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NON-SPARSE COMPANION MATRICES*

LOUIS DEAETTT, JONATHAN FISCHER!, COLIN GARNETTS, AND KEVIN N. VANDER MEULENY

Abstract. Given a polynomial p(z), a companion matrix can be thought of as a simple template for placing the coefficients
of p(z) in a matrix such that the characteristic polynomial is p(z). The Frobenius companion and the more recently-discovered
Fiedler companion matrices are examples. Both the Frobenius and Fiedler companion matrices have the maximum possible
number of zero entries, and in that sense are sparse. In this paper, companion matrices are explored that are not sparse. Some
constructions of non-sparse companion matrices are provided, and properties that all companion matrices must exhibit are
given. For example, it is shown that every companion matrix realization is non-derogatory. Bounds on the minimum number
of zeros that must appear in a companion matrix, are also given.
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1. Introduction. The Frobenius companion matriz to the polynomial
(1.1) p(z) =2"+a12" P+ a2" P+ tan_1z +a,

is the matrix

0 1 0 0
0 0 1 0
(1.2) F= : : : . :
0 0 0 ‘e 1
—Qn —Qp-1 -+ TG —ay
In general, a companion matriz to p(z) is an n x n matrix C = C(p) over Ray, as, ..., a,] with n? —n entries
in R and the remaining entries variables —aj, —as, ..., —a, such that the characteristic polynomial of C is

p(z). We say that A is a realization of a companion matrix C' if A is obtained from C by replacing each of
the variable entries by real numbers.

EXAMPLE 1.1. The matrices

0 1 0 O 0 1 0 0
0 —aq 1 0 and —a9 —aq 1 0
0 —ay 0 1 0 0 2 1
—ay —az 0 O —ay —az —4 -2

are companion matrices to the characteristic polynomial p(z) = 2* + a12® + 222 + azz + ay.
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In 2003, Fiedler [8] introduced a new way to construct companion matrices that has piqued interest in the
general structure of companion matrices (see, for example, [4, 11, 5]), including extensions to matrix pencils
(see, for example, [1, 3]). As noted in [4], a companion matrix must have at least 2n — 1 nonzero entries.
A companion matrix is sparse if it has exactly 2n — 1 nonzero entries. The first matrix in Example 1.1 is
sparse, the second is not sparse. The sparse companion matrices were characterized in [4] as described here
in Theorem 1.2. (Note that two matrices A and B are equivalent, denoted A = B, if B can be obtained from
A by any combination of transposition, permutation similarity or diagonal similarity.)

THEOREM 1.2 ([4]). A matriz A is an n x n sparse companion matriz if and only if A is equivalent to
a unit lower Hessenberg matriz C' such that

o C;;=—ay for some j, 1 <j<n,

e —ay11 is on the kth subdiagonal of C, for 1 <k <n—1, and

® —ap41 is in the rectangular submatriz R whose upper right corner is C;; = —a1 and whose lower
left corner is Cp, 1 = —an,.

In this paper, we explore properties of companion matrices by focusing on the non-sparse companion
matrices. A few non-sparse companion matrices were noted in [4] as examples. We determine some general
properties of non-sparse companion matrices and describe some particular constructions. A companion
matrix is a superpattern of a sparse companion matrix if it can be obtained from the sparse companion
matrix by changing some of the zero entries to nonzero entries. We answer a question of [4] by describing
some companion matrices that are not superpatterns of the sparse companion matrices (see Examples 2.2
and 6.7).

While Theorem 1.2 states that every sparse companion matrix is equivalent to some Hessenberg matrix,

we will see that not every companion matrix has a Hessenberg form. For example, in Section 5, we demon-

5
2

matrix must have at least % zero entries. Also, as noted in [4], a key property of sparse companion
matrices is that the digraph of a sparse companion must contain a Hamilton cycle. This property is not

strate that there exist m x n companion matrices with fewer than 3n zero entries, however a Hessenberg

required in a non-sparse companion matrix, as can be observed in Example 2.2.

We start the next section by outlining some of the notation and required technical definitions, along
with a known result connecting the coefficients of the characteristic polynomial of a matrix with the cycles
in an associated digraph. In Section 3, we describe some properties of companion matrices. In particular,
we observe that not only are Hessenberg companion matrix realizations non-derogatory, but all companion
matrix realizations are non-derogatory. We conclude the section with a structural result for companion
matrices. In Section 4, we list various examples of non-sparse companion matrices and describe the non-
sparse n X n matrices for small n. In Section 5, we develop a result that restricts the structure of superpatterns
of Fiedler companion matrices, concluding that there is no companion matrix that is a superpattern of a
Frobenius companion matrix. In Section 6, we describe a way to construct a companion matrix by starting
with an arbitrary non-derogatory nilpotent matrix. In Section 7, we explore how far a non-sparse companion
matrix can be from being sparse. In particular, we provide some bounds on the minimum number of zero
entries required in a companion matrix. We conclude in Section 8 with an observation about the structure
of the companion matrices that we have explored, leaving it as an open question whether this structure is a
necessary feature of every companion matrix.

While we explore constructions and properties of non-sparse companion matrices in this paper, in future
it would be helpful to determine if these non-sparse companion can be useful in some of the many contexts
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in which the classical companion matrix has been used. For example, sparse companion matrices have been
useful for providing bounds on the roots of a polynomial (see, e.g., [13] and [15]). It is natural to ask if there
are applications in which the structure of the non-sparse companion matrices might be more desirable than
the structure of the sparse companion matrices.

2. Technical definitions and notation. Throughout the paper, we let e; denote the jth standard
basis vector and let J, = [0 e, --- er_l] be an r x r Jordan block. We also let IV; denote the ith row
of a matrix N.

The kth subdiagonal of an m x n matrix A consists of the entries {Axy11, Agt2,2,..., An -k}, for
0 < k < n—1. Note that the Oth subdiagonal is usually called the main diagonal of a matrix. For
1 <k < m, the kth diagonal of an n x m matrix R consists of the entries {A1 m—r+1, A2, m—k+2, -, Akm}
and for m+1 < k < n+m—1, the kth diagonal consists of the entries { Ax 11,1, Ax—m12,2, -+, Apn—(k—m) }-

One tool that is often used to classify permutationally equivalent matrices is the digraph of the ma-
trix. Given an n x n matrix A, the digraph D(A) has vertex set {v1,vo,...,v,} with arc set {(v;,v;) :
A; ; # 0}. Note that two matrices are permutationally equivalent if and only if their labeled digraphs
are isomorphic. For 1 < k < n, a (simple) cycle of length k (or k-cycle) in a digraph D is a sequence
of k arcs (viy,Viy), (VigsVig), .-, (Viy,viy ), sSometimes denoted as v;;, — vi, — -+ — v, — v;;, with k
distinct vertices vi,,viy,...,vi,. If D(A) has cycle (v, vs,), (Viy, Vi), ..., (Vi,v;y) and A = [A;;] then
(—1)k’1Avi1,vi2A -+ Ay, v, 18 the associated cycle product. A composite cycle of length k is a set
of vertex disjoint cycles with lengths summing to k (with an associated cycle product being the product
of the cycle products of the individual cycles). The digraph cycles of D(A) can be used to describe the
characteristic polynomial of A (see, for example, [2, 6]):

Vig,Vig Viy,

LEMMA 2.1. If p(z) = 2" + a12" ' + asz" "2+ -+ + a,_12 + a, is the characteristic polynomial of A,
then the sum of all the composite cycle products of A of length k is (—1)*ay,.

