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FOCAL POWER"*

ROBERT E. HARTWIGT AND JOHN MAROULAS#

Abstract. The properties of a 2 x 2 block matrix M over a field for which (M*)1; = (M)¥,
are examined. This “fire-wall” property will be characterized by the vanishing of the sequence of
moments F; = CD*B.
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1. Background material. Let M = { g g } be a square matrix over a field
. . k Ak Ck

F, with square diagonal blocks. Suppose further that M" = 5. D. | Then the
k k

recurrence relation for the block can be obtained from

Apy1 Cryr k A C A Gy
= M1 = MM* = = MFM
{ Bry1 Diga B D Br Dy ’
which gives
(i) Ak—i—l =AAL +CB, = A A+ CyB (AO = I)
(1 1) (ii) Bry1 =BAp,+ DBy = ByA+ DiB (Bo = 0)
’ (iii) Ciy1 = AC, +CD, = A.C+CyD (C() = 0)
(iV) Diyr = BCy + DD, = BiC+ DiD (DO = I)

We call M “focused on the (1,1) position” or (1,1)-focused, if (M*)1; = (M)¥, for
all k£ = 1,2,... Examples of this are block triangular matrices. In this note we
shall be characterizing this property. Our first observation is that if we think of a
matrix as a relation, then matrix multiplication corresponds to the composition of
relations. This is best addressed by using the digraph associated with M that has
weights m,; attached to the arc (edge) (v;,v;) from node v; to node v;. We may
loosely speaking, think of m;; as the “flow of information” from v; to v;. The entry
(Mk)ij is represented by the sum of all k-step path products from v; to v; and as
such represents the total flow of information from v; to node v;. When we partition

A

our matrix M as B g ] then we partition the nodes accordingly into two classes

Vi = {51,52,...,S»} and Vo = {T1,Tn,...,T,} (often called condensed nodes).
Moreover the weight of the arcs (S;,S;), (Si, Tk), (Tk, Ty), (T4, Sj) are respectively
given by a;j;, ¢k, diq and bg;.
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We can now think of block matrix multiplication as representing the total flow
of information between the condensed nodes V; corresponding to the diagonal block
entries.

In particular the block entry (M*);; represents the flow of information from V;
into V; after a k-fold application of the linear map M. That is, the flow of information
from S; into S, for any (3, j).

The statement that M is (1,1)-focussed precisely means that no information flows
from V; into Vi via V5, for any repeated application of the relation M.

The basic fact that we shall show is that for two block rows, the (1,1) focal
property occurs precisely when all the moments F; = C' DB vanish! That is when

m n
(CD"™B)ij = > > cit(D")kgbg;=0 foralli=1,...,m, j=1,...,n.
k=1g=1

Alternatively we may think of the (1,1)-focal property as corresponding to a “fire-
wall” around the node V;. The analogy that comes to mind are the two sides of the
brain, for which in certain cases, no information flows from the right side into the left
side (all the neurons leading into the left half have been cut).

When we have more than two block rows, we may likewise define M = [A4;;] to be
(k, k) focussed or to be focussed on any principal sub block matrix of M. The diagram
given below illustrates this idea

bqj
Fic. 1.1. Basic Flow for a 2 z 2 block matriz

We shall also need the moments E; = BA'C, i = 1,2,..., which represent the
flow of information into the second node V5. When A is nonsingular we may also
define E_; = BA7'C, i=1,2,... A key role in all of this is played by the cornered

matrices
k—1
[w(A,C,D) = A*=1C + AF2CD 4 ...+ CD* ' = 3 AiCDF-1,
i=0

Throughout this note, the minimal and characteristic polynomials of M will be
denoted by ©¥pr(A) and A4 (M) respectively, the Drazin inverse of M is denoted by
MP (it is always a polynomial in M), and the index of a square matrix M is denoted
by in(M). When in(M) = 0 or 1, the Drazin inverse reduces to the group inverse,
which will be denoted by M#. The range, nullspace and nullity of a matrix M will



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 13, pp. 56-71, February 2005
www.math.technion.ac.il/iic/ela

58 R.E. Hartwig and J. Maroulas

be denoted by R(M), N(M) and v(M) respectively. If M = [A;;] is an n x n block
matrix we denote the leading k x k block matrix, [Ai;], 4,7 =1,...,k, by M.

