ]} ;_1, aij € F, be an upper triangular invertible
matriz. Assume that there exist mth roots x/aj; € F', for j =1,2,...,n. Assume
furthermore that the condition (3.1) is satisfied. Then there exist not more than m"
distinct mth roots of A with entries in F'.

For the proof combine Theorem 3.1 and (the proof of) Theorem 3.2.

4. Analytic preliminaries. It is well-known that eigenvalues of an analytic
matrix function need not be analytic. More precisely, there need not exist an enu-
meration of the eigenvalues at each point that yields analytic functions on the whole
domain, or even locally.

Under some additional hypotheses, the analyticity of eigenvalues can be guaran-
teed. For example, the well-known Rellich’s theorem [6], [7], also [4, Chapter S6]),
asserts that if G is a real interval and A(z), z € G, is a Hermitian valued analytic
matrix function, then the eigenvalues of A(z) are analytic. Results on triangulariza-
tion of analytic matrix functions under certain additional conditions, see for example
[3], also yield as a by-product analyticity of eigenvalues.

We formulate a general result on analyticity of eigenvalues. The result may be
known, but we did not find a comparable statement in the literature. The simple
connectedness of G is not needed here.

THEOREM 4.1. Let G be a domain in C, or an interval in R. Let A(z) be an
analytic n X n matriz function on G. The following statements are equivalent:
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(a) The eigenvalues M\1(z), ..., A (2) of A(z) can be enumerated so that, for every
z € G, M(2),..., n(2) are analytic functions of z € G.
(b) There exists an invertible analytic matriz function S(z) such that
S(2)"YA(2)S(z) is upper triangular for every z € G.
Proof. The implication (b) = (a) is obvious. Assume (a) holds. Let A;(z)
be an analytic eigenvalue of A(z). Consider the analytic matrix function B(z) :=
At this point we use the property (proved in [9]) that the ring A (G) of analytic
functions on G is a Smith domain. Recall that a Smith domain is a commutative
unital ring R without divisors of zero such that every matrix X with entries in R can
be transformed via X — EXF', where E and F' are invertible matrices over R, to
a diagonal form diag(x1,...,zp) (possibly bordered by zero rows and/or columns),
with z1,...,2, € R\ {0} such that z; is divisible by z;11 in R, for j =1,2,...,p—1.
Therefore we have a representation of B(z) in the form

B(z) = E(z)(diag(w, .., 7)) F(2),

where E(z) and F(z) are invertible analytic (in G) m x n matrix functions, and

Z1,..., 2, are analytic scalar functions. Since det B(z) = 0 for all z € G, we must
have that at least one of the functions zi,...,x, is identically zero. Say, z; = 0.
Then

F(2)A(2)F(2)" ! =

_ A1(2) *

1 I

FOBEFG ™ +nr= | M ]

where Aq(z) is an (n —1) x (n— 1) analytic matrix function. It is easy to see that the
statement (a) holds for A;(z) (since it holds for A(z)). Now we complete the proof
by using induction on n, and by applying the induction hypothesis to A;(z). O

A sufficient condition for analyticity of eigenvalues is that the eigenvalues are
contained in a simple differentiable curve, such as the real line (if for example the
matrix function is Hermitian valued) or the unit circle (if for example the matrix
function is unitary valued). We quote a statement from [8] (Theorem 3.3 there).

PROPOSITION 4.2. Let A(z) be an m X n matriz function, analytic on a real
interval G. If for every z € G, the eigenvalues A1(z), ..., A\n(2) of A(z) belong to a
fized differentiable curve, then A\1(2), ..., An(2) can be enumerated so that they become
analytic functions of z € G.

5. Main results. We state the main results of the paper.
THEOREM 5.1. Let G be a domain in C, and let A(z), z € G, be an invertible
analytic matriz function. Assume that the eigenvalues of A(z) can be enumerated so
that they form analytic functions in G. Fiz an integer m > 2. Then:
(a) There exist at least m distinct meromorphic n X n matriz functions B;(z),
j=1,2,...,m, such that B;j(2)™ = A(z).

(b) If in addition, for every analytic function A(z) at least one of the (n — 1) x
(n — 1) subdeterminants of A(z) — A(2)I is not identically zero, then there
exist at most m" distinct matriz functions B;(z) as in (a).
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Proof. Applying Theorem 4.1 if necessary, we may reduce the general case
to that of a triangular matrix function A. Letting the field of scalar meromorphic
functions play the role of F', we then derive part (a) from Theorem 3.2. Now observe
that for matrix functions A as in (b) condition (3.1) holds. Indeed, suppose that A
is a meromorphic on G function for which A(z) — A(z)I has rank smaller than n — 1
everywhere on G. Then all the (n — 1) x (n — 1) subdeterminants of A(z) — A(z)]
vanish on G, and A(z) (as an eigenvalue of A(z)) must be bounded together with A
(and therefore analytic) on all domains lying strictly inside G. Thus, A is analytic on
G, which is not allowed by (b). It remains to invoke Corollary 3.3. O

The hypothesis in (b) is satisfied, for example, if A(z) is a lower Hessenberg
matrix with no identically zero elements on the superdiagonal.

We now turn our attention to analytic mth roots. First of all note that for
every invertible n x n analytic matrix function the existence of an mth analytic root
in neighborhood of every point zp € G is guaranteed (cf. Example 1.1). For the
existence of analytic (in G) mth roots, it is clear from Theorem 5.1 that, assuming
analyticity of eigenvalues, a sufficient condition would involve majorization relations
between zeroes of certain analytic functions. In general, these relations are not very
transparent; they are implicitly given in the proof of Theorem 3.2. We provide a full
description of these relations for 2 x 2 matrix functions, and an inductive construction
for the general n x n case.