An n-cycle in a digraph with n vertices is called a Hamilton cycle. As can be seen by Theorem 1.2, the
digraph of every sparse n X n companion matrix must have a Hamilton cycle that includes a,,. However,
this feature is not required in a non-sparse companion matrix:

ExaMpPLE 2.2. The digraph of the companion matrix

1 1 1 0 0

-1 -1 0 -1 0

A= 0 0 0 10
—agy 0 0 —aq 1

—as 0 —a3 —a 0

does not have a Hamilton cycle. That is, there is no simple 5-cycle in D(A).

3. Properties of companion matrices. Recall that a real matrix is said to be non-derogatory if each
eigenspace has dimension one, or, equivalently, the minimal polynomial is the same as the characteristic
polynomial of the matrix. We will say that a matrix A over Rlay,aq,...,a,] is non-derogatory if every
realization of A is non-derogatory. It was observed in [4] that each sparse companion matrix is equivalent to
a Hessenberg matrix, and hence is non-derogatory. Below we observe that while some non-sparse companion
matrices are not equivalent to a Hessenberg matrix, every companion matrix is still non-derogatory. By [12,
Theorem 3.3.15], this implies that every companion matrix realization is similar to a Hessenberg matrix, in



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 35, pp. 223-247, June 2019.

Louis Deaett, Jonathan Fischer, Colin Garnett, and Kevin N. Vander Meulen 226

fact, similar to a Frobenius companion matrix realization. While we consider only real matrices here, this
result is in fact independent of the field used.

THEOREM 3.1. If C' is a companion matriz, then C is non-derogatory.

Proof. Suppose A is an n X n companion matrix realization having some eigenvalue A with two linearly
independent A-eigenvectors. Then there is a A-eigenvector x such that x; = 0 for any specified coordinate
position ¢. Let ¢ be the column of A that includes the variable a,,. Let x be a A-eigenvector of A with x; = 0.

Let A’ be the matrix obtained from A by replacing entry a,, with a,, +1. Then Ax = A\x and A’x = Ax.
That is, A is an eigenvalue of A and A’. Thus, ) satisfies the characteristic polynomial of A, so A" +a; A"~ ! +
.-+ +4a, = 0. And ) satisfies the characteristic polynomial of A’, so A" + a3 A\" ! + .-+ (a, + 1) = 0. But
these two equations are contradictory. Therefore, A can not have two independent A-eigenvectors. 0

In the next three lemmas, we note some properties of non-derogatory nilpotent matrices.

LEMMA 3.2. If A is a non-derogatory nilpotent block triangular matriz of the form

]

then both diagonal blocks N and W are nilpotent and non-derogatory.

A:

Proof. Suppose N is n x n and W is w x w. Observe that

AF =

Nk ‘ ZZ:O Nk—ana—l
O | wk

and, since A"T% = 0, this implies that N and W are nilpotent. It follows that

An+w—1 —

O | 0

O | Sty Wt ey ] |

Since A is non-derogatory, ZZig’*l Nntw—l-agwa=1l £ 0. But

n+w—1
Z Nn+w—1—aHWa—1 — Z Nn+w—1—aHWa—1 + Z Nn+w—1—aHWa—1 + N?L—IHWw—l
a=0 a>w a<w
= N THWY L
Therefore, both N and W are non-derogatory. ]

LEMMA 3.3. Suppose N is an r X r non-derogatory nilpotent matriz. Then there exists a nonsingular
matriz S such that ST'NS = J,.. Further, if

ty

t
S:[sl Sy - sr] and S7!'= _2,

t,
k

then N™—F = Zsjtr,kﬂ» for1<k<r-—1.
j=1
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Proof. Since N is non-derogatory and nilpotent, the Jordan decomposition for N is SJS~! for some
invertible matrix S. It follows that

NF=8J7 51 =80 -+ 0 e - eS!
:[() e 0 sy - sk]g—l

=Si1tr_pt1 +Sotr_pgo + - - + sity

k
= Zsjtr—k+j- O
Jj=1

REMARK 3.4. Note that, for k = 1, Lemma 3.3 implies that N"~! = s;t,.

LEMMA 3.5. Suppose N is an r x r non-derogatory nilpotent matriz. If N""'x # 0 and

(Nr—k)r 0
: X=1:
(Nrfl)r 0
for some k, 1 <k <r, then (N"7F), = (N"=F+1), =... = (N"™1), = 0T.

Proof. By Lemma 3.3, we may let S = [S; ;] be a matrix such that ST'NS = J,. Since N""'x # 0,
by Remark 3.4, we have t,x # 0. Thus, (N""!),x = S,.1t,x = 0 implies that Sy1 = 0; and hence,
(N™1), = 07. As an inductive hypothesis, suppose that Sp1 = Spa2 = -+ = 8; = 0. Then, using
Lemma 3.3,

(N"=UHD) % = S, 1ty jX + Srotr—ji1X + -+ Spjtr_1X + S+ trx = S, (j41)trx = 0.

Thus, S, (j+1) = 0; and hence, (NT=G+)) =0T, 1]

We will use the following connection with the adjugate of a nilpotent matrix that could be derived from
[14] but is explicitly demonstrated in [10].

LEMMA 3.6 ([10, Lemma 3.3]). If N is an r x r nilpotent matriz, then

adj(zI = N)=N""1 4 2N""2 ... 4 7711

REMARK 3.7. We will repeatedly use a succinct expression for the characteristic polynomial of a matrix
using an adjugate (see, for example, [7]) that can be derived via cofactor expansion. In particular, if

then
det(z] — A) = (z — a)det(z] — N) —yT adj(zI — N)x.

We next apply some of the above observations about non-derogatory nilpotent matrices to obtain prop-
erties of companion matrices.
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LEMMA 3.8. Let R = Rlag,...,a,]. If A is an n X n companion matriz, then A is equivalent to

(3.3)

for some (n — 1) x (n — 1) matriz N over R, and some x,y € R"~1. Further,

1. N is nilpotent and non-derogatory, and
2. if yp_1 = —asg, then N,_1 =07 and x,_1 = 1.

Proof. Since a; appears on the main diagonal of A, by equivalency we may assume that A, , = —a;.
Consider the characteristic polynomial of A:

det(z] — A) = (2 + ay) det(z] — N) — y" adj(z] — N)x
= zdet(zI — N) 4 ay det(2I — N) — y* adj(2I — N)x.

