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ON THE BLOCK STRUCTURE AND FROBENIUS NORMAL FORM
OF POWERS OF MATRICES*
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Abstract. The Frobenius normal form of a matrix is an important tool in analyzing its properties. When a matrix is
powered up, the Frobenius normal form of the original matrix and that of its powers need not be the same. In this article,
conditions on a matrix A and the power g are provided so that for any invertible matrix S, if S~1A9S is block upper triangular,
then so is S™1 AS when partitioned conformably. The result is established for general matrices over any field. It is also observed
that the contributions of the index of cyclicity to the spectral properties of a matrix hold over any field. The article concludes by
applying the block upper triangular powers result to the cone Frobenius normal form of powers of a eventually cone nonnegative
matrix.
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1. Introduction. Many interesting properties of matrices, particularly nonnegative matrices, can be
gleaned from looking at their irreducible classes and Frobenius normal form. In particular, the Perron-
Frobenius theorem identifies several spectral properties tied to the combinatorial structure of a nonnegative
irreducible matrix. The study of spectral properties of reducible nonnegative matrices is summarized by
Schneider in [17]. Properties of the Jordan form of the entire peripheral spectrum are presented in [12].

Extending ideas from Perron-Fronbenius theory to matrices whose powers become and remain nonneg-
ative (eventually nonnegative matrices) was first discussed by Friedland in [7]. In [23] and [22], Zaslavsky
develops properties of irreducible eventually nonnegative matrices with Tam and then expands on the re-
ducible case with McDonald. In Section 3 of this paper, we generalize the results in [5] by showing that for
an arbitrary matrix A over an arbitrary field IF, if A is nonsingular or all the Jordan blocks for zero are 1 x 1,
then whenever ¢ is chosen so that for all distinct eigenvalues p and A it follows that A? £ p?; then for any
invertible matrix S, if S~1A9S is block upper triangular, so is S~'AS when partitioned conformably, and
the transitive closure of the (generalized) reduced graphs of S~'A4%S and S~!AS are equal. We also observe
that the influence of the index of cyclicity on the spectrum of matrices is true over any field.

Additional work has been done on extending ideas from nonnegative matrix theory to more general
contexts. See for example [6], [8], [9], [10], [11], [13], [14], [15], [16], [18], [19], [20], and [21]. In this paper,
we consider cone nonnegative matrices (see Chapter 1 in [4]), taking a matrix theoretic approach similar to
Barker [1], [2], [3]. In Section 4 of this paper, we provide a nonpolyhedral cone counter-example to Theorem
7 in [2], and use our results from Section 3 to expand upon the combinatorial structure of eventually cone
nonnegative matrices.
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2. Definitions and notation. Throughout Section 3, we will work over an arbitrary field F with
algebraic closure E. For Section 4, we will restrict our fields to R with algebraic closure C. We begin with
some standard definitions and notation that are appropriate for working over an arbitrary field.

Let M,,(F) represent the set of n X n matrices with entries in F.
We will write (n) for {1,...,n}.

The multiset
o(A) ={\ | X is an eigenvalue of A },

where each eigenvalue is listed the number of times it occurs as a root of the characteristic polynomial, is
referred to as the spectrum of A. An eigenvalue A € o(A) is called simple if its algebraic multiplicity is one
and we will use the index)(A) to denote the degree of A as a root of the minimal polynomial of A. The
index)(A) can also be thought of as the size of the largest Jordan block corresponding to A with eigenvalue

A

Let o, 8 C (n). We will write A, to represent the submatrix of A whose rows are indexed from a and

whose columns are indexed from . If & = (g, ag, ..., @) is an ordered partition of (n), we write
AO(lOél Aalag e Aalak
A(Xzotl Aagaz e AQQOUC
Aa = . . .
Aakal AOtkOéQ e Aakak

We say A, is block upper triangular if Ay, = 0 whenever i > j. A matrix A is said to be reducible if there
is a nontrivial partition « of (n) so that A, is block upper triangular. We say it is irreducible otherwise.
If A, is block upper triangular and each A,,,, is irreducible, we say that A, is in Frobenius normal form.
For any matrix A € M, (R), it is well known that there is an ordered partition « of (n) so that A, is in
Frobenius normal form. The same proof works over any field.