THEOREM 5.2. Let A(z) = [a;;(2)]};21, aij(2) = 0 if i > j, be an upper
triangular invertible matriz function, analytic in G. Define inductively the analytic
functions b; ;(z), 1 <i < j <n, by the properties (3.2) — (3.4), under the assumptions
that the zeroes of

m—1
] m—1—j
bzl,qqurk,quk
j=0
are majorized by the zeroes of
Aq,q+k — Pm,kJrl(bq,qa bq,qula ceey bq,qukfla bq+1,q+17 sy bq+1,q+ka cee qurk,quk)a

forq=1,2,...,n—k, and fork =1,2,...,n—1. Then the matriz B(z) := [b; ;(2)]
where b; j(z) =0 if i > j, is an analytic mth root of A(z).

In particular:

COROLLARY 5.3. Let A(z) = [a;;(2)]} =1, aij(2) = 0 if i > j, be an upper
triangular invertible matriz function, analytic in G. If the analytic mth roots b; ;(z) =
Va; (2), (j=1,2,...,n) can be chosen so that

@i = ajj; = R/ = R/aj; (5.1)

n
1,j=17

and

m—1
Dbl ()b TU2) £0 forallze G, 1<i<j<mn, (5.2)

q=
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then A(z) has an analytic mth root.
For the proof, simply observe that (5.2) guarantees that the majorization of zeroes
as required in Theorem 5.2 is satisfied trivially.

For 2 x 2 matrices, the result of Theorem 5.2 simplifies considerably, and yields
the following generalization of Theorem 2.1:
THEOREM 5.4. Let

R e st | R (5.3)

be an analytic 2 x 2 upper triangular matriz function with diagonal entries non-zero
everywhere in G. Then A(z) has an analytic mth root if and only if at least one of
the m? functions

3

(war) (waz)™ 7,

Il
o

J

where any of the m values of the mth root may be chosen independently for =/aii
and for z/az 2, has its zeroes in G magjorized by the zeroes of a1 2.

6. Deductions from the main theorems. We collect in this section several
results that can be proved using the main theorems of Section 5.

THEOREM 6.1. Let A(z), z € G, be an invertible analytic n X n matriz, and
assume that the number r of distinct eigenvalues of the matriz A(z) is independent of
z € G. Then A(z) has at least m” distinct analytic mth roots.

Proof. Since the number of distinct eigenvalues is constant, the eigenvalues may
be enumerated so that they become analytic functions (indeed, at a branch point
several generally distinct eigenvalues must coalesce). By Theorem 4.1 we may assume
that A(z) is upper triangular: A(2) = [a;;(2)]}';=;, where a;;(2) = 0 if i > j.
Moreover, the proof of Theorem 4.1 shows that the diagonal elements a; ; (actually,
the eigenvalues of A(z)) may be arranged in clusters:

al,l(z) = a272(2) = = Qky Ky (Z), ey

Ay 41k 1 +1(2) = Ay 42k, 4 12(2) = = g, k,(2).

Here ky < kp < --- <k, = n, and ay, x;(2) # a, .k, (2) for j # p and for all z € G.

Next, we use the well-known property that a linear transformation of a rectangular
matrix X defined by X — QX — X R, is invertible provided the square size matrices
@ and R have no eigenvalues in common. We apply a suitable transformation of the
form

A(z) — S(2) T A(2)S(2), (6.1)
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where
Ty xk, S1.2(2) Sis(z) - S1.r(2)
0 Ty k) x (ko —kr)  S2,3(2) -+ Sa,.r(2)
0 0 0 o Ak )X (B =k 1)

with a (k; — kj—1) x (kq — kq—1) analytic matrix function S;4(2) (1 < j < g < 7).
(We formally put ko = 0.) A transformation (6.1) can be chosen in such a way that
the resulting analytic matrix function

B(z) := S(2) tA(2)S(2)
is block diagonal:
B(z) = diag(B1(z), Ba(2), ..., Br(2)),

where Bj(z) is a (kj — kj—1) x (k; — k;j—1) analytic upper triangular matrix function
with ag; ,41(2),...,ax;(2) on the main diagonal. Since the functions on the main
diagonal of B;(z) are identical, Corollary 5.3 is applicable, and the result follows. [J

It is well-known that if A(z) is an analytic invertible matrix function on a real
interval G, then A(z) has an analytic polar decomposition and an analytic singular
value decomposition (see, for example, [1], [5]). Both properties follow easily from the
fact (which can be deduced from Rellich’s theorem, [6], [7]) that the positive definite
analytic matrix function A(z)*A(z) has a positive definite analytic square root. Using
Theorem 5.2, a more general statement can be obtained:

THEOREM 6.2. Let A(z) be n x n analytic invertible matriz function on a real
interval G. If the eigenvalues of A(z) are positive for every z € G, then A(z) has
analytic mth roots for every positive integer m.

Proof. By Proposition 4.2, the eigenvalues of A(z) can be chosen analytic. By
Theorem 4.1, we may assume that A(z) is upper triangular. Taking positive mth
roots of the diagonal entries of A(z), we see that the hypotheses of Corollary 5.3 are
satisfied. An application of Corollary 5.3 completes the proof. g
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