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PURE PSVD APPROACH TO SYLVESTER-TYPE
QUATERNION MATRIX EQUATIONS*

ZHUO-HENG HEf

Abstract. In this paper, the pure product singular value decomposition (PSVD) for four quaternion matrices is given. The
system of coupled Sylvester-type quaternion matrix equations with five unknowns X; A; — B; X; 11 = C; is considered by using
the PSVD approach, where A;, B;, and C; are given quaternion matrices of compatible sizes (i = 1,2,3,4). Some necessary
and sufficient conditions for the existence of a solution to this system are derived. Moreover, the general solution to this system
is presented when it is solvable.
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1. Introduction. Generalized singular value decomposition (GSVD) has applications in signal pro-
cessing [17], genomic signal processing [20], discrete time system [18], generalized Gauss-Markov estimation
problems, open and closed loop balancing [1], and so on. The product singular value decomposition (PSVD)
is an important kind of the available generalized singular value decompositions. Since Heath et. al [14] first
considered the PSVD of two matrices in 1986, there have been many papers to study the PSVD (e.g. [1],
[3]-[6]). For instance, De Moor, Van Dooren and Zha ([16], [18], [19]) gave the PSVD of any number of
complex matrices. Chu and De Moor [2] considered the nonuniqueness of the PSVD.

In this paper, we will apply PSVD for quaternion matrices to the following system of four one-sided
coupled Sylvester-type quaternion matrix equations with five unknowns

(1.1) X;A; — BiXip1 =C;, i=1,2,34,

where A;(q¢; X ¢i+1), Bi(pi X pi+1), and C;(p; X gi+1) are given quaternion matrices. We make use of the
PSVD that brings the system (1.1) to a canonical form. Based on this canonical form, we give necessary
and sufficient conditions for the existence and the general solution to the system (1.1).

Sylvester-type matrix equations have wide applications in control theory, for instance, Sylvester-type
matrix equations can be used in robust control [26], output feedback control [25], the almost noninteracting
control by measurement feedback problem [27]. The study on the Sylvester-type matrix equations over
the quaternion algebra has attracted more and more attention in the last ten years (e.g. [4], [7]-[13], [15],
21}-24], [28], [29], [30)).

The remainder of this paper is organized as follows. In Section 2, we extend the PSVD for four complex
matrices to the quaternion algebra. By using the similar approach, we consider the PSVD for n quaternion
matrices. In Section 3, we use PSVD for four quaternion matrices to give a canonical form for the system
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(1.1). In Section 4, we give some necessary and sufficient conditions for the solvability of the system (1.1).
We also present its general solution when it is solvable.

Let R and H™*" stand, respectively, for the real field and the space of all m x n matrices over the
quaternion algebra

H= {ao—|—a1i+a2j+a3k| i2 =j2 =k2=ijk= —1, ag,a1,as,as GR}.

It is well known that the quaternion algebra is an associative and noncommutative division algebra. The
symbol I means an identity matrix of appropriate dimensions. The rank of A € H™*™ is defined as the
(quaternion) dimension of

Ran(A) := {Az |z € H™'},

the range of A (Definition 3.2.3 in [21]). More properties of the rank of quaternion matrix can be found in
the page 31 of [21]. If A € H™*", then there exist nonsingular matrices P and @ such that

I, 0
1.2 PAQ = ("W
(1) o= (" 7).
where the symbol r(A) is the rank of A. The decomposition (1.2) is also called rank decomposition. It is
easy to see that r(A4) = r(PAQ), where P and @ are any nonsingular quaternion matrices.

2. PSVD for four quaternion matrices. In this section, we consider the PSVD for four quaternion
matrices. The PSVD for four complex matrices is presented in [16], [18] and [19]. The following result
extends the PSVD for four complex matrices to the quaternion algebra.

LEMMA 2.1. (PSVD for four quaternion matrices) Consider a set of four quaternion matrices with com-
patible dimensions: Ay € H#**%2 Ay € H%*% A3 € H¥B*% Ay € H%*%, Then there exist nonsingular
matrices Ty € H X Ty € H%2*%2 T, ¢ H%3>% Ty € HI4*%, gnd T, € H%*% such that

Ay =ToDiT7Y, Ay =TiDyTy ', A3 =TeDsTy ', Ay=T3DyT; ",

where
7“% 7“% q3 — T2
L g2 —T1 ra I 0 0
23) b " <1 0 ) b, "7 00 0 |
g—m \0 0 3 o I 0
qg—r1—r3 \0 0 0
rior? ol g3
ri I 0 O 0
ry—rl 0 0 O 0
(2.4) D3:r§ 0 I 0 0 7
r3 —r2 0 0 O 0
r3 0o o I 0
Q3*T2*T‘§) 0O 0 O 0
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riorioriorio g =7
r} I 0 0 O 0
ri—rl 0O 0 0 O 0
r3 0 I 0 0 0
2.2
(2.5) Dy = T3 —Tj 0 0 0 O 0
i 0 0 I O 0
rs—r3 0O 0 0 O 0
r 0 0 0 I 0
qq — T3 — 7’2 0O 0 0 O 0

The expressions for the block dimensions 11,719,73,74,75,75, 74,75, 73, 74,73, 73, 1 are given by:

(2.6) r1=r(A1), ro=r(A42), r3=r(43), ry=r(Ay),

(2.7) r% =r(4;4,), r% =r(4s) —1r(A1As), ré =r(A4145A43),

(2.8) 73 = r(AgA3z) — r(A1A2A43), 75 =1r(A3) —r(A243), 711 =r(A1A2434,),

(2.9) 72 =r(AgAzAy) — r(A1AsA3Ay), 18 =1r(A3Ay) — r(AsA3Ay), 1) =1(Ay) —r(AzAy).