Theorem 1.1. Let M = [ g D } be a square block matriz with A and D square
A, C
E_ k k
and M" = [ B, Dy ] Then

(a) the following are equivalent:

1. Ay =A* for all kb =1,2,...
Apy1 = AAg, for all k=0,1,...
CBr =0 forallk=0,1,...
F,=CDFB =0 for allk=0,1,...
CyB=0 forallk=0,1,...
Cadj(M —D)B =0.
In which case,

(b)
1. B, =Tw(D,B,A)

2. Cr,=Tw(A,C,D) and

S s o o

3.
k i—2
Dy= D¥+> > Dr(BA*C)DT
=2 r=0
Ey o Ep 3 Ey I
Ej_3 Ey 0 D
(1.2) D¥ +[I,D,...,D"?]
Ey 0 0 D+—2

Proof.
(1)&(2). Clear since A; = A is the initial condition.
(2)< (3). Clear from (1.1)-(i).
(3)< (4). To do this let us first solve for C'By, in term of the F), and Ay.

From this expression it is clear that when all the moments F; vanish, then no infor-
mation will flows into Vs, ie., Dy, = D* for all k =1,2,...

The following lemma is needed before we proceed with the proof of the theorem.
Lemma 1.2. If By 1 = BAy + DBy, then

(13) CBy = FoAp_ 1+ 1A o+ ...+ Fp_ oA + Fr_1
and
(1.4) Apy1 = AAy + oAy + FlAg o + ...+ Fr_2Ay + Fy_q,

which is the recurrence relation for the (1,1) blocks Ay.
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Proof of lemma. 1t is easily seen by induction that
CBy = FoAp_ 1+ A o+ ...+ Fs_1Ap_s + CD*By_g for s = 0,1,...,k—1.

Indeed, for s = 0 this is clear. So assuming this is valid for s, we have CBy =
FoAp 1+ F1Ag o+, +F 1A +CD*(BAg_s—1+DBj_s_1) = FoAp 1 +F1 Ao+
oo+ FyAp__1 +CD*T1 By _,_1, which establishes the validity for s +1,...

Setting s = k — 1 yields (1.3). The rest is clear. O

In block matrix from this gives

CBl I 0 FO

CBQ A1 I Fl
(1.5) . = . .

CBy, Ap—o -+ Ay 1 Fr_4

From this it follows at once that CBy = 0 for all £k = 0,1,2... iff F; = 0 for all
1=20,1,... By B «—— C symmetry it also follows that C,,B = 0 iff F; = 0 for all
1=0,1,...

(4)< (6). Recall that if D is m x m has characteristic polynomial, Ap()\) = dy +
dl)\ + ...+ )\m, then adJ ()\I — D) = DO + Dl)\ + ...+ Dm_l)\m_l with Dm—l = 1.
Consequently

Cadj(AM — D)B=CDyB+ (CD1B)A+ ...+ (CB)A™ L.
The matrices D; = f;(D) are the adjoint polynomials of D, which are given by

(16) [fO(:L')a fl(x)v ) fmfl(x)] = [17337 wxm_l](H@I)a
dy dy - dpy
do d3

where H = ) . This means that
dpm o0

[CDoB,CD:1B,...,CD,, 1B] = C[Dy,Ds,...,Dpn_1](I,®B)
=C[I,D,..., D" Y H&I)(I®B) = C[I,D,..., D" '|(I®B)(H®I)

- [F(JaFla"'amel](H@I)'

From this we see that C'adj (Al — D)B =0iff CD;B=0fori=0.1,...,miff F; =
0 for all 1.

Let us next turn to expressions for the blocks By and Cj, for which we again use
induction.

