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BLOCK GENERALIZED LOCALLY TOEPLITZ SEQUENCES:
THE CASE OF MATRIX FUNCTIONS AND AN ENGINEERING APPLICATION*

CARLO GARONIT AND STEFANO SERRA-CAPIZZANO?

Abstract. The theory of block generalized locally Toeplitz (GLT) sequences is a powerful apparatus for computing the
spectral distribution of block-structured matrices arising from the discretization of differential problems, with a special reference
to systems of differential equations (DEs) and to the higher-order finite element or discontinuous Galerkin approximation of
both scalar and vectorial DEs. In the present paper, the theory of block GLT sequences is extended by proving that {f(An)}n
is a block GLT sequence as long as f is continuous and {A,}, is a block GLT sequence formed by Hermitian matrices. It is
also provided a relevant application of this result to the computation of the distribution of the numerical eigenvalues obtained
from the higher-order isogeometric Galerkin discretization of second-order variable-coefficient differential eigenvalue problems
(a topic of interest not only in numerical analysis but also in engineering).
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1. Introduction. The theory of generalized locally Toeplitz (GLT) sequences stems from Tilli’s work
on locally Toeplitz (LT) sequences [37] and from the spectral theory of Toeplitz matrices [1, 13, 14, 15, 16, 26,
30, 36, 38, 39, 40]; we refer the reader to [12] for a gentle introduction to this subject, to [21, 22, 34, 35] for
advanced studies, and to [2, 3, 4, 5, 6, 8] for further recent developments. Starting from the original intuition
in [35, Section 3.3], the theory of block GLT sequences has been recently developed in [23] as an extension of
the theory of (scalar) GLT sequences. Just as the latter, the theory of block GLT sequences has been devised
in order to solve a specific application problem, namely the problem of computing/analyzing the spectral
distribution of matrices arising from the numerical discretization of differential problems. In particular, this
theory applies to block-structured matrices arising from either the discretization of systems of differential
equations (DEs) or the higher-order finite element (FE) or discontinuous Galerkin (DG) approximation of
both scalar and vectorial DEs; see [9, 19, 20]. More details on the theory of block GLT sequences and its
applications can be found in [20, 23].

This paper was born from the observation that the theory of block GLT sequences covered in [23] is
actually incomplete if compared to the theory of GLT sequences [21]. In particular, a crucial result in [21]
states that if {A,}, is a GLT sequence formed by Hermitian matrices and f : C — C is a continuous
function, then {f(A,)}, is again a GLT sequence. The version of this result with “GLT sequence” replaced
by “block GLT sequence” is important not only from a numerical analysis point of view but also from
an engineering point of view. Counsider, for example, the isogeometric Galerkin discretization (based on
B-splines with arbitrary degree and smoothness) of second-order variable-coefficient differential eigenvalue
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problems, as in the engineering review [24]. The distribution of the associated numerical eigenvalues has
been deeply investigated in [24] as it allows one to provide analytical predictions for the so-called eigenvalue
errors (i.e., the errors occurring when approximating the exact eigenvalues with the numerical eigenvalues),
thus extending several spectral results from the engineering literature [18, 28, 29, 31]. Despite the careful
study conducted in [24], all the main results contained therein have been stated without a proof, because
their formal mathematical derivation requires precisely the aforementioned result about functions of block
GLT sequences.

In this paper, we extend the theory of block GLT sequences developed in [23] by proving the aforemen-
tioned result. As an application, we provide formal mathematical proofs to the main results appeared in [24].
Further applications include the computation of the spectral distribution of matrix functions of the form
f(A), where n represents the mesh-fineness parameter and A,, is the matrix arising from the discretization
of a system of DEs or the higher-order FE/DG approximation of a scalar /vectorial DE. Indeed, the matrices
A,, arising from these discretization processes are often block-structured matrices such that {4, }, is a block
GLT sequence.

The paper is organized as follows. In Section 2, we recall the definition and some properties of matrix
functions. In Section 3, we report from [23] a summary of the theory of block GLT sequences, including
additional topics that we shall need later on. In Section 4, we prove our main result about functions of block
GLT sequences. In Section 5, we provide formal mathematical proofs to the main results of [24].

2. Matrix functions. Given a diagonalizable matrix A € C™*™ if A\y,..., \; are the distinct eigen-
values of A and Vi,...,V; are their respective eigenspaces, we have C™ = @2:1 V;. For each function
f:A(A) — C, we define f(A) as the matrix such that

(2.1) f(A)v = f(\)v forevery veV;and everyi=1,...,1.
In practice, f(A) is the matrix that possesses the same eigenspaces Vi,...,V; as A with corresponding
eigenvalues f(\1),..., f(A:). Note that such a matrix f(A) exists and is unique. To show the uniqueness,

simply note that, if B is another matrix such that Bv = f(\;)v = f(A)v for every v € V; and every
1 =1,...,t, then B coincides with f(A) on each basis of C™ formed by eigenvectors of A, hence B = f(A).
To show the existence, fix a basis of C™ formed by eigenvectors of A, define f(A) on this basis in the unique
possible way to meet (2.1), and extend the definition to the whole C™ by linearity. It can be checked that
the matrix f(A) defined in this way satisfies (2.1).

Now, let A € C™*™ be diagonalizable and let A1,...,\,, denote all the eigenvalues of A, i.e., all the
roots of the characteristic polynomial of A, each of them counted with its multiplicity. If {vy,...,v,,} is a
basis of C™ formed by eigenvectors of A,

Av, = \vy, i=1,...,m,

then for each f: A(4A) — C, we have

f(A)Vl = f()\l>V“ 1= 1,...,m.
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This is a spectral decomposition of f(A), which can be rewritten in matrix form as

f(A1)
(2.2) fA) =V f0) ) VL V= vi|ve | | vm

f(m)

As a straightforward consequence of (2.2), if f(\) = A, then f(A4) = A. Moreover, if A is invertible and
f(A) = A71, then f(A) = A~1. Further properties of matrix functions are given in the next lemma.

