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VECTOR SPACES OF GENERALIZED LINEARIZATIONS
FOR RECTANGULAR MATRIX POLYNOMIALS*

BISWAJIT DAST AND SHREEMAYEE BORAT

Abstract. The complete eigenvalue problem associated with a rectangular matrix polynomial is typically solved via the
technique of linearization. This work introduces the concept of generalized linearizations of rectangular matrix polynomials. For
a given rectangular matrix polynomial, it also proposes vector spaces of rectangular matrix pencils with the property that almost
every pencil is a generalized linearization of the matrix polynomial which can then be used to solve the complete eigenvalue
problem associated with the polynomial. The properties of these vector spaces are similar to those introduced in the literature
for square matrix polynomials and in fact coincide with them when the matrix polynomial is square. Further, almost every pencil
in these spaces can be ‘trimmed’ to form many smaller pencils that are strong linearizations of the matrix polynomial which
readily yield solutions of the complete eigenvalue problem for the polynomial. These linearizations are easier to construct and
are often smaller than the Fiedler linearizations introduced in the literature for rectangular matrix polynomials. Additionally,
a global backward error analysis applied to these linearizations shows that they provide a wide choice of linearizations with
respect to which the complete polynomial eigenvalue problem can be solved in a globally backward stable manner.
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1. Introduction. Eigenvalue problems associated with matrix polynomials P(\) = Zf:() AiA;, where
A;, for i =0,...,k are m x n real or complex matrices, occur in a wide range of applications like vibration
analysis of machines, buildings and vehicles, in control theory and linear systems theory and as approximate
solutions of other nonlinear eigenvalue problems [15, 19, 24, 25, 28].

When the polynomial is square and regular, i.e., det P(A\) # 0, the associated polynomial eigenvalue
problem consists of finding the finite and infinite eigenvalues and corresponding eigenvectors. However when
the polynomial is singular, i.e., when it is either non-square or det P(\) = 0, then the eigenvalue problem is
said to be a complete eigenvalue problem as, in addition to finite and infinite eigenvalues and corresponding
elementary divisors, the minimal indices and bases corresponding to the left and right null spaces of the
polynomial also have to be computed. The most common approach for solving such problems is to linearize
them by converting the problem into an equivalent problem associated with a larger matrix pencil of the
form L(\) = AX +Y called a linearization of P()), and solving the eigenvalue problem for L(A) by using
standard algorithms like the QZ algorithm [16] when L(\) is regular, or the staircase algorithm [26] when
L() is singular. The solution for P()) is then recovered from that of its linearization. As the solution of
the complete eigenvalue problem for singular matrix polynomials involves finding linearizations from which
the minimal indices and bases of the polynomial can ideally be extracted via simple recovery rules, it is
generally more challenging than the one for its regular counterpart. We refer to [15] and a more recent
survey article [22] for the theory of polynomial eigenvalue problems and their solutions.
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The most commonly used forms of linearizations for solving polynomial eigenvalue problems associated
with P(\) = Zf:o A A; are the first and second Frobenius companion forms Cy(A) and Ca()), given by (2.4)
and (2.5), respectively. One of the first systematic studies of linearizations to be undertaken was [21] which
introduced the following vector spaces L;(P) and L (P) of matrix pencils for a given n x n regular matrix
polynomial P(\) as sources of linearizations of P(\).

(1.1) Ly(P) := {L(\) : LA)(Ar(N) ® I,) = v® P(\),v € F*},
(1.2) Lo(P) := {L(\) : (Ax(N)T @ I,) L) = wT @ P(\),w € F*},
(1.3) where Ap(\) := M1 A 1)T.

The defining identities in (1.1) and (1.2) are called the right and left ansatz equations, respectively, and
the corresponding vectors v in (1.1) and the vector w in (1.2) are called right and left ansatz vectors. This
work gave a whole new direction to research in the theory of linearizations due to the special properties of
these vector spaces. For instance, it was shown that constructing pencils in these spaces corresponding to a
given ansatz vector is very simple and almost all the resulting pencils are linearizations of P(\) from which
the eigenvalues and corresponding eigenvectors can be easily recovered. In further work [17, 11, 20], it was
shown that if P(\) has some special structure like, Hermitian, symmetric, x-alternating and *-palindromic,
(see [22] for definitions), then there exist subspaces of L1 (P) and Lo(P) with the property that almost every
pencil of the subspace is a structure preserving linearization of P(\) from which both finite and infinite
eigenvalues of P()\) and corresponding eigenvectors can be easily recovered.

It was shown in [5] that even when P()) is square but singular, almost every pencil in L;(P) and
L2(P) is a linearization of P(A) from which the solution of the complete eigenvalue problem for P(\) can
be easily recovered. The vector space setting for constructing linearizations has since been extended to
cover other polynomial bases [12] and inspired further work that throws fresh light on these spaces [23].
Other important choices of linearizations not covered by L4 (P) and Lo (P) are the Fiedler pencils and their
generalizations [1, 2, 4, 6, 29] which are also sources of linearizations for non-square matrix polynomials [7].
Systematic studies of linearizations that cover both square and non-square linearizations are relatively recent
in the literature. For example, [10] introduced the framework of block minimal bases pencils as potential
linearizations of rectangular matrix polynomials with focus on particular subclasses like the block Kronecker
pencils. These ideas were further extended in [3]. Inspired by [21], the recent work [13] considers linearizations
of rectangular matrix polynomials in a vector space setting. Referred to as block Kronecker ansatz spaces,
these vector spaces contain block Kronecker linearizations as well as Fiedler linearizations and their extensions
modulo permutations and share some of the important properties that Iy (P) and Ly (P) have when P()) is
square. However, the block Kronecker ansatz spaces do not become L (P) and Lo(P) when P(\) is square.

The goal of this present work is to provide a direct generalization of the spaces L1 (P) and Lo (P) to the
case when P()) is not square by forming vector spaces of matrix pencils that have some of the key features
of Ly (P) and Ly(P) and coincide with them when P()) is square. We propose such vector spaces and show
that the matrix pencils in these spaces can be constructed from the coefficient matrices of P(\) in a manner
very similar to the ones in L;(P) and Lo(P). We also show that the solution of the complete eigenvalue
problem for P(A) can be easily obtained from that of almost every pencil in these spaces. To this end, we
define generalized linearizations of matrix polynomials (which we refer to in short as g-linearizations), and
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their strong versions and show that the proposed vector spaces have all the properties with respect to being
g-linearizations that L;(P) and Ly(P) are shown to possess with respect to being linearizations of square
singular polynomials in [5].

Although the pencils in our proposed vector spaces are not linearizations of the non-square polynomial
P(A) in the conventional sense, we show that almost every such pencil in these spaces can give rise to many
linearizations of P(A) from which the finite and infinite eigenvalues and corresponding elementary divisors,
as well as the left and right minimal indices and bases of P()\), can be easily extracted. We also give the
relationship between these linearizations and those in some of the block Kronecker ansatz spaces in [13],
thus showing how g-linearizations and linearizations arising from them interact with some of the important
linearizations for rectangular matrix polynomials in the literature.

From the point of view of computation, a desirable property of any linearization for solving an eigenvalue
problem associated with a matrix polynomial P()) is that the computed solution is the exact solution of

some polynomial P(\) + AP(A) such that the ratio |””|API]||H is of the order of unit roundoff u with respect to
some choice of norm ||-|| on matrix polynomials. Moreover, when P()\) is singular, it is also desirable that

the rules for extracting the left and right minimal indices of P(\) from a particular class of linearizations for
P(\) remains the same for P(\) + AP()\) with respect to that class. This is referred to as global backward
stability analysis for the polynomial eigenvalue problem and has been undertaken for algorithms that use
the Frobenius companion linearizations in [27]. More recently this has been extended to the block Kronecker
linearizations in [10] which identifies optimal choices of block Kronecker linearizations that ensure global
backward stability when used to solve the eigenvalue problem for P()). We extend the analysis in [10] to
the linearizations of P(\) extracted from g-linearizations. Our analysis shows that there is a wider choice of
linearizations beyond the ones identified in [10] that can be used to solve the complete eigenvalue problem
for P(\) in a backward stable manner.

This paper is organized as follows. Definitions and notations used in the paper are introduced in
Section 2. Section 3 defines a g-linearization of a matrix polynomial. It also introduces the vector spaces
of g-linearizations associated with a given matrix polynomial and establishes their important properties.
Section 4 establishes the results for the recovery of minimal indices and bases of a matrix polynomial from
that of almost every pencil in the appropriate vector space of g-linearizations. The results in Section 5
show that almost every g-linearization in the proposed vector spaces can be trimmed to extract many strong
linearizations of the matrix polynomial from which the minimal indices and bases of the matrix polynomial
can be easily obtained. Given a matrix polynomial and a linearization arising from a g-linearization in
the appropriate vector space of g-linearizations, Section 6, performs the global backward error analysis of
the process of solving the complete eigenvalue problem associated with the matrix polynomial via such a
linearization. Optimal choices of linearizations that ensure global backward stability of the process are
identified via this analysis. The concluding remarks are made in Section 7 and Section 8 is the appendix
that contains the proof of Lemma 6.6.

2. Definitions and notations. In this paper, we use standard notations like C to denote the field of
complex numbers, F to denote the field of real or complex numbers, I,, to denote the n x n identity matrix
and e;, 1 <7 < n, to denote the i-th column of I,, unless otherwise specified. Also, wherever it is necessary
to emphasize the dimension of a zero matrix, we will use 0,, to denote a column of n zeros and 0,,x., to
denote the m x n zero matrix. For any matrix M, we will use omin (M) to denote the smallest singular value
of M. We will use F(A) to denote the field of rational functions with coefficients in F and F(A)™ to denote
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the vector space of n-tuples with entries from F()\). Also F[A] will denote the ring of polynomials over the
field F and F[A]™*" will denote the ring of m x n matrices with entries from F[A].

Here we will consider m x n matrix polynomials with grade k of the form

k
P(\) =) XNA; e F]A™,
=0

where any of the coefficient matrices may be the zero matrix. The degree of P()\), denoted by deg P, is
the maximum integer d such that A; # 0. In this paper, we will assume that deg P > 2. A square matrix
polynomial Q()) is said to be unimodular if its determinant is a nonzero constant independent of A.

The normal rank of P()), denoted by nrankP()\), is the rank of P()\) considered as a matrix with entries
in F()\). Also the k-reversal, revy P()\), of P()) is defined as the polynomial revy P()\) := AFP(1/)).