It is clear that By = B =T'1(D, B, A). So let us assume that B, = T'.(D, B, A),
for r < k. Then Bjy1 = BAy+ DBy = BA*+ D(D*¥'B+ D" 2BA+ ...+ BAF1) =
Ty1(D, B, A), as desired.
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Likewise C; = C = I'1(A,C,D) and Cyy1 = ArC + CyD = AFC + (AF~1C +
AF=2CD + ...+ CD*¥ 1D =Ty 41(A, C, D).
Lastly, let us show by induction that (1.2) holds. Let X} denote the RHS of
equation (1.2). Since Dy = BC + D? we see that (1.2) holds for k = 2. Now Dy =
k i—2
BCy, + DDy, = B(AF=1C + ... + CD* 1) + DM1 4 2 S Dril(BAFiC)Di=2-,

=2 r=0
Setting j =i + 1, reduces the last sum to

k+15-1 ' o
Z Z Dr+1(BAk7]+lc)Djfr75.
j=3r=0
Next we set s =1 + 1, giving
J . .
3 D$(BAk=IH1C\DIi—52,
j=3 s=1
The term with j = 2 is empty because j — 2 — s will be negative. Likewise the terms
with s = j — 1 or s = j will be absent. We may thus write the sum as
k+1j5-2
ST 3 DS(BARHD—IC) DI 2,

j=2s=1

The term with s = 0 is precisely BA*~1C + ...+ BCD*~! and so we end up with

k4152
DE+1 + Z z:l)s(BA(k+1)—jCv)Dj—s—Q7

7j=2 s=0

which precisely equals Xj1. This completes the proof of the theorem. [
We note that we may also write Dy in terms of chains as

Ak=2 Ak=3 I C
A3 ..o 0 CD
(1.7) Dy = D* +[B,DB,...,D*2B|
I 0 0 CDF2

It is of interest to observe that the cornered matrices 'y (A4, C, D) and Ty (D, B, A)

appear in
A C 1" [ A Tu(4A,C D) 4o b Ak 0
0o D| ~| o D* M\ D| T | rw(D,BA) DF |

Summing these we see that for any polynomial f(z):
10 5 p=178" MSn ™ Jmar( 5 b D=l B s )

k
where T'f(A,C,D) = " fil',(A,C,D)
i=1
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2. Consequences. Let us now derive several of the properties of focused ma-
trices, as related to (i) convergence, (ii) graphs, (iii) invariant subspaces, and (iv)
chains.

A C

Throughout this section we assume that M = { B D

} is (1,1)-focused.

Our first observation is
Corollary 2.1. If M is (1,1) focussed and M* converges (to zero) as k — oo then
Ak also converges (to zero).

Next we have
Corollary 2.2. If M if (1,1)-focused, then for any polynomial f(x) = fo + fix +
..+ fsx®, with adjoint polynomials f;(x),

ey son=sl 4 §D=] o0, TEe ],
where Dy =
fi(4) - fo(A) o1 (A) o
£(D)+[B,DB,...,D*2B] d) e foal) 0 oD
fs_i(A) '6 " 0 058—2

In particular if ¢(M) = 0, then ¢(A) = 0. From this it follows that
Corollary 2.3. If M is (1,1)-focused, then 1 a|tns.
This tells us that the eigenvalue of A (if any) must be among the e-values of M.
In addition
Corollary 2.4. If M is (1,1)-focused, then for any scalar 3: in(A—pI) < in(M—{3I).
We further know that for any polynomial f(z),

(2.2) f(M)=g(M) = [f(A)=g(A).

This simple observation has numerous consequences.
A C

Corollary 2.5. For complex matrices, if M = [ B D

] is (1,1)-focused and nor-
mal, then A is also normal.
Proof. M is normal exactly when M* = f(M) for some polynomial f(z). In

this case [ é* g* } =M*"=f(M)= [ f(;l) Z } and thus A* = f(A4) and A is
normal. [J
Corollary 2.6. Suppose that M is (1,1)-focused.
(i) If M is invertible, then A is also invertible.
(ii) If M—' = f(M), then A~! = f(A).

