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ON A REFINED OPERATOR VERSION OF YOUNG’S INEQUALITY
AND ITS REVERSE*

ALEMEH SHEIKHHOSSEINIT AND MARYAM KHOSRAVI#

Abstract. In this note, some refinements of Young’s inequality and its reverse for positive numbers are proved, and using
these inequalities, some operator versions and Hilbert-Schmidt norm versions for matrices of these inequalities are obtained.
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1. Introduction. Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space H. In the case when dim H = n, we identify B(H) with the matrix algebra M,, of all n x n complex
matrices. For A = (a;;) € M, the Hilbert-Schmidt norm of A is defined by

2 2

Al ={ > lagl | =D s34 |
j=1

ij=1
where s;(A) (1 < j <n) are the singular values of A. It is known that ||.||, is a unitarily invariant norm.

For A, B € M, denote by A o B the Schur (Hadamard) product of A and B, that is, the entrywise
product.

For positive real numbers a and b, the classical Young inequality says that if v € [0,1], then

a7y < (1 - v)a + vb,

with equality if and only if a = b. When v = %, the Young inequality reduces to the arithmetic-geometric
mean inequality

b
(1.1) Vab< 22

2

Throughout, we denote a'~"b” and (1 — v)a + vb, respectively by af,b and aV,b. The Heinz mean is defined
as ) .
7Vbl/ l/b -V
H,(a,b) = %

for a,b > 0 and v € [0,1]. It is easy to see that

b
%%gﬂxmmga;.
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In [9] and [10], F. Kittaneh and Y. Manasrah improved the Young inequality and its reverse as follows:
(1.2) a7 4 r(vVa—Vb)? < (1 —v)a+rvb<a TV + s(va— Vb)?,
where r = min{v,1 — v} and s = max{v,1 — v}.

The authors of [7] and [8] obtained another refinement of the Young inequality as follows:
(1.3) r?(a —b)* < (1 = v)a+vb)® — (a'7"b")* < s°(a —b)?,
where r = min{v, 1 — v} and s = max{v,1 — v}.

Recently, J. Zhao and J. Wu [13] obtained the following refinement of inequality (1.2):

r((ab)T — va)® + v(va— Vb2 < (1 - v)a+vb—a"b”
< (L=)(Va— VB —r((ab) — Vb)*,

and r = min{2v, 1 — 2v}, and

Where()gl/g%

=

— VO + (1 =) (Va - Vb)* < (1 —v)atvb—a' b
<v(va— V)’ —r((ab)* — Va)’,

r((ab)

< v <1land r=min{2(1 —v),1 —2(1 —v)}. Also, they obtained the following refinement of inequalities

N =

where
(1.3):

r(Vab — a)® + v*(a — b)*> < (1 — v)a+vb)?® — (a'7"b")?

(1 —v)*(a—1b)* —r(vab—1b)*,

<
(1.4) <

where 0 < v < 5 and r = min{2v, 1 — 2v}, and

r(Vab —b)* 4+ (1 —v)*(a — b)*> < (1 — v)a+vb)> — (a'7"b")?
(1.5) <via—b)? —r(Vab —a)?,

where £ < v < 1and r =min{2(1 —v),1—2(1—v)}.

Let A, B € B(H) be two operators and v € [0, 1]. The weighted arithmetic mean of A and B, denoted by AV, B,
is defined by:
AV,B=(1-v)A+vB.
If A and B are positive semidefinite and A is invertible, v—geometric mean and v—Heinz mean of A and B are
defined respectively, as

[N

At B = A2(A"2BA 2)"A

and
A, B+ A1, B
-

When v = %, we write AV B and AfB for brevity, respectively. It is well known that if A and B are positive invertible

H,(A,B) =

operators, then
AV.,B > A4, B,

for 0 < v < 1; see [4, 6] for more information.
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Based on the refined Young inequality (1.4) and its reverse (1.5), J. Zhao and J. Wu [13] proved that if A, B, X €
M., such that A and B are positive semidefinite, then