We write Ji () to represent a k x k upper triangular matrix whose diagonal elements are A, whose first
superdiagonal elements are 1, and all other elements are zero. We will refer to such a matrix as a Jordan
block with eigenvalue \.

A nonzero vector x is a generalized eigenvector of A corresponding to the eigenvalue A provided (Al —
A)mx = 0 for some positive integer m. Note that when A € M,,(F), we may need to consider generalized
eigenvectors in E™. The generalized eigenspace of the matrix A corresponding to the eigenvalue A\, denoted
E\(A), is the nullspace of (A — AI)", where r = indexy(A4). A Jordan chain corresponding to Ey(A) is
a set of nonzero vectors {z, (A — A)xz,..., (M — A)"1z}, where (\] — A)"x = 0. A Jordan basis for the
generalized eigenspace of A is a basis of E\(A) consisting of the union of Jordan chains.

Let G = (V, E) be a graph. We say p = (j1,J2),.-., (jk—1,Jk) is a path in G provided each ordered pair
(Ji, Ji+1) € E. If in addition, ji = j1, we say the path is a cycle. The index of cyclicity of a graph is the great-
est common divisor of the lengths of the cycles in G. We say a vertex [ has access to a vertex j if there is a path
from [ to j in G. We define the transitive closure of G by G = (V, E) where E = {(j,1)|j has access to [ in G}.
If [ has access to j and j has access to [, we say j and [ communicate. The communication relation defines
an equivalence relation on G that partitions the vertices of G into irreducible classes.
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For A € M, (F), we define D(A) = (V, E) to be the digraph of A, where V' = (n) and (I, j) € E whenever
a;; # 0. The matrix A is irreducible precisely when D(A) has exactly one irreducible class. The indez of
cyclicity of A is defined to be the index of cyclicity of D(A). We define the notion of the reduced graph of
A to include partitions @ = (aq, ..., a) of (n) where A, is upper triangular, but the diagonal blocks Ag;a;
need not be irreducible as is the case in earlier papers. Thus, Ry (A) = (Va, Ey), where V,, = {aq, ..., ax}
and E, = {(o;, ;)| there is an edge in D(A) from a vertex in a; to a vertex in oy }.

The following definitions require the field to have additional properties such as an ordering, an absolute
value, and a topology, hence, we will define these properties over R with algebraic closure C.

For A € M, (R), we call p(A) = maxyeq(a) |\, the spectral radius of A, and the multiset m(A) = {\ €
o(A)| |A| = p(A)}, the peripheral spectrum of A.

Let K be a nonempty subset of R™. The set I is a cone provided for every z € K and for every a > 0,
the element ax € K. A cone K is said to be convexr proviced ax + Sy € K for all z,y € K and for all
nonnegative o and 3 in R. For S C R", we denote the convex cone generated by S as S¢. Note that S¢
consists of all finite nonnegative linear combinations of elements from S. If K N (—K) = {0}, then the cone
K is said to be pointed. A cone K is said to solid if its topological interior is nonempty. A topologically
closed, solid, pointed, convex cone is referred to as a proper cone.

Let K and F C K be pointed closed cones. Then F is a face of IC provided z € F,y € K,and x —y €
implies y € F. A face F of K is a trivial face if F = {0} or F = K.

Let KC be proper cone in R” and A € M, (R). We say A is nonnegative if a;, > 0 for all j,k e<n > . We
say A is KC-nonnegative provided AKC C K. The matrix A is said to be eventually nonnegative if there exists
a positive integer N such that for all integers m > N, A™ > 0 and A is said to be K-eventually nonnegative
if there exists a positive integer N such that for all integers m > N, A™K C K.