LEMMA 2.1. Let A be a diagonalizable matriz. Then, the following properties hold.

1. Ifa,8 € C and f,g: A(A) — C then (af + B9)(A) = af(A) + Bg(4).

2. If f,9: A(A) — C then (fg)(A) = f(A)g(A) and (gf)(A) = g(A)f(A). In particular, two functions of
the same matriz always commute.

3. Suppose A(A) C (0,00), so that the functions A2, A\=1/2 : A(A) = R are well-defined and hence also the
matrices A2, A=Y2 via definition (2.1). Then, we have AY2A=Y2 =T, (AY/2)2 = A, (A~V/2)2 = A1,

4. If p(A) = Z;:O ajN is a polynomial, then the matriz p(A) obtained from definition (2.1) coincides with
Z;:O a; A7

For more on matrix functions, including the definition of f(A) in the case where A is not diagonalizable,
we refer the reader to Higham’s book [27].

3. The theory of block GLT sequences. In this section, we summarize the theory of block GLT
sequences, which was originally introduced in [35, Section 3.3] and has been recently revised and systemati-
cally developed in [23]. We also cover additional topics that we shall need later on.

Sequences of matrices and block matrix-sequences. If A € C"™*"™ its singular values and eigenvalues
are denoted by o1(A4),...,0m(A) and A1 (A),..., A\ (A), respectively. Throughout this paper, a sequence of
matrices is any sequence of the form {A,},, where A, is a square matrix of size d,, and d,, — o0 as n — oc.
We say that the sequence of matrices {A, },, with A,, of size d,,, is sparsely unbounded (s.u.) if

lim limsup #{Z < {17' - 7dn} : Uz(An) > M} _

M—o00o nooo dn

0.

For the next result, which is fundamental to our purposes, see [22; Section 2.6.4].

S1. If {A,}, is a s.u. sequence of Hermitian matrices, with A,, of size d,,, then the following property holds:
for every M > 0 there exists njys such that, for n > nyy,

An = An s+ Apar, vank(Ay ar) < 7(M)dp, Al < M,

where (M) — 0 as M — oo, the matrices An v and An’ am are Hermitian, and for all functions
g : R — R we have
9(An v + Apvr) = 9(An i) + 9(An,mr).

Let s > 1 be a fixed positive integer independent of n; an s-block matrix-sequence (or simply a matrix-
sequence if s can be inferred from the context or we do not need/want to specify it) is a special sequence of
matrices {A,}, in which the size of A, is d,, = sn.
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Singular value and eigenvalue distribution of a sequence of matrices. Let p be the Lebesgue
measure in R¥. Throughout this paper, all the terminology from measure theory (such as “measurable
set”, “measurable function”, “a.e.”, etc.) is referred to the Lebesgue measure. A matrix-valued function
f:D CRF — C"™" is said to be measurable (resp., continuous, Riemann-integrable, in LP(D), etc.) if its
components fog: D — C, o, =1,...,r, are measurable (resp., continuous, Riemann-integrable, in L?(D),
etc.). We denote by C.(R) (resp., C.(C)) the space of continuous complex-valued functions with bounded
support defined on R (resp., C).

DEFINITION 3.1. Let {4, }, be a sequence of matrices, with A,, of size d,,, and let f: D C RF — C"™*"
be a measurable function defined on a set D with 0 < ug(D) < oco.

e We say that {4, }, has a (asymptotic) singular value distribution described by f, and we write {4, }, ~o
f,if

(3.3) lim

Floi(Ay) = uk<1m /D T PO oy ype o)

e We say that {A,}, has a (asymptotic) spectral (or eigenvalue) distribution described by f, and we write
{An}n ~X fv if

n—oo

S RN 1 Yzt F(f(x))
(3.4) lim agF(Az(An)) = D) /D . dx, YF e C.(C).

If {A,,},, has both a singular value and an eigenvalue distribution described by f, we write {4}, ~oa f.

We note that Definition 3.1 is well-posed as the functions

X ZF(J,L-(f(X))) and x> ZF(/\l(f(X)))

=1

are measurable [23, Lemma 2.1]. Whenever we write a relation such as {A4,}, ~, f or {4,}n ~x f, it is
understood that f is as in Definition 3.1; that is, f is a measurable function defined on a subset D of some
R* with 0 < pg(D) < o0, and f takes values in C"™ " for some r > 1. We refer the reader to [20, Remark 1]
for the informal meaning behind the singular value and spectral distributions (3.3) and (3.4).

In what follows, the conjugate transpose of the matrix A is denoted by A* and the spectrum of A by
A(4). If A e C™™ and 1 < p < oo, we denote by ||Al|, the Schatten p-norm of A, i.e., the p-norm of
the vector (o1(A),...,0m(A)). The Schatten co-norm || Al is the largest singular value of A and coincides
with the spectral norm || A||. The Schatten 1-norm || A||; is the sum of the singular values of A and is often
referred to as the trace-norm of A. The Schatten 2-norm || A||2 coincides with the Frobenius norm of A. For
more on Schatten p-norms, see [10].

D1. If {4,}n ~o f, then {A,}, is s.u.
D2. If {A,}, ~x f and A(4,) C S for all n, then A(f) C S a.e.

