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ON SIGN PATTERN MATRICES THAT ALLOW OR
REQUIRE ALGEBRAIC POSITIVITY*

JEAN LEONARDO C. ABAGAT! AND DIANE CHRISTINE PELEJO'#

Abstract. A square matrix M with real entries is algebraically positive (AP) if there exists a real polynomial p such that
all entries of the matrix p(M) are positive. A square sign pattern matrix S allows algebraic positivity if there is an algebraically
positive matrix M whose sign pattern is S. On the other hand, S requires algebraic positivity if matrix M, having sign pattern
S, is algebraically positive. Motivated by open problems raised in a work of Kirkland, Qiao, and Zhan (2016) on AP matrices,
all nonequivalent irreducible 3 X 3 sign pattern matrices are listed and classify into three groups (i) those that require AP, (ii)
those that allow but not require AP, or (iii) those that do not allow AP. A necessary condition for an irreducible n x n sign
pattern to allow algebraic positivity is also provided.
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1. Introduction. We denote the set of m x n real matrices by M,,«x,» and the set of all n x n matrices
by M, and the (i, j) entry of a matrix A by (A);;.

A matrix A € M, «,, is positive, written A > 0, if all entries of A are positive. Several applications of
positive matrices appear in various fields of study such as Markov chains in probability theory, population
models, iterative methods in numerical analysis, economic models, epidomiology, low-dimensional topology,
physics, and many more (for example, see [1, 4]). Some natural generalizations of the concept of matrix
positivity have also been studied extensively such as matrix nonnegativity, matrix primitivity and eventual
positivity. In [3], Kirkland, Qiao and Zhan presented another generalization called algebraic positivity. A
matrix A € M, is algebraically positive if p(A) > 0 for some real polynomial p. Using the Cayley-Hamilton
theorem, it can be deduced that a matrix A € M,,, where n > 2, is algebraically positive if and only if there
are real numbers kq,...,k,_1 such that the off-diagonal entries of the following matrix are all positive:

kiA+ - 4k, AL

The authors of [3] used the Perron-Frobenius theorem to prove the following characterization of algebraically
positive matrices.

THEOREM 1.1 (Kirkland, Qiao, and Zhan, 2016). A real matrixz is algebraically positive if and only if
it has a simple real eigenvalue and corresponding left and right positive eigenvectors.
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A sign pattern is a matrix whose entries are from the set {0, +, —}. We define the pattern class of a sign
pattern .S, denoted by Q(5), as the set

Q(S)={A e My, |sgn((A);;) = (S); forall 1 <i<m,1<j<n}

of real matrices whose sign pattern is S. In this paper, we are interested in determining when a given
square sign pattern matrix allows algebraic positivity, i.e., there exists an algebraically positive matrix in its
sign pattern class; or requires algebraic positivity, i.e., all matrices in its sign pattern class are algebraically
positive.

The following results from [3] will be useful in our study:

THEOREM 1.2 (Kirkland, Qiao, and Zhan, 2016).

1. Ewvery algebraically positive matriz is irreducible.

2. If A is an irreducible real matriz all of whose off-diagonal entries are non-negative (or nonpositive),
then A is algebraically positive.

3. If a sign pattern allows algebraic positivity, then every row and column contains a +, or every row
and column contains a —.

Recall that a matrix A € M, is reducible if there exists a permutation matrix P such that PAPT is of
the form
PAPT = {Al AZ‘}

0 As

for some A; € M, such that 1 < s < n. The reducibility of a matrix is easily determined by looking at its
associated digraph. The digraph of A, denoted by I'(A), is the directed graph whose vertex set is {1,...,n}
and whose edge set is E4 = {(4,7) | (A):; # 0}. It is known (see [2]) that a matrix is irreducible if and only
if its digraph is strongly connected, i.e., for every pair of distinct vertices ¢ and j, there is a directed path in
I'(A) from i to j. Note that the digraph of AT is obtained from the digraph of A by reversing the direction
of all the edges. Meanwhile, if P is a permutation matrix, then the digraph of PAPT is obtained from the
digraph of A by permuting the labels of the vertices of I'(A). Thus, if I'(A4) is irreducible, then so are I'(AT)
and T'(PAPT). For the purpose of this study, we say that two digraphs are equivalent if one can be obtained
from the other by (i) reversing the direction of all the edges, (ii) permuting the labels of the vertices, or (iii)
doing both. In Appendix A, we list the 26 nonequivalent irreducible digraphs in with vertex set {1, 2, 3}.

THEOREM 1.3. If A is algebraically positive, then the following matrices are also algebraically positive:

1. AT;

2. —A;

3. PAPT for any permutation matriz P;

4. BA+ ol for any o € R and any f € R\ {0}.

Proof. Suppose p is a real polynomial such that p(A) > 0 and suppose P is a permutation matrix. Then
p(AT) = p(A)T > 0 and p(PAPT) = Pp(A)PT > 0. Define q(x) = p(%m — ), then q(BA+al) = p(A4) > 0.
In particular, if 8 = —1 and a = 0, we have ¢q(—A4) > 0. O

For the purpose of our study, we say that two sign pattern matrices are equivalent sign patterns if one
can be obtained from the other by (i) transposition; (ii) permutation similarity; (iii) negation; (iv) any
combination of the first three transformations.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 331-356, August 2019.

333 On Sign Pattern Matrices that Allow or Require Algebraic Positivity

2. Main results. The main result of this study gives a necessary condition for sign patterns that allow
algebraic positivity.

THEOREM 2.1. Suppose A is an irreducible n x n sign pattern matriz. We write A = A, + A_, where
Ay contains only the nonnegative signs of A, while A_ contains only non-positive signs of A. Define
By = A, — AT. If B, is reducible, then A does not allow algebraic positivity.

Proof. Let A € M, ({+,—,0}) and

A=+ = (A=
(A+)is = { 0  otherwise ’ (A-)is = 0  otherwise

Define By = A = Ay — AT. Clearly, B4 € M,({0,+}). Suppose B, is reducible. Then, we can assume
without loss of generality that

(2.1) By = {Bl BQ]

0 Bs

for some By € M4({0,+}), and for some B3 € M,,_5({0,+}). Otherwise, we can replace A by PAP” where
P is a permutation matrix such that PB4 P7 is in the said form. From (2.1), it will follow that A is of the

form
C-D E
=757 6T
for some C,D € M,({0,+}), G, H € M,_4({0,+}) and E € M ,,_s({0,+}) and F € M,,_, s({0,+}). Note
also that the entries of E or F' cannot all be zero since A is irreducible.

Suppose there exists an n X n matrix X € Q(A) such that X is algebraically positive. Then we can say

that
_ [Xe - Xp Xg
X—[ Xp XG_XH} € Q(4),

where X; € Q(J) for J = C,D,E,F,G,H. By Theorem 1.1, X has a simple real eigenvalue, say A € R,
with corresponding positive left and right eigenvectors

[uT vT] , [y} > 0, where u,y € Myx1 and v,2 € M(p_g)x1-

z
Note that
[ul T (X =) = [uT'(Xec — Xp —A) —vTXp *|=[0 0 -+ 0]
and
0
(Xc—XD—)\I)y—I—XEZ 0

)
X -\ = =
( ) L‘} :
0
Therefore, uT (X¢ — Xp — M) =0T X and (X¢ — Xp — M)y = —Xpz. Consider the relation
uT(Xc —Xp—-A)y= v Xpy = —u'' Xgz2.

Since the entries of u”,v”,y, 2z are positive and Xp, Xr are nonzero nonnegative matrices, v/ Xpy is a
positive real number, while —u” Xgz is a negative real number. This gives a contradiction. Hence, no
X € Q(A) is algebraically positive. 0
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Here is an example on how to utilize this result.

ExXAMPLE 2.2. Consider the sign pattern A given below. We write A as follows, separating the positive
(A4) and the negative (A_) signs.

0 + 0 0 + 0] 0 0 O
A=+ 0 —|=1|4+4 0 0|+ (0 0O —
|+ 0 +] |+ 0 +] 10 0 0]
We then write its B4 as follows, negating and transposing A_.