Note that the first and third summands contain no terms with a; as a factor. Because A is a companion
matrix, a; det(z] — N) = a;2" 1. So, det(zI — N) = 2"~!. Thus, N is nilpotent. Then, by Lemma 3.6,

det(z] — A) = 2"+ a12" " —yT (N" 24 2N" 2 4. 42" PN + 2" ) x.

Since A is a companion matrix, the constant term is a, = —y? N" 2x. Thus, N"2x # 0, and so in
particular N™~2 is not the zero matrix, and hence, N is non-derogatory. Further, the coefficient of 2”2 is

as and we must have —yT 27 2Ix = a2 2. Thus, —y"'x = as.

If y,_1 = —as, then x,,_; = 1 and asel , (N"*2 + N3 4. 4 z"’?’N) x = 0. Thus,
Nn—l
(Nz)n—l

x=0
(Nn—2)n71
and, by Lemma 3.5, N,,_; = 07 O
Because the elements on the main diagonal of A must add to —a; and each variable is allowed to appear
only once in the matrix, no variable other than a; can occur on the main diagonal of A.
LEMMA 3.9. For every companion matriz A, the only variable on the main diagonal of A is a;.
By Lemma 3.9, a variable other than a; that occurs in a composite 2-cycle can do so only by occurring

in a simple 2-cycle. Since that variable occurs just once in the matrix, it must in fact then occur in a unique
simple 2-cycle. Hence, using Lemma 2.1, we have the following.

LEMMA 3.10. For every companion matriz A, the only variable that is on a simple 2-cycle of D(A) is
az, and ay appears on exactly one 2-cycle in D(A).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 35, pp. 223-247, June 2019.

229 Non-sparse Companion Matrices

THEOREM 3.11. Let R = Rlas, ..., a,] with n > 3. Suppose A is an n X n companion matriz. Then A
18 equivalent to

N x 0
(3.4)

u” —a; 1

vT —ay 0

for some (n —2) x (n — 2) nilpotent non-derogatory matriz N over R, and some x,u,v € R"~2 such that x
is orthogonal to u and N"~3x # 0.

Proof. Let A be an n X n companion matrix. By Lemma 3.8, part 1, A is equivalent to a matrix

for some (n—1) x (n—1) nilpotent, non-derogatory matrix N’. By Lemma 3.10, D(A) must have a simple 2-
cycle of weight as and there can be only one such cycle. Since N is nilpotent, this 2-cycle cannot be contained
in D(N'). Thus, we may assume —as appears in row n of B and then, by permutation equivalence, that
Byn—1 = —aa. Then, by Lemma 3.8, part 2, B,,_1 = el. Hence, by Lemma 3.2, the leading (n—2) x (n—2)
principal submatrix of B is nilpotent and non-derogatory. Thus, by transposing B and permuting the last two
rows/columns, we can observe that A is equivalent to a matrix having the form (3.4) for some (n—2) x (n—2)
nilpotent non-derogatory matrix N over R, and some x,u,v € R" 2,

To observe the claimed restrictions on x, consider the characteristic polynomial of A computed by
cofactor expansion along the nth column of (3.4):

zI — N —X zI — N —X

det(zI — A) = (—1)(=1)*""1 det + 2(—1)?" det

—vT ‘ as —uT ‘ z+a

= (a22"* = v adj(zI — N)x) + 2 ((z + a1)2""* —u” adj(zI — N)x)
=2"4a12" a2 ? — zul adj(z] — N)x — v! adj(2I — N)x
(3.5) =2" 4 a12" a2 — (zuT + VT) (N’“3 + 2N 4 "IN+ 2”731) X,

using Lemma 3.6. Since A is a companion matrix, we need u” 2" 2Ix = 0. Thus, x is orthogonal to
u. Further, since the constant term of the characteristic polynomial of A is a,, it follows from (3.5) that
vIN"=3x # 0, and in particular, N" 3x # 0. 0

4. Examples of non-sparse companion matrices. In this section, we describe some examples of
non-sparse companion matrices. Note that any 2 x 2 companion matrix is equivalent to a Frobenius com-
panion matrix and hence is sparse. We will observe that there is also no 3 x 3 non-sparse companion matrix,
and classify the 4 x 4 non-sparse companion matrices.

THEOREM 4.1. There are no non-sparse 3 X 3 companion matrices.
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Proof. Suppose A is a 3 X 3 companion matrix. By Theorem 3.11, A is equivalent to

0 =« O

u —a; 1

v —as 0
for some x,u, v with ux = 0. Then det(z] — A) = (2 + ay)2? + azz — vr. Thus, vz = —az, and hence, u = 0.
Therefore, A is a sparse companion matrix. 0

We next show that, structurally, there is essentially only one 4 x 4 non-sparse companion matrix. It is
a companion matrix that is a superpattern of a sparse companion matrix.

THEOREM 4.2. If A is a non-sparse 4 X 4 companion matrix, then A is equivalent to

-b 1 0 0
-2 b 1 0
4.6
( ) —as 0 —aq 1
—ay 0 —a9 0

for some b € R with b # 0.

Proof. Suppose A is a 4 x 4 companion matrix. By Theorem 3.11, we can assume that A has the structure
given in (3.4) for some 2 x 2 nilpotent, non-derogatory matrix N and some vectors u,x, v with u”x = 0 and
Nx #£ 0.

We first show that as does not appear in N. Otherwise, we have (since N is nilpotent) that —ag is the
only nonzero entry of NV, and so, without loss of generality,

z —x1 0
aoa=| 0= (ol
—U1 —U9 z+a1

—U1 —V2 as z

Then the highlighted transversal is the only one that is nonzero and constant with respect to z. This
contradicts the fact that A is a companion matrix. Hence, ag must not appear in N.

By (3.5), det(zI — A) = 2* + a12% + a22? — (zuT +vT)(N + 2I)x. Thus,

(4.7) —a3 = (u"'N +v")x and

—ay =vINx.
Up to equivalence, there are three cases for consideration:

1. Suppose x5 = —a3. By Lemma 3.10, us = 0. Equation (4.8) implies that (N7)yv = 0 and NTv # 0.
By Lemma 3.5, (NT)y = 0. Then (4.7) implies vy = 1. Also, since the trace of N is zero, Ni; = 0.
Meanwhile, u?”'x = 0 implies u;x; = 0, while (4.7) gives viz; = 0. However, Nx # 0 implies x1 # 0.
Therefore, u; = v1 = 0 and A is a sparse companion matrix.