Proof. We will use the rank decomposition (1.2) and elementary matrix operations to give the PSVD
for four quaternion matrices. First, we construct the following block quaternion matrix

q2 43 44 (s

a1 [ A
(2.10) @ I 4
q3 I A
qa I Ay

Then, we perform the same row operations to each row and the same column operations to each column of
the block quaternion matrix (2.10). In order to find the nonsingular matrices Ty, T1, T2, T3, and Ty in the
PSVD, we need to keep the identity matrices unchanged after every step. That is to say, the row operations
of the second, third and fourth rows are the inverses of the column operations of the first, second and third
columns, respectively. Finally, we will obtain the following block matrix

q2 43 44 Qs

qa [ D1

@ | I Ds

q3 I Ds 7
qa I Dy

where D1, Dy, D3, and Dy are given in (2.3)—(2.5).
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Now we give the steps of this transformation. We transform the quaternion matrices Ay, Ao, A3, A4 to
quasi-diagonal matrices in turn. Below is a sequence of displays of the matrix block that illustrates the
transformations. The symbols %, A, ¢ are nonzero block quaternion matrices.

g2 43 44 G5

I 0
A 1 1
@ (A P1A1Q1—< o)lellqul_< 0) 00
q2 1 A2 00 0 I I 0 *1
I A 0 I *9
@ ’ Qr Az (“) I, A
44 I A4 *9 q3
I, A4

I 0 0
0 I O
0 0 O
I 0
Pyx1Q2= 0 0 7*2Q2i:(*3 *4) I 00 I O
Using elementary matrix operations
071 0 0 O '
Q3 ' 143Q2=1I, Q; " Azi=ay
3 0 0 I *3 k4
I 0 A
0 I A>
I, A4
I 0 0
0 I 0
00 0 0900
I 0 0000 I 0
I 0 0 I O P3x4Q3= 0 0 0988 688 PiA1Qa= 0 0
0 I 00 0 0010 070
0001 (1)88 I
1
0 0 I 0 %4 1, [ A3 070 A3 (™
70 @ A=l 0071 Ay Qr Aui= ¢
A 4 2
1 1, Ay
0 I A9
Iq, As
I0000 I0000
07000 0000
a1a2 ales
0000 Ioo0o0 10000 I000
01000 0700 07000 0100
886?8 88?8 Using elementary matrix operations 886?8 88?8
00007T 0000 00001 0000
000 0 1000 0
0100 0 0 0100 00
0070 A5 Ag 00170 0 Ag
0001 A7 Ag 00011 0 Ag
10 [ 3 10 (3
I L 2 01 L 2
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coog
coog
Coog
oOoO~g
OoO~NOg

(elelelelele
COOoOO~T
COO~NOG
O~NO OO0

cooo o

A

CcOoO~NOO
NOoOOoOoOo

COOON
COoON~g
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Using elementary matrix operations

(lelelelele
COoOoO O
COO O~
COoOO~NOG
O~NO OO0
NOOO OO

[elelele eleleleloly |
[olejlole elelelel e
[elelalo elelel ol |
OONOOO~NOOg
[=lplele el lelelel |
NOOONOOOOYg

(elelelelele
COOON~O
CO~NO OO
~NOOOOJ

COOOON
COoOOoO~g
COoOO~NOY
CO~NOOJg
=l felelele|
NOOOOg

OO0~
OO~O
O~OO
~NOOoOo

We pay attention to the transformation of the structure of Az. Note that
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Hence, we can obtain the transformation of the structure of A4

I 0 0 O
I 0 0 I 0 O
I 0 I 0 00 0 O
* 0 0 0 0 0 O
0 O 0 0 0 I 0 O
* 0 I O 0 I O
Ay — - |x%x x| =10 x| — — — 10 0 0 O
* 0 0 O 0 0 O
* % 0 % 00 I O
% % 0 x 00 0 O
0 % x 0 0 x
0 0 % x
I 0 0 0O
I 0 0 O
0 0 0 0 O
0 0 0 O
0 I 0 0O
0 I 0 O
0 00 0O
-0 0 0 O — = Dy,
00 I 00
00 I O
00 0 0 0 0 0 0O
00 0 x 0 00 I O
0 00 0O
where % stands for the nonzero block quaternion matrix. The expressions of 1,72, 73, 74,73, 73, r3, 72,73 r},
73,73, 7] can be obtained from the ranks of the products of A; (i = 1,2,3,4). d
The PSVD for a set of n complex matrices AJ**% ALX% A%+ i presented in [16], [18] and

[19]. We can use the similar approach to extend the PSVD for n complex matrices to the quaternion algebra.
The steps are given as follows:

1. Construct the following block quaternion matrix

q2 qs qa - Qn+1
a1 [ A
@ | I A
q3 I A
n r A,

2. Perform the same row operations to each row and the same column operations to each column of
the block quaternion matrix (2.10). In order to find the PSVD, we need to keep all the identity
matrices unchanged after every step.