[0 + 0] [0 + 0] [0 0 0
B=|+ 0 O0|=|+ 0 0[+]|0 0 0
+ 4+ 4+ [+ 0 +] [0+ 0

We can treat the negative signs of A as a reversal of the direction on the corresponding edges in the
signed digraph of A to obtain the signed digraph of B4 as seen below. Note that B4 is reducible since its

LN A

Signed Digraph of A Signed Digraph of B4

Figure 1: Ilustrates how to obtain the digraph of B4 from A, as described in Theorem 2.1.

corresponding digraph is not strongly connected [2].

We also note that the converse of Theorem 2.1 is not true, by providing a counterexample below.

ExaMpPLE 2.3. Consider the sign pattern C below. By Theorem 1.2.3, C' does not allow algebraic
positivity. Now, we write C' as follows:

0 — 0 0 0 0 0o — 0
C=|- 0 + 0 0 +[{+|—- 0 O
+ 0 + + 0 + 0 0 O
However, one can easily check that the matrix Bo below is irreducible.
0 + 0 0 0 O 0 + 0
Be=|+ 0 +(=]0 0 +({+ |+ 0 O
+ 0 + + 0 + 0 0 O

Recall that a matrix X € M, is algebraically positive if and only if X + al,, is algebraically positive for
any a € R. We now introduce the notion of a scalar-shift subclass of a sign pattern matriz. We say that a
sign pattern B is a (scalar-shift) subclass of another sign pattern A, denoted by B < A, if for any X € Q(B),
there exists o € R such that the sign pattern of X + al, is equivalent to A.
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+

EXAMPLE 2.4. Let B — LOL H and A — [:r } Then B < A but A 4 B.

The following theorem follows directly from Theorem 1.3.4.
THEOREM 2.5. Suppose A < B.

1. If B requires algebraic positivity, then so does A.
2. If A allows algebraic positivity, then so does B.

Note that the converse of each statement in Theorem 2.5 does not hold, as shown in the following
examples.

EXAMPLE 2.6. Let

A= |- and C= [—

++ o

Clearly, A,C < B.

1. Note that C requires algebraic positivity (see SP 12.4 in Appendix A), while B only allows but does
not require algebraic positivity.

2. A does not allow algebraic positivity (see SP 3.3 in Appendix A) even though B allows algebraic
positivity.

Finally, in Appendix A, we list down all nonequivalent irreducible 3 x 3 sign pattern matrices and
determine whether they require, allow or do not allow algebraic positivity.
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Appendix A. Nonequivalent irreducible 3-by-3 sign pattern matrices. We will say that a given
sign pattern matrix is (a) RAP if it requires algebraic positivity; (b) AAP if it does not require but allows
algebraic positivity; (c) DNA if it does not allow algebraic positivity.

In this section, we wish to classify each possible 3 x 3 sign pattern matrix into one of the three types above.
Since reducible matrices belong to the DNA category, we will only consider irreducible matrices. Moreover,
we will only list nonequivalent sign pattern matrices. For efficiency, we list the nonequivalent digraphs
and group them according to their edge count. Then for each digraph, we enumerate all corresponding
nonequivalent sign pattern matrices.
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A. Graphs with 3 directed edges. Up to equivalence, there is only one strongly connected digraph
with 3 edges and there are 2 nonequivalent sign pattern matrices having this digraph. We classify
these sign patterns using Theorems 1.2.2 and 1.2.3 to, as indicated below.

0O + 0

0 0 +

+ 0 0
) 3

SP 1.1: RAP SP 1.2: DNA

+ o o
o o

Digraph 1

B. Graphs with 4 directed edges. There are three nonequivalent strongly connected digraphs with
4 directed edges. We list the nonequivalent sign pattern matrices corresponding to each digraph
and except for SP 4.4, we use Theorems 1.2.2 and 1.2.3 to classify these sign patterns as indicated

below.
* 4+ 0 * — 0 * 4+ 0
0o 0 + 0 0 + 0O 0 -—
+ 0 0 + 0 0 + 0 0
@ 3 SP 2.1: RAP SP 2.2: DNA SP 2.3: DNA
Digraph 2
0O + O 0O — 0 0o — 0
+ 0 + + 0+ -0 +
0O + O 0O + 0 0 + O
2Y (3
SP 3.1: RAP SP 3.2: DNA SP 3.3: DNA
Digraph 3
0O — 0 0O — 0
+ 0 - + 0 +
0 + O 0O — 0
SP 3.4: DNA SP 3.5: DNA
0o + + 0 + = 0 — =«
0 0 + 0o 0 + 0 0 +
+ 0 0 — 0 0 + 0 0
@ ;
SP 4.1: RAP SP 4.2: DNA SP 4.3: DNA

Digraph 4
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0 + - 0 - + 0o - +
0 0 + 0 0 - 0 0 +
+ 0 0 + 0 0 - 0 0
SP 4.4: RAP SP 4.5: DNA SP 4.6: DNA

Suppose that the sign pattern of A = [a;;] is SP 4.4. Take p(z) = kox® + k1 + ko such that
khkg > 0, % > % and kg > —koajzaszr. Then p(A) > 0.

C. Graphs with 5 directed edges. There are six nonequivalent strongly connected digraphs with
5 directed edges. We list the nonequivalent sign pattern matrices corresponding to each digraph.
Except for SP 6.4, SP 8.4, SP 9.2, SP 10.4, and the AAP sign patterns, we use Theorems 1.2.2, 1.2.3
and 2.1 to classify these sign patterns as indicated below.

£ + 0 « — 0 £ + 0
0 *x 4+ 0 x + 0 x —
+ 0 0 + 0 0 £ 0 0
=
SP 5.1: RAP SP 5.2: DNA SP 5.3: DNA
Digraph 5
* + 0 * — 0 * + 0
o0 + 0 + + 0 —
0 + 0 0 + 0 0 + 0
2) ® SP 6.1: RAP SP 6.2: DNA SP 6.3: DNA
Digraph 6
+ - 0 40 « — 0
— 0 4+ + 0 - + 0 -
0 + 0 0 — 0 0 + 0
SP 6.4: RAP SP 6.5: DNA SP 6.6: DNA

Suppose that the sign pattern of A = [a;;] is SP 6.4. Take p(z) = kez? + k1 + ko such that
k1 > 0> ko and % > —aqq, ko > max{—ks(a?, +aizaz1) — kra11, —k2(a12a21 + aziaszs), —k2az1a23}.
Then p(A) > 0.
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0 + 0 0 — 0 0o — 0
+ ok + + ok + - o +
23 @ 0 + 0 0 + 0 0 + 0
SP 7.1: RAP SP 7.2: DNA SP 7.3: DNA
Digraph 7
0 — 0 0 — 0
+ ok - + ok +
0 + 0 0 — 0
SP 7.4: DNA SP 7.5: DNA
* + 0 + + 0 *x — 0
+ 0 + - 0 + £ 0 +
+ 0 0 + 0 0 + 0 0
2 2 SP 8.1: RAP SP 8.2: AAP SP 8.3: DNA
Digraph 8
- + 0 * 4+ 0 * + 0
- 0 + * 0 — * 0 4+
+ 0 0 + 0 O - 0 0
SP 8.4: RAP SP 8.5: DNA SP 8.6: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 8. If the sign pattern of A is
e SP 8.2, then A is AP if and only if aj1a21 + aszasy > 0. In particular, if we take a1 = a1 =
as3 = ag; = —ao1 = 1, then A is not AP. On the other hand, if we take a11 = a10 = —a9; =1
and ag3 = ag; = 10, then A is AP.
o SP 8.4, take p(z) = kaa® + kya + ko such that ki ky > 0, B > —ay — P29 ang gy >

a21
—kia11 — kg(&%l + a12a21) so that p(A) > 0.
0 + 0 0 + O 0 4+ O
+ o0+ — 0+ — 0+
5 3 + 0 + 0 4 + 0 -
SP 9.1: RAP SP 9.2: RAP SP 9.3: AAP

Digraph 9
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0O — 0 0 + O 0 + O
+ 0 + + 0 - + 0 -
+ 0 = + 0 = - 0 +
SP 9.4: DNA SP 9.5: DNA SP 9.6: AAP
0o — 0 0 — 0 0 + O
+ 0 - - 0 + - 0 -
+ 0 = + 0 + + 0 =
SP 9.7:. DNA SP 9.8: DNA SP 9.9: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 9. If the sign pattern of A is
e SP 9.2, take p(x) = kox® + ki + ko such that ki, ks > 0, % > % and kg > —koasia12 SO
that p(4) > 0.
e SP 9.3, then A is AP if and only if as1a33 < assas;. In particular, if we take a1 = ag3 = az; =

—as1 = —aszz = 1, then A is not AP. On the other hand, if we take a12 = as3 = a3; = 2 and
a921 = A33 = —17 then A is AP.
e SP 9.6, then A is AP if and only if as1az3 > assaz. In particular, if we take ajo = —ag3 =

—a31 = a1 = azz = 1, then A is not AP. On the other hand, if we take a12 = ao1 = az3 = 2
and ag3 = agz; = —1, then A is AP.