2. Suppose vy = —ag. Then (4.8) implies Nox = 0 and, by Lemma 3.5, N3 = 0. We again have N1; = 0
since the trace of N is zero. Moreover, (4.7) requires o = 1, and so, (4.8) implies v1 N1 = —ay.
Thus, N1z # 0 and v; # 0. Then (4.7) implies 21 = u; = 0. It follows that us = 0 since u’x = 0.
Thus, A is a sparse companion matrix.
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3. Suppose us = —as. By Lemma 3.10, z2 = 0. Equation (4.7) implies Nojxz1 = 1, and hence, 7 # 0.
But then u; = 0 since u”x = 0. Further, v; = 0 by (4.7), and (4.8) implies that vy = —ay4. Letting
b= Nj; and ¢ = No1, we have, since N is nilpotent, that ¢ # 0, and hence, A is equivalent to

b —b*c| 1/c 0 b 2| 1 0 b 1 0
c b |0 of |1 bl 0 O | = b 1 0 .
0 —as —Qaq 1 0 —asz | —ay 1 —as 0 —Qaq 1
0 —Qg4 —as 0 0 —Q4 | —Q2 0 —agy 0 —an 0

While there exists only one non-sparse 4 X 4 companion matrix, there exist many 5 x 5 examples. We
describe a couple of cases in Example 4.3. Note that Examples 2.2 and 5.1 are also 5 x5 non-sparse companion
matrices.

EXAMPLE 4.3. Suppose ¢ # 0 and at least one of b or d is nonzero. Then the matrices

0 1 0 0 0 0 1 0 0
0 0 1 0 0 —Qa2 —ai 1 0 0
A=| —as —as —a 1 0 and B = 0 0 1 0
0 0 0 c 1 —ay —az —-b*—d —-b 1
—a5 —ag 0 =& —c¢ —as 0 bd d 0
are non-sparse companion matrices.
EXAMPLE 4.4. Suppose a, b, ¢, d and e are nonzero. Then
- - [ —-d 1 0 0 0 07
1
0 0 0 0 0 —-d®> d 1 |0 0 0 0
—a9 —ai 1 0 0
—as 0 —aq 1 0 0 0
0 0 b 1 0 0
—a —a c —b 1 0 B —ay 0 —a9 0 1 0 0
P P ) 0 0 0|0 b 10
0 0 | =b>+bd—bc+cd—e —b>—c d 1 e 00 10 —p—e —b 1
—ag  —as | —b2d® — cd? + be + de e —d® —d 6
- = | —ar 0 —as5|0 be c 0 ]

are non-sparse 6 X 6 and 7 X 7 companion matrices which are superpatterns of sparse companion matrices.

In the next example, the companion matrix has the property that it contains additional nonzero entries
(relative to a sparse companion matrix) inside as well as outside the lower left submatrix R described in
Theorem 1.2, unlike the previous examples.

ExXAMPLE 4.5. Suppose b, f and g are nonzero. Then

foo1 olo 0o 0 0

—f2 —f 1o 0o 00

—as 0 —a1 1 0 0 0

A= —ay b —ag 0 1 0 0
0 0 ~b|0 g 1 0

—ag 0 bf+bg|0 —g> —g 1

L —ar 0 —as5 0 0 0 0 i

is a 7 X 7 non-sparse companion matrix.
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In many examples, if A is a companion matrix partitioned as

N * *

R *

with R containing all of the variable entries, including —a; in its top right corner, then IV is nilpotent. The
next example shows, however, that N does not have to be nilpotent in this situation.

ExXAaMPLE 4.6. The 9 X 9 non-sparse companion matrix

[ 1 2 0 0 0lo 1 0 0]
~1 2 2 -2 10 5 -1 0
0 -2 11 0/0 -3 0 0
1 -12 -6 7 -3|0 —20 4 0
—as 0 —as 0 —aq 1 0 0 0
—ag 1 —ay 1 —ax |0 -1 0 0
1 -6 -3 4 -2|0 —-11 2 0
—ag 0 1 0 -1]0 0 0 1
—ag 0 —a; O 200 0 00

has the property that the leading 4 x 4 principal submatrix IV is not a nilpotent matrix.

5. Superpatterns of Fiedler companion matrices. A Fiedler companion matrix A is a sparse
companion matrix which is equivalent to a unit lower Hessenberg for which the variable entries form a
lattice path starting in the lower left corner and ending on the main diagonal. In particular, the lattice path
property means that if —agx_; is in position (7,j) of A then —ay is in position (i + 1,5) or (i,5 — 1) for
2 <k < n. The first matrix in Example 1.1 is a Fiedler companion matrix (see also Example 5.1 with b = 0).
The second matrix in Example 1.1 is a superpattern of a sparse companion matrix, but is not a superpattern
of a Fiedler companion matrix; the variable entries in the second matrix do not form a lattice path. As
described in [4], the Fiedler companion matrices defined here are equivalent to the matrices developed by
Fiedler in [8]. In this section, we explore companion matrices that are superpatterns of a Fiedler companion
matrix.

ExXAMPLE 5.1. For any choice of b € R, b # 0, the companion matrix

0 1 0 [0 O
0 0 1 10 0
b —a9 —ay 1 0
0 —a3 0 |0 1
—as —ay —b |0 O

is a proper superpattern of a Fiedler companion matrix.

We begin with some helpful preliminary lemmas.
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LEMMA 5.2. Suppose x € R", y € R¥, withw=n—1r—1, and

N X *
A= yT
O — apeyii1el MT

for some r x r matric N and w X w matriz M. If det(zI — A) = 2™ + a,, then N and M are nilpotent and
non-derogatory with N"~'x # 0 and M 'y # 0.

Proof. Since det(zI — A) = 2™ when a,, = 0, N and M must be nilpotent. Note that every transversal
of zI — A includes at least one term from the bottom left block. Since there are only two nonzero entries in
that block, namely a,, and z, we can write

det(zI — A) = (2)2"" — a, (e] (adj(zI — N)x)) (el (adj(zI — M)y)) + anzf(z)
for some function f(z). Since N and M are nilpotent, Lemma 3.6 gives
[ef (adj(z] — N)X)] [eg (adj(zl — M)y)] =

(el (N"' 4 2N" 2+ 4 2" 2N + 2" 'D)x) (el (MY + 2M™ 2+ 4+ 2* " )y).

Focusing on the constant term in det(zI — A), we have (e{ (N""!)x) (el (M*“~1)y) = —1. In particular,
N™1x £ 0 and M¥~ 'y # 0. Thus, N and M are non-derogatory. 0

LEMMA 5.3. Suppose 1 <k <n,xecR", y € RY and

N X Q

A= O — akek_le? Jk—l

O — anepel MT

for some r x r matrix N and w x w matric M with1 <r<n—k+1, andw=n—r—k+1. Ifk #n and
det(zI — A) = 2" +apz"F +a,, or k =n and det(zI — A) = 2" +a,, then N, =07, x, =1, and Q, = 07
Proof. Applying Lemma 5.2 with ax = 0, we see that N and M are nilpotent and non-derogatory, and

N"1x # 0. Suppose Q = [ql Qo - qk_g}. Suppose a; # 0, and if n # k suppose also that a,, = 0.
By cofactor expansion,

k—2
det(2] — A) = 2% (/*’“1 +age! adj(z] — N)x + arel adj(zI = N) > Qizi> :

i=1
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Given det(2] — A) = 2™ + ax2" % + a,, it follows that
k=2
(5.9) el adj(z] — N)x + e adj(z] — N) Y _qz' = 2"".