For the proof of D1, see [23, Proposition 2.3]. Property D2 is stated in [25, Theorem 4.2] for Lebesgue-
integrable functions f; it can be proved for general measurable functions f by the same line of argument as
in the proof of [25, Theorem 2.4]; a formal proof is given in [7, Lemma 2.2 and Corollary 2.13].
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Block Toeplitz matrices. Given a function f : [, 7] — C*** in L([—m,7]), its Fourier coefficients are
denoted by

1 [ .
fr = 27/ f(0)e %049 e C***, kez,
u —T

where the integrals are computed componentwise. The nth block Toeplitz matrix generated by f is defined
as

Tn(f) — [fi*j]?,jzl e Osnxsn,

It is not difficult to see that all the matrices T, (f) are Hermitian if f is Hermitian a.e.

Block diagonal sampling matrices. For n € N and a : [0,1] — C**°) we define the block diagonal
sampling matrix D,,(a) as the block diagonal matrix

— e (Csn Xsn

a(1)

Zero-distributed sequences. A sequence of matrices {Z,}, such that {Z,}, ~, 0 is referred to as a
zero-distributed sequence. Note that, for any r > 1, {Z,,},, ~, 0 is equivalent to {Z,}, ~s O, (throughout
this paper, O,, and I,,, denote the m x m zero matrix and the m x m identity matrix, respectively). In what
follows, we use the natural convention 1/00 = 0. For the next results, see [22, Section 2.6.3].

Z1. Let {Z,}, be a sequence of matrices, with Z,, of size d,,. We have {Z,},, ~, 0 if and only if Z,, =
R, + N,, with rank(R,,)/d,, — 0 and ||N,| — 0 as n — oo.

Z 2. Let {Z,}, be a sequence of matrices, with Z,, of size d,. If there exists a p € [1,00] such that
1 Znllp/(dn)/P — 0 as n — oo, then {Z,},, ~, 0.

Approximating classes of sequences. The notion of approximating classes of sequences (a.c.s.) is the
fundamental concept on which the theory of block GLT sequences is based.

DEFINITION 3.2. Let {A,}, be a sequence of matrices, with A,, of size d,,, and let {{By, m}n}m be a
sequence of sequences of matrices, with B,, ,, of size d,,. We say that {{ By, ;m }» }m is an approximating class
of sequences (a.c.s.) for {A,}, if the following condition is met: for every m there exists n,, such that, for
n 2 Ny,

An = Bn,m + Rn,m + Nn,ma rank(Rn,m) < C(m)dna ||Nn,m|| < w(m),

where 1, ¢(m), w(m) depend only on m and lim ¢(m) = lim w(m) = 0.
m—0o0 m—00
Roughly speaking, {{ B, im }n}m is an a.c.s. for {A, },, if, for large m, the sequence {B,, ,,, } , approximates
{A,}n in the sense that A, is eventually equal to B,, ,,, plus a small-rank matrix (with respect to the matrix
size d,,) plus a small-norm matrix. It turns out that, for each fixed sequence of positive integers d,, such
that d,, — oo, the notion of a.c.s. is a notion of convergence in the space & = {{A4,}, : A, € CIn*dn},
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More precisely, there exists a pseudometric d,.c.s. in & such that {{By m}n}tm is an a.c.s. for {A,}, if and
only if da.c.s. ({Bn,m }tns {An}n) = 0 as m — 00; see [22, Section 2.7.1]. We will therefore use the convergence
notation {By, m}n % {A,}, to indicate that {{Bn,m}n}tm is an a.c.s. for {A4,},. A useful criterion to
identify an a.c.s. is provided below [22, Section 2.7.4].

ACS 1. Let {A,}, be a sequence of matrices, with A,, of size d,,, let {{ B, .m }n}m be a sequence of sequences
of matrices, with B,, ,, of size d,,, and let p € [1, 00]. Suppose that for every m there exists n,, such
that, for n > n,,,
”An - Bn.,mnp S 5(man)(dn)1/pa
where lim limsupe(m,n) = 0. Then {B,, n}n “3 {4, }n.

m—00 n—o00

Block GLT sequences. We intentionally omit the formal definition of block GLT sequences for two reasons.
First, the definition is rather cumbersome as it requires to introduce other related (and complicated) concepts
such as “block LT operators” and “block LT sequences”. Second, the definition is not necessary to our
purposes, because everything that can be derived from it can also be derived (and in a much easier way)
from the properties GLT 1-GLT 4 reported below. The reader who is interested in the formal definition of
block GLT sequences can find it in [23, Section 5] along with the proofs of properties GLT 1-GLT 4.

Let s > 1 be a fixed positive integer. An s-block GLT sequence (or simply a GLT sequence if s can
be inferred from the context or we do not need/want to specify it) is a special s-block matrix-sequence
{A,}» equipped with a measurable function x : [0,1] x [—m, 7] — C*** the so-called symbol. We use the
notation {A4,}, ~crr £ to indicate that {A,}, is an s-block GLT sequence with symbol k. The symbol
of an s-block GLT sequence is unique in the sense that if {A,}, ~crr © and {A,}, ~crr < then K = ¢
a.e. in [0, 1] X [—m, 7). The main properties of s-block GLT sequences proved in [23] are listed below. If A
is a matrix, we denote by A" the Moore Penrose pseudoinverse of A (recall that AT = A~ whenever A is
invertible). If f,,, f : D C R¥ — C"*" are measurable matrix-valued functions, we say that f,, converges to
f in measure (resp., a.e., in LP(D), etc.) if (fm)ap converges to f,3 in measure (resp., a.e., in LP(D), etc.)
foralle,B=1,...,r.