0 + 0 0 + 0 0 + 0

+ 0 + + 0 + * 0 —

+ + 0 + — 0 x* x 0

2 ¥ (3
SP 10.1: RAP SP 10.2: AAP SP 10.3: DNA
Digraph 10

0 + 0 0 + 0 0 + O

- 0 + + 0 + - 0 +

+ - 0 - + 0 - + 0
SP 10.4: RAP SP 10.5: AAP SP 10.6: DNA

0 — 0

+ 0 -

+ + 0
SP 10.7: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 10. If the sign pattern of A is
e SP 10.2, then A is AP if and only if ag1a3, < a12a3;. In particular, if we take a1 = ag) = asz =
az1 = —aszs = 1, then A is not AP. On the other hand, if we take a1s = a21 = ag3 = a3z = 2
and aso = —1, then A is AP.
o SP 10.4, take p(z) = ksa® + k1o + ko such that ki ks > 0, 5 > max { @z, enea} g
ko > —kg(algagl + a23a32) so that p(A) > 0.
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e SP 10.5, then A is AP if and only if aggagl < a3jasz and aglagl < a21a§2. In particular, if
we take a1a = ag1 = ag3 = —as; = azs = 1, then A is not AP. On the other hand, if we take
a12 = a1 = a3 = aze = 2 and a3y, = —1, then A is AP.

D. Graphs with 6 directed edges. There are eight nonequivalent strongly connected digraphs with
6 directed edges. We list the nonequivalent sign pattern matrices corresponding to each digraph and
except for SP 12.4, SP 13.4, SP 14.4, SP 15.4, SP 17.4, SP 18.4, and the AAP sign patterns, we use
Theorems 1.2.2, 1.2.3 and 2.1 to classify these sign patterns as indicated below.

* 4+ 0 x — 0
0 = + 0 * +
+ 0 = + 0 =x
%
SP 11.1: RAP SP 11.2: DNA
Digraph 11
*x 4+ 0 * 4+ 0 * 4+ 0
+ % + - %+ x %+
0 + 0 0 + 0 0 — 0
2¥ (3
SP 12.1: RAP SP 12.2: DNA SP 12.3: DNA
Digraph 12
+ - 0 + 4+ 0
0 + 0 0 — 0
SP 12.4: RAP SP 12.5: DNA

Suppose that the sign pattern of A = [a;;] is 12.4. Then take p(z) = kox? + kix + ko such that
ko <0, —(a11 +aga) < % < —ags and kg be larger than all the diagonal entries of —k1 A — ky A2 so
that p(A) > 0.

* 4+ 0 + + 0 * 4+ 0
+ 0 + + 0 - + 0 +
0 + = 0o - + 0 — =
2} (3
%) SP 13.1: RAP SP 13.2: AAP SP 13.3: DNA

Digraph 13
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+ -0 x — 0 - -0

- 0 + + 0 + - 0 +

0 + - 0 — =« 0 + +
SP 13.4: RAP SP 13.5: DNA SP 13.6: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 13. If the sign pattern of A is
e SP 13.2, then A is AP if and only if az3 > aq1. In particular, if we take a17 = a12 = a91 =
—as3 = —azs = azz = 1, then A is not AP. On the other hand, if we take a11 = a12 = as; =
—ag3 = —a3zz = 1 and ass = 37 then A is AP.
e SP 13.4, then take p(x) = kox? + kyx + ko such that ks < 0, —ay; < ’Z—; < —ag3 and kg be
larger than all the diagonal entries of —kq A — ko A2 so that p(A) > 0.

* + 0 + + 0 -+ 0
+ * + - + + - + +
+ 0 0 + 0 0 + 0 0
2 3
SP 14.1: RAP SP 14.2: AAP SP 14.3: AAP
Digraph 14
- 4+ 0 + - 0 x — 0
- - + - + + + * +
+ 0 0 + 0 0 + 0 0
SP 14.4: RAP SP 14.5: AAP SP 14.6: DNA
* + 0 * — 0 * + 0
+ x - + *x + + x -
+ 0 0 - 0 0 - 0 0
SP 14.7: DNA SP 14.8: DNA SP 14.9: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 14. If the sign pattern of A is
e SP 14.2, then A is AP if and only if aji1a01,a20a21 > —agzas;. In particular, if we take

11 = Q12 = —ao1 = G99 = a3 = ag; = 1, then A is not AP. On the other hand, if we take
a11 = Q12 = Q22 = Q23 = A31 = 2 and a1 = —1, then A is AP.

e SP 14.3, then A is AP if and only if aseas; > —asszaz;. In particular, if we take —aqy; =
12 = —ao] = Qoo = ag3 = az; = 1, then A is not AP. On the other hand, if we take
Q12 = G292 = a3 = az1 = 2 and a;q = as; = —1, then A is AP.

e SP 14.4, then take p(z) = kow? + kyx + ko such that ki, ko > 0, —(a11 + ag2) < % < —(a11 +
asge) — ‘12’;7:131 and ko be larger than all the diagonal entries of —k; A — ko A? so that p(A4) > 0.

e SP 14.5, then A is AP if and only if ai1a01,a90a97 < —aszas;. In particular, if we take
11 = —G12 = —a91 = a9 = a3 = az; = 1, then A is not AP. On the other hand, if we take
a11 = —G12 = G99 = a93 = az; = 1 and ag; = —2, then A is AP.
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* + 0 + + 0 * + 0
+ 0 + - 0 + * 0 —
+ 0 = + 0 + + 0 =
2 3
SP 15.1: RAP SP 15.2: AAP SP 15.3: DNA
Digraph 15
-+ 0 + + 0 x — 0
- 0 + - 0 + + 0 +
+ 0 + + 0 - + 0 *
SP 15.4: RAP SP 15.5: AAP SP 15.6: DNA
-+ 0 + 4+ 0 x 4+ 0
- 0 + + 0 - * 0 +
+ 0 - - 0 + - 0 =
SP 15.7: AAP SP 15.8: AAP SP 15.9: DNA
-+ 0 * + 0
+ 0 - + 0 -
- 0 + - 0 -

SP 15.10: AAP SP 15.11: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 15. If the sign pattern of A is
e SP 15.2, then A is AP if and only if aj1a91 — azzas; > —aszazi. In particular, if we take
12 = —a91 = o3 = az1 = azz = 1 and ay; = 2, then A is not AP. On the other hand, if we
take a1 = a2 = —as1 = asz = az; = azz = 1, then A is AP.
e SP 154, then take p(z) = kaa? + kyx + ko such that ki, ks > 0, —an < §2 < —ay; — %2805
and ko be larger than all the diagonal entries of —k; A — ky A2 so that p(A) > 0.
e SP 15.5, then A is AP if and only if aj1a01 — azzas; > —aszaszi. In particular, if we take

a1l = a1a = —ao1 = a3 = a3y = —ag3z = 1, then A is not AP. On the other hand, if we take
a11 = @12 = a93 = a31 = 2 and as; = azz3 = —1, then A is AP.

e SP 15.7, then A is AP if and only if azzas; < asszaz;. In particular, if we take —a;; =
a12 = —ao; = ag3 = ag; = —azz = 1, then A is not AP. On the other hand, if we take
12 = Q23 = A31 — 2 and 11 = A21 = A33 = —].7 then A is AP.

e SP 15.8, then A is AP if and only if aj1a21 — azzas; < —aszazi;. In particular, if we take
a11 = @19 = a91 = —as3 = —az; = azz = 1, then A is not AP. On the other hand, if we take
a11 = A12 = a21 = —Qa23 = —Aaz1 = 1 and as3 = 3, then A is AP.