Proof. If M is invertible then M ~1! is a polynomial in M , say f(M). As such
M f(M) = I, and hence Af(A) = I, with f(A)= A"t O

Let us next extend this to Drazin and group inverses.
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A C | .
Corollary 2.7. If M = B p | (1,1) focussed, then
D 9
(2.3) MD{Af, ;,}
If M# exists then
# 9
(2.4) M#{A,) ;,}

Proof. To show (2.3), let X = g(M) = M. Then, using the notation of general-
ized inverses, we have

(1k)  MFHIX =Me MFHlg(M) = M* = AF1lg(A) = AF.
(2) XMX =X gM)Mg(M)=g(M)= g(A)Ag(A) = g(A).
(5) MX=XM<& Mg(M)=g(M)M = Ag(A) = g(A)A.

The latter show that g(A) is unique solution to the three equations
ALY = A" AY =Y A, YAY =Y (for some r),

and thus must equal the Drazin inverse of A.

Equation (2.4) is a special case of (2.3), when k = 0 or 1.

Corollary 2.8. Over C, if M is (1,1)-focused and EP (i.e. R(M) = R(M?*)), then
A is also EP.

Proof. If M is EP, then Mt = M# = g(M) is the group inverse of M. This means
that MM# = Mg(M) = [ Ag,.EA) Z } and M#M = g(M)M = 9(13)14 Z
Since the latter two matrices are Hermitian it follows that Ag(A) = g(A)A is also
Hermitian, ensuring that g(A4) = A% = AT. O

In the closed field case, the spectral projection associated with the zero eigenvalue
is a polynomial in M, and satisfies:

Corollary 2.9.
Zy=I—MMP =1— Mg(M)= I*ég(A) 7, =
I— AAP ?}{ZA ?
? ? ?7 07
Corollary 2.10. The spectral components associated with the zero eigenvalue are
given by

Zhy = MIZy = MI(I — MMP) = MI(I — Mg(M)) =

[ (- Ag() 2 }

[Aj(l—?AAD) ;]:[Z; 7]
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Corollary 2.11. If M is (1,1)-focused, then Ay = Aa.Ap
Proof. We shall use the following polynomial form identity, in which D is k X k
and M is n X n.

Apl —CadjMI—D) ][ A[-A —C
0 I -B M-D

(2.5) _ [ (A - A)Ap —j;}adj (\I - D)B )\I(i . ] |

Taking determinants gives
(2.6) A" Ay = Ap det[Ap(M — A) — Cadj (A — D)B|

Now because of (1.6), CD;B = 0 for i = 0,1,...,k — 1 iff CD'B = for i =
0,1,...,k — 1. Hence we see that
if F; =0 for all i, then C'adj(Al — D)B = 0, and (2.6) simplifies to

ALFAN = AFTIAY

in which we may cancel the A?{k to give the desired result. U
Corollary 2.12. Let M be A-focussed. Then, as k — oo, M* — 0 iff A* — 0 and
D¥ — 0.

We remark that when M is A-focussed and M* converges, then D™ need not

converge, as seen from the matrix M =

3. Transitivity. When we have more than two block rows, the term “(1,1)-
focussed” becomes ambiguous, since it depends on the particular partitioning one has
in mind. To avoid this we shall explicitly refer to the principal sub-block matrix that
A C ] Ay A3z | O

is used. For example if M = [ B D= Ay A4 | Cy |, we shall say that M

is A-focussed, or M is Aj-focussed, but shall not use “(1,1)- focussed” for either of

these. In this vein it is best to think of this as a relation and define

Definition 3.1. A < M iff A is a principal submatriz of M and M is A-focussed.
It is clear that this relation is reflexive and anti-symmetric. We shall now show

that it is transitive as well, making it a partial order. It suffices to consider the case

of three block rows. The general case then follows by induction and by permutation

similarity.