A finite eigenvalue of P()) is an element A\g € C such that rankP(Ag) < nrankP(\). We say that P(\)
with grade k has an infinite eigenvalue if the k-reversal revy P(\) has zero as an eigenvalue.

The following subspaces associated with P(\) will be frequently used.

DEFINITION 2.1. The right and left null spaces of an m x n matriz polynomial P(\), denoted by N,.(P)
and N;(P) respectively are defined as follows.

N.(P)={xz(\) €F :
Ni(P) = {y(\) e F)™ : y(\)TP(A) = 0}

A vector polynomial is a vector whose entries are polynomials. For any subspace of F(\)", it is always
possible to find a basis consisting entirely of vector polynomials. The degree of a vector polynomial is the
greatest degree of its components, and the order of a polynomial basis is defined as the sum of the degrees
of its vectors. Also any subspace of F(A)"™ has a polynomial basis of least order among all such bases and
the ordered list of degrees of the vector polynomials in any such basis is always the same [14]. A minimal
basis of the subspace is therefore defined as any polynomial basis of least order among all such bases and the
minimal indices of the subspace are the ordered list of degrees of the vector polynomials in such a basis. In
particular we have the following definitions.

DEFINITION 2.2. For a given m x n matrix polynomial P()\), a left minimal basis is a minimal basis of
Ni(P) and a right minimal basis is a minimal basis of N,.(P).

DEFINITION 2.3. For a given m x n matrix polynomial P(X), let {z1()),...,2,(A)} be a right minimal
basis and {y1(A),...,y4(A)} be a left minimal basis such that

degzy <---<degz, and degy; <--- < degy,.

Setting €¢; = degz;,i=1,...,p, and n; = degy;, j =1,...,q, the right and left minimal indices of P(\) are
defined as €; < --- <€, and gy < - -+ < 14, respectively.

The most widely used approach for solving polynomial eigenvalue problems is linearization.

DEFINITION 2.4 (Linearization). A (m + s) X (n + s) matrix pencil L(A\) = AX + Y is a linearization
of an m x n matriz polynomial P(\) of grade k if there exist two unimodular matrix polynomials E()\) €
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RN +s)x(m+s) and F(A) € A" +9)X(+9) for some positive integer s such that

For example, the first and second Frobenius companion forms Cy(\) and C3()\) given by

[ Ay, Ap_1 Ap—2 -+ Ao
In _In O
(2.4) Cr(N) = A , +
L I, -I, 0
_Ak: Ak—l _Im
I
(2.5) Co(N) == A " + A’f‘2
K : —I,
L I, Ap 0 0

are linearizations of P(\) with s = (kK — 1)n and s = (k — 1)m, respectively. It is clear that a matrix
polynomial and its linearization have the same finite eigenvalues and corresponding elementary divisors (for
details, see, [15]). However, if the same is to be guaranteed for the eigenvalue at infinity also, then the
linearization has to be a strong linearization of P(\).

DEFINITION 2.5 (Strong Linearization). A linearization L(A) = AX +Y of a matrix polynomial P(X) of
grade k is called a strong linearization of P(\) if revy L()) is also a linearization of revy P(A).

3. Vector spaces of generalized linearizations. The vector spaces L (P) and Lo (P) defined by (1.1)
and (1.2) were introduced in [21] as sources of linearizations for a given square regular matrix polynomial
P()\). This work was subsequently extended in [5] to the case of square singular matrix polynomials. In this
section, we extend the notion of these spaces to the case of rectangular matrix polynomials. For this we
introduce the notion of generalized linearizations of matrix polynomials which we refer to as g-linearizations
in short. We then define vector spaces of matrix pencils corresponding to the given rectangular matrix
polynomial P(\) and show that they have properties with respect to g-linearizations that closely resemble
those of L1 (P) and Lo (P) established in [5] with respect to linearizations in the square singular case.

3.1. Generalized linearizations of matrix polynomials.

DEFINITION 3.1 (g-Linearization). A matrix pencil L(\) = AX + Y with X,Y € F™*"* ig called
a g-linearization of an m x n matriz polynomial P(X\) of grade k if there exist two unimodular matrices
E(\) € FI\J™>xmk and F()\) € F[A]"**™* such that

Ik—l ®Im,n '

Here I, ,, = { In } if m>n, I, = [Im Omx(n,m)] if m<nand L, =I, =1I, if m=n.
O(m—n)xn

DEFINITION 3.2. A matrix pencil L(\) = AX +Y with X, Y € C™**"F is a strong g-linearization of an
m X n matriz polynomial P(\) of grade k if L(\) is a g-linearization of P(\) and revyL(\) is a g-linearization
of rev, P(A).
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From the above definition, it is clear that every linearization of a square matrix polynomial is also a
generalized linearization, which justifies our choice for the term. Also, evidently a matrix polynomial has the
same eigenvalues and elementary divisors as its g-linearization and the same finite and infinite eigenvalues
and elementary divisors as its strong g-linearization. Therefore, to establish that the solution of a complete
eigenvalue problem for a rectangular matrix polynomial can be obtained from a given strong g-linearization,
it is enough to show that the minimal bases and indices of the polynomial can be easily recovered from the
g-linearization.

3.2. The vector spaces L;(P) and Ly(P). To extend the work in [21] to non-square matrix polyno-
mials, we propose the following vector spaces, which we continue to denote by L;(P) and Ly(P) for ease of
notation:

(3.6) Li(P) :={L(\) : LA)(Ax(N) @ I,) = v ® P(\),v € F¥},
Ly(P) :={L(\) : (AT @ L,)L(\) = wT @ P(\),w € F¥}.

Following [21] we will refer to the vector v (w) in the identity in (3.6), (respectively, (3.7)) satisfied by
L(X\) € Ly(P), (L(M\) € Lao(P)) as the right (respectively, left) ansatz vector corresponding to L(A). The sets
L;(P) and Ly(P) are not empty as Cy(A) := AX; +Y; € Ly(P) with right ansatz vector v = e, € F*, where

Ay Ay Ap2 - A
Im,n 7Im,n 0

Xy = . , Y1 = ) and C3(\) == AXy + Y3 € Lo(P)
Im,n _Imm, 0

with left ansatz vector w = e; € F*, where

Ak Akfl _Im,n
Im,n
Xy = ) and Y, = |Ak—2
T _Im,n
In Ap 0 0

As Theorem 3.7 and Theorem 3.8 show, if m > n, then C{()) is a strong g-linearization of P(\) and if
m < n, then C§()) is a strong g-linearization of P(\).

For any matrix polynomial P()\), clearly L;(P) and Ly (P) are vector spaces over F. In this section, we
find some important properties of these vector spaces. The results show that if the m x n matrix polynomial
P()) is tall, i.e., m > n, then the properties of L;(P) with respect to g-linearizations are very similar to
those of the corresponding space for square matrix polynomials considered in [21] and [5] with respect to
linearizations. The same is true of Lo(P) when P()) is broad, i.e., m < n.

For the case m = n, the matrix pencils in L, (P) and Lo (P) were originally characterized in [21] by intro-
ducing special operations on block matrices called column shifted sums and row shifted sums, respectively.
We state these definitions with the aim of showing that the same characterizations also hold when m # n.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 35, pp. 116-155, April 2019.

Biswajit Das and Shreemayee Bora 122

DEFINITION 3.3 (Column and row shifted sums). Let X and Y be block matrices

X o X Yiiu - Y

Xor -0 Xyg Yor - Yy
X=1. s Y= )

X1 o Xk Yii -+ Y

with blocks X;;,Y;; € F™*™ then the operations

(X117 -+ Xip O 0 Y1 -+ Y

Xor -+ Xog O 0 Yo - Yy
XBY:=| . . . g+ >

[ X1 - Xgre O 0 Yiu -+ Y

(X1 X2 -+ Xug 0 o -~ 0

) . ) Yy, Yie - Yi

x@y=|: * 4|0 P

X1 Xgo2 -0 Xpg : . :

L 0 o -+ 0 Yii Yo -+ Y

where the zero blocks are also of size m x n are referred to as the column shifted sum and the row shifted
sum of X and Y, respectively.

The above definition immediately gives the following lemma, the proof of which is obvious.
LEMMA 3.4. Let P(\) = Zf:o A A; be an m x n matriz polynomial of grade k and let L(\) = AX +Y
be an km x kn pencil. Then for v,w € F¥,
()\X+Y)(Ak(>\)®1n):U®P(A)®X%Y:U®[Ak Ap_1 - Ao],
AN @ L)AX +Y)=w" @ PO) & X BY —w © [AT AT | ... AT,

Thus, we have an immediate characterization of the spaces L (P) and Ly(P) in the next theorem. The
proof of the theorm is omitted as it follows by arguing exactly as in the proof of [21, Theorem 3.5].

THEOREM 3.5. Let P(\) = E?:o N A; be an m x n matriz polynomial of grade k and v,w € F*. Then
the pencils in Ly (P) with right ansatz vector v are L(A) = AX +Y such that X = [v® A, —W] and

Y = {W +v® [Ak_l cee Al] ) AO} with W e Fkm>x (k=11 chosen arbitrarily.
Similarly, the pencils in Lo(P) with left ansatz vector w are of the form L(A) = AX +Y such that
TeA i T T o T .
X = [w © k] andY = WHuw @ [ékélA A ] with W e F=Dmxkn chosen arbitrarily.
_ w o

It is clear from Theorem 3.5 that the vector spaces L1 (P) and Lo(P) are completely determined by the
pairs (v, W) and (w, W), respectively, where v, w € F¥, W e Fkmx(k=1n and W e Fk=DUmxkn  Hence, the
dimensions of the vector spaces L (P) and Lo(P) over F are both equal to k(k — 1)mn + k. The following
immediate corollary of Theorem 3.5 shows that in particular matrix pencils in L;(P) and Lg(P) with
corresponding ansatz vector ae; € F* for some nonzero scalar a are easy to construct from the coefficient
matrices of P(A).
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COROLLARY 3.6. Suppose L(A) = AX +Y € Lqi(P) with right ansatz vector v = «aey for a # 0.