e SP 15.10, then A is AP if and only if —agzas; < —assaszi. In particular, if we take —aq; =
aia = a1 = —ao3 = —az; = azz3 = 1, then A is not AP. On the other hand, if we take

—a11 = 12 = a1 = —as3 = —agy; = 1 and azz = 2, then A is AP.
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* + 0 * + 0 * + 0
o0 + — 0 4+ + 0 +
Lo+ o0 o+ o0 — 4+ 0
2) 3 SP 16.1: RAP SP 16.2: AAP SP 16.3: AAP
Digraph 16
* + 0 * + 0 + — 0
o0 + — 0 4+ — 0 +
+ — 0 -0 o0
SP 16.4: AAP SP 16.5: AAP SP 16.6: AAP
+ — 0 -0 _ — 0
+ 0 + - 0 + * 0 +
- 4+ 0 - 4+ 0 x* % 0
SP 16.7: AAP SP 16.8: AAP SP 16.9: DNA
* + 0 * + 0 x*x — 0
0 + — 0 4+ + 0 —
— — 0 — 4+ o0 Toro0

SP 16.10: DNA SP 16.11: DNA SP 16.12: DNA
+ - 0
* 0 +
*x — 0

SP 16.13: DNA SP 16.14: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 16. If the sign pattern of A is

a12a as1a as3a
e SP 16.2, then A is AP if and only if — 12751 ,—a1] — 272 gy - 22 particular,
as2 as1 a21
if we take £a11 = a12 = —ao1 = as3 = az1 = azz = 1, then A is not AP. On the other hand, if
we take +aj1 = a12 = a3 = a3 = ass = 2aand ag] = —al, 3hen Ais AP. -
e SP 16.3, then A is AP if and only if —ﬂ, —a — 28781 —a — 282 1y particular,
a32 a21 a31
if we take a1 = a12 = as1 = as3 = —asg1 = azs = 1, then A is not AP. On the other hand, if
we take a7 = a12 = as1 = as3 = azs = 2 and as; = —1, then A is AP.
. . . 21032 412031 . .
e SP 16.4, then A is AP if and only if —ay; — < — . In particular, if we take
asy a32
+a11 = a3 = as1 = as3 = —az; = 1 and azs = —3, then A is not AP. On the other hand, if we
take *a11 = a19 = as1 = as3 = az; = 2 and azy = —1,611:/1’1651 Ais Af; a ol
e SP 16.5, then A is AP if and only if —ai1, —ay; — ——2 < — 2580 g = 285 1y
. . asi a32 ) a21
particular, if we take a7 = a12 = —a9; = ao3 = a3z = —age = 1, then A is not AP. On the

other hand, if we take a1 = a12 = as3 = az1 = 2 and as; = azo = —1, then A is AP.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 331-356, August 2019.

Jean Leonardo C. Abagat and Diane Christine Pelejo

e SP 16.6, then A is AP if and only

particular, if we take a;; = —aq2 =
other hand, if we take a1 = —ai2 =
e SP 16.7, then A is AP if and only
particular, if we take a1 = —aj2 =

other hand, if we take —a12 = as; =

IL
AS

344

. a230a31 12031 121032

if —ai1,—a1 — < = ) ———. In
az1 asz . a3l

—ag1 = a3 = az; = azs = 1, then A is not AP. On the

—ao1 = a3z1 = azz = 1 and ass = 0.1, then A is AP.

. 21032 a12a31 23031

if —ail, —a11 — < — s ——  In
asi asz . a1

—Q21 = Q23 = Q31 = Q32 = 1, then A is not AP. On the

ags = —az; =1, aj; = 11, and agy = 0.1, then A is AP.

11 —

11 —

e SP 16.8, then A is AP if and only if —ayq, —ai; — a21a32,— ) _a12a31. In
as1 a21 a32
particular, if we take a;1 = —a12 = —a91 = as3 = —as3; = azs = 1, then A is not AP. On the
other hand, if we take —a12 = —ag1 = ao3 = —a31 = 1, a1 = 11, and a3 = 0.1, then A is AP.
0 + O 0 + O 0 + 0
+ %+ - x + R
2) (3 + + 0 + + 0 * * O
SP 17.1: RAP SP 17.2: AAP SP 17.3: DNA
Digraph 17
0 + O 0 + 0 0 + O
- - + + *x + - x +
+ — 0 - 4+ 0 - + 0
SP 17.4: RAP SP 17.5: AAP SP 17.6: DNA
0 + O 0 — 0
-+ + + o -
+ - 0 + 4+ 0
SP 17.7. AAP SP 17.8: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 17. If the sign pattern of A is

e SP 17.2, then A is AP if and only if —ags, — ,
a31

3 32
particular, if we take a1o = fags = as3 = az; = ags = 1 and as; = —3, then A is not

121032 412031

a

423031 In
7(1 .

< —asz —

21
AP. On

the other hand, if we take a2 = fagss = as3 = az1 = azzx = 2 and ag; = —1, then A is AP.

SP 17.4, then take p(x) = kox? + kyx + ko such that ki,ko > 0, —ags < Z;

< —ag2 —

max{ a";f;‘l“, “32113212} and ko be larger than all the diagonal entries of —k; A — ks A2 so that
p(A) > 0.
as3a alaa a910:
e SP 175, then A is AP if and only if —ags, —az3 — 23 31,—a33 - C12fsl STy
. . a21 aszz . asy
particular, if we take a9 = ao1 = Fa99 = as3 = azs = 1 and az; = —3, then A is not AP. On

the other hand, if we take a5 = ag

= Fa99 = as3 = azz = 2 and a3y = —1, then A is AP.

asia ai2a a230

e SP 17.7, then A is AP if and only if —as, ———2 < —a35 — ——— —gg5 — —>2L Ip
. . asi asz2 . as1

particular, if we take a1 = —ao1; = ag3 = az; = —azz = 1 and asy = —5, then A is not AP. On
the other hand, if we take a13 = ags = as3 = az; = 2 and as; = azp = —1, then A is AP.
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0o + + 0 — + 0 - +

+ 0 + + 0 + + 0 +

+ + 0 + + 0 + -0

2) 3
SP 18.1: RAP SP 18.2: AAP SP 18.3: DNA
Digraph 18

0o - + 0o - + 0o - -

+ 0 - - 0 + - 0 +

-+ 0 + + 0 + + 0
SP 18.4: RAP SP 18.5: AAP SP 18.6: DNA

0o - + 0o - -

+ 0 - + 0 -

+ + 0 + + 0
SP 18.7: AAP SP 18.8: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 18. If the sign pattern of A is

a12a23 3031 G21413  G21032 Q120 ai3a
e SP 18.2, then A is AP if and only if — 12728 23751 Elet 21752 Loel TR

) ) )
a3 a1 a3 asy as2
In particular, if we take —a12 = a13 = ao1 = as3 = ag; = aze = 1, then A is not AP. On the

other hand, if we take a13 = ag1 = ao3 = a31 = azs = 2 and a2 = —1, then A is AP.

e SP 18.4, then take p(x) = 2 + ko such that kg > —a12a21 — a13a31 — a12a21 — aszazy and
ko > —asoag3 — ay3asy so that p(A) > 0.

e SP 18.5, then A is AP if and only if — Q2023 Gndis 021052 012031 < - 213052 a23a31

ai13 ’ a23 ’ asi ’ as2 aiz a21
In particular, if we take —a12 = a13 = —a91 = as3 = az; = azs = 1, then A is not AP. On the
other hand, if we take a13 = as3 = ag; = d32 _a2 2nd aiy = a1 _a—ld then Aa1s ELAP. ana
e SP 18.7, then A is AP if and only if — 12 23, 2 31, 21 32, 12781 o TAsTe2 21718
ais a1 asy a2 aq as3
In particular, if we take —a12 = a13 = ag1 = —ao3 = a3z; = azz = 1, then A is not AP. On the
other hand, if we take a13 = as1 = ag; = azs = 2 and a3 = asz = —1, then A is AP.

