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NORM ESTIMATES FOR FUNCTIONS OF TWO COMMUTING
MATRICES*

MICHAEL GIL'f

Abstract. Matrix valued analytic functions of two commuting matrices are considered. A
precise norm estimate is established. As a particular case, the matrix valued functions of two
matrices on tensor products of Euclidean spaces are explored.
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1. Introduction and statement of the main result. In the book [4], I.M.
Gel’fand and G.E. Shilov have established an estimate for the norm of a regular
matrix-valued function in connection with their investigations of partial differential
equations. However that estimate is not sharp, it is not attained for any matrix. The
problem of obtaining a precise estimate for the norm of a matrix-valued function has
been repeatedly discussed in the literature. In the paper [5] (see also [7]) the author
has derived a precise estimate for a regular matrix-valued function. It is attained in
the case of normal matrices. In the present paper we generalize the main result of
the paper [5] to functions of two commuting matrices. Besides, the main result of the
present paper-Theorem 1.1 is improved in the case of matrices on tensor products of
Euclidean spaces.

It should be noted that functions of commuting operators were investigated by
many mathematicians, cf. [1, 10, 12] and references therein however the norm esti-
mates were not considered, but as it is well-known, matrix valued functions are Green’s
functions and characteristic functions of various differential and difference equations.
This fact allow us to investigate stability, well-posedness and perturbations of these
equations by norm estimates for matrix valued functions, cf. [2, 3, 6].

Let C™ be a Euclidean space with a scalar product (-, -), the unit matrix I and the
Euclidean norm || - || = (-,-)*/2; M(C™) denotes the set of all linear operators in C™.
Fora A € M(C"™), ||A]| is the operator norm; N(A) is the Frobenius (Hilbert-Schmidt)
norm: N?(A) = Trace (AA*); A* is the operator adjoint to 4, \;(4), j =1,...,n
are the eigenvalues counting with their multiplicities, o(A) is the spectrum.

Everywhere below A and B are commuting matrices. Let Q4 and Qp be open
simple connected sets containing o(A) and o(B), respectively. Let f be a scalar
function analytic on 24 x Qp. Introduce the operator valued function

(1.1) f(A,B) := 741?/L g f(z,w)R,(A)Ry(B)dw dz,
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where Ly C Qu,Lp C Qp are closed contour surrounding o(A) and o(B), respec-
tively. Note that if the series

o0
flz,w) = Z cipw”
Ji,k=0

converges for |z| < rg(A), |w| < rs(w), where r4(A) denotes the spectral radius of A,
then (1.1) holds.
The following quantity plays a key role in the sequel

g(A) = (N?(A) = Y ()2
k=1

Since

n
Z M (A)]2 > |Trace A%|, we have g>(A) < N2(A) — [Trace A?|.
k=1

If A is a normal matrix, i.e. if AA* = A*A, then g(A) = 0. Also the inequality
1
(12) ¢*(4) < INAA" - )

is valid, cf. [7, Section 2.1]. Introduce the numbers

1 (n—1)!
= — fi =1,....n—1; =1.
1Tk k!\/(nk1)!(n1)k ork=1,...n=1m

It is simple to check that

1
(k)
Denote by co(A), co(B) the closed convex hulls of 0(A) and o(B), respectively. Put
O f (2, w)

0ziowk
Now we are in a position to formulate the main result of the paper.

THEOREM 1.1. Let A and B be commuting n X n-matrices and f(z,w) be reqular
on a neighborhood of co(A) x co(B). Then

(1.3) i <

(k=1,..,n—1).

FOR (2, w) =

j+k<n—1
IFAB < > nimg(Ag"B)  swp  [fIP(zw)].
§,k=0 z€co(A),weco(B)

The proof of this theorem is divided into a series of lemmas which are presented in
the next section. If both A and B are normal operators, and

sup [flzw)= sup  [f(zw)],
z€co(A),wEco(B) z€o(A),weo(B)
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then Theorem 1.1 gives us the exact relation

1f(AB)l=  swp  [|f(z,w)]
z€o(A),weo(B)

Taking into account (1.3), we get
COROLLARY 1.2. Under the hypothesis of Theorem 1.1, the estimate

JrhSn—1 oy

g’ (A)g"(B) (j.k)
f(A,B)| < T 2 sup f9 (2, w)
” ( )H j,%::o (]'k')S/Q zEco(A),cho(B)| ( |

s true.
Let A be a normal matrix. Then g(A) = 0. Now Corollary 1.2 implies

k k(s w
[£(A, B)|| < Z g (B) sup |M|

0<k<n-—1 (K172 -eco(a)weco(n)  Ow"

Let us evaluate the error of Theorem 1.1 in the case of non-normal matrices.
Certainly, we can obtain the exact value of the norm of a function of two matrices in
very simple cases only. Consider the 2 x 2-matrices

A:(g 123).

and B = 2A with a > 0. Construct a function of two variables by setting (z,y) —
f(xz +y). Direct calculations show that

[(A+B) = ( (3a) {”f’((;s)) ) .