Ap | X Y; A
Then X = |22k g and Y = ; a0 , where X12,Y11 are m x (k — 1)n matrices that satisfy
Xo+Y =« [Ak—l Al] and Z € Fh=0mx(k=1n 45 arbitrary.
. . OéAk
Similarly, if L(A\) = AX+Y € Ly(P) has left ansatz vector w = aey for a # 0, then X = % Z
12 | —
7 | 2 A
and Y = ;11 , where Xlg, Yy, are (k — 1)m x n matrices that satisfy X+ Y =« and
aly
Ay

Z € F=1mx(k=n io qrpitrary.
Given an m x n matrix polynomial P(A), it is easy to see that

(3.8) L(\) € Ly(P) & LAY e Ly (PT).

Therefore, the results in the rest of the paper for L,(P), where P()\) is of size m x n with m > n,
give rise to corresponding results for Lo (P) when m < n with appropriate modifications. We provide proofs
only for the statements concerning IL; (P) as the corresponding statements for Lo (P) follow either by using
the correspondence (3.8) or by similar independent arguments. The first among these is an analog of [5,
Theorem 4.1], that gives a sufficient condition for a pencil in L;(P) (respectively, Lo(P)) to be a strong
g-linearization of P(\) when m > n (respectively, m < n).

THEOREM 3.7. Let P(\) = Zf:o N A; be an m x n matriz polynomial. If m > n and L(\) € Ly (P) with
right ansatz vector v € F¥ \ {0}, then for any nonsingular M € F*** such that Mv = ae; for some o # 0,
the pencil (M ® I,)L()\) satisfies

Ap | X Y A
(3.9) (M ® L) L(\) = A « k‘ 12 11‘01 0 ,
| -2 Z |
where X12,Y11 € F<G(=Dn gotisfy Xio + Y1 = « [Ak,l Al] and Z € FE=Dmx(E=Dn 4¢ qrbitrary.

If Z is of full rank, i.e., rank Z = (k — 1)n, then L(X) € L1(P) is a strong g-linearization of P(X).

Proof. We first prove the theorem for the case that v = ae; for some « # 0. Then

aAy ‘ X2 Y1 ‘ aly
LA =\ = AX 1Y,
where X9, Y1 € F*=Dn gatisfy X154+ Y1 = a [Ap—1 -+ Ay and Z € Fk=D)mx(k=1)n ig arbitrary.
Partitioning Z as Z = [Zl oy - Zk,l] where Z; € Fk=)mxn and setting
1 0 ... )1
cn=1| = e,
1 A
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we have
LING(N) = G(A
WEX) [21 (Zo = AZ1) -+ (Zyp—1 — AZj—2) —)\ij ®)
B { * * e * aP(A)}
Zy (Zo—MZy) -+ (Zi—1— Nk—2) 0 '
Now,
I, M, I, I
I, I, M,
LOVNG(N) I In I, M,
I,
I I, I
I, I
I, M,
s I,
Zl Z2 T (Zk,1 - )\Zk,Q) 0 In /\In
I
I, I,
I * aP()\)
Nz Zy - Ze 0O
| x| aP(N)
Z

Therefore, there exists a unimodular matrix F'(\) such that

PO | W)

7 for some W (\) € F[A]™>(k=Dn,

(3.10) LOVFO) =

If Z is of full rank, then ZTZ = I(,—1)n- Therefore,

LOVF(A) = { PO . } .

Asrank Z = (k — 1)n = rank (I_1 ® I,,.n), there exist B € Fh—mx(k=1)m anq p ¢ Fle—nx(k=1)n that
are invertible such that Z = E(Iy_1 ® I, ) F. Therefore,

LVE®) = [ " E ] [ o Lot © I } [ " F }

and this implies that L()) is a g-linearization of P()). To show that L()) is a strong g-linearization of P()),
notice that

In | -W(N)ZT
‘ I(k—l)m

L | -W (N2
| Tg-1ym

MTALAA) =1 A oo AT = ReAR()), where Ry =

kxk
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Also revi L(A) (RkAr(N) ® I,) = aey ® revy P(X), as L(A\) € L;(P) with corresponding right ansatz vector
aey. Therefore, revi L(A)(Ry, ® 1) (A (M) ®1,,) = ae; @revy P(A), and we have L(\) = AX +Y € Ly (rev; P),

=:L(\)
where ~
Yii | ady
Z

XZY(Rk(EQIn) _ aAy | Xio

with Z = —Z(Rg—1 ® I,). Clearly Z is of full rank if Z is of full rank. Hence, i()\) is a g-linearization of
revi P(\) and consequently revyL(\) is a g-linearization of revy P()\), this completes the proof for the case
that v = aey.

Now let L(\) € L (P) with corresponding right ansatz vector v € F¥\ {0}. Then (M ® I,,) L()\) € L, (P)
with right ansatz vector ce; and equation (3.9) holds in view of Corollary 3.6. From (3.9) it follows that
L()) is a strong g-linearization of P(A) if and only if

ady ‘ X12
| -z

Y ‘ adAy
Z |

L) =\ eL.(P)

with corresponding right ansatz vector aeq, is a strong g-linearization of P(\). But we have rank Z = (k—1)n.
Therefore, by the first part of the proof, it follows that L(\) is a strong g-linearization of P(\) and this
completes the proof. ]

The corresponding theorem for Lo (P) is as follows.

THEOREM 3.8. Let P(\) = Zf:o AA; be an m x n matriz polynomial. If m < n and L()\) € La(P) with
left ansatz vector w € T\ {0}, then for any nonsingular M e F**k such that Mw = aey for some o # 0,
the pencil LIA)(M™T ® I,,) satisfies

OzAk ‘

Vi | Z
X1 | -2

(3.11) LMY ®1I,) =\ oo

with Z € Fk-Dmx(k=1n_1f 7 s of full rank, i.e., rank Z = (k — 1)m, then L()\) € Lo(P) is a strong
g-linearization of P(\).

It was proved in [21, Theorem 4.1 and Theorem 4.3] that if P(\) is a square regular polynomial, then
L(X\) € Ly(P) is a strong linearization of P(\) if and only if the matrix in the position of the block labelled
Z in (3.9) is nonsingular. However as shown in [5, Example 2], the same is not a necessary condition for
L(\) to be a strong linearization of P(A) if it is square but not regular. The following simple modification
of that example shows that if P(\) is an m x n matrix polynomial with m > n, then L(\) € L;(P) with
corresponding nonzero right ansatz vector v € F¥, can be a strong g-linearization of P()) even if the matrix
labelled Z in (3.9) is rank deficient.

1 0
EXAMPLE 3.9. Let P(\) = A\2A4y for Ay = | 0 0 |.Then
0 0

o O O
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belongs to LL; (P) with right ansatz vector e;. Although rank Z = 1, interchanging the second and fifth rows
of L(\) gives CY(\) which is a strong g-linearization of P(\).

Since the matrix in the block labelled Z in the reduction (3.9) of L(A) € L;(P) plays an important role
in determining whether L(\) is a g-linearization of P(\), we refer to it as the Z-matriz of L(\) with respect
to the pair (M, «) as it may vary depending on the choice of the nonsingular matrix M satisfying Mv = «ae;.
Therefore, it is important to know whether its rank can change with change in the choice of M. The next
theorem shows that this does not happen, i.e., the rank of the Z-matrix in a given L(\) € L;(P) remains
invariant of the choice of M. The proof of the theorem is omitted as it follows by arguing exactly as in the
proof of [5, Lemma 4.2].

THEOREM 3.10. Let P(\) = Zf:o X' A; be an m xn matriz polynomial with m > n and L(\) = AX+Y €
L, (P) with right ansatz vector v # 0. Suppose that My, My € F**F are two nonsingular matrices such
that Miv = aqe; and Mav = aseq for some aq # 0, and as # 0. If Z1,Zy € FE—Dmx(k=1n gre the
matrices in the block labelled Z in (3.9) corresponding to the pairs (My, 1) and (Ma, as), respectively, then
rank Z; = rank Zs.

In a similar way it can also be shown that if the m x n matrix polynomial P()) satisfies m < n, the
rank of the matrix labelled Z in the reduction (3.11) is independent of the choice of the nonsingular matrix
M. The above result allows us to make the following definition.

DEFINITION 3.11. For any m X n matrix polynomial P()\) with m > n, (respectively, m < n) the Z-rank
of L(X) € Li(P) (respectively, L(\) € Lo(P)) is the rank of any matrix appearing in the block labelled Z
(respectively, Z) under any reduction of L(\) of the form (3.9) (respectively, (3.11)). If Z (respectively, Z)
in (3.9) (respectively, (3.11)) is of full rank, then we say that L(A) € L;(P) (respectively, L(A) € La(P)) has
full Z-rank.

The final result of this section shows that for a given m x n matrix polynomial P(\) with m > n, almost
every pencil in L (P) is a g-linearization of P()).

THEOREM 3.12. (Genericity of g-linearizations in Ly (P) and La(P)). For any m x n matriz polynomial
P(X\) of grade k with m > n, (respectively, m < n,) almost every pencil in Ly (P) (respectively, Lo(P)) is a
strong g-linearization of P(\).

Proof. Let P(\) = Zf:o A'A; be an m x n matrix polynomial with m > n. The set of pencils in L (P)
with right ansatz vector v consists of all L(A) = AX + Y such that

X=fpod W] and Y= [W+va 4y - 4] ved

with W € FFmx(k=1n chosen arbitrarily. For a parametrization of L;(P), we define the isomorphism

Ly (P) — F* x pmxk=ln
AX +Y = (v, W).

Suppose L(A) = AX +Y € Ly (P) with right ansatz vector v = [v; - vk]T. Then for
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Mv = vyey and M is nonsingular if v1 # 0. Now (M ® L,)L(A\) = A(M ® L,) X + (M ® I,,,)Y, where

’UlAk *
= .

MRIL)X =] Mv@ Ay | —-(ML)W | =[ niet® Ay, | —(M @ I,)W | :=

Clearly, —Z is a Z-matrix of L()\) with respect to (M,v;). Then
P, W) :=uv; Zdet (minor of Z of order (k —1)n)

is a polynomial in the k + k(k — 1)mn entries of v and W. The pair corresponding to C{ () has v = e; and
0
_Ik:—l &® Im,n
set of P(v, W) defines a proper algebraic subset of L;(P). Clearly any pair (v, W) such that P(v, W) # 0
has v; # 0 and any one of the minors of Z of order (k — 1)n has nonzero determinant. So the corresponding
L(\) will have full Z-rank and hence is a strong g-linearization of P(\). |

W = .Hence, Z = I)_; ® Iy, and thus, P(v, W) # 0 for C{(A\). Therefore, the zero

An important difference between linearizations of regular and singular square matrix polynomials P())
in the space L1 (P) is that while every linearization of P()A) in L1 (P) is also a strong linearization of P())
when P(\) is a regular matrix polynomial [21, Theorem 4.3], the same is not true if P()) is singular [5,
Example 3]. The following example shows that the same also holds for g-linearizations of rectangular matrix
polynomials, i.e., there exist rectangular matrix polynomials P(\) with g-linearizations in LL;(P) that are
not strong g-linearizations.