=1

Expanding (5.9) with Lemma 3.6 yields

(5.10) [i(NH)TZH

i=1

k—2
x + Z qizil =21
i=1

Considering the constant term of (5.10), we have (N"~!),x = 0. Thus, by Lemma 3.5, (N"~1), = 07.
Therefore, (5.10) simplifies to

(5.11) [Z(N’”i)rzil

=2

k-2
X + Z qizi] =L
i=1

Considering the coefficient of z in (5.11), we have (N"~2),x = 0. Again, by Lemma 3.5, (N"~2), = 07.
Continuing this process inductively, we observe that (N"~7), = 07 for j = 1,...,r — 1. And, in particular,
N, = 0T. Now (5.11) simplifies to

el2m =1 Ix + kz_:quzZ] =zt
i=1
It follows that
ef[x q - Qk72]:[1 0 --- 0].
Therefore, x,, = 1 and @, = 07 ]

In the next proof, we use the fact that the matrix obtained from A by reflecting its entries across the

0 1
anti-diagonal is given by PAT P, where P is the reverse permutation matrix, i.e., P = [1 J.

THEOREM 5.4. Suppose 1 < m < n. Suppose R is an (n —m) x (m + 1) matriz with exactly n nonzero
entries, namely ai,as, ..., Gy, such that Ry,_ 1 = —a, and Ry 1 = —a1 and the variable entries form a
lattice path. If

is an m X n_companion matrix then A is a sparse companion matriz.

Proof. We aim to show that replacing the variables a; with zero for 1 < i < n in A gives the matrix
Jn- Let Ay denote the matrix A with a; = 0 for all 4 # k. For some k with 2 < k < n, suppose Ay has the
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structure
N *
k
(512) Ak = O - akek_lef Jk—l
O *

for some r x r matrix N with 1 < r < n. In this case, we can observe from Lemma 5.3 that the first »r +k — 1
entries of the rth row of Ay consist of r zeros followed by a one and k — 2 zeros, and hence,

N’ *

(513) Ak = 0] Jk - akeke{

O *

for some (r —1) x (r — 1) matrix N’. By the assumption that the entries a; through a,, form a lattice path,
as is either to the left of or below a; in A, and so either Ay or PAT P has the structure (5.12), where P is the
reverse permutation matrix. Then by the above observation, either Ay or PA% P has structure (5.13) and
so, again by the lattice path property of R, either A3 or PAL P will have structure (5.12). In fact, it follows
inductively that either A or PAL P has structure (5.12) for 2 < k < n. In particular, A,, has structure
(5.13). Thus, it follows that A is sparse. d

COROLLARY 5.5. If A is a companion matriz which is a superpattern of a Fiedler companion matriz,
then A has a nonzero, non-variable entry in the rectangle R.

Example 5.1 provides a superpattern of a Fiedler companion matrix with the additional nonzero entries
(relative to the Fiedler matrix) in the rectangle R. We do not have any examples of a companion matrix
which is a superpattern of a Fiedler companion matrix with any additional nonzero entries appearing outside
the rectangle R. In fact, we wonder if such an example is possible.

Since the Frobenius companion matrix is a Fiedler companion matrix, Corollary 5.5 implies that there
is no companion matrix that is a superpattern of a Frobenius companion matrix.

COROLLARY 5.6. There is no companion matriz that is a superpattern of the Frobenius companion ma-
triz.

6. A class of non-sparse companion matrices. In this section, we describe a way to construct a
2r X 2r non-sparse companion matrix by starting with any r X r non-derogatory nilpotent matrix as an initial
building block. We first present two helpful lemmas.
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LEMMA 6.1. Suppose N is an r X r non-derogatory nilpotent matriz such that, in particular, (Nr_l)j #*
07 for some j with1 < j<r. IfS = {ejT,Nj7 (N2)j,--,(N""1);}, then S is a linearly independent set.

Proof. Note that (N"71); is a left eigenvector of N. Further,

S = {eJT7 N;, (NQ)J»7 cee (Nr_l)j} = {e?,efN, e;fFNQ, ce ,e?NT_l}.
Hence, S is a cycle of generalized eigenvectors of N of length r and so is linearly independent (see, e.g., [9,
p. 488]). We include an argument of this claim for completeness. Suppose ¢; e;f —l—c?efN—i— cee cregﬂNT_1 =
07. Then

(6.14) el (ctl+coN+- 4N =0".

Multiplying equation (6.14) by N"~! on the right yields ¢;(N""!); = 07, and hence, ¢; = 0. We can repeat
this process by multiplying (6.14) on the right by N"=2, N"=3 and so on, to get co = c3 = --+ = ¢, = 0.
This implies that S is linearly independent. ]

LEMMA 6.2. Let N be an r X r non-derogatory nilpotent matriz and suppose 1 < j < r. The matriz

[ ejT 0

N; 0

(N?); 0

(6.15) T x=
(N"=2);
(V715 ] 1]
Proof. By Lemma 3.6,

(6.16) el fadj(z] — N)] = (N""1); + 2(N"2); + 22(N"3); + - + 2" °N; + 2" le] .

Thus, cofactor expansion along row r + 1 gives

det(zl — B) = (z — b)det(z] — N) — ae;‘-r adj(zI — N)x
=(z=0b)2" —a((N"1); +2(N"2); + 22(N"3); + -+ 2" 2N; + z’“*legﬂ) X
=2 —bz" —a(N"Y) x4+ az(N"2);x + a2’ (N"7?) x4+ -+ az" 2 Njx + a2’ " 'e] x.

From this we see that det(z] — B) = 2"t — bz" — a if and only if x is a solution to (6.15) (and hence,
(N7=1); # 0T). Moreover, when this is the case, Lemma 6.1 shows that x is the unique such solution. 0O

If N is an 7 X r non-derogatory nilpotent matrix, then (Nr’l)j # 07 for some j with 1 < j < r.
Hence, the following result allows one to construct a companion matrix by starting with any non-derogatory
nilpotent matrix.
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THEOREM 6.3. Suppose N is an r X r non-derogatory nilpotent matriz with (Nr_l)j £ 0T for some j,
1<j<r. Let

N X 0]
(6.17) A = ~ar o :
(@) —Qr42 O 1
: —Qr—1
L —agy —a, |0 -+ 0 |

with as, in the jth column of A. Then there exists a vector x, with x; = 0, such that A is a companion
matriz. In particular, this x is the unique solution to equation (6.15).