Assume that f(3a) = 0. Then ||f(A+ B)|| = |f'(3a)|. At the same time, Theorem
1.1 gives us the relations,

IF(A+ Bl < [f(a)l + 11" (3a)l(9(A) + 9(B)) = | f'(3a)l,

since g(A) =1/3, g(B) = 2/3. Thus in the considered case Theorem 1.1 gives us the
exact result.
ExaMpLE 1.3. Consider the polynomial

myi Mz

:E E cylz”wl

v=01=0
with complex, in general, coefficients. Then

P k)(z w) Z Z cav(v—1)..(v—3+1)2" .1 - k+ Dw'*
=0 =0
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Now Theorem 1.1 implies
Jtk<n—1 mi1—jma—k V'l'|c I _
IPABIS 3 e @) 3 Y @)
4,k=0 v=0 I= J

Recall that (., ) denotes the spectral radius. If both A and B are normal operators,
then

mi1 Mo

IP(A B < 32> lewlry (A)ri(B).
v=0 [=0

ExXAMPLE 1.4. Consider the function
f(z,w) = cos (xz +yw) (y,z > 0).
Note that the function U(z,y) = cos(zA 4+ yB) is a solution of the equation
0*U(z,y)/02* + 0°U(x,y)/0y* + (A% + B>)U(z,y) = 0.
In the considered case

|fOR) (2, w)| = 27y*|cos (xz + yw)| (j + k is even ),

|f(j7k)(z7w)| = xjyk|3in (xz + yw)| (] + k is odd )

For simplicity assume that the spectra of both A and B are real. Then thanks to
Theorem 1.1,

J+k<n—1
U@l < > nimg (A)g"(B)aly* (x,y >0).
5. k=0

2. Proof of Theorem 1.1. The following lemma is needed.
LEMMA 2.1. Let Q) and 2 be the closed convex hulls of complex, in general, points

(2.1) T, L1y .ees Ty
and
(22) Yo, Y1y -5 Ym,

respectively, and let a scalar-valued function f(z,w) be regular on D x D, where D
and D are neighborhoods of Q0 and 0, respectively. In addition, let L C D,L C D be
Jordan closed contours surrounding the points in (2.1) and (2.2), respectwely. Then
with the notation

Y(a o B / f(z,w)dz dw
0y +eeybmy yO;-..ym - 47T2 N Z_Jfo Z_xn)(w_yo)(w_ym)’
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we have

1
Y (@0, s i 90 tm)| < <7 sup[fO (2, 0)]
niml o wen

Proof. First, let all the points be distinct: x; # xx, y; # yr for j # k. Let a
function h of one variable be regular on D and [zg, 21, ..., z,]h be a divided difference
of function A at points xg, 1, ..., . Then

(2.3) [0, %1, ...y Tp]h ! /L(A hA)dA

" 2mi —z0) (A — )

(see [4, formula (54)]). Thus

1 / (20, oo, 2] £ (., w)dw

Y S o = — :
(x07 Tn; Yo, ,ym) 27T i (wfyo)(w—yn)

Now apply (2.3) to [zo,...xn]f(-,w). Then

Y (20, o Tn; You s Ym) = [0y -Zn] [Y0, - Um] f (s 2) = [To, - Zn] ([Yo, - Um] ().

The following estimate is well-known [11, p. 6 ]:

%0, ---n] Yo, - Yml () < sup  [F™(z,w)].
ZzEQWEN

It proves the required result if all the points are distinct. If some points coincide,
then the claimed inequality can be obtained by small perturbations and the previous
arguments. [0

Furthermore, since A and B commute they have the same orthogonal normal
basis of the triangular representation (Schur’s basis) {ex}. We can write

(2.4) A=Da+Va,B=Dp+Vp,

where D 4, Dp are the diagonal parts, V4 and Vg are the nilpotent parts of A and B,
respectively. Furthermore, let |[V4| be the operator whose matrix elements in {ej} are
the absolute values of the matrix elements of the nilpotent part V4 of A with respect
to this basis. That is,

n k—1

Val = > " lail (- en)es,

k=1 j=1

where aj; = (Aey, e;). Similarly |Vg| is defined.
LEMMA 2.2. Under the hypothesis of Theorem 1.1 the estimate

jHk<n—1

. Val? [Vg|*
lFAaBl< 3 sup [0 (5, ) LVAL VBT
5.k=0 z€co(A),weco(B) ]k
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is true, where V4 and Vp are the nilpotent part of A and B, respectively.
Proof. It is not hard to see that the representation (2.4) implies the equality

(A=IN) "t =(Da+Va— M)t = (I+ Rx(Da)Va) 'RA(D,)

for all regular A. According to Lemma 1.7.1 from [7] Rx(D4)V4 is a nilpotent operator
because V' and Rx(D.) the same invariant subspaces. Hence, (Rx(D4)Va)™ = 0.