GLT 1. If {A,}, ~crr & then {A,}, ~, k. If moreover each A,, is Hermitian, then « is Hermitian a.e. in
[0,1] x [-7, 7] and {4, }n ~a K.
GLT 2. We have:
o {T,,(f)}n ~crr K(z,0) = f(0) if f: [-m, 7] = C*is in LY([-m,7]);
o {D,(a)}n ~crur K(z,0) = a(x) if a : [0,1] — C*** is Riemann-integrable;
e {Z,}n ~crr £(x,0) = Oy if and only if {Z,}, ~, 0.
GLT 3. If {A,}» ~crr k and {B,}» ~crr s then:
o {Ar}, ~arr K%
o {aA, + BB,}n ~crr ak + fs for all a, § € C;
o {Aan}n ~GLT KS;
° {A;fl}n ~qgLr K~ ' provided that « is invertible a.e.
GLT 4. {A,}, ~cur & if and only if there exist s-block GLT sequences {Bj m}n ~crr £m such that
{Bn.m}n e {A,}» and k,, — k in measure.

4. Main result. This section is devoted to stating and proving the main theoretical result of the paper.
If f: K = K, with K being either R or C, and if x : [0, 1] X [—, 7] = C*** is measurable and Hermitian a.e.,
we denote by f(x) the function (defined a.e. in [0,1] x [—m,7]) that associates with (z,0) € [0,1] x [—7, 7]
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the matrix f(k(z,0)). If E is any set, we denote by xg and E€ the characteristic (indicator) function of E
and the complementary set of E, respectively.

THEOREM 4.1. Let {A,}n be an s-block matriz-sequence and let k : [0, 1] x [—m, 7] — C**% be measurable.
If {A,}n ~crLr Kk and each A,, is Hermitian then {f(An)}n ~crr f(K) for any continuous function f : C —
C.

Proof. 1t suffices to prove the theorem for real continuous functions f : R — R, since every A, is
Hermitian by assumption and « is Hermitian a.e. by GLT 1. Indeed, suppose we have proved the theorem
for real continuous functions and let f : C — C be any continuous complex function. Denote by «, 5 : R — R
the real and imaginary parts of the restriction of f to R. Then, «, 8 are continuous functions such that
f(z) = a(z)+if(x) for all z € R, and since the eigenvalues of A,, are real we have f(4,) = a(A4,) +i8(A,).
In view of the relations {a(An)}n ~acrr a(k) and {8(An)}n ~crr B(k), GLT3 yields {f(4,)}n ~crr
a(k) +iB(k) = f(#).

Let f : R — R be a real continuous function. For each M > 0, let {p.m a }m be a sequence of polynomials
that converges uniformly to f over [—M, M]:

Hm || f = Pt lloo,[—as,00) = O
m—0o0

Note that such a sequence exists by the Weierstrass theorem; see, e.g., [32, Theorem 7.26]. Since any block
GLT sequence is s.u. (by GLT 1 and D1), the sequence {A,}, is s.u. Hence, by S1, for all M > 0, there
exists nys such that, for n > njy,

An = An,M + An,M7 rank(An,M) < T(M)Sn, ||An,M|| < M7

where (M) — 0 as M — oo, the matrices An,M and An’M are Hermitian, and for all functions g : R — R
we have

g(An,M + ATL,M) == g(An,M) + g(ﬁn,M)-

Thus, for every M > 0, every m and every n > njs, we can write

= P (An) + F(Anar) + F(Anar) = Pt (Annr) = Pt (A, r)
(45) = pm,M(An) + (f - pm,M)(An,M) + (f - pm,M)(An,M)-

The matrix (f — pm)M)(AmM) can be written as the sum of two terms, namely

(f - pm,M)(An,M) = Rn,m,]ﬂ + NylL,m’]\/p

where

Rn,m,M = (.f 7pm,M)(An,M) : XS“((f 7pm,M)(An,M)) = Q(An,JV[);
N’r/L,m,M = (f _pm,]w)(An,JVI) : XS((f _pm,M)(AmM)) =f An,M)a

S is the singleton S = {(f — pm,m)(0)} C C, and

a(A) = (f =pm,m)(A) - xse((f = pm.m)(N)),
BA) = (f = pm,m)(N) - xs((f = P, )(N))-
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Note that Ry, ., ar is obtained from the spectral decomposition of (f — pm, M)(An M) by setting to 0 all the
eigenvalues that are equal to (f — pm,ar)(0), while N,/ is obtained from the spectral decomposition of

(f = Pm.ar)(An.ar) by setting to 0 all the eigenvalues that are different from (f — pm.as)(0). Note that !

rank (R, . M) <rank( nM) 7"( )sn

Concerning the matrix N,/ = (f — Pm.r)(Anar), the inequality || A, || < M yields

[Ny ol < N = Pmoalloo, = a1,01)-

Let
Nan NnmJV1+ an

By (4.5), for every M > 0, every m and every n > njs, we have

f(An) = pm,M(An) + Rn,m,M + Nn,m,Ma

where

rank(Ry, . mr) < r7(M)sn,

[N maz | < NN g ac I o aa [l < 211 = P, oo, (22,01

Choose a sequence {M,, },, such that

(4.6) My, = 00, ||f = Pm Mol 0o, [~ My M, = 0

Then, for every m and every n > nyy,,,

f(An) = Pm,M,, (An) + Rn,m,Mm + Nn,m,Mm’
rank(Ry, m m,, ) < r(Mpy)sn,

[N, Mo || < 20 f = P, Mo oo, [ Mo M)
which implies that
{Pm,m,, (An)}n = {f(An)}n

Moreover, by GLT 3,
{pm,Mm (An)}n ~GLT Pm,M,, (/i)

Finally, by (4.6),

1f (k) = pmar, (W) = max [(f = ppm,aa,, ) (AilK))]

i=1,.
<|f _pm,Mm||oo,[_”5”7”,g||] —0 a.e,
which implies that
Pm, (K) = f(r) a.e
All the hypotheses of GLT 4 are then satisfied and {f(A,)}n ~crr f(K).

|

IThe inequality rank(Ry m,m) < rank(ﬁn,M) follows from the observation that if )\i(An’M) = 0, then we have (f —