Theorem 3.2. Let M = { . Then A1 < Aand A M

mmply Ay < M.
Proof. From theorem (1.1) we know that

(3.1) (a) {g; }Dk[Bl,Bg]zo for all k=0,1,...
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and
(3.2) (b) A3ASAy =0, for all £=0,1,2,...

Our aim is to show that

[A3701][A4 Cy ]’“[AQ

B, D Bl]zoforallr:0,1,2,...

k
We begin by setting [ 24 %2 ] = [ (;k gk ] for k=1,2,... In terms of this we
2 k Ok

must establish that
(33) Asap Ao + A3’kal + C1BrAs + C16.B1 =0, k=0,1,...

We shall use the recurrence of (1.1) and apply the conditions (3.1) and (3.2) to show
by induction that each term in this sum vanishes.

(a) CiBr = Ci(Boag—1+DBi-1) = CiDBy—1=...=C;D"By_p = ... = C;D*13; =
Cka_lBg =0.

(b) Ci(SkBj = Ci(BQ(Sk_l + D5k—1)Bj = CiD5k_1Bj = ... = CiDT5k_7-Bj = ... =
Ckailngj = CkailDBj =0 for i, =1,2.

(¢) vBj = (—1C2 + y—1D)Bj = y4y—1DBj = ... = v, D"B; = .. = 1 D*'B; =
Cng_lBj =0.

(d) AsarAs = As(Agak—1 + Cafk—1)As = AsAgai_14
= A3Ag(Agag_o + Caf;—1)As, in which the latter term vanishes by part (a). Hence,
by (3.2), we have

A30ékA2 = A3Aiak,2A2 =...= A3A£Ozk,TA2
o= AgAi T o Ay = AzAFTT AL A = 0. O

This result is not surprising in term of information flow. If no information can
flow from M into A and no information can flow from A into A; then no information
can flow from M into A;. If My is the leading principal submatrix in M, then
Corollary 3.3. M1 < M iff M1 < My, < My, < ... < M for some increasing
sequence (1,k1,ka,...,n).

Corollary 3.4. If A < My, and My, < M then Ay, < M.

Using permutations, this may be extended to any nested sequence of principal
block matrices containing Agy.

4. Special cases. Let us now turn to some special cases.

g % is A-focussed iff B = 0.

Proof. The condition CB = B*B =0, forces B=0. [
A ¢
b" d
iff either ¢ = 0, or b = 0. In which case M is block triangular

Proof. Suppose that M is (1,1)-focused. Then with k = 2 we see that Ay =
A% + cbT and thus cb? = 0. This means that either ¢ = 0, or b = 0. In which case
M is block triangular. No other conditions are necessary. The converse is clear. [J

Proposition 4.1.

Proposition 4.2. If [ , where b and ¢ are columns, then M is (1,1)-focused
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As an application of this consider the companion matrix

0 —Jo
10 —f1
0 1
L) = o oo
0
_0 1 7fn71_

associated with the monic polynomial f(t) = fo + fit + ...+ ¢", with b = e,_1 and

d = —fn_1. If L is N-focussed, then ¢ = 0, and L reduces to L = [ eév 2 ] It
n—1

follows at once by induction that

0 0
& 0
(a) fork<n-1, L*= T
| 0 1|d - d¥ |
and
(b) forr >0, L™ =e,[d*,...,d"""].
Given the vector a’ = [ag,a1,...,a,_1], the coefficients b, = a’LFe;, k =
0,1,2,... can be computed as by = a;, for k=0,...,n—1 and b, y, = a,_1d" ! for
r =0,1,... That is, the tail forms a geometric progression. This construction finds

use in the search for minimal realizations of order n [6].
As our next example we consider the linear system

x(t)= Dx(t) + Bu(t) and y(t) = Cx(t).
Differentiating this repeatedly, gives [5]

y(t) C 0 0 u(t)
y'(t) CD Fy 0 ' (t)
(4.1) : = : x(t) + : . : :
y(n—'l)(t) CD'nfl Fn.72 o Fy 0 u(nfl)(t)

where the moments F, = CDFB are now called the Markov parameters of the
system. These are uniquely determined by the transfer matrix H = C(\[ —D)™'B =
> FpA™*. When M is (1,1)-focused, we know that all the Markov parameters van-

k=0
C
CcD
ish, and consequently OB = . B = 0. If in addition, the pair (C, D) is
cprt

observable, then O has a left inverse and B must vanish. In this case M will be upper
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triangular.