Therefore,
R.(A) = S(RZ(DA)VA)k(*l)kRz(DA)
k=0
Similarly,
Ru(B) = :z:é(Ru(DB)VB)k(—l) R.(Dp)
So from (1.1) it follows
(2.5) f(A,B) = ”2*21 Cik

7,k=0

where
(1)t 4 :
O = T / F(2,0) (B2 (D)) Ra(D a) (Ru(D)Vis)* Ruo(Dip)dz .
Lp JLa

Since D4 is a diagonal matrix with respect to the Schur basis {e;} and its diagonal
entries are the eigenvalues of A, then

where Qr = (., eg)ex. Similarly,

R.(Dp) = Zm

Jj=1

Taking into account that QsVaQm =0, QsVsQy =0 (s > m), we get

Cyr, = > Qs VaQs,Va -+

1<s1<s82<...<sjp1<mi<maz<...<mpy1<n

VAQSJ+1Qm1VBQm2VB . .VBka+1J(Sl, . ,sj+1,m1, . ,mk+1),
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where
J(S150 0058541, M1, 0 Mpy1) =

(_1>k+j/ / f(z,w)dz dw
Ar? Jp, oy (A (A) —2) - (A1 (A) = 2) Ay (B) —w) -+ (Mg, (B) —w)

Lemma 2.5.1 from [7] gives us the estimate

Call < J(81,....8; Val? [Vgl*F .
| JkH_1§Sl<___<sj+1rgg§<m<mk“<n| (51,5 8j1,ma, - ompp1)[|| [Val? [VB|™ ||

Due to Lemma 2.1,

G9) (20
[ (51,5 85101, M1,y mpgr)| < sup w
z€co(A),weco(B) Jk

This inequality and (2.5) imply the required result. O
Proof of Theorem 1.1: Theorem 2.5.1 from [7] implies

(2.6) IVF I < mek!N®(V)

for any nilpotent matrix V' € M(C™). Take into account that N(|V4|) = N(Vy4).
Moreover, thanks to Lemma 2.3.2 from [7], N(V4) = g(A). Thus

(2.7) [ Val® || < klieg™(A) (k= 1,...,n = 1).

The similar inequality holds for Vz. Now the previous lemma yields the required
result. O

3. Functions of matrices on tensor products. Let Fy = C™, Ey, = C™2, be
the Euclidean spaces of the dimensions n; and ne, with the scalar products < .,. >
and < .,. >, respectively, and the norms ||.|; = /< .,. >/ (I = 1,2). Let H = E1®FE>
be the tensor product of Fy and Es with the scalar product defined by

<Y@h,y1 ®hy >g=<y,y1 >1 < h,h1 >2 (y,y1 € E1; h,hy € E»)

and the cross norm ||.||g = /< .,. >, cf. [9]. In addition, I = Iy and I; mean the
unit operators in H and Ej, respectively. So H = C™ with n = nins.

Recall that M (FE) is the set of all linear operators in a space E. In this section it
is assumed that A € M(Ey) and B € M (Es).

Again let Q4 and Qp be open simple connected sets containing o(A) and o(B),
respectively. Let f be a scalar function analytic on Q4 x Qp. Introduce the operator
valued function

(3.1) faB) == [ [ R e kB i
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where Ly C Qu,Lp C Qp are closed contour surrounding o(A) and o(B), respec-
tively. If the series

flz,w) = i i cjkzjwk

k=0 j=0

converges for |z| < r5(A), |lw| < rg(B), where r4(A) is the spectral radius of A, then
(3.1) holds. Besides,

oo oo

flz,w) = ZchkAj ® B*.

k=0 j=0

THEOREM 3.1. Let A € M(Ey) and B € M(E3) and f(z,w) be regular on a
neighborhood of co(A) x co(B). Then

nlfl n271

IFAB)la < D > njmwg’ (A)g"(B) sup |FUR) (2, w)].

j=0 k=0 z€co(A),wEco(B)

Proof. Put A=A® L, B=1 ® B,. Now Lemma 2.2 implies

J+k<n—1 _ .

. V”‘j ‘/'~ I

IF(AB)r< > sup |f<3,k>(z,w)|w
j k=0 #€co(A),weco(B) 41k

where V;, V5 are the nilpotent parts of A and B, respectively. But
V:{l =Vt @I, =0.

Similarly, ng = 0. Thus,

1/ (A B)l[m < ii sup |f(j’k)(z ’LU)||| |VA|jH1 I |VB|k||2
7 B k=0 j=0 z€co(A),wEco(B) ’ j'k'

Now the required result follows from (2.7). O
Taking into account (1.3), we get
COROLLARY 3.2. Under the hypothesis of Theorem 3.1, the estimate
LS U (A)gk(B) (,k)
(A, B)|lm < Z Z TR sup |f) (2, w)

k=0 j=0 z€co(A),wEco(B)

s true.
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