A2
EXAMPLE 3.13. Let P(A)=| A 1 |.Then
0 0
1 0 o0 0] [o 1 0 0]
00 0 0 1 0 0 1
00 0 0 000 0
L) =\ 00 10l 11000 €L,(P)
00 0 0 000 0
00 0 0] [0 00 O]
is a g-linearization of P(A) as E(A)L(A\)F(\) = [ Pé/\) IO ] for
3,2
[0 01 X 0 0]
000 100 0 1 0 0
000010 0 —-X 0 1
EN=1010000] ™M F=143 ¢ ¢
100 000 0 -1 1 0
(0000 0 1]

But L(\) is not a strong g-linearization of P(\) as infinity is a eigenvalue of L(A) but not of P(A).

4. Recovery of minimal indices and bases in L;(P) and Ly(P). In this section, we show the
process of extraction of left and right minimal bases and indices of an m X n polynomial P(X) from that
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of a g-linearization in L, (P) or Lo(P). In particular, we show that these extractions are possible from g-
linearizations of P(A) in LL;(P) with full Z-rank if m > n and those of P(A) in Lo(P) if m < n. It is easy to
see that if m > n and L(\) € Ly(P) is of full Z-rank, then

dim N, (L) =dim N,.(P) and dim N;(L) = dim N;(P)+ (k —1)(m —n).

On the other hand, if m < n, and L(X) € Ly(P) has full Z-rank, then the above equalities hold when the
positions of the right and left null spaces are interchanged for both P(A) and L(\). Therefore, the process
of extracting the right (respectively, left) minimal bases and indices of P(A) € F[)] from those of a
g-linearization of P(\) in Lq(P) (respectively, Lo(P)) is identical to the extraction of the same quantities

mxXn

from a linearization of a square singular polynomial in the respective spaces (as established in [5]). However,
showing that the left (respectively, right) minimal bases and indices of P()\) can also be extracted from those
of L(A) € Li(P) (respectively, L()\) € La(P)) with full Z-rank requires more work.

4.1. Recovery of right (left) minimal indices and bases in L;(P) (Ly(P)). Given an m x n
matrix polynomial P(\) with m > n, the following lemma provides an isomorphism between N, (P) and
N,.(L) that enables extraction of the right minimal bases and indices of P(\) from those of L(\) € Ly (P).

LEMMA 4.1. Let P(X\) be an m X n matriz polynomial of grade k with m > n. Also let L(\) € Li(P)
with a right ansatz vector v # 0, and x(\) € F(A)™. Then Apy(\) @ x(A) € N,.(L) if and only if x(\) € N,.(P).
Moreover, if L(\) is a g-linearization of P(\), then the mapping

Ra : N, (P) = N.(L)
x(A) = Ag(N) @ ()

is a linear isomorphism between the F(\)-vector spaces N, (P) and N,(L). Furthermore, x()\) € N,.(P) is a
vector polynomial if and only if Ap(A) @ x(N\) € N,.(L) is a vector polynomial.

We skip the proof as it follows by arguing exactly as in the proof of [5, Lemma 5.1]. Now the following
theorem whose proof is immediate shows that the right minimal bases and indices of P(A) € F[A]™*™ m > n,
have a very simple relationship with those of a g-linearization L(\) € L;(P) and can be easily extracted
from the latter.

THEOREM 4.2. Let P(\) be an m x n matriz polynomial of grade k with m > n and nrankP(\) = r.
Also let L(X) € Ly (P) be a g-linearization of P()\).

1. The right minimal indices of P(\) are €1 < €2 < -+ < €y, if and only if the right minimal indices
of LA are (k—1)+e <(k—1)+e<---<(k—1)+e€p_r.

2. Any right minimal basis of L(\) is of the form {Ax(AN)®@z1(N), ..., Ag(N)®@zp—r(AN)} where {x1(N),. ..,
Tn—r(N)} is a right minimal basis of P(\).

Similarly, if P()) is an m x n matrix polynomial with m < n, then the mapping
Rp 2 Ni(P) — Ni(L),  y(A) = Ap(N) @ y(A),

is an isomorphism between N;(P) and N;(L) that also induces a bijection between vector polynomials in
N;(P) and N;(L). This results in the following counterpart of Theorem 4.2 for extraction of the left minimal
bases and indices of P()) from those of L(A) € Lo(P) with full Z-rank.
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THEOREM 4.3. Let P(\) be an m x n matriz polynomial of grade k with m < n and nrankP(\) = r.
Also let L(X\) € Lo(P) be a g-linearization of P(\).

1. The left minimal indices of P(X\) areny < mg < -+ < Ny if and only if the left minimal indices of
LA are (k=1 +m < (k=1)+m << (k—1) 4 nmr.

2. Any left minimal basis of L(\) is of the form {Ax(N) @y1(AN), ..., Ak(A) @ Ym—r (A) Ywhere {y1 (N), .. .,
Ym—r(A)} is a left minimal basis of P(N).

4.2. Recovery of left (right) minimal indices and bases in L;(P) (ILo(P)). In this section, we
first show that the left minimal bases and indices of P(X) € F[A]™*™ with m > n, can be extracted from the
g-linearizations in L, (P) that are of full Z-rank. The following lemmas will be very useful for establishing
Theorem 4.6 which is the main result.

LEMMA 4.4. Let P(\) = Z?:o N A; be an m x n matriz polynomial of grade k with m > n. Suppose
L()\) € Ly(P) has full Z-rank and right ansatz vector v # 0. Then the mapping

,CU : Nl(L) — Nl(P)
y(N) = (v @ Ln)y(N)

is a linear map from the vector space Nj(L) onto the vector space Ni(P) over F(X). Furthermore it is an
onto map from the vector polynomials in Nj(L) to the vector polynomials in Ni(P) with the property that if
q(A\) € Ni(P) is a vector polynomial of degree 0, then there exists a vector polynomial y(\) € Ni(L) of degree
d such that L,(y(X)) = q(N).

Proof. Let y(A\) € N;(L). Since L(\) € Ly(P),
yNTLN (AN @ L) = 0= y(N) T (v© P(N) = 0= y(\)T (0 ® L) P(A) = 0.
Therefore, (vI ® I,,)y(\) € N;(P) and this shows that £, is well defined and clearly linear.
Let ¢(A) € Ni(P) and

1 N .- M2
1
L 0 JEx(k—-1)
(1.12) a0 = "] and ) = 7 & L ().
where
(4.13) dNT = g7 N [Ar Xia] + [Yir Ad)(Sk(N) @ 1) 2T,

=:C
M being a nonsingular matrix such that Mv = e;. Clearly £,(y(\)) = ¢(\) and L, is onto if y(\) € N;(L).
This holds if and only if ¢1 (\) € N;(L), where L(A) = (M ® I,,,) L(A). Also as L(\) € Ly (P) corresponds to
right ansatz vector v and Mv = ey, therefore ]3(/\) € Ly (P) corresponds to right ansatz vector e;. So,

A | X1
| -z

Vi1 | Ao

L) = Z |
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where Z has full rank and X2 + Y71 = [ Ap_1 Ap_o - A ] . This implies that,
Xip:=[X1 Xo -+ Xpoq] and Yin:=[Y7 Y2 -+ Y],

where X;,Y; € F™*" gatisfy X; +Y; = Ag_; for i =1,2,...k — 1. Now from (4.12) and (4.13),

a(NTLA) =g dNTILM)

(4.14) =g (NAx X+ €+ i —C A,
where

C=0\[A X1 X2 - X+ Yo - Yior A)(Se® 1)

=(Me+Y1 AXi+Ys MXo+Ys -0 AXpo+ Yo AXpo1 4 Ao))(Sk © 1)

[ ML +YT NAL A1+ X))+ Y NBA+ 22V + X)) + A(Ye + Xo) + V3
N AL + AR 2(Y; + X1) + -+ ANVie2 + Xg—2) + Y1 ]

[ M +YT MN2Ap+ M 1+ Y - MN7TA - N 24, 4 AN+ Y ]

[ Mp MN2Ap+AAp_q - N YA NF24, + - 4 A Ay |+ Y

(4.15)
the 2-nd last equality being due to the fact that X; +Y; = Ax_;,i =1,2,...,k — 1. Therefore,

)\(X12 + é) = )\(X12 + Yll) + )\[)\Ak )\2Ak +AAp_1 - /\kilAk + )\kizAk_l +---+ )\AQ]
(4.16) = [ /\2Ak + N1 )\3Ak + )\QAk_l +AAp_o - P()\) — Ap ]

Using (4.16) and (4.15) in (4.14),

aNTLO) =gV ([Mr NAp+ 251 NBAg+ V24 + Ao - P(\) — Ag]
+ [ =M —(NVAp+AAs) (AR NA M) - A )
=qN"[0 0 -~ 0 PO ]

Therefore, ¢1(\) € Ni(L), and hence, £, is an onto linear map from the vector space N;(L) to the vector
space N;(P) over F(\). Now clearly, if y(\) € N;(L) is a vector polynomial, then so is £, (y()\)). Conversely,
if g(A) € N;(P) is a vector polynomial, then from (4.12) and (4.13), it follows that ¢(A), ¢1(A) and y(A) are
also all vector polynomials. Since £,(y(A)) = g(A) and y(\) € Ni(L), it follows that £, maps the vector
polynomials in N;(L) onto the vector polynomials in N;(P). To complete the proof, we show that if the
degree of ¢()) is 4, then y(\) can be chosen so that it has degree 4.