Proof. We employ the digraph interpretation of the characteristic polynomial described in Lemma 2.1.
Based on the principal submatrix
—ai 1

—a,

each a; for 1 < i < r appears on a unique simple cycle, the weight of which is a;. Moreover, every simple
cycle disjoint from that one includes only arcs within N. It follows, since N is nilpotent, that for ¢ > i, the
sum of the composite ¢-cycles that include a; is zero. Meanwhile, since A has a zero block in the top right
corner, any nonzero composite ¢-cycle including a,,, for some m > 1, must involve vertex v,;; and must
have £ > m + 1 (the smallest potential cycle being v, 41 — vp12 = -+ = Upym — v; = Up41). Define

T
—a7~+1ej ‘ —al

If we let Cy be the sum of the composite k-cycles in B involving a,+; when a1 # 0, then the sum of
the composite f-cycles in A involving a4, is %Cg_mﬂ. Now, following Lemma 6.2, let x be the unique
vector such that Cy = 0 for 2 < k < r and Cy41 = ar4+1. (Note that the first equation in the system of
equations corresponding to (6.15) implies x; = 0.) Then the sum of the composite ¢-cycles in A involving
Gpgm With m4+1 < € < r+m —1is zero, and the sum is a4, for £ = r +m. Finally, A is nilpotent if
ay = ag = -+ = ay, = 0, since

0] Jr

is block triangular with nilpotent blocks. So the sum of the composite ¢-cycles having constant weight (i.e.,
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not involving a; for any 4) is zero. Therefore, the characteristic polynomial of A4 is 22" + a1 2%" =1 +a2?" 72 +

-+ 4 as,_12z + a9, and so A is a companion matrix. 0
1 1 1

EXAMPLE 6.4. Taking N = | —1 —1 0 | gives (N?); # 07. Hence, taking j = 1 in Theorem 6.3,
0 0 0

and solving (6.15) for x, we obtain the companion matrix

1 1 1 0 0 O
-1 -1 0 -1 0 O
A— 0 0 0 1 00
— Q4 0 0 —aq 1 0
—as 0 0 —asg 0 1
L —Qg 0 0 —as 0 0 i

We note that A is not a superpattern of a sparse companion matrix.

EXAMPLE 6.5. Taking N = J,. with ag, in the first column of A in (6.17) will force x to be e, when

solving (6.15). Then, with n = 2r, Theorem 6.3 gives A equivalent to the sparse companion matrix C, (%, %)

2
defined in [4, p. 269].

EXAMPLE 6.6. Two examples with N full:

-3 2 -4 000 -3 2 -4 200
i -1 1 -100 i -1 1 000
Ao 3 -2 4 -4 00 wmd B—| 3 2 4 -1 00
—Q4 0 0 —aq 1 0 0 —Qgq 0 —a1 1 0
—as 0 0 —as 0 1 0 —as 0 —a9 0 1

L — 36 0 0 —as 0 0_ L 0 —ag 0 —as 0 0_

Observe that if (N"™1); # 07 for some j, then there is a permutation matrix P such that ((PTNP)""1); #
07. Thus, each matrix A given by Theorem 6.3 is permutationally equivalent to a matrix in which the
column of variables including as, is the first column. In particular, B is equivalent to

-1 1 1 0 0 0
2 -3 -4 2 00
-2 3 4 -1 0 O
—ay4 0 0 —ay 1 0
—as 0 0 —ag9 0 1
a6 0 0 —az 0 O |

EXAMPLE 6.7. We can generalize Example 6.4 to obtain a class of companion matrices that are not
superpatterns of sparse companion matrices. Consider the r X r matrix

1 1 el
-1 -1 o7

0] Jr—2
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We can observe that (N*); =ef, | + e, for 2<k <r—1and (N"'); = el. It follows that the unique
solution to (6.15) is given by x* = [0 (—1)""%? (=1)"=% ... —1 1]. The resulting 2r X 2r companion
matrix given by Theorem 6.3 is

N b'Y 0]
A— | e —a
)
—Ory2 @ : Irfl
—0r—1
—a2r —Qr OT i

and A is not a superpattern of a sparse companion matrix. In fact, A does not have a Hamilton cycle.

We saw in Corollary 5.6 that there exists no companion matrix that is a proper superpattern of the
Frobenius companion matrix. We make use of this corollary to provide a converse to the companion matrix
construction of Theorem 6.3:

THEOREM 6.8. Suppose N is an r X r matriz and

—0Qr+1 —a

—azr —Qr

is a 2r X 2r companion matriz. Then A has the form described in Theorem 6.3.

Proof. Note that if ag = a; = -+ = a9, = 0, then by Theorem 3.1 the matrix A is nilpotent and non-
derogatory. Thus, by Lemma 3.2, both N and [ 0 ‘ w ] are nilpotent, non-derogatory matrices. Further,
note that because N is nilpotent (and the only nonzero entries in the bottom left block are variables), the

I
or |-

Finally, we claim H = [ b'Y ‘ 0] ] Suppose H = [ x hy -+ h, } Applying Lemma 6.2 with B given
by the leading principal (r + 1) x (r + 1) submatrix of A, we can deduce that (N"~1); # 07 and that
el adj(zI — N)x = 1 for some unique x. Consider the submatrix

bottom right block must be an r x r companion matrix. Thus, by Corollary 5.6, we have W =

N x hy

Y =
— Q41 o” —a; 1
—Ar42 OT —ao 0

By cofactor expansion, we obtain

det(2I —Y) = zdet(zI — B) + agdet(2I — N) + @40 + (ar42(2 + a1) — asa1)el adj(zI — N)hy,
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with B as in Lemma 6.2. Thus, since A is a companion matrix, it follows that e] adj(zI — N)hy = 0, and
hence, by (6.16) and Lemma 6.1, it follows that hy = 0. Inductively, we can now show that h; = 0 for each
k with 3 < k <r. In particular, assuming he = --- = h;_; = 0, any nonzero transversals containing a, 51
and ag in the (r +k+ 1) x (r + k + 1) leading principal submatrix of zI — A must include the unit entries
inrows r+1tor+k—1. It follows that the sum of these transversals is —akaHkHef adj(zI — N)hg, and
hence, hy = 0. Therefore, H = [ X ‘ O ] ]

7. Minimum number of zero entries in a companion matrix. For a given n, an n X n sparse
companion matrix has the most zero entries of all n X n companion matrices. Since we are exploring non-
sparse companion matrices in this paper, it is natural to ask about the least number of zero entries possible
in an n X n companion matrix. As such, let o(n) be the minimum number of zero entries possible in an
n X n companion matrix. By Theorem 3.11, we know that o(n) > n — 1. In this section, we demonstrate
that 2n — 2 < o(n) < 3n — 4 when n is even. The construction that provides these bounds depends on n
being even. Without further exploration, it is not clear if the bounds differ significantly for odd n.

THEOREM 7.1. If n is even, then o(n) > 2n — 2.