3. Give the transformation of the structure of A,,

I 0o *2 ¢ L 2P
x Prs1Q1= A 0 1er= : I 0 T 0
. 007, . e 0 0 0 0
An — '.2 - nobl nol2 ’11 ‘12 — 0 ’12

" 11 12 0 412
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I 0 0 O 0 0
0 0 00 0 0
0 I 00 0 0
00 00 0 0
— = 0 0 I O 0 0| =Dy,
0 0 00 0 0
0000 -~ 10
00o0©O0 - 00

where % and ¢ stand for the nonzero block quaternion matrices.
4. Give the PSVD for n quaternion matrices

Ay =ToDiTy Y, Ay =TiD.Ty Y, ..., Ai=TiaDT', ..., A,=T,.D,T,",
where Tp € H#**% .. T, € Hi+1Xn+1 are nonsingular matrices, D; are quasi-diagonal.

3. A canonical form for the system (1.1). In this section, we use PSVD (Lemma 2.1) to present
a canonical form for the system (1.1), i.e.,

X1A, — B1 X, =4,
XoAy — By X3 = (s,
X3A3 — B3 Xy = Cs,

(3.11)

Note that the sizes of the matrices A; in the system (3.11) are as follows
Al EH%X(D) A2 EHQQX%, A3 EHquq“, A4 € H94%95

Applying Lemma 2.1 to the matrices A;, we find nonsingular matrices Ty € H®*%, T € H%*%2 T, € H%#*%,
T3 € H¥4*9% and T, € H%*% such that

(3.12) Ay =ToDTY, Ay =TiDoTy ', Ay =ToDsTy ', Ay =T3DsTy ",

where D; are quasi-diagonal and given in (2.3) and (2.5), their only nonzero blocks being identity matrices.
In a similar way, for the matrices B;, we find nonsingular matrices Qo € HP**P1 @ € HP2*P2 Q, €
HPs*Ps Q3 € HP+*P+ and Q4 € HPs*P5 such that

(3.13) B =Q0S1Q7", Bo=Q1%0Q;", B3;=Q25Q5;", Bi=Q35:Q;",

where S; are quasi-diagonal. It follows from (3.12) and (3.13) that the system (3.11) is equivalent to the
following system

X ToDi Ty — QoShiQ X = O,
XoTi Doyt — Q152Q5 X3 = O,
X3ToDsTy ' — Q295Q5 ' Xy = Cs,
XyT3DsT; ' — Q354Q1 ' X5 = Cu,
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ie.,

(Qo ' X1To) D1 — S1(Qy ' XaTh) = Q' Ch Ty,
(3.14) Q' XaT1)Ds — 5:(Q5 XoTa) = Q1 G

(Qy 1X3T2)D3 — S3(Q5 ' X4Ts) = Q' C3T3,

(Q3 ' X4Ts) Dy — S4(Qy ' X5Ty) = Q5 ' CuTy.
Set

Vi =@ XiTh—1, k=1,2,...,5

and
(3.15) E, =Q 0T, i=12,... 4.

Then the original system (3.11) becomes

Y1Dy - 5,Y, = Ey,
YDy — SoY3 = Eo,
Y3D3 — S3Y, = B3,
YiDy — S4Y5 = Ey

(3.16)

Hence, we have the following theorem which plays a role in solving the system (3.11).

THEOREM 3.1. The system (3.11) is equivalent to the system (3.16), where the matrices D; and S; are
quasi-diagonal and given in (3.12) and (5.13), and E; is given in (3.15).

We will use Theorem 3.1 to consider the system (3.11) in the next section.

4. The solvability conditions and general solution to the system (3.11). In this section, we
consider the solvability conditions and general solution to the system (3.11). In the following theorem, we
will give some practical necessary and sufficient conditions for the existence of a solution to the system
(3.11).

THEOREM 4.1. The system (3.11) is consistent if and only if the following 10 rank equalities hold
(4.17) r (j %’) =r(Ay) +7(By), i=1,234,

C14>+ B1Cy B1B>
4.1
(4.18) T( Ay Ay o)

T(AlAQ) + ’I“(BlBg),

CoAs + B,Cy BB

(4.19) r( 2 ZQA;;Q 3 20 3) = r(AgA3) +r(B2B3),
C3A4+ B3Cy BsB

(4.20) 7’( 3 ;‘431443 ! 30 4) = r(A3A4) + r(BsBy),
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Ci1A5A B1CYA B1B>;Cs B1B>B
(4.21) p (12T CR e BB BB 4,4, 44) + 1(B1 By By),
A1A2A3 0
CyA3A ByC5A B>B3Cy B>B3B
(4.22) p (23T B0 la T BaBsCa BaBsBa) 7(A2A3A4) + r(B2B3By),
Ay Az Ay 0
, C1A2A3A4 + B1C2A3Ay + B1ByC3 Ay + B1BoBsCy  B1ByB3By
A1A2A3A4 0
(4.23) = T(A1A2A3A4) + T‘(BlBgB3B4).