Let ¢(A\) € Ni(P) and y(A) € N;(L) be vector polynomials such that £,(y(\)) = g(A). Let deg ¢ = 6

and suppose degy = § > 6. Let q;(\) = (M7 @ I,,,)y(\). Then deg g, = ¢ and

g(\) = Lo(y(N) = (0" @ Ln)(MT @ L)1 (A) = (e] ® L)qa(N).
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This implies that ¢;(\) = [ 283 } , where deg § = 6. Hence,

b
o= 3 [ 2]+ | %
1 _i(/\)

where t; € Fk=Um ; — 0, ... §, with t; # 0. Clearly, deg ¢ = 4 and

g(N) = Lu(y(N) = (e @ Ln)ar (V) = (ef @ In)d(N) = Lo (M @ I,)d(N))-
=m(X)

So we have degn = 4. Finally, we show that n(\) € N;(L). As y(\) € Ni(L), therefore, ¢1(\) € Ni(L) and

aMNTLN) =0

T
O . A | X Y| A
= 5 ; +qN)7T (A a g + ; | 4o ) =0
Zi=6+1 A't; ‘ o ‘
0 A | X 0 Ty a
-~ 5 m . k 12 + 5 m . 11 0 +(j(>\)Tf4(>\):0
Zi:éﬂ At —Z Zi:5+1 At Z

:‘[OZ *ZL&HA”HZTZ}+[Z§=5+1Ait$2 oﬂw(A)TL(A):o.

Therefore,
(4.17) Ao+1 [t§+1Z OZ;] 4 \0+2 ([t§+2Z OZ} + [077; _ t§+1ZD 4
ot N ([t o)+ ol — L z]) + AT ol — 4T 2]+ a7 L) =o.

Since the degree of G(A)TL()) is at most & + 1, equating the coefficients of A%¥2, ..., A1 in (4.17) to 0, we
have t7Z = 0 for i = § + 1,...,6. Therefore, (4.17) implies that G(A)"L(\) = 0. Now as

n(NTLA) =GN (M @ L) LA) = gA)LY =0,

this completes the proof. O

LEMMA 4.5. Let P(\) = Zf:o MNA; be an m x n matriz polynomial of grade k with m > n and let
L(\) € Ly(P) corresponding to a nonzero right ansatz vector v € F¥, be of full Z-rank. Let r = nrank(P()\)),
c=(k—1)(m—n) and L,(y(\) = (0T @ L,)y(\) for all y(\) € Ny(L). Then there exists a minimal basis
of Ni(L) of the form

{yl()‘)a s 7ymfr()‘)7 Um—r41;- -+ 7umfr+c}7
where {Um_ri1y- s Um—ricr C FF™ is a basis of the null space of the linear map L, denoted by N(L,).

Proof. Under the given hypothesis we have, dim(N;(L)) = dim(N;(P)) + (kK — 1)(m — n). Since we
have r = nrank(P(X)), assume that {vi(A),...,vm—r(A)} is & minimal basis of N;(P) with degv; = §; for
j=1,...,m —r. By Lemma 4.4, there exist linearly independent vectors y1(A), ..., Ym—r(A) € N;(L) such
that

Ly(y;(A) =vj(A) and degy; = d;.
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Also from Lemma 4.4, we have rank £, = dim N;(P), and hence, dim(N(L,)) = c. Let M € F**F be
nonsingular such that Mv = e;. Then as L(\) has full Z-rank,

Ag | X1
| -z

L) := (M ®1,)L(\) = X

where X15,Y7; and Z are as given in Theorem 3.7 such that rank Z = (k — 1)n. We show that there exists a
basis of N(L,) consisting vectors of the form (M7T ®I,,,) [ 0 ] such that w” Z = 0. Since rank Z = (k—1)n,
w

there exist ¢ linearly independent vectors wy, ..., w, € F#=D™ such that wlZ =0foralli=1,...,c. So

5 {(MT®Im)[£1 },...,(MT@)I,,L)LS

C

} } is a linearly independent subset of N(L,) as

T T

0 0 0 -
M ® I, L(\) = M & I,,)L(\) = LN =w!lZ=
(e | 0 ]) to=] 0| arenmm=| 2]t =l
and
T T 0 T 0
(v' @ Lp)(M* ® L) | =(e1 ®1In) w | = 0
7 K3
for all i =1,...,c. Clearly 8, is also a basis of N(L,) as it has ¢ linearly independent vectors. Let

6 = {y1(>‘)7 o 7ym—r(>\)7 Um—r415--- 7Um—r+c}7

where Upm—rt; = (MT ® I,,) [ u()) }, for j = 1,...,c. Since rank £, = dim(Ny(P)) = m — r, 8 has
J

dim(N;(L)) vectors. Therefore, § is a basis of N;(L) if it is a linearly independent set. Suppose there exist
a1(A), .., @m—riec(A) € F(A) such that

(4.18) ar(Ny1(A) + -+ amr (N Ym—r(A) + a@m—r 1 (N tm—r i1+ + @y e (N tm—rgec = 0.
Then,
Lo(ar(Ny1(A) + - + amer N Ym—r(A)) = 0= a1 (N v1(A) + -+ + am—r (N)vp—r(A) = 0.

This gives aj(A) =0for j =1,...,m —7r as {vi(A),...,Vm—r(A)} is a basis of N;(P). So by (4.18) we have
A1 (N)Um—rt1 + -+ + Gm—rte(AN)Um—rte = 0. As B, is a basis of N(L,), this implies that a;(A) = 0

forj=m—-—r+1,...,m —r+c Hence, §is a basis of N;(L). Suppose that it is not a minimal basis
of Ni(L). Since the sum of the degrees of the polynomials in 3 is Z;n_lr d;, there exists a minimal basis

Bi={901(\);s - Gm—rte(N)} of Ni(L) such that 327" deg §; < 327" 8;. Then L, () is a spanning set in
Nl(P) Let

{Lo@is Ny Lo@i - (W)} C Lo(B)
be a basis of N;(P). Then

Zdegﬁ 0i;) < Z@ idegyj: idegvj.
j=1 Jj=1 j=1

But this contradicts the assumption that {v1(A),. .., vm—r(A)} is a minimal basis of N;(P). Hence, the proof
follows. O
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The following theorem now shows how the left minimal indices and bases of an m x n matrix polynomial
P()\) with m > n can be extracted from those of L(\) € L;(P) with full Z-rank.

THEOREM 4.6. Let P(\) be an m x n matriz polynomial of grade k with m > n, and let L(\) € Li(P)
corresponding to nonzero right ansatz vector v € F* be of full Z-rank. Let r = nrank P()\), ¢ = (k—1)(m —n)
and L,(y(N)) = (UT @ In)y(A) for all y(A) € Ni(L). If B = {y1(A)s -+ s Um—r(A)s Um—rt1, -+ oy Um—rtc} 8
a minimal basis of Ni(L) satisfying the properties of Lemma 4.5, then {L,(y1(N))s ..., Lo(Ym—r(N)} is a
minimal basis of Nij(P). Moreover, if ;1 > 12 > -+ > Ny > 0=0="--- =0 are the left minimal indices

C zZeros
of L(A) then m > 12 >+ > Ny are the left minimal indices of P(X).

Proof. Since {tm—ri1,- .-, Um—ric} forms a basis of N(L,), £,(u;) = 0fori = m—r+1,... ,m—r+c. Let
zi(A) = Ly(y;(N)) fori = 1,...,m—r. Clearly degy; = deg z; foralli = 1,...,m—r and {z1(A),..., 2m—r(N)}
is a basis of N;(P). If it is not a minimal basis of N;(P), then there exists a basis {Z1(\),..., Zm—r(A)} of
N;(P) such that deg2;, < deg z;, for some 1 < jo < m — r. Consequently, by Lemma 4.4 and Lemma 4.5,
there exists a basis

ﬁ = {gl()‘)a ce a?m—r(A)y Um—r41y--- aum—r+c}

of N;(L) such that £,(g;(A)) = 2;(\) and degy; = deg2; for j = 1,...,m—r. The sum of the degrees of the
vector polynomials in 3 are clearly lower than that of the ones in 3 as, deg 2, < deg z;,. But this contradicts
the fact that 5 is a minimal basis of N;(L). Hence, the proof follows. 0

REMARK 4.7. A minimal basis of N;(P) may be extracted from a basis of N;(L) that satisfies the
assumptions of Lemma 4.5. We outline the steps for constructing such a basis from any given minimal basis
of N;(L).

1. Let {y1 (M), .., ye(N), ye41(A)y « - oy Ym—r+c(A) } be a minimal basis of N;(L) with degy; = d; such that
di >dy >+ > dp—rie. Without loss of generality we may assume that there exists 1 <t <m —r
such that d; >0 fori=1,...,tand d; =0fori=t+1,...,m —7r+c.

2. Consider upy,—rtj = (M7 @ I,,) { O_

j
null space of Z. Such a basis may be obtained by choosing v1,...,v. to be the complex conjugate

transpose of the last ¢ columns of the matrix @ of a QR decomposition of Z. Then uy,_,; belongs
to Ni(L) and L, (tm—rs;) =0for j=1,... ¢

3. Clearly 8 ={y1(N\),...,yt(N\), m—rit1,- -, Um—rtc} i linearly independent set. Check if y;11(\) is
in span(f), and include it in 8 otherwise. Repeat the process for i = t+2,...,m —r+ ¢ with respect
to the updated (8 after each step.

], for j =1,...,c such that {vy,...,v.} forms a basis of left

REMARK 4.8. There are situations when left minimal bases of L(\) € L (P) will generically satisfy the
assumptions in Lemma 4.5. For example if n < m < (k 4 1)n, then generically, A := [ Ay - Ag ] has
full row rank and consequently, none of the left minimal indices of P(\) are zero. Consequently, there does
not exist any vector polynomial of degree zero in a left minimal basis of L(\) that does not belong to N(L,).
This implies that any such basis must satisfy the assumptions of Lemma 4.5.

The preceding results imply that if P(A) € F[A]™*" with m < n, then the right minimal bases and
indices of P(\) can be extracted from those of L(\) € Ly(P) of full Z-rank. In particular, we have in
this case the following counterpart of Lemma 4.4 which can either be proved by arguing as in the proof of
Lemma 4.4 or by using the relation (3.8).
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LEMMA 4.9. Let P(\) = Zi‘c:o N A; be an m x n matriz polynomial of grade k with m < n. Suppose
L(\) € La(P) has full Z-rank and nonzero left ansatz vector w € F*. Then the mapping

Lo : N.(L) — N,(P)
z(\) = (w? ® L)z ())

is a linear map from the vector space N,.(L) onto the vector space N,.(P) over F(X). Furthermore it is an
onto map from the vector polynomials in N.(L) to the vector polynomials in N,.(P) with the property that
if q(\) € N,.(P) is a vector polynomial of degree §, then there exists a vector polynomial x(\) € N.(L) of
degree 6 such that L,(z(N)) = q(X).