P, at)Ni (A1) = (f = Pm,ar)(0) € S and Ai (R 1) = a(Xi(An,ar)) = 0.
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5. Higher-order isogeometric Galerkin discretization of second-order variable-coefficient
differential eigenvalue problems. Let RT be the set of positive real numbers. Consider the following

eigenvalue problem: find eigenvalues \; € R and eigenfunctions u;, for j = 1,2, ..., 00, such that
(5.7) —(a(x)uj(z)) = Ajb(z)u;(z), =€,
. uj(z) =0, x € 09,

where 2 is a bounded open interval in R and we assume that a,b € L'(Q) and a,b > 0 a.e. in Q. The
corresponding weak formulation reads as follows: find eigenvalues A\; € R and eigenfunctions u; € H (),
for j=1,2,...,00, such that

a(uj,w) = \j(buj,w), Yw e HH(Q),

where

a(uj,w):/Qa(x)u;»(a:)w’(x)dx, (buj,w):/Qb(x)uj(a?)w(x)dx.

Isogeometric Galerkin discretization. In the standard Galerkin method, we fix a set of basis functions
{p1,...,on} C HL(Q), we define the so-called approximation space # = span(gy, ..., »n), and we find
approximations of the exact eigenpairs (\;,u;), j =1,2,..., 00, by solving the following (Galerkin) problem:
find \j » € Rt and uj» € #, for j =1,..., N, such that

(5.8) a(ujp,w) =Ny bujyp,w), YweW.

Assuming the exact and numerical eigenvalues are arranged in non-decreasing order, the pair (\; », uj » ) is
taken as an approximation of the pair (A;,u;) for all j =1,..., N. The numbers A; » /\; —1, j=1,...,N,
are referred to as the (relative) eigenvalue errors. In view of the canonical identification of each function
w € W with its coefficient vector with respect to the basis {¢1,...,pn}, solving the Galerkin problem (5.8)
is equivalent to solving the generalized eigenvalue problem

(59) KU%W = )\j;/yMllj’"//,
where u; » is the coefficient vector of u; » with respect to {¢1,...,¢n} and
N
(5.10) K = lalep oo = | [ apj@plions]
ij=1
N
(5.11) M= (065 0lms = | [ Hohps (0ol
ij=1

The matrices K and M are referred to as the stiffness and mass matrices, respectively. Due to our assumption
that a,b > 0 a.e. on 2, both K and M are symmetric positive definite, regardless of the chosen basis functions
©1,...,9nN. Moreover, it is clear from (5.9) that the numerical eigenvalues A; », j =1,..., N, are just the
eigenvalues of the matrix

(5.12) L=M"'K.

In the isogeometric Galerkin method [17], we assume that the physical domain 2 is described by a global
geometry function G : [0,1] — §Q, which is invertible and satisfies G(9([0,1])) = Q. We fix a set of basis
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functions {¢1,...,$n} defined on the reference (parametric) domain [0,1] and vanishing on the boundary
0([0,1]), and we find approximations to the exact eigenpairs (\j,u;), j =1,2,..., 00, by using the standard
Galerkin method described above, in which the approximation space is chosen as # = span(p1,...,9nN),
where

(5.13) i) = $(G () = p4(2), =2=G(&), i=1,...,N.

The resulting stiffness and mass matrices K and M are given by (5.10) and (5.11), with the basis functions
@; defined as in (5.13). If we assume that G and ¢;, i = 1,..., N, are sufficiently regular, we can apply
standard differential calculus to obtain for K and M the following expressions:

5,10 K= [ / 1 %@3(@@2(@&] N_ ,
1 N
(5.15) M = [ /O b(G(:%))G'(i)|¢j(i)¢i(i)di} L

p-Degree C* B-spline basis functions. Following the higher-order isogeometric Galerkin approach as in

[24], the basis functions @1, ..., $n will be chosen as piecewise polynomial functions of degree p > 1. More
precisely, for p,n > 1and 0 <k <p—1,let By 1], Bup—k)+k+1,[p,k) : R = R be the B-splines of degree
p and smoothness C* defined on the knot sequence
{Th v 7Tn(p—k)+p+k+2}
1 1 2 2 -1 -1
(5.16) - {0,...,0, e S 1,...,1}.
—_— N n n n n n | ~———
1 —_—— —— —_— —— e
p—k p—k p—k

The basis functions ¢1, ..., oy are defined as follows:
(5.17) Gi=Biy1pr, 1=1...,n(p—k)+k—1
In particular, we have N = n(p — k) + k — 1.

We collect below a few properties of By k], - s Bu(p—k)+k+1,[p,k that we shall use in this paper. For

the formal definition of B-splines, as well as for the proof of the properties listed below, see [11, 33].
e The support of the ith B-spline is given by
(5.18) supp(B; pk)) = [Ti, Tivpra), i=1,...,n(p—k) +k+1.
e Except for the first and the last one, all the other B-splines vanish on the boundary of [0, 1], i.e.,
(5.19) Bipx(0) = Bipr(1) =0, i=2,....,n(p—k)+k.

o {Bi,jpk]s- s Bn(p—k)+k+1,[p,k] ; 18 a basis for the space of piecewise polynomial functions of degree p and
smoothness C*, that is,

P lpok] = {UECk([O,l]): v\[i 1] € P, for all i:O,...,nfl},

n’> n

where P, is the space of polynomials of degree < p. Moreover, { By p 4] - - - » Bn(p—k)+k,[p.k] } 1S @ basis for
the space
Wiy = {w € Yoy + w(0) = w(1) =0}
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e The B-splines form a non-negative partition of unity over [0, 1]:

(5.20) Bipi >0 over R, i=1,...,n(p—Fk)+k+1,
n(p—k)+k+1
(5.21) > Bipw=1 over [0,1].
=1

e The derivatives of the B-splines satisfy

n(p—k)+k+1
(5.22) > Bl < Con over [0,1],
i=1

where C), is a constant depending only on p. Note that the derivatives B; [p,5] Ay not be defined at some
of the grid points 0, %, %7 e "T_l,l in the case of C° smoothness (k = 0). In (5.22), it is assumed that
the undefined values are excluded from the summation.

e For every y = (Y1, .-, Yn(p—k)+h+1) € RMPTHHEHL we have
n(p—k)+k+1 2 1 [n(p—k)+k+1 2 c
(5.23) > 4iBipy = / > Bk | = fIIYHz,
— 0 —
=t £2([0.1]) =t

n(p—k)+k+1 9

i=1

where ¢, is a constant depending only on p and |ly||? =

e All the B-splines, except for the first £+ 1 and the last £+ 1, are uniformly shifted-scaled versions of p — k
fixed reference functions By -+, Bp—k,[p,k], namely the first p — k B-splines defined on the reference
knot sequence

p+1
0,...,0,1,....1,....m,...,my, m=|——+|.
——— —— —_—— p—k
p—k p—k p—k
In formulas, setting
k+1
(5.24) v= {—i_-‘ )
p—k
for the B-splines Bjyo px]»- - - » Brt14(n—v)(p—k),[p,k] We have

By 14—k (r—1)+a,lp.k () = By oy (nt — 7 + 1),

(5.25)
r=1,....n—v, q=1,...,p—k.

We point out that the supports of the reference B-splines 3, [, x) satisfy

Supp(ﬁl,[p,k]) - SU-pp(BQ,[p,k]) c---C SU-pp(ﬁpfk,[p,k]) = [Oan]

Figures 1 and 2 show the graphs of the B-splines By [y k), -, Bu(p—k)+k+1,[p,k) for the degree p = 3 and
the smoothness k£ = 1, and the graphs of the associated reference B-splines 31 [, ], B2 [p,k]-
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1
0.8
0.6 - il
04+ , ' ' ' ' ' -
0.2 / ‘ ‘ ‘ ‘ ‘ ‘ ‘ \
0 _
0 0 1 0 2 .5 1
FIGURE 1. B-splines By [pk]s-- s Bu(p—k)+k+1,[p,k] for p =3 and k=1, with n = 10.
1
0.8+ i
o6 T~ T -
\\\
0.4 / N 7
// N
0.2+ _— \\ 1
0 L T‘/’”//————_\ ! ! ! ! >~
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

FIGURE 2. Reference B-splines B [p k], B2,[p,k] for p=3 and k = 1.

GLT analysis of the higher-order isogeometric Galerkin matrices. For any functions o, 8 € L*([0, 1]),

let
1 n(p—k)+k—1
(5.26) Ko@) = [ / a(B)Bl 1 () Bl (& >dfc} ,
ij=1
n(p—k)+k—1
(5.27) My gy (8 [ / B(#) By 1.yt (2) Biss (2 >d4
ij=1

The stiffness and mass matrices (5.14) and (5.15) resulting from the choice of the basis functions as in (5.17)
are nothing else than K, , 1j(ag) and M, [, 1) (ba), where

a(G(2))

G e =HE@)E @)

ac(&) =
The main result of this section is Theorem 5.4. It provides formal mathematical proofs to the main results
appeared in the engineering review [24] by giving the spectral distribution of the normalized sequences
{’I”L n,[p,k| (ag)}n, {TLM [p,k] (ag)}n, {niQLn)[p,k] (ag,bg)}n, where

L px)(ac, be) = (M p k(b)) ™ K p.x) (ac)

is the matrix whose eigenvalues are just the numerical eigenvalues produced by the considered higher-order
isogeometric Galerkin method. The proof of Theorem 5.4 is entirely based on the theory of block GLT
sequences and it is therefore referred to as (block) GLT analysis. In view of what follows, define the
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(p — k) x (p — k) blocks
0 e,
(528) K[p k) ﬁ p,k] 6 J[p,k] ( ) ’ € Zv
1,j=1
p—k
(529) [p, |:/ 6j p,k] ﬂl [,k (t — )dt:| s {e Z7
1,j=1
and the matrix-valued functions i, 4, k) © [—7, 7] — Clp—k)x(p—k)
— [l (0] (@] git0 o (gl \To—ito
(5.30) wpa)(0) = K e = K+ Z(K + (K0 )T )
LEL
_ [l o _ oil0 4 (@] T _—ieo
(5.31) Hpay(0) = S M0, 0 = M Z( e+ (M Te 1),
=
Due to the compact support of the reference functions By, 4] - - - Bp—k,[p,k], there is only a finite number of

nonzero blocks K [[ﬁ] y and M[[ﬁ yi consequently, the series in (5.30) and (5.31) are actually finite sums.

We are now ready to state and prove a few lemmas that we will use in the proof of Theorem 5.4. In
what follows, we use the following notation.

elfpn>10<k<p—1and A is a matrix of size n(p — k) + k — 1, we denote by A the principal
submatrix of A corresponding to the row and column indices 4,5 = k+1,...,k+ (n — v)(p — k), where
=[(k+1)/(p—k)] as in (5.24).
e If pn>1,0<k<p—1and A is a matrix of size n(p — k) + k — 1, we denote by A the block diagonal
matrix
[ Hk-r)—k
A= A ,
1
where it is understood that the block Ij(,_j)—j is not present if k(p—k)—k=0,ie.,if k=p—1. Note
that A has the following key properties:
— its size (n+k)(p—k) is a multiple of p—k and it is such that the difference (n+k)(p—k)—(n(p—k)+k—1) =
k(p— k) —k+ 1> 0 is independent of n;
— it contains A as a principal submatrix in such a way that A is the principal submatrix of A corresponding
to the row and column indices ¢,j = k(p — k) + 1,...,k(p—k)+ (n —v)(p — k);
— its eigenvalues (resp., singular values) are given by the eigenvalues (resp., singular values) of A plus
further k(p — k) — k + 1 eigenvalues (resp., singular values) that are equal to 1.