E. Graphs with 7 directed edges. There are five nonequivalent strongly connected digraphs with 7
directed edges. We list the nonequivalent sign pattern matrices corresponding to each digraph and
except for SP 19.4, 20.4, and the AAP sign patterns, we use Theorems 1.2.2, 1.2.3 and 2.1 to classify
these sign patterns as indicated below.

x 4+ 0 + - 0 x — 0
+ x4+ - x4+ 4+ k%
0 + = 0o + + 0 * =
2 3
9 SP 19.1: RAP SP 19.2: AAP SP 19.3: DNA

Digraph 19
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-+ 0 + + 0
+ ok - + ox -
0 - + 0o - -
SP 19.4: RAP SP 19.5: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 19. If the sign pattern of A is
e SP 19.2, then A is AP if and only if a;; > as3. In particular, if we take a;; = —a12 =
—a91 = Fass = ao3 = azs = azz = 1, then A is not AP. On the other hand, if we take
—Q12 = —Aa21 = :l:agg = 23 = Q32 = A33 — 1 and a1 = 2, then A is AP.
e SP 19.4, take p(x) = kow? + kyx + kg such that ko < 0, —(ags + azz) < Z—; < —(a11 + as2) and
ko larger than all the diagonal entries of —ky A — ko A2 so that p(A) > 0.

x 4+ + + o+ - x4 %
0 = + 0 + + 0 % —
+ 0 = + 0 x 0 %
%
SP 20.1: RAP SP 20.2: AAP SP 20.3: DNA
Digraph 20
- + - *  + = L S
0 + + 0o - + 0 * +
+ 0 - + 0 = - 0 =
SP 20.4: RAP SP 20.5: AAP SP 20.6: DNA
+ o+ - = 4 -+ -
0o + + 0 + - 0o + +
- 0 + + 0 = - 0 =
SP 20.7: AAP SP 20.8: AAP SP 20.9: DNA
Suppose that the digraph of A = [a;;] € M3(R) is Digraph 20. If the sign pattern of A is
e SP 2027 then A is AP if and only if —aj] — a2, —a22 —Aa33, —A11 —Aa33 < —A11] — G33 — %
a3
In particular, if we take a1o = asg = a93 = az1 = 1, a11 = +azz = 2, and a3 = —5, then A is
not AP. On the other hand, if we take a11 = a12 = —a13 = as3 = agz; = faszz = 1 and ass = 3,

then A is AP.
e SP 20.4, then take p(z) = kox? + kyx + ko such that ki, ks > 0, —(a11 + as3) < ’;—; < —(a11 +
azs) — 42923 and ky is larger than all the diagonal entries of —k; A — ka A% so that p(A) > 0.

a13

a12G
e SP 20.57 then A is AP if and only if —a1] — a92, —Aa22 —Aa33, —A11 —Aa33 < —A11 — A33 — M
a13
In particular, if we take a1 = a12 = —a13 = a93 = a3y = *azz = 1 and ass = —10, then A
is not AP. On the other hand, if we take *ay; = a12 = —ag9e = as3 = a3; = *azz3 = 1 and
a1z = —0.1, then A is AP. dioa
e SP 20.7, then A is AP if and only if —a1; — as3, —a11 —aszz — 1278 —a11 — G2, —A2 — G33.

ais
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In particular, if we take a11 = a12 = —a13 = a9 = ag3 = —ag; = azz = 1, then A is not AP.
On the other hand, if we take ‘a9 = aos = asz3 = —az; = 1 and a1 = —a13 = azz = 5, then
A is AP.
. . . a120a23
e SP 2087 then A is AP if and only if —ai] — ag2, —a22 —Aazz < —ai] —as3, —a1] — 433 — .
ai
In particular, if we take *ay1 = —a12 = ass = —ao3 = az; = a3 = 1 and a3 = 0.1, then A
is not AP. On the other hand, if we take a1; = —a12 = a13 = —as3 = a3; = F+aszz3 = 1 and
a99 — 5, then A is AP.
* + 0 * + 0 * 4+ 0
+ o+ — %+ + o+
+ + 0 + + 0 + -0
2 3
SP 21.1: RAP SP 21.2: AAP SP 21.3: AAP
Digraph 21
* 4+ 0 + — 0 + — 0
+ % 4+ - % + + x4+
-+ 0 + + 0 -+ 0
SP 21.4: AAP SP 21.5: AAP SP 21.6: AAP
* + 0 -+ 0 - + 0
-+ + - - + %
+ - 0 - 4+ 0 + - 0
SP 21.7: AAP SP 21.8: AAP SP 21.9: AAP
* — 0 * + 0 * — 0
+ * + + *x = + *x =
+ + 0 + + 0 + + 0

SP 21.10: DNA SP 21.11: DNA SP 21.12: DNA

* — 0 * + 0 * 4+ 0
+ x + - % — — x4+
+ -0 + 4+ 0 - 4+ 0

SP 21.13: DNA SP 21.14: DNA SP 21.15: DNA

* + 0 - =0 - - 0
+ x + - *x + + x +
- =0 + + 0 -+ 0

SP 21.16: DNA SP 21.17: DNA SP 21.18: DNA
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+ + 0 - + 0 + + 0
+ x - + + - + ox -
-+ 0 - + 0 + - 0

SP 21.19: DNA SP 21.20: DNA SP 21.21: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 21. If the sign pattern of A is

. . . (21032 a12031
SP 21.2, then A is AP if and only if —a11—as2, —ag9, —a11— ,—Qgg————— < —@A11— 022 —
azi az2

. In particular, if we take iall = a2 = iagg — Q23 — A31 — 432 — 1 and a1 = —107

123031

a21
then A is not AP. On the other hand, if we take ta11 = a12 = tas = a93 = az1 = azz = 1
and as; = —0.1, then A is AP.

. . . 21032 423031
SP 21.3, then A is AP if and only if —a11—as2, —ag9, —a11— ,—Q11—029— < —agy—
as1 a1
a120a31 I icul if ki _ _ _ _ _
. In particular, if we take a11 = a12 = £ag2 = as3 = ag1 = —aszz = 1 and ag; = —10,

asz2
then A is not AP. On the other hand, if we take ta11 = a12 = ao1 = Fa9y = a3 = az; = 1
and age = —0.1, then A is AP.

. . . 12031 423031
SP 21.4, then Ais AP if and only if —a11—asg2, —ag9, —aoo— , —Q11— Q22— < —aij1—
a32 a21
21032 . .
———=_ In particular, if we take *a11 = a12 = a1 = Fagss = as3 = az2x = 1 and az; = —10,
a3

then A is not AP. On the other hand, if we take *a11 = a12 = ao1 = *a99 = a93 = a3z = 1
and ag; = —0.1, then A is AP.

. . . 423031 12031
SP 21.5, then A is AP if and only if —a11—asg2, —a11—a20— < —a92, —93— ,—Q11—
a1 as2

(21032 . .

. In particular, if we take a17 = —a12 = fass = as3 = az1 = aze = 1 and ag; = —0.1,

a31

then A is not AP. On the other hand, if we take a17 = —a12 = *ags = @93 = a31 = azs = 1
and as; = —10, then A is AP.

. . . . 21032 12031
SP 21.6, then A is AP if and only if —a11 —ag92, —a11— < —a392, —93— , —Q11— Q22—

asi as2

Q23031 . .