Therefore, by arguing as in the proof of Lemma 4.5, there exists a minimal basis of N,.(L) of the form

{21(A), s (A) U1, -+ o Un e )y

where ¢ = (n —m)(k — 1) and {up_ri1,-. -, Un_rie} C FF is a basis of N(L,,). This leads to the following
theorem for extracting the right minimal indices and bases of P(A) from those of L(A) € Lo(P) with full
Z-rank.

THEOREM 4.10. Let P(\) be an m x n matriz polynomial of grade k with m < n, and L(\) € Lo(P) with
corresponding nonzero left ansatz vector w € F* be of full Z-rank. Let r = nrank P(\), ¢ = (k — 1)(n — m)
and L,(x(N\) = (wT @ L,)z(N), (A) € Np(L). If {x1(N)s .oy Zn—r(N), Un—ri1y - Un_ric} S a minimal
basis of N.(L) where {tun_ri1,.- -, Un_ric} CF¥" is a basis of N(Ly), then {Ly(x1(N), ..., Lo(Tn_r(N)}
is a minimal basis of N.(P). Moreover, if €, > €3 > -+ > €4 > 0 =0="---=0 are the right minimal

—_——
indices of L(\) then €1 > €2 > -+ > €,_, are the right minimal indices of P(C)\z)e.ms

REMARK 4.11. Given any m X n matrix polynomial P(\) of grade k with m > n, a pencil L(\) belongs
to Ly (P) with right ansatz vector v € F*\ {0} if and only if L()) is of the form L(A) = [v® I,,, Q] C1(A)
where Q € FFmx(k=Dn guch that

aly, | X2

vel, Q=M"'el,) —

Here M € F*** such that Mv = ae;, and X15 and Z are the same as those in (3.9). If the pencil L()\) has
full Z-rank then it is a strong g-linearization of the matrix polynomial P()A) and consequently the matrix
[v R Iy, Q] is also of full rank. Though we have already established the recovery rules for minimal bases
and minimal indices of P(\) from those of L(\) with full Z-rank, this observation gives us one more way to
see that the right minimal indices of P(\) are (k — 1) less than those of L(\) and the left minimal indices
of P(\) are the same as those of L(\) after eliminating (k — 1)(m — n) many zeros. The above conclusion
comes from the fact that the right minimal indices of P(\) are (k — 1) less than those of Cy(\) and the
left minimal indices of P(A) are the same as those of C;()\) and the presence of the matrix [v® I,, €]
contributes (k — 1)(m — n) additional degree-zero-vectors to any minimal basis of N;(L()\)).

Similarly, if m < n, then any pencil L()) belongs to Lo(P) with nonzero left ansatz vector w, if and
wl @I,
Q
as above, it follows from this relation that if L(A) has full Z-rank, then the left minimal indices of P(\) are
(k — 1) less than those of L(\) and the right minimal indices of P()) are the same as those of L()\) after

eliminating (k — 1)(n — m) many zeros.

only if L()) is of the form L(\) = Cy(\) { } for some (k — 1)m x kn matrix Q. Therefore, by arguing
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5. Linearizations arising from g-linearizations. Let P(\) = Zf:o MA; be an m x n matrix poly-
nomial of grade k. In this section, we show that although the pencils in L;(P) and La(P) are generically
g-linearizations of P()\), they can give rise to smaller pencils that are linearizations of P()) from which the
left and right minimal bases and indices of P(\) may be easily extracted. In the following, we first describe
the process of extracting these smaller pencils from g-linearizations of P(\) of full Z-rank in L;(P) when
m>n.

Let L(A\) € Li(P) with nonzero right ansatz vector v € F¥ be of full Z-rank. Let M € F¥** be a
nonsingular matrix such that Mv = ae;. From (3.10),

(M & In,)L(A) =

Let
R
z=cly]

be a QR decomposition of Z where Q is a (k— 1)m x (k — 1)m unitary matrix and R is a (k—1)n x (k—1)n
nonsingular and upper triangular matrix. Then we have

T PO [ W)
(5.19) [m Q*] (M ® I,)L(\) = R | (F(\))™.
0

Let Q = [ Q1 Qo } , be a partition of Q such that Z = QR is the condensed QR decomposition of Z.
Then recalling that ¢ = (k — 1)(m — n), the last ¢ rows of the matrix [Im Q*} (M ® I,)L(\) form the
matrix [0 Q3] (M ® I,,,)L()). Since the last ¢ rows of the matrix on the right hand side of (5.19) are zero,
we have [0 Q3] (M ® I,,)L(\) = 0. Consider D € FmFk=1nxkm gych that

D
(20 o 0 0ue 1)
. : D _ |DL())
is nonsingular. Then 0 Qi (Me Im):| LX) = { 0 } We set,
(5.21) Li(\) = DL(X).

Given a g-linearization L(A) € Ly (P) of full Z-rank, the above process of extracting the pencil L;())
from L()) clearly depends not only on L()) but also on the choice of the nonsingular matrix M € F+**
satisfying Mv = ae; and the matrix D € Fnt(k—1nxkm guch that the matrix in (5.20) is nonsingular. For
ease of expression, we will refer to Li(\) as the trimmed version of L(X) € Ly (P), with respect to M and D,
the sizes of the matrices M and D being evident from the context.
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Clearly, for a given choice of nonsingular M € F**F there are infinitely many choices of D in (5.21).

One possible choice is to set D to be the first m + (k — 1)n rows of the matrix [Im *} (M ® I,;,). Then

Q

the corresponding linearization is

ady ‘ X12
| -R

Y ‘ ady

(5.22) Li(\) := A 7

If L(\) = C{(\), then such a choice of D results in L;(\) being the first Frobenius companion linearization
C4y(N). Every other linearization L;(A) that is not of the form (5.22) is strictly equivalent to some L;()) as

Ly(\) = DL()\)

_ A ‘ X2 Y1 ‘ aly
=DM @ I,) { A |22k
( ® ){ ‘ — 7 ‘
7 OtAk ‘ X12 Yll ‘ aAO
=DM '®I,) { " Q} A -R |+ | R
0 0
— 1, OzAk ‘ X12 Yll ‘ Oon
=DM @I, { ] A
( ) Q1 ‘ -R R ‘
=E;
Therefore,
(5.23) Li(\) = DE; Li(\),
=:D

where clearly, D € Frt(k=Dnxm+(k=1n ig nongingular as it satisfies

] o egresforem[™

REMARK 5.1. The QR decomposition of the Z-matrix of the g-linearization L(\) that has been used to
extract the pencils L;(\) from L(\) can easily be replaced by any other decomposition like the rank revealing
QR decomposition or the singular value decomposition (SVD) of Z without affecting the results and the
analysis concerning these pencils. Therefore, the upper triangular structure of the block R in (5.22) is not

essential for the rest of the paper.

5.1. Trimming a g-linearization results in a strong linearization. We now show that trimming
a g-linearization of full Z-rank results in a strong linearization of P(\A) from which the left and right minimal
bases and indices of P()A) can easily be recovered. In doing so, we establish the connection between the
resulting pencils with some of the important classes of linearizations for rectangular matrix polynomials that
have been recently introduced in the literature. We begin with the block minimal bases pencils introduced
in [10].
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DEFINITION 5.2. A block minimal bases pencil is a pencil of the form

BT ]

or { A(N)

BT |

b

where the rows of B(\) and f?()\) form minimal bases of the rational subspaces spanned by them.

We will need a few important concepts and results related to block minimal bases pencils from [10]. For
convenience, following [10], we refer to a matrix polynomial whose rows form a minimal basis of the rational
subspace spanned by them as a minimal basis. Such a minimal basis can be associated with a dual minimal
basis defined as follows.

DEFINITION 5.3. Two minimal bases B(\) € F[A]"**™ and C(\) € F[A\]"2*™ are called (a pair of) dual
minimal bases if ny + ny = n and B(A)C(A\)T = 0 holds.

For example, the matrix polynomials

(5.24) H;(\) =
-1 Gx(i+1)

and A;41(\)7T given by (1.3) are dual minimal bases. For most practical purposes, we will need the following
special kind of block minimal bases from [10].

DEFINITION 5.4. A block minimal bases pencil

(5.25) LX) =

is called a strong block minimal bases pencil if it has the following additional properties:

(a) The row degrees of B(\) and B()) are all equal to one.
(b) The row degrees of any minimal basis dual to B(\) are all equal.
(¢) The row degrees of any minimal basis dual to B(\) are all equal.

We will adopt the convention that if the block B(\) (respectively, B(\)) is absent, then the corresponding
dual minimal basis is an identity matrix of the same size as the number of columns (respectively, rows) of
A(X). The following theorem about block minimal bases pencils which is a combination of [10, Theorems
3.3 and 3.6] will be important for the results in this section and the next one.

THEOREM 5.5. Let L(\) be a block minimal bases pencil given by (5.25) and C(\) and C(\) be the dual
minimal bases of B(\) and B(\), respectively. Then L(\) is a linearization of the matriz polynomial

(5.26) Q) =AM CVT.
Moreover, if L(\) is a strong block minimal bases pencil, then the following hold.

(a) If Q(N\) considered as a polynomial of grade 1+ degC + deg C, then L(X) is a strong linearization
of Q(N).
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(b) If 0 < €1 < €3 <--- < ¢, are the right minimal indices of Q(N), then
e +deg C <ex+deg C<--<¢p+degC,

are the right minimal indices of L(\).
(c) If0 <m <mg <--- <y are the left minimal indices of Q(N), then

n1+deg0§n2+degé§~-'§nq+degCA’

are the left minimal indices of L(\).

Given a strong block minimal bases pencil, the above result shows the construction of a polynomial from
the pencil such that the pencil is a strong linearization of the polynomial and lays out the recovery rules for
extracting left and right minimal indices of the polynomial from those of the pencil. However in practice,
we are generally more interested in the reverse process, i.e., given a matrix polynomial Q(X) of grade k,
we are interested in constructing a strong linearization from which the left and right minimal indices of the
polynomial can be easily extracted. It was shown in [10] that this can be easily achieved by the so called
block Kronecker pencils that are a special class of strong block minimal bases pencils. For these we have

B(\) =H\) ®1I, and B(\) =H,(\)®I,

with e+ 1+ 1 = k, and H;(\) given by (5.24). The conditions on the block A()) under which the block
Kronecker pencils become strong linearizations of a given polynomial P()\) are given in [10, Theorem 4.4].
Now we have the main result of this section.