If A is K-nonnegative, then a face F of K is said to be A-invariant if AF C F. If A is K-nonnegative
with the only A-invariant faces being the trivial faces, we say A is K-irreducible.

Next we formalize the idea of cone Frobenius normal form discussed by Barker in [2]. Let a = (a1, ..., ax)
be an ordered partition of (n). Let n; represent the number of elements in «;. Set I; = I, (ny, which are
the rows of the identity corresponding to «;.

DEFINITION 1. Let A € M,(R) and K a proper cone in R". We say A is in Frobenius normal form with
respect to IC provided A is K-nonnegative and

Ay A - Ay
0 Ay -+ Ay

A= . . ) ] ,
0 0 A

where for 1 < j <k, Aj; is Kj-irreducible, with K; = fle.



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I L
Volume 35, pp. 297-306, July 2019.
Mashael M. AlBaidani and Judi J. McDonald 300

3. The combinatorial structure of general matrices. We provide a proof for the following ob-
servation for completeness and to illustrate that it is not dependent on the structure of the chosen field
F.

OBSERVATION 2. Let A € M, (F). Let x be a generalized eigenvector of A with eigenvalue X. Build the
chain xg =z, and x; = (A—X)x;_1, as well as the chain yo = x, and y; = (A?— X)y;_1. Choose h such
that xp, =0, but xp_1 #0. Then for 0 < j < h—1,

Span{$j7$j+17 T Span{yjaijrh o Yne1)

Proof. Since by construction, z; = 0, for ease of notation we consider z; = 0 for all integers [ > h. First
notice that for j =0,...,h — 1, Az; = Az; + x4, thus

q
Alg; = Z ( ZI ) N,

=0

and hence, for 0 < j < h —1,
q

(Aq — )\qI)LL'j = Z ( (ZI ) )\q_il‘jJrZ‘.

i=1

Thus,
q q 4 q—1
y1 = (A7 = N)yo = (A" = ANz = Z ( ; ) Ay = melﬂ
1=1 =0
for scalars ¢;; with @ = 1,...,¢ — 1. Once it is established that there are scalars coj,. .., cnm;j, where m; =
j(g — 1) such that
ilg—1)
Yj = Z CijTjtis
i=0
then
J(g—1) J(g—1)
yir1 = (AT =Xy = (AT =NI) [ Y7 cjaje | = Y ei(AT = Nz,
i=0 i=0
J(g—1) q p (3+1)(g—1)
= ¢ ) < ! ) M= D GG Ty
i=0 =1 i=0
for scalars co(j11y; - - - 5 Cmj 4y (j41), Where mj 1 = (j+1)(g—1). Since ; = 0 for I > h, span{y;, ¥j+1,---,Yn—1}
C span{z;, jt1,...,ZTn_1}. Moreover, both sets are linearly independent with the same number of vectors,
thus span{y;, yj+1,...,Yn—1} = span {;,Tj41,...,Th_1}. d

Let A € M, (F) be a matrix that is either nonsingular or for which the Jordan blocks corresponding to
the eigenvalue zero are all 1 x 1. Choose ¢ to be a positive integer such that for all distinct eigenvalues A and
win o(A), it follows that A4 # pu?. Choose an invertible matrix S so that S~*A9S is block upper triangular.
Applying the above observation repeatedly to the generalized eigenvectors generated from the generalized
eigenvectors of each diagonal block of S~1A%S, we establish that S~ AS is also block upper triangular with
the same partitioning. This generalizes Theorem 3.4 of [5] in several ways. First the matrices need not be
nonnegative real matrices - the result holds for any matrix over any field. Second, we do not require that the
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diagonal blocks be irreducible in the traditional sense. Example 10 shows why this second generalization is
important when we move to viewing matrices that leave a cone invariant.

Before proceeding with our theorem, we provide two examples that show that if either of the two
conditions on the spectral properties of A are removed, Theorem 5 is no longer true.