Proof. “only if”-part. Let us assume that there exists a solution (X?, X9, X9 X0 X?9) which satisfies
the system (3.11), then clearly

(4.24) XA, - B XY, =0, i=1,2,3,4.
We will use (4.24) and elementary matrix operations to prove the rank equalities (4.17)—(4.23).

1. For the rank equalities (4.17). It follows from (4.24) that
C; B X0A; - BiX%, B 0 B
T<Ai 0>—r< A o) =" A, 0 =r(A;) +r(B;) = (4.17).
2. For the rank equality (4.18). Note that

r ClAg + BlC2 BlBQ — (X?Al — Bng)AQ + Bl(XSAQ — B2X3O) BlBQ
A1 A 0 N A1 As 0

_, (X04142 - BiB,X{ BB
B Ay Ay 0

= r(A1Ay) + 1(B1By) = (4.18).

Similarly, we can show the rank equalities (4.19) and (4.20).
3. For the rank equality (4.21). Note that

, (C1A2A3 + B1C2A3 + B1B2Cs B1BzB3>

A1 Az As 0
. (XVA; — B1X9)AsA3 + By (X9As — BoX9)As + B1Ba(X{A3 — B3X)) B1B2B3
A1 AxAs 0
- X?AlAQAg — BlBngXg BlBng
N A1 A2 A3 0

:T(AlAQAg) + T(BlBQBg) = (421)

Similarly, we can prove the rank equality (4.22).
4. For the rank equality (4.23). Note that

A1A2A3A4 O
—r (X2A1—B1 XAz A3 As+B1 (X9 As— B2 X9) A3 Ay+B1 Ba(XJ A3 —B3XJ)As+B1B2B3(X{As—B4X?) B1B2B3Ba
- A1A2A3A4 0
XA, A9A3A4 — B1BaB3B4X? B1ByBsB
=p (ARSI T PATERE AR PRI ) = (A Ap A3 Ay) + 1(B1 B2 B3 By).
A1 AsAsAy 0
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“if”-part. It follows from Theorem 3.1 that the system (3.11) is equivalent to the system (3.16). In
order to solve the system (3.16), we need to partition the quasi-diagonal matrices D; and S; with the finest
possible subdivision of matrices

Ti 7’3 - ’I"i ’I’; — ’l‘é 1T — ’I”; ’l"i T’g — ’I‘Z ’I"; — ’I”§ q2 —T1 — ’I‘S
ry I 0 0 0 0 0 0 0
rg—rs | O I 0 0 0 0 0 0
(4.25) Di=4l 2l ] 0 0 I 0 0 0 0 0 ,
ri—ry | O 0 0 I 0 0 0 0
qa—r1 \ 0 0 0 0 0 0 0 0
T‘i T‘% — Ti T‘é — 7"; T‘i T'% — Ti 7"5 — 7'32’ T‘i T‘g — Ti’ q3 — T2 — T‘g
ry I 0 0 0 0 0 0 0 0
ry —T4 0 I 0 0 0 0 0 0 0
ry — T3 0 0 I 0 0 0 0 0 0
(4.26) Dy =173 0 0 0 0 0 0 0 0 0 7
r2 0 0 0 I 0 0 0 0 0
r:—r2 0 0 0 0 I 0 0 0 0
r:—r2 0 0 0 0 0 I 0 0 0
g@2—r1—7r3 \ 0 0 0 0 0 0 0 0 0
Ti 7‘?1’ - T‘i ’I‘Z ’I‘g - Ti ’I‘Z Tg - ’I‘Z T‘i qqa — T3 — T:ll
Ty I 0 0 0 0 0 0 0
Ty — T} 0 I 0 0 0 0 0 0
Ty — T} 0 0 0 0 0 0 0 0
3 0 0 I 0 0 0 0 0
(4.27) Dy =42 42 0 0 0 I 0 0 0 0 :
T3 — 713 0 0 0 0 0 0 0 0
rs 0 0 0 0 I 0 0 0
S —r3 0 0 0 0 0 I 0 0
g3 —7m2—75 \ 0 0 0 0 0 0 0 0
ryori v orioas—ma
ry I 0 0 0 0
ry—r} 0 0 0 0 0
r3 0 I 0 O 0
(4.28) Dy = "3 Ti 0 0 0 0 0 7
rs 0 0 I o 0
rs —r3 0 0 0 0 0
rh 0o 0 0 I 0
ga—m3—7r3 \0 0 0 0 0
Uy =1y 13—13 =13 13 1212 12-12 pa—11—12
I I 0 0 0 0 0 0 0
iz—1; o I 0 0 0 0 0 0
(4.29) Si=yl-1t | o 0 I 0 0 0 0 0 ;
ILh—13 | o 0 0 I 0 0 0 0
p1—11 \ 0 0 0 0 0 0 0 0
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Iy L=y -1 13 12-02 12-13 13 515 ps—1.—-103
I I 0 0 0 0 0 0 0 0
I3 —1 0 I 0 0 0 0 0 0 0
i3 —13 0 0 I 0 0 0 0 0 0
(4.30) g, =l 0 0 0 0 0 0 0 0 0 7
2 0 0 0 I 0 0 0 0 0
-1 0 0 0 0 I 0 0 0 0
13-12 0 0 0 0 0 I 0 0 0
pa—11 —13 \ 0 0 0 0 0 0 0 0 0
I =1y 13 13- 1 B-13 1 pa—lz—13
I I 0 0 0 0 0 0 0
I3 -1 0 I 0 0 0 0 0 0
13 —13 0 0 0 0 0 0 0 0
2 0 0 I 0 0 0 0 0
(4.31) Sz =2 -2 0 0 0 I 0 0 0 0 ;
1212 0 0 0 0 0 0 0 0
3 0 0 0 0 I 0 0 0
-1 0 0 0 0 0 I 0 0
ps—1la—13 \ 0 0 0 0 0 0 0 0
2B 1 ps—UL
I I 0 0 O 0
13— 1 0 0 0 0 0
2 0o I 0 0 0
(4.32) Sy = 1212 0 0 0 0 0 ’
3 0 0 I 0 0
15 -3 0 0 0 0 0
I 0 0 o0 I 0
pa—I3—13 \0O 0 0 0 0