THEOREM 5.6. Let P(\) = Ef:o MNA; be an m x n matriz polynomial of grade k with m > n and
r = nrankP(\). Let L(A\) € L1(P) with right ansatz vector v € F¥ \ {0} be of full Z-rank. Let L,()\) be the
pencil obtained by trimming L(\) € Li(P), with respect to M and D. Then Li(\) is a strong linearization
of P(\) such that the following hold.

(a) Every minimal basis of N, (L) is of the form {Ax(A\) @ x1(A), ..., Ag(A) @ p—r(\)} where
{z1(A)y ..., n—r(N)} is a minimal basis of N,(P).

(b) The right minimal indices of Li(\) are those of P(\) shifted by k — 1.

(¢) Every minimal basis of Ni(P) is of the form {L,(DTy1(N)), ..., Lo(DTym—r (X))} where {y1(N), ...,
Ym—r(A)} is a minimal basis of Ni(Ly).

(d) The left minimal indices of P(\) are equal to those of Li()\).

Proof. From (5.22) and (5.23),

- I ‘ aAy, ‘ X192 Y1 ‘ aly
5.27 L)) =D |—" A + .
(527 e [ | -R ( | Zo-n ~I(e—1yn |
—K())
L A(N) :
Clearly, K() is in the block Kronecker form with

B(A)

AN =A[ ady X2 |+[ Y1 ady | and B\) = Hy_1(\) @ I,.

Now A(A)C(A)T = P()), where C(A) = 2(Ax(A) ® I,)T is a dual of B()). As the block B()\) is absent
in K(\) (and consequently, C'(A\) = I,,) by Theorem 5.5, K () is a strong linearization of P(\) such that
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P(X) and K () have the same left minimal indices and the right minimal indices of K () are those of P())
shifted by k — 1. The relation (5.27), shows that the same is true of each pencil L;(\) obtained by trimming
a strong g-linearization in L, (P) and this proves (b) and (d).

The process of obtaining L;(\) from L(\) implies that N, (L) = N,(L;). Therefore, the proof of (a)
follows from Theorem 4.2. To prove (c¢) we consider the map
L: Nl(Lt) — Nl(P)
y(A) = Lo(DTy(N)).
If y(A\) € Ni(L;) then DTy()\) € N;(L), and hence, (vT ® I,,,) DTy(\) = L,(DTy()\)) € N;(P). Therefore, £
is well defined. Also from the definition of £ it is clear that it is a linear map from N;(L;) to N;(P). We first

show that £ is bijective. Let Z be the Z-matrix of (M ®1I,)L(\) and Q2 be the last ¢ = (k—1)(m—n) columns
of the unitary matrix @ of a QR decomposition of Z. Now y(\) € N(L) if and only if DTy()\) € N(L,).

As noted in Remark 4.7, N(L,) has a basis of the form {(MT ® Inm) [2 } v, MT ® 1) B}} where
1 c

¢c=(k—1)(m—n) and {q1,...,qd.} are the columns of Q2. Therefore, there exists a nonzero a € F¢ such
that
DTy =T 1) [ Y =t e [ ]
Q2] la Q2a
V] D D

This implies that [ } = 0, and as { ] is nonsingular, we

a] [[0 Qs | (M 1) [0 Q5 |(M®I,)

have y(A) = 0. Therefore, £ is a one to one linear map. Since N;(L;) and N;(P) are of the same dimension,
it follows that L is a bijective linear map.

Now we will show for any vector polynomial p(A) € N;(P) of degree § we can find a polynomial vector
z(A) € Ni(L:) of degree ¢ such that L£(z(A)) = p(A\). By Lemma 4.4 there exists 2(\) € N;(L) such that
Ly (2(X)) = p(N\) and deg 2 = degp. Set z(\) to be the vector formed by the first m + (k — 1)n entries of the

T

vector polynomial §(A) which satisfies [[ 0 0 ?(M@ 7 )} J(A) = 2(N). Then z(X) € N;(Ly) as,
2 m

L) =90 | A | <00 o g 1] EO =27 E) o

Now as (vI' ® L,)(MT @ I,,,) [ Om*gfl)" ] = (ael ® I,) { Ot (h—1)m } = 0, we have
2

D
L(z(A :vT®ImDTzA=vT®Im[ } J(A) = L (2(N)) = p(N).
(z(N) = ( JD7z(A) = ( )[OQS](MG?Im) 9N (2(A) = p(N)
Also it is clear that z(A) and p(\) have the same degree as
deg z > deg p = deg Z = deg § > deg z.

Now the proof of part (c) follows by arguing as in the proof of Theorem 4.6. 0

REMARK 5.7. It can be proved that the pencils L;()\) are strong linearizations of P(\) without estab-
lishing their connection with block Kronecker pencils. However, we prefer to give this connection to highlight
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their position in the current literature of strong linearizations of rectangular matrix polynomials. In fact it
is also clear from (5.27) that among the linearizations formed by trimming g-linearizations in L;(P), only
the pencils Li(\) of the form (5.22) belong to the block Kronecker ansatz spaces G1(P) introduced in [13].

REMARK 5.8. It may be possible to derive recovery rules for the left and right minimal bases of P())
from those of L;(A) using the results given in [10]. However, as the pencils K (A) in (5.27) to which the
pencils L;(A) are strictly equivalent are special types of block Kronecker pencils, we prefer to prove these
parts directly by using the notions and techniques previously introduced in the paper.

In a similar way, if m < n, pencils in Lo (P) of full Z-rank can provide strong linearizations of P()). In
particular if L()\) € Ly(P) with nonzero left ansatz vector w € F* has full Z-rank, then for any nonsingular
matrix M € F**¥ guch that Mw = ae; for some o # 0,
OéA;.C ‘ Z
X | -2

Yiu
O/,Ao ‘

LM @ T,) = A

where Z € Fr-Dmx(k=Dn with rank Z = (k — D)m. If Z* = Q { 10% } is a QR decomposition of Z* and Qs

is the matrix formed by the last ¢ = (k — 1)(n — m) columns of @, then it is easy to see that

LONMT ©1,) { 52 ] =0.

For any choice of D e Fhnx(nt(k=1)m) guch that the kn x kn matrix
> T 71T
(5.28) | D rten)[o Q5" |

is nonsingular, we get the pencils L()\)ﬁ. We refer to them as the pencils formed by trimming L(X) € La(P)
with respect to M and D. For instance, the second companion linearization Ca(\) arises from C§ () € Lo(P),

with respect to M = I, and D = { " I 1®Inm}

By arguing as in the proof of Theorem 5.6, these pencils can be shown to be strictly equivalent to
block Kronecker linearizations of P()) of the form [ A(X) Hp—1(A\)T @ I,,, | from which the left and right
minimal bases and indices of P(\) may be easily extracted. In fact, we have the following theorem.

THEOREM 5.9. Let P()\) = Zf o A'A; be an m x n matriz polynomial of grade k with m < n and
r = nrankP()\). Let L(\) € La(P) with left ansatz vector w € F* \ {0} be of full Z-rank. Let Li(\) be the
pencil formed by trimming L(\) € Lo(P) with respect to M and D. Then Li(\) is a strong linearization of
P(X) and the following hold.

(a) Ewvery minimal basis of Ni(Ly) is of the form {Ax(A\)@y1(A), ..., Ak(A) @Ym—r(A)} where {y1(N), ...,
Ym—r(A)} is a minimal basis of Ni(P).

(b) The left minimal indices of Liy(\) are those of P(\) shifted by k — 1.

(¢) Every minimal basis of N,(P) is of the form {Lu,(Dxz1(N)), ..., Ly (Dzn_r(N)} where {z1(N),. ..,
ZTpn—r(N)} is a minimal basis of N.(L) and Ly, is as defined in Lemma 4.9.

(d) The right minimal indices of P(\) are equal to those of Li(X).

REMARK 5.10. For L(}) € La(P) of full Z-rank with left ansatz vector w € F*\ {0} and a given choice
of M € F¥*F such that Mw = aey, if the matrix D in (5.28) is chosen to be the first n+ (k—1)m columns of
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~ In . . .
(MT®1,) [ } , then in fact, the resulting pencil belongs to the block Kronecker ansatz space Gy (P)

Q

introduced in [13]. Also every other pencil formed by trimming L(\) with respect to M and some other
choice of D is strictly equivalent to such a pencil but does not belong to Gy (P).

As the following example shows, the linearizations L;(\) arising from the pencils of full Z-rank in L; (P)
and Ly (P) are not subclasses of the class of block minimal bases linearizations.

EXAMPLE 5.11. Consider P(A\) = A2 A5 + AA; + Ag, where

1 2 3 4 1 7
A2 = 2 5 y A1 = 9 2 and Ao = 2 5
4 9 15 10 4 19

Then L(A) = AX + Y € L;(P), where

0 0 -1 0 1 0 0 0
0 0 0 -1 0 1 0 O
A 0 0 O 0 - 0 0 0 O
X=l12 0 of ™Y=35 4 1 7|
2 5 0 0 9 2 2 5
14 9 0 0 | | 15 10 4 19 |
: o 0 ] 0 1 1
with corresponding right ansatz vector v = [ 1 Now [ 1 o :|U = [ 0 ] and
N —_———
=M
(M ®I3)L(\) =AX 1Y,
where
12 0 0 ] 3 4 1 7]
2 5 0 0 9 12 2 5
5 4 9 0 0 S 15 10 4 19
X=M@eIL)X = 00 -1 o and V= (M®I3)Y = 1 0 0 0
0 0 0 -1 0 1 0 O
L0 0 O 0 | | 0 0 0 0 |
1 0
Clearly, Z = | 0 1 | has full rank with QR decomposition Z = IsZ. Hence,
0 0
(1.0 0 0O 0 0]
01 0 O 0 0
0 0 0 1 0 0
* T _
[0 Q3 |(M"®I;)=[0 0 1 0 0 0] and 000 0 1 o
0 00 -2 —-11
10 01 0 0 0 |
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is nonsingular. So,
100 0 0 O 00 -1 0 1 0 00
010 0 0 O 00 0 -1 01 00
L(N:={000 1 0 0|LN=A|12 0 0 |+]|3 41 7],
000 O 1 O 25 0 0 9 2 2 5
000 -2 —-11 00 0 O 0 00O

is a strong linearization of P(\). Evidently it is not a block minimal bases linearization.