. In particular, if we take a17 = —a12 = ao1 = *age = as3 = aze = 1 and az; = —0.1,

a21
then A is not AP. On the other hand, if we take —a152 = as1 = *ass = as3 = azs = 1, a1 = 10,

and a3y = —5, then A is AP.
21032 12031
< —Q99—

SP 217, then A is AP if and only if —a22, —Q11—0a22, —A11— — , —Qa11—0Aa22—
asy asz
423031 . .
—=_ In particular, if we take *a1; = a12 = —ag1; = *a9s = as3 = —a3ze = 1 and a3y = 0.1,
a21
then A is not AP. On the other hand, if we take *a11 = a12 = —a91 = *a99 = a3 = —azx =1
and az; = 10, then A is AP.
as1a a12a
SP 218, then A is AP if and only if —a92, —a11 — 21782 < —aj1 — a2, —a22 — 12731 ,—a11 —
dondl asi as2
Qo — 2B 1 particular, if we take —aj1; = a91 = —ag2 = —ag3 = —az; = azz = 1 and
a1
a1z = 10, then A is not AP. On the other hand, if we take asy = —as3 = —ag; = azz = 1,
a12 = —agy = 10, and ay; = —3, then A is AP.
. . . a12a as1a
SP 21.8, then A 1S AP if and only if —ag2, —a22— 12751 < —ai1—a22, —@11— 21732 , —Q11—a22—
asz a31
23031 . .
—— . In partlcular, if we take —ai11] = a12 = a1 = :‘:0@2 = —Qa23 = az1 = 1 and azg = 7017
azl
then A is not AP. On the other hand, if we take —a11 = a12 = ao1 = Fa99 = —as3 = az; =1

and ags = —10, then A is AP.
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* + 0 * + 0 * + 0
+ 0 + - 0 + + 0 +
+ + x + + % - +  x
27 (3
SP 22.1: RAP SP 22.2: AAP SP 22.3: AAP
Digraph 22
- =0 + - 0 + — 0
- 0 + - 0 + + 0 +
+ + - + + % - +  x
SP 22.4: AAP SP 22.5: AAP SP 22.6: AAP
* + 0 *x — 0 * — 0
- 0 + + 0 + + 0 -
+ - * + + * + +
SP 22.7: AAP SP 22.8: DNA SP 22.9: DNA
* — 0 * 4+ 0 - — 0
+ 0 + - 0 + - 0 +
+ - % - + % + + +

SP 22.10: DNA SP 22.11: DNA SP 22.12: DNA

_|_

0
0 +
— + *

SP 22.13: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 22. If the sign pattern of A is

. . . 21032 12031
e SP 22.2 then A is AP if and only if —aq1, —as3, —a11 — a3z — ,—a33 — ———
azi a32

< —ai1 —

23031 . .
——==. In particular, if we take a11 = a12 = as3 = az; = azs = *azz = 1 and as; = —10,

a1
then A is not AP. On the other hand, if we take :I:a11 = Q12 = Q23 = Q31 = Q32 = :tagg =1

and as; = —0.1, then A is AP.
a23G31 012031

e SP 22.3, then A is AP if and only if —aq1, —asz, —a11 — , —ass < —a11 —asz —
a21 az2

21032 . .
———==. In particular, if we take a11 = a12 = a1 = as3 = azs = *azz = 1 and az; = —10,

asy
then A is not AP. On the other hand, if we take *a11 = a12 = ao1 = a93 = azs = *aszz = 1
and ag; = —0.1, then A is AP.

. . . (23031 21032
e SP 22.4, then A is AP if and only if —ay1, —a11 — < —ass3, —a1] — a3z — ,—a33 —
aioa a21 az1
12031 . .
———_ In particular, if we take —a1; = —a12 = —a21 = a3 = a3z1 = —aszz = 1 and azx = 10,

az2
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then A is not AP. On the other hand, if we take —a;1 = —a12 = —a21 = as3 = a3z = 1,
azz = 0.1, and ag3 = —10, then A is AP. o i
e SP 22.5, then A is AP if and only if —ai1,—a11 — 22378 < —as3, —@11 — 33 — 21732 , —a33 —
a21 a31
aiaa
ﬁ. In particular, if we take a11 = —Q12 = —Aa21 = A31 = :|:a33 =1 and 93 = a3y = 107
as2
then A is not AP. On the other hand, if we take —ai19 = —ag1 = a9z = a3; = +azz = 1,
a11 = 15, and ags = 10, then A is AP. o dond
e SP 22.6, then A is AP if and only if —ay1, —a11 — a3z — 21732 < —asz, —@11 — 23751 , —a33 —
dioa asi
12 31. In particular, if we take a1;] = —a12 = A1 = A3 = —A31 — :|:(Z33 =1 and asg = 10,

as2
then A is not AP. On the other hand, if we take as; = as3 = *as3 = 1, a;; = 15, az; = =5
and —aq12 = azp = 0.1, then A is AP.
21032 —ayg — 23031

e SP 22.7, then A is AP if and only if —aq1, —as3, —a11 —az3 — —— <
a3 a21

. In particular, if we take :|:CL11 = a12 = —A2]1 = Q23 = A31 = 1 and —Aas3y = :I:a33 = 10,

—as3 —
a12031

a32
then A is not AP. On the other hand, if we take +a11 = a12 = as3 = a3z1 = *azz = 1 and
as3 = aza = —0.1, then A is AP.

x + + x -+ x + +

+ 0 + + 0 + + 0 -

+ 4+ 0 + 4+ 0 + + 0
2 (3

SP 23.1: RAP SP 23.2: AAP SP 23.3: AAP

Digraph 23

* = 4+ * + + * = +
- 0 + + 0 - + 0 -

+ + 0 + — 0 + + 0
SP 23.4: AAP SP 23.5: AAP SP 23.6: AAP
* - 4+ + - - L
+ 0 + - 0 + + 0 -

- + 0 + + 0 - + 0
SP 23.7: AAP SP 23.8: AAP SP 23.9: AAP
* = = * =+ x — +
+ 0 + + 0 + - 0 -
+ + 0 + - 0 + + 0

SP 23.10: DNA SP 23.11: DNA SP 23.12: DNA
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x = = x  — 4 - - =
+ 0 - + 0 + - 0 +
+ 4+ 0 - -0 + 4+ 0

SP 23.13: DNA SP 23.14: DNA SP 23.15: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 23. If the sign pattern of A is

a12a a923a a13a G210
e SP 23.2, then A is AP if and only if —aq; — 12 237—(111—ﬂ,—M 1—M7and

, —

a0 Qiaa a13 a21 a23 a31
12031 13032 . .
B < —aj1 — s In particular, if we take *a11 = a13 = as1 = as3 = az1 = azs = 1
32 12
and a12 = —10, then A is not AP. On the other hand, if we take *ay; = a13 = as1 = as3 =
a3z1 = azz = 1 and a5 = —0.1, then A is AP.
. . . . 12023 423031 413032
e SP 23.3, then A is AP if and only if —aj; — ,—a1] — ,—a1] — ,—a11 —
o aioa a1aa a13 a21 @12
21032 12031 13021 . .
, — < — . In particular, if we take *a17 = a12 = a13 = a91 = ag; = azz =1
asi a32 a23 .
and as3 = —10, then A is not AP. On the other hand, if we take *ai1 = a12 = a13 = as1 =

a3zl = asz = 1 and a23 = 7017 then A is AP.

. . . . a12023 413021 21032 412031
e SP 23.4, then A is AP if and only if —a1; — S —ay - —, - —= < —ay1 —
Ao i a13 a23 asy as2
23031 13032 . .
— —a1;;1 — —=. In particular, if we take +a11 = a13 = —a21 = a23 = az1 = azo = 1 and
a21 12
a1z = —10, then A is not AP. On the other hand, if we take +a11 = a13 = ass = az1 =azx =1
and 12 = Q21 = 7017 then A is AP.
. . . . 12023 423031 21032 413032
e SP 23.5, then A is AP if and only if —aq1— ,—Q11— ,—a11— ,—a——— <
e o a3 a21 asi ai2
13021 12031 . .
————=— ——=—"_ In particular, if we take *+ay; = a12 = a13 = a1 = az; = —azz = 1 and

a23 ’ a32
as3 = —10, then A is not AP. On the other hand, if we take +a11 = a19 = a13 = as1 = az; =1,

ass = —0.1, and azs = —0.3, then A is AP.