where the expressions of the block dimension
1.2.1 .2 3 .1.2 .3 4
T1,72,73,74,T9,T9,73,T3,73,T4,T2,T4,T4

and

1 2 1.2 .31 323 14
li,l2,13,la, 73,75, 73, 73,75, 14, 15,13, 1y
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can be obtained from Lemma 2.1. Let the matrices

v Y
: | itE=1,5,
YE o Y
Yoo Y
Y, = Co | itk =24,
Y o Y
Yo Y
: . |, if k=3,
Yo - Yop
and
1 2
E, = (Eij)5><g’ E; = (Eij)gxg’
(13  (pa
Es ( ij)gxs’ Ey: ( ij)8x5

be partitioned in accordance with (3.16) and (4.25)—(4.32). Substituting Y} into the matrix equations in
(3.16) yields

1 2 1 2 1 2 1 2 2 2 2 2
}/11 - }/11 Y12 - Y12 Y13 - YIS Y14 - Y14 _Y15 _Y16 _Y17 _YIS
Yl _ Y2 Yl _ Y2 Yl _ Y2 Yl _ YZ _Y2 _Y2 _Y2 _Y2

21 21 22 22 23 23 24 24 25 26 27 28

(4.33) Vi = Y5 Yh-Yh Yy Vi Vi -YE YR Y Yy YR | = (Eilj)5><8 )
Vhi-YA YhL-VYh YhE-YE YL YL -Yi -YE YR Vi
Y3 Yo Y3 Y54 0 0 0 0

Y121 - Y131 Y122 - Y132 Y123 - Yl% }/125 - }/134 Y126 - Y135 Y127 - Y136 7Y137 7Y13é 7Y13§
VH -V Y-V YR -V YR -V Vi - Vih YR -Yi Y Vi -V
Y321 - Y331 Y322 - Y332 }/2323 - YIS?Z’) }/325 - }/3?21 Y326 - YB% Y327 - YS% - 35’}7 _YBSS _YB%
Y421 Y422 Y423 Y;LQS Y426 Y427 0 0 0
Y-V Y-V Y-V Yo -Vh Y-V YR oY Y Y Vi
Y621 - Y531 Y622 - Y532 Y623 - YE% Y625 - Y534 Y626 - Y535 Y627 - Y5% 7Y537 7Y53é 7Y539
YA-Ya YA-Yh YAV YR-YE YR YR YR-YE Vg Y Y
Y821 Y822 Yv823 }/825 Y826 Y827 0 0 0
(4.34) = (E}
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Y131 - Y141 }/132 - }/142 Yi?zl - Y143 Yl% - Ylél Y137 - Yl%') Y138 - Y146 _Y147 _Y148
Y3 - Yo Yo, —Voh Yoy — Vi Yy —Yoi Y- Yoy Yo —Yip Y Vi
}/331 Y332 }/?4 Y?% Y337 }/338 0 0
Vi Yi Y-y Vi Vi Yis- Ve Y- Yis Vi Vi Vi <V
(435) [ Y3 -V Yh—Viy Yo —Vip YR -Vih Y-V Y Vi Vi Vi | = (F)g

Yél Vb Y5 Yé5 Y7 Yy 0 0
Y731 - Y541 Y732 - }/542 Y734 - YVE)% Y735 - Y544 Y737 - Y545 Y738 - Y546 _Y547 _}/548
}/831 - }/641 Y832 - Y642 Y834 - Y643 YS% - Y644 Y837 - Y6%5 }/838 - }/646 _}/647 _Y648