Proof. Let R = Rlas,...,a,] and let A be an n X n companion matrix with n even. As noted in
Section 4, the only companion matrix up to equivalence is the Frobenius companion matrix if n = 2, and
hence, o(2) = 1. Likewise, Theorem 4.2 shows that o(4) = 6. Suppose n > 6. By Theorem 3.11, we may

assume
N x 0
(7.18) A=
uT —a1 1
vT —ay 0

for some non-derogatory nilpotent matrix N over R, and some x,u,v € R"~2 with N"3x # 0.

First suppose that v; = a3 for some j. For each 1 < k < n — 3, we have from (3.5) that vI' N¥x +
u?’ N*+1x = —a; 3, so that, since a3 appears in exactly one entry of A, we must have (Nk)jx = 0. Hence,
by Lemma 3.5, N; = 0. Thus, A has at least 2n — 3 zero entries.

Now suppose a3 does not appear in v. Then, by Lemma 3.10, the entry containing a3 corresponds to
some zero entry of A beyond those shown in (7.18). We now show that for k with 4 < k < n, this property
holds for ay as well. If a; does not appear in v, then this again follows from Lemma 3.10. On the other
hand, if v; = aj, for some j, then, since we have from (3.5) that vl Ix +uT” Nx = —a3, we can deduce that
Xj =0.

We now have that, for each ¢ with 3 < ¢ < n, the entry containing a; is accompanied by some corre-
sponding zero entry of A in addition to those shown in (7.18). Note also that the only case in which a;, and
a;, correspond to the same additional zero is that in which u; = a;, and v; = a;, for some j, since both
imply x; = 0. In particular, at most two variables may correspond to the same additional zero, giving at
least 3(n — 2) additional zero entries. Thus, o(n) > (n—1)+ 4(n—2) = 2n — 2. |

We obtain an upper bound on o(n) for even n by constructing a particular n x n companion matrix, illus-
trated with Examples 7.6 and 7.7. Let r be even with » > 4. We start with a matrix S = [ S] Sy -+ S, }
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defined by
S = —€1 — €y,
r—4
Sor = €9k + 2e, for 1<k< 5
2k+1 "
(719) Sok1+1 = — Zl €; for 1 S k § T,
j:

Sp_2 = €,_3 — 2e,,

r
Sp—1 = — § €;,
Jj=1

S, = €eq.
ExXAMPLE 7.2. When r = 8,
(-1 0 -1 0 -1 0 -1 1] [0 2 -2 2 -2 —2 3 -1
o 1 -1 0 -1 0 -1 0 o1 -1.0 O 0 0 O
o 0 -1 0 -1 0 -1 0 o0 -1t o 1 0 0 O
. o o0 o0 1 -1 0o -1 0 -1 0 0 O 1 -1 0 0 0
S=1 0 0 0 0 -1 0 -10| ™M5 =000 0 -1 0 1 o0
0 O 0O 0 O 1 -1 0 0 0 O 0 0 1 -1 0
o 0 O 0 O 0 -1 0 0O 0 0 o0 0 0 -1 0
| -1 2 0 2 0 -2 -1 0 | |12 3 2 2 -2 3 -1
F b
to
In general, the matrix S is invertible since it has exactly one nonzero transversal. Let S™! = .
Lt
Then one can verify that
r—4
2
t? = —2er_2 + 397-_1 —e, + 2 Z(egj — e2j+1),
j=1
r—2
t3, = € — €ajt1 for 1<k < 5
T r—4
top11 = €243 — €211 for 1<k < 5
tz—‘—lz_e’l‘—17
tf:tlT+e1—e3.
WithJ:[O e - er,l] and S as in (7.19), define N by

(7.20) N =S8JS %

Note that N is nilpotent and non-derogatory. Now let

x'=[0 -+ 0 1 0 -1].
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Then, for every k > 0,
NFx = (8J%) (S~ 'x),
and one can verify that
Sx=[-10 - 010 —1]"

Since J*=[0 --- 0 e -+ e _g], weknow that SJ*=1[0 --- 0 s; --- s,_;]. Hence,

Nix =8, 1 o —sS._p for 1<k<r-3,

(7.21) N™2x = —s,,
N'1x = —s.
THEOREM 7.3. Letr > 4 be even. If N is the matriz given by (7.20) andx* =10 --- 0 1 0 —1],
then
N x 0
A =
—ary1 0 —ap—7 O - | —a; 1
—ary2 0 —ap 0 -+ |—-asx O

s a companion matric.

Proof. We first note that by (7.21), for odd ¢ with 1 < ¢ < r,

o T _ 0 ;
Ny Ser—3— Ser—1
(N2)/ SE,T—4 Sé,r—2
X = =€ry1—¢-

(NT=3), Se1— Se3

(N"=2), —Si2

L(NT1)e ] L =S
Thus, for odd ¢ with 1 < ¢ < r,
(7.22) Nfx #0 ifand only if k=1 —¢,

and Ng'_ex =1.

Note that each nonzero transversal of zI — A contains at most one variable. Suppose k is odd and
3 <k <r+1 The term of det(z — A) containing aj will be zape],,_, adj(zI — N)x. However, by
Lemma 3.6,

zagel, o adj(z] — N)x = zage), o, [(Nr_l)x +2(N"")x + -+ 2" 2Nx + zT_lx] .
Using (7.22), we see that

zarel 5 adj(z] — N)x = zag[2" T (NF72), 0 %]

_ akzr+2fk )
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Likewise, the term containing a1 in det(zI —A) will be ag41el,, , adj(z] —N)x and so will be aj12" 7.

The remaining nonzero transversals of zI — A are
(ag + 2(z 4+ ay))det(2I — N) = 2" +a12" " + ap2”

since N is nilpotent. Therefore,

r+1

det(z] — A) = 2" 4 a12" ™ 4 ag2” + Z (ak27'+2_k + ak+1z7'+1_k)
k odd
k=3

- -2
=22 pa2m f g2 Fasy T F a4 app1 2+ Ao

and so A is a companion matrix. ]

The next lemma shows that the matrix N defined in line (7.20) is a full matriz, that is, it has no zero
entries. Moreover, the proof of this lemma gives the entries of N explicitly (see Examples 7.6 and 7.7).

LEMMA 7.4. Forr >4, the matrix N defined in (7.20) is a full matriz.

Proof. Let
u;
uy
SJ:[O Sp - sr_l]: and S_lz[vl Vo - VT].
u,
Then
ug
ug
N=SJS'=| "|[vi v2 -+ v,
u,
with
%
w=[0 -1 0 -1 0 —1]==) e],
j=1
r—2k
2 r—2
wp=[0 - 01 -1 0 ~1 -~ 0 —1]=el;— Y eh, 1<k< TR
———— j=1
2k
r—2k
2 r—2
Ugppr=[0 -+ 0 0 =1 0 =1 -+ 0 —1]==> e}y, 1<k< o
— j=1
2k )
wu=[0 -1 20 20 - 20 -2 —1]=-ej -2 —e +2> e},

j=1
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and
Vi = €p,

vy =—2e; —ex—e3 —3e, (if r>4),

r—4

vor = 2e; + ey, +2e,, 1<k< 5
r—4
Vort1 = —2€1 +egp_1 — ea —egy1 —2€,, 2< k< 5

Vr_2 = —2€1 + e,._2 — 2e,,

Vr_1=3€e +e_3—e._2—e._1+3e,,

V, = —€1 — €.