Lastly, we next turn our attention to the dilation of a (1,1)-focused matrix.
Proposition 4.3. If M = { g g } is (1,1) focused, then so is the (N+1)x (N+1)
block dilation

AlC 0 -0
oo I 0 4 e
(42) MN—I = E '.‘ = |: B Q :|
010 I
D 0
0 I
Proof. It suffices to note that Q¥ = | D I, fork=0,1,...,N—1
D 0
0
so that QN = I®D and QN = (Iy®D)Q. We next compute [C,0,..,0]QF | | =
B

C(Q%)1nB. Since the (1, N) block in QF is either zero or a power of D, we see that
COA*B =0, for all k =0,1,..., which on account of theorem (1.1) suffices. O

5. Schur complements. When A is invertible, we may diagonalize the matrix
] { A C A 0

A
I 0 I -A7'Cc ]
-BA™' I || B D||O I ~ |0 D-BAT'C |

_ C
“ | B D
Because of this form, the matrix Z = D — BA™!C is called the Schur Complement
(SC) of A in M, and is denoted by M/A. Likewise, when D is nonsingular, we have
A C

the factorization
I 0
B D -D7 1B I ’

—-CD™!
0 1
giving the Schur complement ( = A —CD~'B = M/D.
When neither A nor D are invertible, we have the following fundamental form

M as follows:

_[A-cD'B 0
- 0 D

AR I E R G VN
P/MQ/:{(I) —(ijHg gHA{B ?}:{(Iflc)Y)B C(I;)YD)}:N/’
where

Z=D-B(2X - XAX)C and (=A-C(2Y —YDY)B

are the “generalized“ Schur complements. In order to mimic the nonsingular case,
it stands to reason that we want X and Y, to be some kind of generalized inverse.
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Indeed, if X = A is a 2-inverse of A (i.e., XAX = X), then Z=D-B(2X - XAX)C
reduces to Z = D — BAC, which we shall denote by M/A. In particular this holds
when X = A7 is a reflexive (1-2) inverse of A (ie. AXA = A, XAX = X). On the
other hand if X = A~ is an inner inverse of A (i.e. AXA = A), then Z reduces to
Z =D —B(2A™ — A~ AA")C. Similarly if Y = D is a 2-inverse of D, then we see
that ( = A— C(2Y =Y DY) = A— CDB = M/D. Needless to say, M/D and M/A
depend on the choice of 2-inverse in general.

The matrices N and N’ have properties that are similar to those of M. Indeed, using
2-inverses we may state

(5.1) N'/D=M/D and M/A= N/A.

We next turn to the case where A is partitioned further, say

A 45 Gy \
(5.2)M:{gg}: — &[4 G :{f‘;};}
Bi| B, D

We shall first present a generalization of the Haynsworth Quotient formula [1, Eq.
3.22].

Theorem 5.1. For each choice of 2-inverse Ay and (Ay — A2A1A3)A, there exists a
2-inverse A, depending only on these choices, such that

(5.3) (M/A1)/(A/Ar) = M/A,
where M/A = D — BAC.

Proof. First we compute

Ay Oy Az | 4 Ay — AsAjAs Oy — A AC
M/A, = - Ay[As,01) = h A
/4 { By, D } { By ] 143, 1) { By — BiAjA3 D — BiAC

Next observe that Z = A/A; = Ay - A Ay Az and hence that A
(M/Al)/(A/Al) = (D — BlAlCl) — (B2 — B1A1A3)Z(02 — AQAlCl),
which reduces to
(M/A1)/(AJA1) =D — By (A, + AjAsZ A, A))Cy
(5.4) —ByZCy + B1A1A3ZCs + By Z A3 A1 C.