ExaMPLE 3. Consider

1 1 11
1 1 11
A=101 1
1 -1 11

Notice that indexo(A) = 2 and although A is irreducible, A? is reducible for all ¢ > 1, and hence, there are
partitions for which A7 is block upper triangular when A is not. For example,

EXAMPLE 4. Next, consider the matrix

0
0
0
1

which has distinct eigenvalues 1, —1, ¢, and —i. For any even number ¢, notice (—1)? = 19, (—4)? = i and
B1 is reducible, even though B is irreducible. For example,

o = O O
S O O =
S O = O

is block upper triangular with the indicated partition, whereas B is not.

THEOREM 5. Let A € M, (F) with indexy(A) < 1. Choose q to a be positive integer such that for all
distinct eigenvalues N and p in o(A), it follows that X1 # u?. Then for any invertible matriz S and any
partition that makes S™'AIS block upper triangular, the matriz S~1AS is block upper triangular with the
same partition.

Proof. Write

Bi1 Bia -+ DBk
0 By --- DBy

S~tAiS=B=| ) o,
0 -~ 0 B

where each diagonal block Bj; is square. We proceed by induction on k.
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If k =1, then B and A are square, and thus, S~'AS and B are in block upper triangular with the same
partitioning. If k£ > 1, then B is reducible. Set

Bsy Baz -+ Boy
0 Bsa -+ Bz
Ci2=[Bi2 Bis -+ By and Co= :
0 0 Bk
B Cu] o [Au A12} [511 512} .
so B = . Partition A and S conformably so A = and S = , and write
[ 0 Ca v Ao Ao Sa1 S22
D D
S~1AS = { ! 12].
Da1 Do

Assume Bj; is s X s. Choose a basis in E™ of Jordan chains for B,

ﬂ = {xloaxlla ... ,1:1k171»'20,1:21, . 'a‘erzv sy Tm0s Tmly e - - 7x7nkm}-

([l ] )

is a set of Jordan chains for B. By Observation 2,

-1 Ljl Tji Tjk;
S AS[O} Espan{ [0],...,[ 0 }},

ST1AS [xél] = [gizjj = [Z(ﬂ for some y € span{wz;i, ...,z }.

Then,

and thus,

In particular, Dajzj; = 0. Since 8 is a basis for E™ and Da;x;; = 0 on 3, it follows that Dy = 0. So,

Di1 Dqo

STLAS = {
0 Dy

} and ST1AYS = [(Dll)q Iz } _ [311 012} '

0 (D22)? 0 Co

Since Ca3 = (Da22)? is a block upper triangular matrix with & — 1 blocks, by the induction hypothesis,
Dss is also in block upper triangular form with the same partition. Thus, S™'AS and S~!A%S are both in
block upper triangular form with the same partition. ]

The following corollary of Theorem 5 is a generalization of Theorem 3.4 in [5].

COROLLARY 6. Let A € M, (F) with indexo(A) < 1. Choose a positive integer q so that for all distinct
eigenvalues N and p, it follows that \? # pl. Then there is a permutation matriz P such that P"1AP and
P~YA9P are in Frobenius normal form with the same partition.

Proof. Choose a permutation matrix P so that P~1A%P is in Frobenius normal form. By Theorem
5, P71A9P and P~'AP are block upper triangular with the same partition. Since the diagonal blocks
of P71A9P are irreducible, the diagonal blocks in P~'AP must also be irreducible. Hence, P~'AP is in
Frobenius normal form with the same partition. 0
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THEOREM 7. Let A € M, (F) with indexy(A) < 1. Choose q to be a positive integer such that for all
distinct eigenvalues X and p it follows that A1 # pd and let « be any partition of (n) for which (S~1A4S),
is block upper triangular. Then Ro(S7TAS) = Ro(S—1A48S).