Y Yeh g, Yk Y Yok 0 0
YA-YR YhE-YR Yi-Yh Yi-Y) Y
Yy Ysy Va5 Yoy 0
Vi Y5 Y -Ys Yg-Yy Yo -V Y5
YA YA YA YA 0
(436) 41 43 45 47 — E4 .
Vi - Y9 Y-V Y-V Y -YH -YE ( ”)8X5
Ye! Yei Yes Yer 0
YA -YH Yi-Yh Ya-Yy Yh-Y) Y
Vg Ygs Ygs Ygr 0

Hence, the matrix equations (4.33)—(4.36) are consistent if and only if

(4.37)  EX =0, B} =0, E:, =0, B} =0, E3, =0, B3, =0, E2, =0, E2, =0, E% =0, EZ, =0,

(4.38) Ei =0, B3, =0, B3, =0, B3, =0, E3, =0, E5; =0, E3; =0, Efs =0, Egs =0, Eg5 =0,

(4.39) Els+FE, =0, El,+F%=0, El, +E=0,

(4.40) FEi, +Es =0, Ei+FE3 =0, E2 +E;x=0E+E=0,
(4.41) E3. +FEy =0, E3 +F}, =0 E3+E},=0,

(4.42) ElX 4+ E2, +F3, =0, Ei+F%+E3 =0,

(4.43) B3 4+ B3y + Fyy =0, E2, +F3 4+ El, =0,

(4.44) Es + E3, + E3y + Ej, = 0.

Now we will use (3.12), (3.13), (3.15), (4.25)—(4.32) to prove that (4.17)—(4.23) = (4.37)—(4.44).

1. Note that
Cy Bi\ _ QEi T QoSiQrt . .
r (Al 0 ) =r(41)+r(B) =r <T0D1T11 0 =r(ToD1 Ty ) +7(QoS1Q7 )

D,y 0
:>E515107 Ejs =0, E§7:07 Ejg =0.

— <E1 51) = r(Dy) +1(S1)



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 266-284, July 2019.

279

Pure PSVD Approach to Sylvester-type Quaternion Matrix Equations

Similarly, we have

B
r <02 2) = 1r(Ag) +1r(By) = E3, =0, E33=0, F3, =0, EZ, =0, E3 =0, E3 =0,

Ay 0O

B
r <C3 3) = r(As) +1r(Bs) = E3. =0, E}x=0, E3 =0, El=0, E3, =0, E3 =0,

As 0

Ay O

B
, (04 4) _ T’(A4) + T(B4) _— E§5 — ()7 E25 = O, EgS = 0, Eélf) =0.

Hence, we show that (4.17) = (4.37)—(4.38).
2. Note that

C1As + B;Cy BB
r( a0 2) =r(4idz) +r(BiBy)

—1 —1 1
— <Q°E1D2T2 T QoSBT QoS5 ) = r(TyD1D>T5 ) +7(Q0515:Q5 1)

ToD1 DTyt 0

FE1Dy + S1FEy 518
:>’I”< ! 51D21 2 10 2>—T(D1D2)+T(5152)

— E;s+ B, =0, Ejg+E;; =0, Ef;+E3 =0
— (4.39).

Similarly, we have

CoAs + BoCs  ByB
r( 2 jlegQ 3 20 3) = 1(AyA3) + r(ByBs)

= E3;+ E3; =0, Ess+FE3;=0, E2,+Ej; =0, EZg+ Ejs=0

= (4.40),
C3A4+ B3Cy BsBy
=7r(As3A
r ( AsAy 0 ’I“( 3 4) +T(BgB4)
= E};+ E3, =0, E3,+E{,=0, E}; + Eg, =0
= (4.41).

Hence, we show that (4.18)—(4.20) = (4.39)—(4.41).
3. Note that

A1 Az A3 0

C1A,A B:CyA B1B,C3 B1ByB
r( 14243 + B10C2 A3 + B152C3  DB1b5s 3>—r(A1A2A3)+T(BleBB)

e, (Q0E1D2D3T3_1 + QoS1E2D3Ty 4 Q0S152E3Ty t Q0S15293Q3 "

ToD1 D2 DTy
r(ToD1D2D3Ty ) + 7(Q0S15253Q3 1)

D1Dy D3 0
= B} + E, + E3; =0, Elg+ E2 + E3, = 0= (4.42).

>_

e (E1D2D3 + S1E5Ds + 51S5F5 515253) _ T‘(DlDQDg) 4 7"(515253)



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 35, pp. 266-284, July 2019.

Zhuo-Heng He 280

Similarly, we have

, CoA3A, + ByC3Ay + BaBsCy ByB3By
Ay A3Ay 0

— B2, + B3+ E33 =0, E3 4+ E3 + Ej; = 0= (4.43).

) — 1(AsAgAy) + 1(BaBsBy)

Hence, we show that (4.21)—(4.22)== (4.42)—(4.43).
4. Finally, we prove that (4.23) = (4.44).