) . . . 12023 23031 21032 412031
e SP 23.6, then A is AP if and only if —ay; — ,—Q11 — ,—ay — —— ————— <
i i a13 a1 asi as2
13021 13032 . .
-, ,—a11 — o In particular, if we take +a1; = a13 = a21 = a31 = azz =1 and a2 =
23 12
asz = —10, then A is not AP. On the other hand, if we take +a11 = a13 = as1 = az1 = azs =1,
a1o = —0.1, and as3 = —0.3, then A is AP.
. . . . 12023 23031 13021 412031
e SP 23.7, then A is AP if and only if —a;; — ,—a1] — ,— ,—
o i ais a1 a3 as2
21032 13032 . .
—ay1 — ,—a11 — ——. In particular, if we take a1 = a13 = as1 = as3 = azo = 1 and
a

31 12
a1z = az1 = —10, then A is not AP. On the other hand, if we take a11 = a13 = a21 = as3 =

aszo =1, a2 = —0.1, and a3; = —0.3, then A is AP.
a12G23 423031 113032

e SP 23.8, then A is AP if and only if —ay; — ,—a11 — ,—a1] — ——— < —a1] —
ais a21 ai2
421032 13021 12031 . .
,— — . In particular, if we take a1; = a12 = —a13 = as3 = az; = azx =1
asy a23 azz. i
and as; = —10, then A is not AP. On the other hand, if we take —a19o = —a13 = a23 = a3; =

azz = 1, a;; = 20, and as; = —10, then A is AP.

p . . . a12a23 a23a31 a12a31
e SP 23.9, then A is AP if and only if —ay; — ,—ay] — ——, ———— < —ay1 —
a13 a21 a32
21032 13021 413032 . .
_—Yy——,—a1] — ———. In partlcular, if we take —Qa12 = A13 — A21 — —A23 = —Aa31 =

a1 | ass a2 .
a3zl and +ai; = 10, then A is not AP. On the other hand, if we take +a1; = —a12 = a13 =
as1 = —az1 = asgzl and asg = 10, then Ais AP.
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F. Graphs with 8 directed edges. There are two nonequivalent strongly connected digraphs with
8 directed edges. We list the nonequivalent sign pattern matrices corresponding to each digraph
and except for the AAP sign patterns, we use Theorems 1.2.2, 1.2.3 and 2.1 to classify these sign
patterns as indicated below.

* + 0 * + 0 * + 0

+ % + e + x +

+ 4+ x + + =* - +

2) (3
SP 24.1: RAP SP 24.2: AAP SP 24.3: AAP
Digraph 24

- =0 + — 0 - =0

- *x + - *x + + - +

+ + - + + - + -
SP 24.4: AAP SP 24.5: AAP SP 24.6: AAP

+ = 0 * 4+ 0 * — 0

+ x + - * 4+ + x +

- 4+ + = % + +
SP 24.7: AAP SP 24.8: AAP SP 24.9: DNA

* — 0 * — 0 * 4+ 0

+ x = + x + - x +

+ + * + - % - + %

SP 24.10: DNA SP 24.11: DNA SP 24.12: DNA

- — 0 - -0 - -0
- %+ + -+ + + +
+ + + -+ + -+ x

SP 24.13: DNA SP 24.14: DNA SP 24.15: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 24. If the sign pattern of A is
21032

e SP 242, then A is AP if and only if —aj11 — A22, —A22 —Aa3z3, —Aa11 —Aa33 — , —Qa22 — A33 —
asi
a12a31 a23a31 . .
——— < —a11 — Q23 — . In particular, if we take a7, = a12 = Fass = as3 = az; =1
a32 21
and —ao; = azs = Faszz = 10, then A is not AP. On the other hand, if we take *a11 = a1 =
Fa9s = a0z = az1 = azs = *tas3 = 1 and as; = —0.1, then A is AP.
. . . . 423031
e SP 243, then A is AP if and only if —aj11 — A22,—0A22 — 433, —QA11 — A2 — ——, —A22 —
a21
12031 21032 . .
a3z — —— < —ay1 — agzgz — ————. In particular, if we take a1 = ag1 = Fags = a3 =
a32 a

31
azs = *aszz = 1 and a;3 = —az; = 10, then A is not AP. On the other hand, if we take
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+a11 = a2 = ao1 = *agss = as3 = azs = +azz3 = 1 and az; = —0.1, then A is AP.
. . . as3a
e SP 24.4, then A is AP if and only if —a11 — a2, —ai11 — 422 — ﬂ < —ag2 — a33,—a11 —
a21
as1a ai2a . .
assz — 2 32,—a22 — a3 — 2T 1 particular, if we take —a11 = —a12 = —as; = *ags =
asi as2
as3 = az1 = azs = —asz = 1, then A is not AP. On the other hand, if we take —a;1 = —a12 =
:tazg = Q23 = A31 — A32 — ]., a1 = —].0, and ass = —27 then A is AP.
. . . ao3a
e SP 24.5, then A is AP if and only if —aj;; — as2, —a11 — a2 — 23731 —a9y — A33, —A11 —
a21
asia aisa . .
ass — 21 32,—(122 — a3z — T2 particular, if we take a11y = —a12 = £ass = as3 =
asi as2
az1 = azo = *azz = 1 and as; = —0.1, then A is not AP. On the other hand, if we take
—alg — :l:agg — Q23 — Q31 — A32 — :I:a33 = ]., as1 — —].0, and aj;p = 2, then A is AP.
. . . as1a
e SP 24.6, then A is AP if and only if —a11 —as2, —a11 —ass — 2782 —ag99 —a33, —A11 — A22 —
asi
Q23031 Q12031 . .
—= == —ags — azz3 — ———. In particular, if we take —a1;1 = —a13 = a1 = —ax = ao3 =
a1 a32
—as3] = a3z = —azz = 1, then A is not AP. On the other hand, if we take —a11 = —QA12 = Q21 =
agsz = ]., a2 = a31 = 710, azz = 12, and ass = 2, then A is AP.
. . . as1a
e SP 24.7, then A is AP if and only if —a;; — as, —a11 — azz — b —Q22 — A33, —A1] —
asi
as3a aisa . .
a9 — 23031 ,—Q99 — A33 — 12531 1n particular, if we take a11 = —a12 = ao1 = *agse = as3 =
agy Qa,

32
—a3z1 = ags = *agz = 1, then A is not AP. On the other hand, if we take as; = *as9 = ao3
azg = :I:a33 = 17 azp = 710, a12 = 701, and a1 = 37 then A is AP.

e SP 248, then A is AP if and Ol’lly if —aj11 — a2, —Aa22 —a33, —Q11 —A33 — 421432 < —ay11 —age —
a3
%, —a9y — a33 — alQaSl. In particular, if we take *ay; = a1 = —a91 = a93 = az; = 1,
a1 a32
+ass = —azs = 10, and Faz3 = 20, then A is not AP. On the other hand, if we take a1, =
a19 = :l:agg,agg = das1 = :l:(l33 =1 and ag91 = Q39 = 70.1, then A is AP.
*  + + * - + * 4+ =
+ x + + *x + + * +
+ 4+ 0 + 4+ 0 + 4+ 0
2 (3
SP 25.1: RAP SP 25.2: AAP SP 25.3: AAP
Digraph 25
* = 4+ * 4+ = * = 4+
- x + + x + + x =
+ 4+ 0 - 4+ 0 + + 0
SP 25.4: AAP SP 25.5: AAP SP 25.6: AAP
*  + + * = + + - -
+ x - + x - - *x +
- 4+ 0 - 4+ 0 + + 0

SP 25.7: AAP SP 25.8: AAP SP 25.9: AAP
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+ - - k= = x  + +
+ x + + *x + + ox +
-+ 0 + + 0 - - 0

SP 25.10: AAP SP 25.11: DNA SP 25.12: DNA

* = — * = — - - =
+ x = + x + - x +
+ + 0 + - 0 + + 0

SP 25.13: DNA SP 25.14: DNA SP 25.15: DNA

+ &+
- 4+ 0

SP 25.16: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 25. If the sign pattern of A is