2 2 1 1 2
V|AX — XB|24r||A2XB2 — AX||2
< (1= v)AX +vX B3 — |4V X B¥|)3
(1.6) < (1-v)?|AX — XB|3 - r|A*XB? - XBJj3,

where 0 < v < 1 and r = min{2v,1 — 2v}, and

(1-)?|AX — XB|2+r|A* XB? — XB|3
< (1 -v)AX +vX B3 - ||A" "X B"|3
(1.7) <V2|AX — XB|? - r|A2XB? — AX|%,

where 3 < v < 1 and r = min{2(1 — v),1 — 2(1 — v)}. Their results were generalized by Liao and Wu [11], using

Kantorovich constant. Similar results can be found in [1, 3].

In addition, in [2], the authors investigated these inequalities, for the cases v < 0 and v > 1. In these cases, they
proved the reverse of some of these inequalities. Furthermore, in [12], the numerical version of some of these relations
are discussed.

The main aim of this paper is to state a generalization of these inequalities. First we present some generalizations
of numerical inequalities. Based on them we prove some refined operator versions of Young’s inequality and its reverse.
Also some inequalities for the Hilbert-Schmidt norm of matrices are obtained.

In this paper, for 0 < v < 1, the notation my = LQkVJ is for the largest integer not greater than 2*v, ro =
min{v,1 —v} and rp = min{2r,_1,1 —2rk_1}, for k > 1. Note that 7,’s as functions in v are piecewise linear in such
12 3 2ktl_y

a way that they vanish at the points 0, 5, 5%, ..., 1 and take the value % at the points 2,6%, SRFTy ) oRFT

2. Numerical results. We start with some numerical results.

THEOREM 2.1. Let a,b be two positive real numbers and v € (0,1). Then

29 aV.b > atb+ Yonf(a BB ) E - (@) B,
k=0

In addition, if v = 2% for some t,n € N, then

n—1

(2.9) aV,b=afl,b+ Z - [(al_?’“ bk )% o (al_
k=0

m§k+1 bméfl ) %]2
Proof. It is enough to prove that for each n € N U {0},

mp omp 1 limk+1 mp+1 1 9
zkbgk)Q_(a 2F b 2k )2]

(2.10) aVub > afub+ Y rif(a'”

k=0
We prove it by induction. For n = 0, we get to the well-known inequality (1.2). Let inequality (2.10) hold for n.
First, let 0 < v < % In this case, we have
aVub —ro(va — vVb)? = aV,b — v(va — Vb)?
=2vVab+ (1 —2v)a
= aVz,,\/%,
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Applying inequality (2.10) for two positive

aVyb—ro(va — \/5)2

numbers a and vab and 2v € (0, 1), we have
aVa,Vab

> aﬁQu\/% + Z Tht1 [(al_ m§7:r1 (m)%) %
k=0
_ (al’mk;fcﬁl (vVab) et ) %]2
n+1

my

S S (L R G
k=1

For % < v < 1, we can argue similar as before, however, v is replaced by 1 — v and a and b are interchanged.
Note that |25(1 —v)] = 2% — |2%v] — 1 if 2% is not an integer. If 2¥v is an integer, then 7 = 0, and hence, inequality
(2.8) follows, too.

A similar argument, shows equality (2.9) when v = -4 0

REMARK 2.2. Note that the series appear in this theorem is a positive series with a finite upper bound. So it is
convergent. This fact is also satisfied for all other series appearing in this note.

Interchanging the numbers a and b in inequality (2.8), we can state the following result for the Heinz mean.