Proof. Let a = (a1, aa, ..., az) be a partition of (n) such that (S~1A49S),, is block upper triangular. By
Theorem 5 the matrix (S~1AS), is also in block upper triangular form.

Let j € (n) and I € (n). If j > I, since both matrices are block upper triangular, there is no path from
@j to oy in either graph. Assume j < [ and that «; has access to a; in R, (S71A49S). Then there must
be a path from some vertex a; to some vertex o, in D(S71AS), and hence, a; must have access to oy in
Ra(STTAS). If a; does not have access to a; in R (S™1ALS), then let

T = {t| a; has access to a; but not a; in R, (S~ 1A%S)},

and
P = {p| o, is accessed by a; in R,(S™1A99), but not by oy for any t € T'}.

Notice ay € T and aj € P. Let p € P and t € T. Suppose there is a path from «,, to a; in Ry (S~ ALS).
Then there are paths from «a; to a;, from «a;, to oy, and from o; to «; that together form a path from
aj to aq, contradicting that a; does not have access to o in Ry (S71A9S). Thus (S71A49S)pr = 0 and
(S71A9S)rp = 0. Tt follows then that there is an ordering of the {aq,...,ax} such that a; appears in the
list before a;, and for which S™!'A49S is in block upper triangular form. By Theorem 5, S~'AS would also
be in block upper triangular form with respect to the reordering of the partition, establishing that «; does
not have access to a; in R (S71AS). Since the access relationships in the two graphs are the same, their
transitive closures are equal. O

Finally, we observe that a well know theorem in the context of matrices in M, (C) is true over any field.

OBSERVATION 8. Let A € M, (). If the index of cyclicity of A is k, then A € a(A) implies \w € o(A)
for all w € E such that w* = 1.

Proof. Since A has index of cyclicity k we can assume without loss of generality that

0 A 0 o - 0
0 0 Az 0 ... 0
0 0 0 - 0 Ap_1
Ay 0 e 0 0 0
X .
wTo
Let A € 0(A) with eigenvector 96_2 . Choose w € E such that w satisfies w® = 1. If y = : , then
: w2z,
Lk wh g,
wA12T9 WAL, T
w2 Aj3x3 w3z WwTo
Ay = : = : = w : . Hence, Aw € o(A). O
WY Ay ek w1z, w22,

wh A2y wk Az, w1z,
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COROLLARY 9. Let A € M,(F,) for some prime p. If the index of cyclicity of A is p*, then \ € o(A)
implies Aw € o(A) for all nonzero w € F .

4. Frobenius normal form for cones. In this section, we will restrict our fields to R and C. Since
we will be considering matrices that leave a cone invariant, we need the base field to be ordered, have an
absolute value, and have a topology. We begin this section with two interesting examples. The first example
shows that a matrix A € M,,(R) may be K-irreducible for a proper cone K, even though it is reducible with
respect to the traditional definition of matrix reducibility. The second example shows that even though a
K-nonnegative matrix A may not be KC-irreducible, there is no invertible matrix S which puts A in cone
Frobenius normal form with respect to the cone S™'K, presenting a counterexample to Theorem 7 in [2].

a=[5 3] wa = {1V}

It is easy to verify that A is K-irreducible for the proper cone I, but A is clearly a reducible matrix in the
traditional sense.

ExXAMPLE 10. Let .

EXAMPLE 11. Let

1 1 0 T a
A= O% 0 , L= y |]0<z, 0<y, and 2? < xy and F = 0|]a>0
00 -2 z 0

Notice that even though A is L-nonnegative for the Lorenz cone L, it is not L-irreducible since F is an
invariant face. Moreover, for any invertible matrix S, notice S~ AS leaves S~'F invariant. The eigenvalue
of A associated with F is 1, however the remaining eigenvalues of A are % and f%, which cannot be the
eigenvalues of a cone nonnegative matrix by Theorem 3.2 in [4] since the spectral radius of the lower 2 x 2

principal submatrix Ass is not an eigenvalue of Ags.