. . . 423031 421032 412031
SP 25.2, then A is AP if and only if —a;; —ags — ,—a1] — , —Qa99 — , —a1] —
aiaa aiza aiza @21 31 32
12023 13021 13032 . .
—, —Q22 — < —ay11 — a22 — . In particular, if we take +ay; = a13 = ag1 =
a13 a3 a2 ] )
+ag9e = as3 = az; = azo = 1 and ay2 = —10, then A is not AP. On the other hand, if we take
+a11 = a13 = as1 = fagss = asz = az1 = azp = 1 and a5 = —0.1, then A is AP.
. . . 423031 (21032 112031
SP 25.3, then A is AP if and only if —a1; —ag2 — , —a1] — , —Qa99 — , —a1] —
ai13a a13a a2 @21 31 432
13032 13021 12023 . .
g9 — ——,—Qyp — — < —A1] — —. In partlcular, if we take :|:CL11 = a12 = A21 =
a12 a23 a13 . .
+ag9s = as3 = az; = aze = 1 and ay3 = —10, then A is not AP. On the other hand, if we take
+a11 = a13 = as1 = fass = asz = az1 = azp = 1 and a;3 = —0.1, then A is AP.
. . . di2a23 21032 a12031 a13a21
SP 25.4, then A is AP if and only if —a11— ,—a11— , — Q22— ,—Qgp———= <
- e a1 a3 a32 a23
13032 23031 . .
—ay] — Qo9 — ,—a11 — agp — ———=. In particular, if we take *ay; = —a12 = a13 =
a12 a21
—ag1 = *ase = az1 = azz = 1 and asg = 2, then A is not AP. On the other hand, if we take
:ta11 = a3 = :|:a22 — Q23 = A31 — A32 — 1 and aljp = ag1 — —01, then A is AP.
. . . 13032 423031
SP 25.5, then A is AP if and only if —a1; — age — ,—a1] — G2 — , —Q9y —
a2 a21
12031 13021 a120a23 421032 . .
—, —a9y — < —a11 — ,—ai] — . In particular, if we take +aq; =
asz az3 ais asi .
a192 = —a13 = a21 = :I:a22 = —Qa31 = a3z = 1 and ag3 = 2, then A is not AP. On the other
hand, if we take +a17 = a12 = as1 = £ase = as3 = azz = 1 and a3 = ag; = —0.1, then A is
AP.
. . . 12023 21032 423031
SP 25.6, then A is AP if and only if —ay1 -, Q1] ——,—a11 — a2 — —, —Aa22 —
aioa ai13a a13a o a1 21
12031 13032 13021 . .
——— < —ay1 — a9 — , —a2 — ———. In particular, if we take +a11 = —a12 = a13 =
asz2 ai2 a3 . .
a1 = *ags = —ag3 = azs = 1 and a3y = 10, then A is not AP. On the other hand, if we take
:ta11 = a13 = A1 — :I:a22 = a31 = a3 = 1 and a1p = Aag3 — —01, then A is AP.
. . . a12G23 13032
SP 25.7, then A is AP if and only if —aj; — ,—Q11 — Q29 — ,—a11 — G99 —
ais a12
23031 12031 421032 13021 . .
— ., =gy — —— < —a11 — ,—Q9y — . In particular, if we take +aq; =

a21 a32 a31 a23
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a13 = Ao1 = Faoy = —ao3 = —asz; = a3z = 1 and a12 = 2, then A is not AP. On the other
hand, if we take fa11 = a12 = a13 = ag1 = Fags = azs = 1 and asz = az; = —0.1, then A is
AP.
. . . a120a23 a230a31 12031
SP 25.8, then A is AP if and only if —aq; — ,—a11 — G99 — ,—Q99 —
ai3 a1 as2
413032 421032 13021 . .
—ay1] — G99 — ,—a11 — ,—a9y — ———. In particular, if we take —a192 = a13 =
ai2 asi a23 )
as1 = —a93 = —as1 = azs = 1, *ai;; = 5, and £ass = 10, then A is not AP. On the other hand,
if we take +a11 = a13 = ag1 = a9y = azs = 1 and a1 = az3 = A1 = —0.1, then A is AP.
a21a32 13021 12031
SP 25.9, then A is AP if and only if —ay; — , —Q99 — , —Q9y — < —ay1 —
asi a3 as2
13032 412023 423031 . .
aog — ,—a11 — ,—a11 — ags — ———. In particular, if we take a1; = —ai2 =
ai2 ais a21 . )
—a13 = —ag1 = £ags = ag3 = a3y = azps = 1, then A is not AP. On the other hand, if we take
—Q12 — —A13 = iagg = a23 — A31 — A3 — 1, aj] = 10, and a1 = —5, then A is AP.
. . . (23031 413021 412031
SP 25.10, then A is AP if and only if —a1; — age — ———, —a@99s — ———, —ag90 — ——— <
a21 a23 a32
13032 a12G23 a210a32 . .
—a11 — G99 — ,—a1] — ,—a11 — ———. In particular, if we take a1; = —ai2 =
ai2 ais as
—a13 = a91 = Fagy = as3 = —azy = aze = 1, then A is not AP. On the other hand, if we take
—Qa12 — —Aa13 — a21 = :ta22 = Q23 = 432 — ]., ail] = 10, and asy = —2, then A is AP.

. Graphs with 9 directed edges. There is only one nonequivalent strongly connected digraph with
9 directed edges. We list the nonequivalent sign pattern matrices corresponding to the digraph and
except for the AAP sign patterns, we use Theorems 1.2.2, 1.2.3 and 2.1 to classify these sign patterns
as indicated below.

* + + x - + * = +

+ x + + x + + * +

+ 4+ x + + * + =
2) (3

SP 26.1: RAP SP 26.2: AAP SP 26.3: DNA
Digraph 26

* = 4+ * = 4+ * = =

- *x + + x - + x -

+ + = + + * + + =
SP 26.4: AAP SP 26.5: AAP SP 26.6: DNA

* = 4+ * = 4+ * - 4

+ x - - % — - - -

- + % + + - + + +
SP 26.7: AAP SP 26.8: AAP SP 26.9: DNA

Suppose that the digraph of A = [a;;] € M3(R) is Digraph 26. If the sign pattern of A is
e SP 26.2, then A is AP if and only if —a1; — ags — %, —a11 — A22 — %7 —Q99 — (33 —

a13 a1
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13021 a210a32 a12a31 a13G32 . .
—,—Q1] —A33 — ——,—Q22 —A33 — —— < —A]] — A2 — —. In partlcular, if we
a23 asi asz aiz ]
take a11 = a13 = a1 = *ags = as3 = az1 = azs = F+aszz = 1 and a;x = —10, then A is not

AP. On the other hand, if we take a1 = a13 = ao1 = Fass = a93 = az1 = ags = *+azz3 =1

and a2 = —0.1, then A is AP.
12023 a13a21

e SP 26.4, then A is AP if and only if —a11 — a3z — ———,—Aa22 —a33 — ——————, —A11 — a33 —
a13 a23
421032 12031 4130432 423031 . .
—, Q22 — Q33 — — < —Q11] — Q2 — ———,—QA11] — A9y — ———. In partlcular, if we
aszi a32 @12 a21 .
take *a11 = —a12 = Fags = as3 = az1 = azs = Faszz3 = 1 and a;3 = —ag; = 10, then A is

not AP. On the other hand, if we take *a11 = a13 = *ass = as3 = ag; = azs = *azz3 = 1 and
a1z = az; = —0.1, then A is AP.

. . . . 12023 23031
e SP 26.5, then A is AP if and only if —a1q; — ag3 — ———, —a11 — @og — ———, —aq11 — A33 —
a13 a21
421032 12031 13032 13021 . .
= —a9y — a3z — —— < —aj1] — A2 — ————, —ag9 — azz3 — ———. In particular, if
a3 a32 a12 a23 .
we take :|:a11 = —Q12 — Q13 — a1 — :|:a22 = —Q923 — a31 — a3z — :|:a33 = 1, then A is not

AP. On the other hand, if we take +a1y = a13 = a21 = Fass = a3z1 = azz = *azz = 1 and
12 = Q23 = —0.1, then A is AP. dioa doad
e SP 26.7, then A is AP if and only if —a;; — ags — ﬁ, —ay1 — agy — ﬂ, —agy — azz —

a13 a21
412031 413032 413021 21032 . .
— < —a1] — Gy — ———,—a9y — G33 — ———, —a1] — a33 — ———. In particular, if we
az2 a2 a23 az1
take iall = —Q12 — Q13 — A1 — —A23 = —A31 — 432 — 1, iall = 1, and iCng = 10, then

A is not AP. On the other hand, if we take *a11 = a13 = as1 = Fagss = ags = +azz = 1 and

12 = Q23 = A31 = 701, then A is AP.
13032 13021

e SP 26.8, then A is AP if and only if —a1; — agg — ———, —a99 — a3z — ————, —a11 — A2 —
a12 a23
2331 a12a23 a21a32 12031 . .
= < —ay] —a33 — ————,—a1] — G33 — ———, —a9y — a33 — ———. In particular, if we
az1 ais asi as2 .
take *a11 = —a12 = a13 = —asy = tase = —asz = az; = azs = —azz = 1,then A is not AP.
On the other hand, if we take :I:a11 = —a12 = —Aa21 = :l:agg = —a23 = a31 = A3 = 1, a1 = 57

and az3 = —10, then A is AP.