A1AA3A, 0
= T(A1A2A3A4) + T(BlBQBgB4)

r (QoElD2D3D4T471+Q051E2D3D4T471+Q05152E3D4T471+Q0515’233E4T471 Q0S1525351Q; " ) _

ToD1D2D3DyTy ! 0
r(ToD1D2D3 DTy ) + 7(Q05152935:Q7 ")
- (ElD2D3D4+5'1Ezgfggggsbi2E3D4+Sls2S3E4 515205'354) = r(D1DyD3Dy) + 1(S152535,)

= FEys + B3, + E3; + E5, = 0 = (4.44). 0

The following theorem gives the general solution to the system (3.11).

THEOREM 4.2. Assume that the system (3.11) has a solution. Then, the general solution to the system
(3.11) can be expressed as
(4.45) X1 =QuTy ! Xo=QiYeTy !, X3=QYsTy !, Xa=QaYaly"', X5 =QuYsTy ",
where

E%ﬁE%ﬁgEiiEi‘ltYf’l E§2+E§2+E§2+Y§2 E§3+E§3+Y§3 E114+Y§4 YI}
E21+E21+E21+E21 E22+E22+E22+Y22 E23+E23+Y23 E24+Y24 Y25

(4'46) Y1 = E§1“IE§1‘;E§1 EéztE§2";Eg2 Eés‘tEgs‘gysss E:%4+Y324 Y:{s )
E41"'IE41 E42";E42 E43";E43 E4441‘Y44 Y415
Es, Esy Esg Esy  Yss
2 3 4 5 2 3 4 2 3 2 1 1 1 1
E11+2E11JgE11J£Y11 E§2+Eé2+yl42 E§3+Y133 Y124 *E%ra *E%e' *EY *E%s
E21";E21‘;E21 E22"'2'E22"';Y22 E33+Y233 Y224 —Efis —Efia —E;i7 —Efis
E31";E31 E32‘2E32 E332Y33 Y324 —Eais) —Eaia —E3£7 _E3£8
(447) Y2 — B El, Eis Yiy —Ejs —E —Ei; —Egg

2 3 4 5 2 3 4 2 3 2 g2 3 4 5 2 3 4 2 3 2
E51‘2E41‘2E31‘L‘Y21 E22+E§2+Y342 Eg3+y433 Y524 E54"2‘E43'*3‘E32'ZY22 E35+E§4+Y344 E36+Y436 Y528 ’
Egi+E51+Ey EgotEg+Yyy Ega+Yss Yoy  EgutEss+Eyy  Egs+E5+Yey Eget+Yss Yes

2 3 2 3 2 . v3 y2 2 g3 2 g3 2 y3 y2
E71";E61 E72‘EE62 E73"'2‘Y63 Y724 E74"';E53 E75J’;E64 E76-2-Y66 Y728
Eg, Eso Egs  Yau Egy Egs Ege  Yss
3 gt 4 y5 B3 iyvA v3 B3 L pd 4v5 g3 Lyh 12 2 2 2
E11+3E11ty1°1 Eé2+Y142 Y133 E13JgE12J2Y12 Eé4+Y144 *Ei7*E§6 *Ey *Eés *Eég
E21"’;E21 Ezz‘gyzz Y233 Ezs“;Ezz E24‘§Y24 _EZ{7_E§6 —Ezg —E%s —E%Q
. E\’)"Ll i 3E32 . Y333 . E‘Z’;B i 3E34 . _E373_E36 —E%7 —EL;,S _E%Q
E41+3E31+4Y2°1 E§2+Y342 Y433 E43§E32J2Y;2 E§4+Y344 Y436 *Es; *Egs *Eszg
(4.48) Y; = E51*;E41 Esz'gyzm Y533 E53-&;E42 E54"':;Y44 Y536 _Eg7 —Egs _Egev )
3 ET 5 3E62 4 Y633 3 E§13 5 3E64 4 Y636 3 7Ez‘;77 5 ;E784 7E;,79
E71‘§E51'*4‘Y31 E§2+Y542 Y733 E72‘§E52‘L‘Y32 E§4+st Y736 E75-&3-E53-L-Y33 E§G+Y546 Y739
Eg1+Eg1  BgotYso Ysz  EggtEesy  EggtYe Y56 Egs+Eg3  EgetYse Yso

3 3 3 3 3 3 3 3 3
E91 EQQ Y93 E93 E94 Y96 E95 EQ()' YQQ
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Eil1+Y151 Y142 E%Q+Y152 7E11()7E§57E§4 7Erf77Ef5 7Erf87Ef6 7E?7 7Ei°’8

Ey Yy, By —EBy—E3—Ej, Egs —E3s—E5s —Ej; —Ei
E§1+Y251 Y342 E§2+Y252 Y344 *E§7*E25 *E:és*Eis ~Ej; *Efs
(449) 1/4 — 4E31 s Y{z 4E22 5 Y4z4 4E23 5 _Egss_EgG _EEZ7 _Egs ,
Eg1+Y3) Yo Espt+Ys) Y54 Ess+Y33 Y56 —Er; —Erg
Eg Yoy  Egy Yoi Egy Yo —Ef;  —Ei
EL+Yi Yoy B +Yi Y74 Eis+Yi Y7o E7,+Yi Yo
E § 1 Y842 Eg, Yii E § 3 Y846 By Yia