We can now calculate the entries of N. Throughout the rest, let 1 < ¢ < ng.

u vy =—1 ug;vy = —1 Ug;11V) = -1 u,vy = —1
2 ifi=1
111V3:4 Ug; V3 = 3 ifi>1 UQi+1V3:3 u7-V3:2.
F0r1§k§r54, uivoy = —3,
A o -3 ifi<k—1 -3 ifk=1
HaVak TWVIE T g pis o1 VR -2 itk > L
For2§k§rg4, U1 Vog+1 = 3,
3 ifi<k-—1
v 4 ifi=k-1 u v 3 ifi<k-1 5
i = s i = o v =2.
22k + 1 ifi=k Zitl ¥kl 2 ifi>k—1 UrVak+1
2 ifi>k
And finally,
uv,_9 =1 u,vy_o =2
v, 1 = —2 u, vy =1
v, =1 u.v, =1
1 if 2 -2
u27;vr_2{2 ;2257“72 ey _f 1 if2i+1<r-3
per=r HHYr=27 9 f2i4l=r—1
-2 if 27 —4
v | %f22.<r A - {—2 if2i+1<r—3
2iVr—1 = - I 21=7r— 2i4+1Vr—1 = cr o
-3 if2i+1=r—1
4 if2=r—2 hal=r
ug; v, =1 w1V = 1.

Thus, N is a full matrix with no zero entries.
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By Lemma 7.4, the matrix A of Theorem 7.3 has exactly 3n — 7 zero entries, giving an upper bound on

o(n) when n is even:
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THEOREM 7.5. If n > 6 is even, then o(n) < 3n —7.

Next we provide two examples illustrating the companion matrices given by Theorem 7.3 for n = 8 and
n = 10. In particular, these matrices demonstrate that o(n) < 3n — 7 for those values of n.

EXAMPLE 7.6. The 8 x 8 companion matrix

-1 =3 41 =21 0 0
-1 -2 21 -1 1 0 0
-1 -2 31 =21 0 0
A -1 -2 3 2 -4 1 1 0
-1 -2 3 2 =31 0 0
-1 =3 2 2 1 1] -1 O
—ar 0 —as 0 —as 0 —ay 1
L —as 0 —Aag 0 —ay 0 —as 0 |

is obtained from the construction of Theorem 7.3, and shows that o(8) < 17.

ExAMPLE 7.7. The 10 x 10 companion matrix

-1 -3 4 -3 31 =21 0 0
-1 -2 2 -3 4 1 =21 0 0
-1 -2 3 =3 31 =21 0 0
-1 -2 3 =2 11 -11 0 0
e -1 -2 3 -2 21 =21 0 0
-1 -2 3 -2 2 2 -4 1 1 0
-1 -2 3 -2 2 2 =31 0 0
-1 -3 2 =2 2 2 1 1| -1 0
—Aag 0 —ar 0 —as 0 —as 0 —al 1
L —aio 0 —as 0 —ag 0 —ay 0 —ag 0 ]

is obtained from the construction of Theorem 7.3, and shows that ¢(10) < 23.
THEOREM 7.8. If n is even, then %n —2<o0(n) < %n — 4.

Proof. The stated lower bound is Theorem 7.1. Note that ¢(2) = 1 and o(4) = 6 satisfy the given
upper bound. To establish the claimed upper bound, we need to improve upon the construction given by
Theorem 7.3 when n > 6. To this end, let A be an n X n companion matrix as given by Theorem 7.3, for
some fixed even n > 6.

Observe that except for entry N, ,_1, the matrix N defined in (7.20) has a full striped sign pattern,
as can been seen in the proof of Lemma 7.4. In particular, every row other than row r has the same sign
pattern. Further, the sign of column r — 2 is opposite that of column 2i for 1 < ¢ < %. This means that
if we add row r — 2 of A to row 24 for 1 < i < 7;4, and perform the corresponding column operations, we
obtain a similar companion matrix, still with only nonzero entries in the upper r x r submatrix, but with

more nonzero entries in column r 4+ 1. In particular, column r + 1 will have additional nonzero entries in

row 2¢ for 1 < ¢ < % = %‘6. By Lemma 7.4, A as constructed has 3n — 7 zero entries. Hence, the new

matrix shows that o(n) < (3n —7) — 25% = 3n — 4. ad
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EXAMPLE 7.9. Applied to the 10 x 10 matrix given in Example 7.7, the row operations indicated in the
proof of Theorem 7.8 give the companion matrix

-1 -3 4 -3 3 1 =21 0 0
-2 -4 5 —95 6 12 -6 2 10
-1 -2 3 -3 3 6 -2 1 0 0
-2 -4 6 —4 3 11 =5 2 10
-1 -2 3 -2 2 5 =21 0 0
-1 -2 3 -2 2 6 -4 1 10
-1 -2 3 =2 2 6 -3 1 0 0
-1 -3 2 =2 2 7 1 1] -1 0
—ag 0 —ary 0 —as 0 —as 0 —aq 1
L —aio 0 —as 0 —ag 0 —Aay 0 —as 0 ]

with 2(10) — 4 = 21 zero entries, showing that ¢(10) < 21.

8. Concluding comments. In this paper, we have described properties of companion matrices and
developed constructions of new companion matrices. While the sparse companion matrices are characterized
in [4], we do not yet have a characterization for non-sparse companion matrices. Every companion matrix
that we have observed is equivalent to a matrix having a submatrix R that contains all of the variable entries,
in which the lower left corner entry of R is —a,,, the upper right corner entry of R is —aj, and in general,
—ay, appears on the kth diagonal of R. This description is known to apply to all sparse companion matrices,
as noted in Theorem 1.2. It remains an open question, however, as to whether this description applies to all
non-sparse companion matrices as well.

In Theorem 5.4, we showed that companion matrices that are proper superpatterns of Fiedler companion
matrices must have some additional nonzero entries in the submatrix corresponding to the R of the Fiedler
matrix. Every such superpattern we have found has had its additional nonzero entries only inside of this
submatrix. We wonder if, in producing a companion matrix that is a superpattern of a Fiedler companion
matrix, the extra nonzero entries are always restricted to the submatrix corresponding to the R block of the
Fiedler companion matrix.

In Section 7, we developed some bounds for the minimum number of zero entries in an n X n companion
matrix. More work could be done to improve the bounds, and to investigate bounds in the case that n is
odd.
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