COROLLARY 2.3. Let a,b be two positive real numbers and v € (0,1). Then

oo

aVb > Hy,(a,b) + Z Tk [HM (a,b) — 2H amy 41 (a,b) + Hmy 11 (a, b)]
k=0 2* 2k+1 2k

In the following theorem, we state a reverse of Young inequality.
THEOREM 2.4. Let a,b be two positive real numbers and v € (0,1). Then
5 > my g omp 1 my+1
(2.11) aVub < afub+ (Va—Vb)? = rif(a2r b2k )2 i

—(a L

ELR
k=0

Proof. By af,b+ bif,a > 2vab and inequality (2.8), we have

(Va—Vb)* —aV,b=bV,a—2Vab

> atb+ > m(a 30T (@)

k=0
So the result follows. 0
COROLLARY 2.5. Let a,b be two positive real numbers and v € (0,1). Then
aVb < Hy(a,b) + (vVa— vb)* = ri[Hmy (a,b) — 2H2my+1 (a,b) + Hony+1 (a,b)].
=0 2k Tok+T T2k

REMARK 2.6. Replacing a and b by their squares in (2.8) and (2.11), respectively, we obtain
(2.12)

2 2 2 2 e 177”k my 17m,k+1 mp+1 2
a“Vub" = a’t,b” + E L [a 2k b2k — g ok b ok
k=0

and

(2.13)

oo
mp mp mp+1 mp+1
20 12 2, 2 2 mE g Mk 1— el
a’V,b* < a’t,b” + (a — b) fE re[a2¥ b T 2E —qa 2F b2k
k=0

I
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The following two theorems, are useful to prove a version of these inequalities for the Hilbert-Schmidt norm of
matrices.

THEOREM 2.7. Let a,b be two positive real numbers and v € (0,1). Then

(2.14) (@Vb)® > (atub)? +r3(a—)* + 3 refa "3 0t pH )2,
Proof. By (2.12), we have
(aV.,b)* —ri(a—b)* = a®V,b* — ro(a —b)?

> (atub) +Zm

Hence, the proof is complete. O

,Jifc 1_metl mptl oo
2k h2k — g 2k b 2k

THEOREM 2.8. Let a,b be two positive real numbers and v € (0,1). Then
my 1 nzk+1 mEtl o

(2.15) (aVb)? < (afub) + (1 —10)*(a—b)° = S rmi[a' "2 ot — a7 b7 ar
k=1

Proof. We have
(aV,b)* — (1 —r0)*(a — b)*
=ad’V,b° — (1 —7r0)(a —b)*
< (atub)® +ro(a —b)*
my mk mk+1 7nk+1

—Zrk TR R gl 2R 2k ]2

by inequality (2.13)

k+1 mE+l o

1—-"k M 1—
= (af,b) E rela 2P b —a b 2F

which leads to inequality (2.15). ]

3. Related operator inequalities. To state the operator version of the inequalities obtained in Section 2,
we need the following lemma.

LEMMA 3.1. [5] Let X € B(H) be self-adjoint and let f and g be continuous real functions such that f(t) > g(t)
for allt € o(X) (the spectrum of X ). Then f(X) > g(X).

Next, we give the first result in this section, which is based on Theorem 2.1 and is a refinement of Theorem 1 in
[13].
THEOREM 3.2. Let A, B € B(H) be two positive invertible operators and v € (0,1). Then,

(3.16) AV,B > Aﬁ,,BJrZrk Aﬁkaf2Aﬁ2mk+1B+Aﬁmk+1B]
k=0

Proof. Choosing a = 1, in Theorem 2.1, we have

(oo}

L—v+ub> "+ 3 m[(0o)? — (b o )2)7,
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for any b > 0. If X = A"2BA" 2, then o(X) C (0,00). According to Lemma 3.1, we get

m}ic 2my +1 my +1

Q1-I+vX > X" —I—Zrk[X 36 QX FFT 4 X oF ].
k=0
Multiplying both sides by A%7 we obtain

AV,B > A§,B+ Y ri[Afmy B — 2Af2my11 B + Af my+1 B].
2k T Tak

k=0 2kt

This completes the proof. 0

In the inequality (3.16), one can replace A and B by A~ and B!, and take the inverse. One obtaines an
operator inequality between the weighted geometric mean and the weighted harmonic mean, which represents a
refinement of inequalities (30)—(34) in [13].