LEMMA 5.1. Letp,n>1and 0 <k <p—1. Then,
(5.32) K iy (1) = nTu (K p)s
(5.33) My iy (1) = 0™ T (pagp 1)) -

Proof. The proof of (5.32) is given in [20, Lemma 2], where the matrices IN(n’[p’k}(l) and K, [, (1) are
denoted by A, k) (1) and Ay, 1, 11(1), respectively. The proof of (5.33) is essentially the same as the proof

of (5.32). 0
LEMMA 5.2. Letp>1 and 0 <k <p—1. Then, for all functions g € L*([0,1]),
(5.34) {n K p.ay(9) 30 ~arr 9(2)rpp 0 (0),

(5.35) {nM,, 1p.10(9)}n ~arr 9(2) g, (6)-
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Proof. We only prove (5.34) as the proof of (5.35) is completely analogous. The proof consists of the
following three steps.

Step 1. We first prove (5.34) in the constant-coefficient case where g(#) = 1 identically. In this case,
by Lemma 5.1, n’lK'n’[p’k](l) =T —v(Kp,k)). Considering that nflf{n,[p’k](l) is the principal submatrix of
n_lf(n’[p,k] (1) corresponding to the row and column indices 7, j = k(p—k)+1,...,k(p—k)+ (n—v)(p—k),
we infer that

T Ky (1) = Togk(Kipay) + Ropags rank(Ry, pa) < 2(p — k) (k +v).

Hence, the desired relation {n’lf%nymk](l)}n ~aLT K[p,k)(0) follows from Z1, GLT2 and GLT 3.

Step 2. Now we prove (5.34) in the case where g € C([0,1]). Let

Zn,[p,k] (g) = nilkn,[p,k] (g) - nian+k(ng—k)Kn,[p,k](1)‘
By (5.16), (5.18) and (5.22), forall r, R=1,...,n—vand ¢,Q = 1,...,p — k we have

|(nZ, (.51 (9)) (=) (r—1) 40, (p— ) (R—1)+

(Ko (9,51 (9)) (p— k) (r—1) 40, (p—k) (R—1)+-Q

7 ~
- diag g( )Ip—k)) K, ,k}(U)
((i—k-ﬁ-l,.“,k-i-n—u n+k g (p—k)(r—1)+q,(p—k)(R-1)+Q

1
k+r , N\ o N s
/0 [g(f”) —9 (m)} B4 (- 1) (R=1)+Qu [0k () Bt 14 (=) (r— 1), [, (£) A2

Th+14+(p—k)(r—1)+q+p+1 ~ k +r
/ 9@ =937

k+1+(p—k)(r—1)+q

: Bl/c+1+(p7k)(R71)+Q,[P,k] (:%)Bl/c+1+(p7k)(r71)+q’[P,k] (fﬁ)dx

9(%) —g(kiz)

n

(r+p)/n
< C§n2 /
(r—=1)/n

where wy(+) is the modulus of continuity of g and the last inequality is justified by the fact that the distance
of the point (k+ r)/(n + k) from the interval [(r — 1)/n, (r + p)/n] is not larger than p/n. It follows that
each entry of Zm[p, %] (g) is bounded in modulus by D,w,(1/n), where D,, is a constant depending only on p.
Moreover, by (5.18), the matrix Z,, ,, (g) is banded with bandwidth bounded by a constant w, depending
only on p. Thus, by the inequality

N N

. . NxN

(5.) 11 e, D210l (e, o1l x e e
j= i=

which is proved, e.g., in [21, Section 2.4.1], we get ||Zn,[p7k] (9)l < wpDpwy(1l/n) — 0 as n — oco. Considering
that Z, [, (g) is the principal submatrix of Z,, [, x)(g) corresponding to the row and column indices i, j =
k(p—Fk)+1,....k(p—Ek)+ (n—v)(p— k), we arrive at

di < C2(p+ l)nwg<%),

Zn [k (9) = Nu [,k + B p, k5
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where ||Ny, il = ||Zn,[p7k](g)H — 0 as n — oo and rank(R,, [, x) < 2(p — k)(k + v). It follows from Z1
that {Z, p,x](9)}n is zero-distributed. Since

nilf(n,[p,k] (g) = nian—l-k(ng—k)Kn,[p,k](1) + Zn,[p,k] (g)a
we conclude that {n_lf(n’[p,k] (9)}n ~avr 9(2)K[p k) (0) by Step 1, GLT2 and GLT 3.

Step 3. Finally, we prove (5.34) in the general case where g € L'([0,1]). By the density of C([0,1]) in
L1([0,1]), there exist functions g,, € C([0,1]) such that g,, — g in L'([0,1]). By Step 2,

(5'37) {n_lf(n,[p,k] (gm)}n ~GLT gm(i')’i[p,k](e)'
Moreover,
(5.38) Im(2) K k) (0) = g(Z)Kp k1 (0) in measure.
We show that
(5.39) {0 Ko iy (9m) b =¥ {07 Ko g0 (9) e
Once this is done, the thesis (5.34) follows immediately from GLT 4. To prove (5.39), we recall that
N
(5.40) XN < D Jaigl, X e CVXN;
ij=1

see, e.g., [21, Section 2.4.3]. By (5.22),

HIA{n,[p,k'] (g) - kn,[p,k] (gm)”l = HKn,[p,k] (g) - Kn,[p,k] (gm)”l
n(p—k)+k—1
<

1
/0 [9(5) = gm ()] By g () Bl g ()

,J =1

< /O |9(2) — gm(2)

n(p—k)+k—1
S Bl @) Bl g ()12

1,j=1

< CznzHg - gm||L1~
Thus, the a.c.s. convergence (5.39) follows from ACS1. O

LEMMA 5.3. Let p > 1 and 0 < k < p — 1. Then, pupi(0) is Hermitian positive definite for all
0 € [—m, 7).