THEOREM 12. Let K be a proper cone and A € M, (R) a matriz that is eventually K-nonnegative with
indexy(A) < 1. Let g be an odd positive integer such that A? is K-nonnegative and for all distinct eigenvalues
X\ and p in o(A), it follows that N9 # pd. If there exists an invertible matriz S such that S~tA4S is in cone
Frobenius normal form with respect to L = S™1K, then

(i) The matriz S~ AS is block upper triangular when partitioned conformally with the cone Frobenius normal
form of ST1A4S.
(ii) For any positive integer r, the matriz S~YA"S is block upper triangular when partitioned conformably
with the cone Frobenius normal form of S™1A4S.
(iii) For any diagonal block Bj; of B = S™'AS, partitioned conformably with the Frobenius normal form of
C=8-1A448,
(a) The matriz Bj; does not leave any nontrivial face of fjﬁ mvariant.
(b) If p(Bjj) > 0, then p(Bj;) € o(Bj;) is a simple eigenvalue and for each N\ € w(Bjj;), the
indexy(Bj;) < 1.
(c) If STLAIHLS is also K-nonnegative and in cone Frobenius normal form with respect to L with
the same partition, then each Bj; is eventually fjﬁ—nonnegatwe,

Proof. Let B=S"1AS and C = S~149S = (S~1AS)9.

(i) That B is block upper triangular when partitioned conformably with the cone Frobenius normal form
of C follows directly from Theorem 5.
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(i) Result (ii) follows easily from result (i).
(iii) Using (i) write

and

Bii B By
0 B Boy,
B= .
0 0 Bk
Cii Ci2 -+ Cup
0 Co -+ Cop
C= ) i ) ;
0 - 0 Cu

where with this partition, C' = S~1A49S is in Frobenius normal form with respect to L.
(a) Suppose for some j there is a nontrivial face F of I;L left invariant by Bj;. Then C;;F =

(Bj;)1F C F contradicting that Cj; is fjﬁ—irreducible.

(b) Recall that if a J is an r x r Jordan block with nonzero eigenvalue A, then the Jordan form

associated with J is a single r x r Jordan block with eigenvalue A?. Since C}; is I jL-irreducible,
for each p € 7(Cj;), the index, (C;;) < 1 by Theorem 3.23 in [4]. Note that m(C};) consists of
the elements of m(B;;) each raised to the g-th power, and thus, for any A € 7(B;;), the Jordan
blocks associated with A in B;; are the same size as the Jordan blocks associated with A? in
ij, thus the indexA(Bjj) S 1.

Choose 1 € o(B;;) such that n? = p(C;;) > 0. We claim that 7 is a positive real number, and
hence, n = p(B,;). Suppose not. If n is not real, then i € o(B;;) and 77 = 1?7 = p(Cy;) =
p(Cj;) = n?, contradicting our choice of ¢. Since ¢ is odd, if n was a negative real number,
then 1?7 would be a negative real number, which again would be a contradiction. Thus, n > 0,

and hence, n = p(B,;) is a simple eigenvalue of Bj;.

(c) For g > ¢?, there are nonnegative integers s and r such that g = sq + r where s > ¢ and

0<r<gq Buttheng=sq+r(g+1—q) =(s—r)g+r(g+1). If (Bj;)? and (B;;)?"" are
both IJE invariant then (Bjj)gljﬁ = ((B] ‘)q>s—r((Bjj)q+1)7‘Ij£ g I]£

Note that in Theorem 12 we have not claimed that the diagonal blocks of S~ AS are I ;S71K-nonnegative
without adding some additional condition. The following example shows that the situation may be more

complicated than it first appears.

EXAMPLE 13. Let

1 1 1
, L1 = -1 , L2 = -1 , L3 =

2
-3 V3 0

Mol w‘a o

Set K = {1, 79, 23}¢. Notice that A2 is K-irreducible, but A and A® are not even K-nonnegative.