5 1 2 3 4 2 3 4 3 4 4
Yll _E15_E14_E13_E12 _E17_E15_E13 _E17_E14 _E15

Y251 Y252 _E§7 - Ei’s - E§3 —EZ’7 - E§4 —E§5

(4~50) Ys = Y351 Y352 Y353 _E% - E§4 _E§5 )
Y451 Y452 Y4E§ Yfﬁ —E ?5
Y551 Y552 Y553 Y554 Ys%

and Qo, . .., Qa, Ty, ..., Ty are defined in (3.12) and (3.13), and the remaining lelkl’ inkQ, inks’ inky
Y5

Jsks

REMARK 4.3. In [9], the authors use QSVD to establish the simultaneous decomposition for 15 matri-
ces Aj, Bj,Cj,Dj, and Ej;, which plays an important role in investigating the system of matrix equations
A;X;Bj+C;jX;11D; = E; (j =1,2,3). In this paper, we use PSVD for the quaternion matrices A; and B;
to solve the system (3.11) directly.

and
are arbitrary matrices over H with appropriate sizes.

EXAMPLE 4.4. Given the quaternion matrices:
. . 1 i+j j—k
i j k ] .
A1 = ( ) A2 = 1 —1 + k J + k
. P97 k ) ’
Pl A g 1+i —l4+i+j+k 2]

1+2i j k j+k

i k 1+j 2 o oo
As={0 1 2i k |, A= 12i A _i I-k
j 14k 1+42i4j 24k ) f) o i]<
L ik 1
Blz<_‘1_3k ik i) Bo={0 1 i |,

J j 1+k 1+i
R P 0
Bs=| —j k i By =
3 J 1 0 ) 4 j k 1 i )

itk j+k 14i
Itk jtk 1410 i+j 2i+k 1 —1+i

<12i+3jk 1-2i—k 22jk>
01: )

3i+j+2k  2+4j+k  —i+j
2 — 2k —1-i-2k —3—i—2j
Co=|-2+i+j—2k —-1-2i+2k 1-2i—j+3k]|,

2+i-3k —1-2i+3j+k -3i—-j+k
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—14j —-1+i+2k —142i+44j 1-i+2j+k
Cs = —-i+k —1—-i—-2j —2—-i+4k 1+i—-j+2k|,

“1-i+j+k —-2-2j+2k -3+i+4j+4k 2+j+3k

~1-4i+2j—2k -2+j+k —4+i+j-2k -3+i—j-—2k
P I R —2i—j+k —1-4i+2j+k —-1-3i+2j—k
Tl —1-3i+j+2k 1-2i-2j —1-2j-5k —3j— 3k
1+i+2k 1—2i—j+3k —2i — 2k 1

Now we consider the system (3.16). Upon computation, we have

3, ifi=1
C; B\ 4 N ) 3 =2
(4.51) r <A1- 0) =1r(A;) +r(B) = 3 ifi—3
4, iti=4
(4.52) (A2t 51y BiBay r(A142) + r(B1Bs) = 2,
A1 A, 0
(4.53) p(C2Ast BoCs BaBa) r(A243) + r(B2B3) = 2,
Ay Ay 0
(4.54) p(CoAet BaCa BaBa) _ 4 a4 n(BsBY) =3,
AsAy 0
(4.55) T Cidzdy + BiCo Ay + BiByCy - BBz By =r(A1A2A3) +r(B1B2B3) = 2,
A1 AxA5 0
(4.56) r CoAsAs+ BoC3As + By ByCa - ByBsBa) _ r(A2A3A4) + (B2 B3By) = 2,
Ay Az Ay 0
, C1A2A3A4 + B1CyA3Ay + B1ByC3 Ay + B1ByB3sCy  B1ByB3By
A1A3A3A, 0
(4.57) =r(A1A2A3A,) +r(B1B2B3By) = 2.

Therefore, all rank equalities in (4.17)—(4.23) hold, and thus, the system (3.16) is consistent. We can use the
steps in the proofs of Lemma 2.1 and Theorem 4.1 to find the solution. Below is the algorithm for finding
the solution to the system (3.16).

1. Computer PSVD for the quaternion matrices A; and B; (i = 1,2, 3,4).
2. Computer F; = Q; L, C,T; (i =1,2,...,4).

3. Computer Y7, ...,Ys in (4.46)—(4.49).

4. Computer X, ..., X5 in (4.45).
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In addition, X1,..., X5 with the following structures satisfy the system (3.16):

. Kk 1 i j j k 1
X1<1~‘+, 1), Xo= [k i+k i-k|, X3=| k j i,
1
0 1 0 j+k —j+k 1+i
j 1 i k 2 1+2 0 1
k i -1 1 9 1 k
X - X =
4 0 2 1 i TP l-1+42 1 1 1+k
itj j+k 0 0 j+k 0o j 0

5. Conclusions. We have used the pure product singular value decomposition (PSVD) approach to
consider the system of four coupled Sylvester-type quaternion matrix equations with five unknowns (1.1).
We have given some necessary and sufficient conditions for the existence of a solution to the system (1.1)
using the ranks of the given quaternion matrices. We have also derived the general solution to this system
when it is solvable.
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