Next consider the matrix

[ A+ A AZZAA A AZ

. X A ~
(55) —ZAyAy Z.

It is easily checked that X AX = X. Using this 2-inverse in M/A =D — [By, B1]A4
[ gl ] we again arrive at (5.4), completing the proof. O
2
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It should be remarked that when we select reflexive inverses A and (A4 —
Ag AT A3)*, then the matrix X in (5.5) also becomes a 1-2 inverse.

Let us next turn to the question of focal power and the quotient formulae. We
shall use M//A to denote the special Schur complement M//N = D — BAYC, where
A? denotes the Drazin inverse of A. It will be shown that the quotient formula holds
for this type of Schur complements, when we add focal power.

Theorem 5.2. Let M be as in (5.2). If D < Y and Y < M then

(5.6)  M//A=(M//A)//(A][Ar)  and  M[]Y =(M//D)//(Y]/D)

Proof. If Y < M then {

68 R.E. Hartwig and J. Maroulas

22 ] AN[A3,Cy] = 0 for all k = 1,2..., which implies
1

that [ 21 } A{[A3,C1] = 0 and thus A;A¢ A3 = 0 as well. As such we obtain
1
A
M//A =Y — [ Bi } Ad[A3,C1] =Y and A/JA; = Ay — Ay A A3 = Ay

Next we note that if D < Y then ByACy = 0, for all K = 0,1,... and thus

B3 A$Cy = 0. This means that Y//A = D — ByACy = D. We may conclude that
(M//41)//(Af /A1) = Y/ [As = D.

Lastly, by transitivity, D < M, which tells us that BA*C = 0 for all k = 0,1,...
and hence BAC = as well. Substituting this into M//A = D — BA?C, we arrive at
M/ /A = D, completing the proof of the first identity. The remaining identity follows
by symmetry. U

Let us now return to the case where A is invertible, and Z = D—BA~'C = D—E.
We shall examine a different completion.

Proposition 5.3. Let M = [ g g } and suppose A is invertible. Further let
A C

Z =D — BA~'C be a Schur complement of M and set N7 = { B 7

]. Then the

following are equivalent.

(i) M is (1,1)-focused

(ii)) CD*Z"B = 0 for all k,r =0,1,...
(iii) CZ"B =0 for all T =0,1,...

(iv) N” is (1,1)-focused.

In which case,

(a) Z"B=D"B =D,B

(b) CZ"=CD" =CD,

(¢) D" =Z"+T1.(Z,E, Z)

(d) B, =T,.(Z,B,A) and C,. =T,.(A,C, Z)
(e)

Ak72 Ak73 I
Ak—3 .. I

(5.7YDy, = Z" + B, ZB, ..., Z* ' B]
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Ey o Ep 3 Ey, E_,
Er_s - E_ 0 I
Z
(5.8) =2ZF+11,2,...,2" Y ,
EO Zk'—l
E_4 0 0

Proof.

(i) =(i). It holds for r = 0. So assume it also holds for r = r and all k. Then

CD*Z™'B=CD*2.Z"B = CD¥(D — BA'C)Z"B = CD**1.Z"B = 0.

(ii) = (iii) Clear.

(iii) = (i). When 7 = 0 we see that [y = CB = 0. We now claim that D*ZB =

Zk+1B. This is clear for k = 0. So assuming this holds for k = k, we have D*t1ZB =

D(D¥ZB) = DZ*B = (Z+BA~1C)Z*B = Z**1 B since CZ*B = 0. We then arrive

at CD*¥'B = CD*.DB = CD*(Z + BA™'C)B=CD*ZB = CZ**'B.

(i) < (iv). This is clear from theorem (1.1)-(4).