Proof. By Lemma 5.2,

{nM, k) (1) In ~aLr pip,x(0),
and since an[p’k](l) is symmetric, we infer from GLT 1 that
(5.41) {nMy 1y (1) }n ~x pigp,a(0).
By (5.23), for every y € R™P=F)+k=1 we have

1 [n(p—k)+k—1 2
Y (nMy, 09 (1))y = n/ Y wiBupa(@) | 2
0 i=1
n(p—k)+k—1 2
=n Z YiBi1,[p,k] 2 Cp||Y||2'
i=1

L2([0,1])
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Hence, by the minimax principle for eigenvalues [10, Corollary I11.1.2],

T
Y (nM, 1 (1)y
Amin (nM,, 1)) = min S
( ,[p,k]( ) y£0 lyl2

>cp

for all n, which implies that
(542) Amin(nMn,[p,k](l)) > min(cp, 1)
for all n. Taking into account that Amin(pp,x(€)) is a continuous function of @ just as pp, 1) (0), by (5.41),
(5.42) and D2, we have

)‘min(ﬂ[@k] (0)) > min(cp, 1)
for almost every 6 € [—m, ], that is, for all § € [—n, 7], thanks to the continuity of Amin(pp,x1(6)). We then
conclude that pp, 1)(0) is Hermitian positive definite for all 6 € [—, 7]. O

THEOREM 5.4. Let Q be a bounded open interval in R and let a,b € L*(Q) with a,b > 0 a.e. Let p > 1

and 0 <k <p—1. Let G:[0,1] — Q be such that G’ # 0 a.e. in [0,1] and

. alG(#))

68 = 1e17)

€ L*([0,1]),
ba (%) = b(G(2))G"(2)] € L'([0,1]).

Then,

(543) {nilKn,[p,k] (aG)}n ~o,\ ac(i)n[%k} (0) = Cll(G(/;((f.))ﬁﬁ[pvk] (0)’

(.44 (00 . (06 b~ D@D ) = BG@IG @) 10
(0L 006,06 b o (b6 @ () (0 (2)11(0)

(5.49 — TGO O e )

Proof. We first note that it is enough to prove (5.43)—(5.45) with Ky, [, k], Mp.[p.k]» Ln,[p,k) replaced by,

respectively, K’n’[p,k], Mn,[p,k]7 Ly, jp,x), that is,
: a(G(%))

(5.46) {n 'Ky i (ac) o ~on ac(2)kp i (0) = TG e (0),

(5.47) (M (.1 (0G) bn ~ox b6 (2) 11,11 (0) = b(G(2))|G(2)] prip.1y (),

{0 2L i) (aG,06) 1o ~ox (b (2) 1 (0) "  (ac(@)kpp 4 (0))

(5.49) = S i (0) i 0)

Moreover, (5.46) and (5.47) follow immediately from Lemma 5.2 and the symmetry of IA(n,[pJg] (ag) and
Mn,[p,k] (bg). It only remains to prove (5.48); this is precisely the proof that requires our main result
(Theorem 4.1). The first observation is that

5.49) n_2ﬁn,[p,k] (ag,bg) = (nMn,[p,k] (b))~ (n_lf(n,[p,k] (ag))

(
(5.50) ~ (M, (1 (b)) "2 (0 K, ok (aG)) (M, g (be)) Y2,
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where X ~ Y means that the matrix X is similar to Y'; note that Mn,[p,k] (be) is positive definite because
bg > 0 a.e. in [0,1] by the assumptions on b and G, hence (M,, [, 1) (b)) /2
(5.49) with Lemmas 5.2, 5.3 and GLT 3, we immediately obtain

is well-defined. By combining

(5.51) {n"?Ly pxy(ac, be) tn ~arr (be (@), (0) " (ac (@) (0)).

The singular value distribution in (5.48) follows from (5.51) and GLT 1. Moreover, by Lemmas 5.2, 5.3,
GLT 3 and Theorem 4.1 (applied with f(z) = |2|!/2), we have

{00, 1 (b6)) ™2 (07 K g (a6)) (0 (b)) ™
~arr (06 (@)hgp)(0)) 712 (a6 (@) k0 (0)) (be (&) ppp,1 (6) 712,

Considering that (nanmk](bg))*l/g (nflf{n,[pyk] (ag))(nJ\AJn,[M](bg))*l/2 is symmetric, from GLT 1, we get

{00, 11 (b)) ™2 (0™ Ko g (a6)) (0M 1 (b)) ™2
~ox (b (@) (0)) 72 (ac (2) ki (0)) (ba () i,y (0) 72,

which is equivalent to

(M0 (b)) ™2 (07 Ko .01 (a6)) (08 1 (b)) ™}
~x (b (@) (0)) " (ac () rp.x (6))

by Definition 3.1, since

(b (&) pp,i) (0) " Hac (2)Kp,p (0))
~ (b (@) g,y (0) 7Y% (aG (2) i1y (0)) (ba () ppp iy (0)) 72

for all (z,0) € [0,1] x [—m,7]. In view of the similarity (5.50), we conclude that the eigenvalue distribution
in (5.48) is satisfied. O

The reader who is interested in the engineering implications of Theorem 5.4 is referred to the recent
review [24].
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