The following theorem is an operator version of Theorem 2.4 and is a refinement of Theorem 2 in [13].

THEOREM 3.3. Let A, B € B(H) be two positive invertible operators and v € (0,1).

(oo}

AV, B < AfyB+ (A= 2A4B + B) = Y _ri[Afmy B — 2Af2m, 41 B+ Af my 11 B].
o 2k 2k +1 T2k
Proof. By Theorem 2.4, using the same ideas as in the proof of Theorem 3.2, we can get the result. 0

COROLLARY 3.4. Let A, B € B(H) be two positive invertible operators and v € (0,1). Then

AVB > HV(A, B) + E Tk[HM (A, B) — 2H2m,€+1 (A, B) + Hmk+1 (A, B)]
prd 2k ok+1 ok
and
AVB < HV(A, B) + (A — 2A4B + B) — E rk[Hmf;f (A, B) —2H 2m; +1 (A, B) + Hmy 41 (A, B)]
P 2 2kF1 ok

4. The Hilbert-Schmidt norm version. In this section, we obtain some inequalities for the Hilbert-
Schmidt norm. Applying Theorem 2.7, we get the following theorem that is a refinement of the first inequality in
(1.6) and (1.7).

THEOREM 4.1. Let A, B, X € M, such that A and B are two positive semidefinite matrices and v € (0,1). Then

b my my, my+1 mp+1
JA™YXB"|3 + r3| AX — XBJ3 + 3 mil|A" 2 XBaF — A XBUoF |3 <||(1 - v)AX 4+ vX B
k=1

Proof. Since A and B are positive semidefinite n X n matrices, there exist unitary matrices U,V € M,, such that
A =Udiag(A,...,\)U" and B = Vdiag(p1, ..., un)V". Let Y = U* XV = (y;;). Then it’s straightforward to check
that
(1-v)AX +vXB=U[((1 —v)X\i +vu;)o Y]V,

AX — XB=U[Ni — pj) o Y]V",
AYVXBY = UM V) o YV

and

m mp+1 1— m}f 1—
2

mp mp ’+1 k -
AT XBA AT XB R =U[ T - )oYV,
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Utilizing the unitarily invariant property of ||.||2 and Theorem 2.7, we have

I(1 = ) AX + vX B2
= (L =v)\i +vp) o Y3

n

= 3 (= )i + vyl

i=1
= 1—v v 2 - 17% mlf 17mkk+1 Mkl:rl 2 2
> Z (A; ) +7'0(/\ ) +Zrk()‘i 2 sz -\ sz )7 ¢ sl
ij=1 k=1
n
= Z(/\i Y V) |y1]| + Z 7"0 (A —MJ) |yw|
1,7=1 i,j=1
e 1o T 2
=S Zmu T
3,j=1
1—v u 2
= > Tyl + Z (N = 15)% 1y
ig=1 g=1
_% ™ 1_mkk+1 mkk+1 5 ,
+Z Z : sz A2 K )y
k=1 \i,j=1
= |A"XBY |3 + rollAX - X B3
+3 AT X B — A - XB
So, the proof is complete. 0

In the last theorem, a refinement of the second inequality in (1.6) and (1.7) is given.

THEOREM 4.2. Let A, B, X € M, such that A and B are two positive semidefinite matrices and v € (0,1). Then

R m m my+1 my +1
I(1 = )AX + vX B3 < A" XB* |3 + (1 — 70)?|AX — XBI3 - S |4 5F XBoF — A" 26 XB o |3,
k=1

Proof. By Theorem 2.8 and using the same idea as in the proof of Theorem 4.1, we can obtain the desired
result. O
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