(a) Both equalities are clearly true for » = 1, so suppose they hold for » = r. Then

D'H'B=DD'B=(Z+E)Z"B=Z""'B+EZ"'B = Z""B, since EZ"B = 0 by

part (iii). Also D,11B = (BC, + DD,)B = B(C,B) + D(D,B) = 0+ D(Z"B) =

D.D"B = D""'B = Z""1 B, where we used (a) twice.

(b) This follows by symmetry.

(c) First note that E? =0 and EZ"E = 0 and thus I',.(Z, E, Z)E = 0 = EU.(Z, E, Z).

Next we observe that the results clearly holds for » = 1. Assuming its validity for

r=r,wearriveat D" = D"'D = [Z"+ 1, _1(Z,E, 2)(Z+E) = Z" "'+ (Z"'EZ +

+EZ"Y+ Z"E+0=Z"" +T.(Z,E, 7).
k=1 k=1

(d) From part (a), Cp = > A*=i-1CD! = S~ AF=i-1CZ =T\ (A,C, Z) and By, =
i=0 i=0

k—1 k=1
Z Dk*i*lBA’i — Z Zkii*lBAi = Fk(Z; B7A)
i=0 =0

(e) Note that (c) can be written as

0 0 E_4 I
0 R 0 Z
DF =27k (I,2,.., 2% 1) ) . ,
E_ . 0 0 Zk-1
which we substitute in
Ey, o Ep_3 Ey 0O I
E._3 Ey, 0 O 7
Dk:Dk—i—[I,Z,..,Zk_l] . ) .
Ey 0 0 Zk._l

0
to give the desired expression (5.7) [O.
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6. Remarks. (i) The condition F;, = 0 means that the controllability space
W = R[B,DB, D?B,...] is a D-invariant subspace of N(C), of dimension d < v(C).
Let @Q be a m x d basis matrix for W. Since W is D-invariant we know that DQ = QR
for some d X d matrix R, and because R(B) C W, we also know that B = QT for
some d X n matrix 7' (here A is n x n). This means that

E SIH% ol=15 sol=[v a]l7 2]

0
0 @

clear if any further subspace properties can be obtained.

The matrix Y = has full column rank, and thus is left invertible. It is not

(ii) If A is nonsingular, we may form the Schur complement of N, ie. 73 = Z —
BA7C = D —2BA7C. 1t is now clear that if M is (1,1)- focused then so is

A C
[ B 7
(iii) The (1,1) entries Ay = A¥ + &, in M* satisfy the recurrence (1.4). This however,
does not show the “dominant” term A* nor the “error” term &,. The latter can be
expressed as [2]

} . Needless to say we may repeat this for Z;, = D — kBA~1C.

Yio Yoz - Yo B
Yieg -+ Yy 0 BA
(6.1) & = [C, AC, .., AF=2C] , , , , . k=1,2,
Yy 0 0 BAF—2

where Yk+1 =DYr,+EoYi 1+...4+ Er_1Yy, with Yy = 1.
It then follows by induction that &, = 0iff CD*B = 0iff CY,B =0forallk =0,1,...

(iv) M is diagonally focussed if (M*);; = (M;;)* for i = 1,2 and all k = 0,1, ... This
happens exactly when Ej and F}, vanish for all k. Such matrices act like block diagonal
matrices without being of this form.

Let us close by posing some open problems.

7. Open questions. When M is (1,1)-focused, there are several concepts that
present themselves, such as minimal polynomials, graphs, convergence and pencils.
For example it would be of interest to know when tp|¢as ? or how one could relate
focal power to Roth’s theorem: AX — XD =C = { 1(4)1 g } R { gl g ] Likewise
it would be of interest to see how the (condensed) graph of M is affected by this
property, or what invariance the pencil condition C'adj (Al — D)B = 0, corresponds
to? On a different note we could only require that A, = A* for k = 0,...,¢, with
¢ fixed. What would be the the smallest value of ¢, for which we obtain (1,1) focal
power? Could the (1,1)-focal property shed light on the question of when 4|1, for
A C

B D }? Are there any other dilation that preserve

a general block matrix M = {
the focal property?
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