Acknowledgments. The authors would like to thank Michael Tsatsomeros for his encouragement and

support in working on this material.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 297-306, July 2019.

9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

23]

AS

Mashael M. AlBaidani and Judi J. McDonald 306

REFERENCES

G.P. Barker. On matrices having an invariant cone. Czechoslovak Mathematical Journal, 22:149-168, 1972.

G.P. Barker. Stochastic matrices over cones. Linear and Multilinear Algebra, 4:279-287, 1974.

G.P. Barker. Theory of cones. Linear Algebra and its Applications, 39:263-291, 1981.

A. Berman and R.J. Plemmons. Nonnegative Matrices in the Mathematical Sciences. Academic Press, New York, 1979.

S. Carnochan Naqvi and J.J. McDonald. The combinatorial structure of eventually nonnegative matrices. Flectronic
Journal of Linear Algebra, 9:255-269, 2002.

S. Carnochan Naqvi and J.J. McDonald. Eventually nonnegative matrices are similar to seminonnegative matrices. Elec-
tronic Journal of Linear Algebra, 381:245-258, 2004.

S. Friedland. On an inverse problem for nonnegative and eventually nonnegative matrices. Israel Journal of Mathematics,
29(2):43-60, 1978.

D. Handelman. Positive matrices and dimension groups affiliated to C*-algebra and topological Markov chains. Journal of
Operator Theory, 6:55—74, 1981.

A. El Hashash and D.B. Szyld. Generalizaions of M-matrices which may not have a nonnegative inverse. Linear Algebra
and its Applications, 429:2435-2450, 2008.

A. El Hashash and D.B. Szyld. On general matrices having the Perron-Frobenius property. Electronic Journal of Linear
Algebra, 17:389-413, 2008.

M. Kasigwa and M.J. Tsatsomeros. Eventual cone invariance. Electronic Journal of Linear Algebra, 32:204-216, 2017.

J.J. McDonald. The peripheral spectrum of a nonnegative matrix. Linear Algebra and its Applications, 363:217-235, 2003.

J.J. McDonald and D. Morris. Level characteristics corresponding to peripheral eigenvalues of a nonnegative matrix.
Linear Algebra and its Applications, 429:1719-1729, 2008.

D. Noutsos. On Perron-Frobenius property of matrices having some negative entries. Linear Algebra and its Applications,
412:132-153, 2005.

D. Noutsos and M.J. Tsatsomeros. Reachability and holdability of nonnegative states. SIAM Journal on Matrixz Analysis
and Applications, 30:700-712, 2008.

D. Noutsos and R.S. Varga. On the Perron-Frobenius theory for complex matrices. Linear Algebra and its Applications,
437:1071-1088, 2008.

H. Schneider. The infuence of the marked reduced graph of a nonnegative matrix on the Jordan form and on related
properties: A survey. Linear Algebra its Applications, 84:161-189, 1986.

B.-S. Tam. Cone theoretic approach to the spectral theory of positive linear operators: The finite-dimensional case.
Taiwanese Journal of Mathematics, 5(2):207-277, 1981.

B.-S. Tam. On the distinguished eigenvalues of a cone-preserving map. Linear Algebra and its Applications, 131:17-37,
1990.

B.-S. Tam and H. Schneider. On the core of a cone-preserving map. Transactions of the American Mathematical Society,
343:479-524, 1994.

M.E. Valcher and L. Farina. An algebraic approach to the construction of polyhedral invariant cones. SIAM Journal on
Matriz Analasis and Applications, 22(2):453-471, 2000.

B.G. Zaslavsky and J.J. McDonald. A characterizaion of Jordan canonical forms which are similar to eventually nonnegative
matrices with the properties of nonnegative matrices. Linear Algebra and its Applications, 372:253-285, 2003.

B.G. Zaslavsky and B.-S. Tam. On the Jordan form of an irreducible matrix with eventually nonnegative powers. Linear
Algebra and its Applications, 302/303:303-330, 1999.