REMARK 5.12. It is clear that if m > n the size (m + (k — 1)n) x kn of L;()\) is the same as that of
the first Frobenius companion linearization C1(\) of P(\). On the other hand, if m < n, then L;()) is of
size km x (n+ (k — 1)m) which is the same as that of the second Frobenius companion linearization Ca(\).
Since C1(\) and Cs(\) are the smallest among all possible Fiedler and block Kronecker linearizations of
P()), therefore, the size of L;()) is less than or equal to that of all such linearizations for rectangular matrix
polynomials.

REMARK 5.13. Although the pencils L;(\) are extracted from g-linearizations in L;(P) and Lo (P),
in practice, it is not necessary to form them by trimming g-linearizations. For example, given a matrix
polynomial P(\) = Zf:o M A;, of grade k and m > n, we can directly build these linearizations by using the
fact that they are of the form

where o # 0, X152 + Y11 = @ [Ak,l Al] and D and R are nonsingular matrices of size m + (k — 1)n
and (k — 1)n, respectively. The process of trimming g-linearizations to form linearizations of this type can
be seen as a means to connect the g-linearizations of P(\) with linearizations.

aAy ‘ X2
| -R

Y14 ‘ aAy
R |

Li(\) =D </\

In the next section, we undertake a global backward stability analysis of the solution of complete poly-
nomial eigenvalue problems using L;(\) on the lines of the analysis in [10] and show that there is in fact a
wide choice of optimal strong linearizations (beyond the ones identified in [10]) which can be used to solve
the complete eigenvalue problem for P(\) in a globally backward stable manner.

6. Global backward error analysis of solutions of complete polynomial eigenvalue problems
using linearizations arising from g-linearizations. In this section, we carry out a global backward
error analysis of the process of solving the complete eigenvalue problem associated with a rectangular matrix
polynomial P(\) = Zf:o AN A; € FIA]™*" of grade k by using linearizations that arise from a g-linearization
in Ly (P) or Lo (P). It will be an extension of the one in [10] for block Kronecker linearizations. As mentioned
in Section 1, any solution of such a problem involves finding the finite and infinite eigenvalues and associated
elementary divisors as well as the left and right minimal bases and indices of P(\). Typically this is done
by initially finding the said quantities for some choice of strong linearization via very effective backward
stable methods like the staircase algorithm proposed in [26] and further developed in [8, 9]. The backward
stability of such algorithms guarantee that any computed solution of the eigenvalue problem corresponding
to a linearization say, L(A) of P()), is the exact solution of the problem for a pencil L(A) + AL(A) where
IH‘"AL%IH = O(u) with respect to some norm ||-||. The solution of the complete eigenvalue problem for P()) is
then computed from the solution for L(A)+AL()\) by applying the same recovery rules to L(A)+AL()\) that
would have been applied to the solution for L()) if it were available. Following [10], the process is said to
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be globally backward stable if it is the exact solution of the complete eigenvalue problem for P(\) + AP(\)
with the following conditions being met.

(a) If P(\) is of grade k, the perturbed pencil L(A) + AL()\) a strong linearization of P(\) + AP(\) of
grade k such that Hlmﬁpﬁl\\l = O(u).
e rules for extracting the left and right minimal indices o rom those o remain the
b) Th les f i he lef d right minimal indi f P(\) £ h f L(A in th

same when they are replaced by P(\) + AP(A) and L(X\) + AL(\), respectively.

The analysis in [10], showed that (a) and (b) are satisfied for optimal choices of block Kronecker lin-
earization of P(\) with respect to the norm

k
IPllr = | D I3,
i=0
where ||A||p := /trace (A*A) is the Frobenius norm of A. In particular, it was shown that there exists a

constant Cp j, depending on P(X) and L(A) such that

AP F IAL|
<Cpr )
Pl I LN 7

where, Cp 1, ~ k*/m+n under certain conditions that are satisfied by the appropriate choice of block
Kronecker linearizations and the scaling of P()).

We establish that the same analysis can be extended to solutions obtained via linearizations L:(\) of
P(X) € F[A]™*™ that arise from g-linearizations in L; (P) when m > n. Similar arguments can easily complete
the corresponding analysis for the case m < n with respect to linearizations that arise from g-linearizations
in Ly (P). Our choice of norm || P||z on F[A\]"*™ considered as a vector space over F is not submultiplicative.
The following lemma from [10] which bounds the Frobenius norm of the product of two matrix polynomials
will therefore be useful in the analysis. For notational convenience, in this section, we set

App(A) i= (Ae(N) @ 1), PQ(A) := P(N)Q(A) and (P +Q)(A) := P(A) +Q(N),

for two matrix polynomials P(\) and Q(\) for which the above products and sums are defined.

LEMMA 6.1. Let P(A) = Y0 AN and Q(N) = Y272, BiN be two matriz polynomials and such that all
the products below are defined. Then the following inequalities hold.

L IPQIlr < min{vdy +1,Vd, + 1} P|lr[IQll »
2. |PApllr < min{vd +1,VE}H|Pllr

Initially we analyse the global backward stability of the process of computing a solution of the complete
eigenvalue problem for P()\) arising from linearizations of the form (5.22). Later on we will extend this
analysis to the case where any linearization L;(\) arising from a g-linearization in L (P) is used.

Since the matrix R € FE=1m of [,(\) given by (5.22) is upper triangular and nonsingular, Ly()) is a
strong block minimal bases pencil of the form
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where,
(629) A()\) =\ [ aAk X12 ] + [ Y11 O[Ao ] 5
(630) B()‘) = /\[ O(k—l)nxn _R ] + [ R O(k—l)nxn ] .

Note that Ay, ()7 is a dual minimal basis of B(}).

Any computed solution of the complete eigenvalue problem associated with I:t()\) is an exact solution
of a perturbed pencil L;(A\) + AL (\) where

AAN)

AL\ = TABOY

with AA(N) € F[A]"*¥” and AB()\) € F[\|*~Dnxkn 5o that

AN) + AA(N)
B(\)+AB())

Li(N) + AL\ =

The global backward stability analysis of the process of computing a solution of the complete eigenvalue
problem for P(\) via linearizations of the form (5.22) can also be performed by applying the results in [10].
In particular, as a consequence of [10, Theorem 5.22], the computation of the complete eigenvalue problem
for P(\) can be shown to be globally backward stable for suitable choices of linearizations of the form (5.22).
This result from [10] is stated below in a form that is relevant to our analysis.
k i mxn A()‘)
THEOREM 6.2. Let P(\) = X7 A'A; € F[)] be of grade k and L(\) = |———<——| be a block
kal()\) ® In

Kronecker pencil such that P(A) = A(X)Agn(X) where Hi_1(X\) is given by (5.24). If AL(\) is a pencil
satisfying |AL|r < Qk%/g, and is of the same size as L(X), then L(\) + AL(\) is a strong linearization of
P(X) + AP(\) of grade k such that

IAPYF _ o IENF IALJF
1Pl = IPle 1207

Also the right minimal indices of L(A\) + AL(X) are those of P(A) + AP(\) shifted by k — 1 and the left
minimal indices of L(\) + AL(X) are the same as those of P(A) + AP(A).

(1 + [l Allx)

This can be used to prove the following result for linearizations of the form (5.22).
COROLLARY 6.3. Let Li(N\) be any linearization of P(\) = Zf;o N A; € FIN™*"™ of grade k with m > n,
of the form (5.22). If ALi(\) is any pencil with the same size as Li(\) such that
1
2k3/2 max{1,1/omin(R)}

ALl <

then Ly(A) + ALy(N) is a strong linearization of a matriz polynomial P(\) + AP(\) of grade k and

IAPIF _ ] Aﬁt e
12l - Ll e

where

Il

6.31 C=2k————
(6.31) ollPlr

(1 + |l ) max{1,1/owmn(R)}.
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Also the right minimal indices of Ly(\) + ALi()\) are those of P(\) + AP(\) shifted by k — 1 and the
left minimal indices of Ly(A\) + AL,()\) are the same as those of P(\) + AP(X).

Proof. Observe that

I, . A(XN)
L= |2
[ —R #) [ Hpa(N) @I |7
where A(X) and Hy_1(\) are given by (6.29) and (5.24), respectively, is a block Kronecker pencil. Therefore,
Im T T A()‘) Im ‘ 7
Li(A) + AL(N) = AL(N).
[ >R (Le(A) + ALy(N)) [Hkl(A)®In + ‘—R‘ t(A)
—AL(N)
Now as, [[ALlr < SHe7 max{ll,l/om;n(ﬁc)}’ we have,
I, .
Iacie < || || | UALlr < max{L, Vo (BHIALlE <
2
o A(XN) .
Also it is clear that A(A)Ag ,(A) = aP(X). Therefore, by Theorem 6.2, | ———————| + AL()\) is a
Hy 1 (N) @I
strong linearization of a(P(\) + AP()\)) where
I1AP] 7 I Lol 7 IAL 7
<2k T+ AN F) =
1Pl 1Pl I el 7
This implies L;(\) + AL (\) is a strong linearization of P(\) + AP()), where
I1AP] - I Lell 7 S AL AL r
< 2% (1 + Al P) mas{1, 1o (R)H EELE _ lB L
121 1Pl (P p IZell 7

Also the right minimal indices of Ly(\) + AL;(\) are those of P(A) + AP()) shifted by k — 1 and the left
minimal indices of L:(A) + AL;(\) are the same as those of left minimal indices of P(\) + AP(\). 0

Clearly, the solution of the complete eigenvalue problem for P()) via linearizations f/t(A) is a globally
backward stable process if the constant C' given by (6.31) is a moderate number. For instance, any L:(\)
for which ||A||r =~ ||| P|lr = 1 and k2(R) & omin(R) ~ 1 is one such choice.

However, from the point of view of obtaining a larger set of linearizations that guarantee global backward
stability, we undertake a more detailed analysis that results in a different bound on ||AL|| r and a different
expression for the constant C' (see Theorem 6.9).

Our initial aim is to show that for small enough [|ALy ||z, L¢(A\)+AL()) is a strong block minimal bases

linearization of some perturbed polynomial P(\) + AP()\) of grade k such that HIMAPIE‘HIF is bounded above by
a small multiple of L2Ldlr
NLelF

We establish an upper bound on [|AB|r such that L;(\) + AL;()\) is a strong block minimal bases
pencil. This requires that the following conditions are satisfied.

Condition (A) B(A) + AB()) is a minimal basis with all row degrees equal to one;
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Condition (B) There exists a matrix polynomial AD()) € F[A]*"*" of grade k— 1 such that the polynomial
AknN)T + AD(MNT is a dual minimal basis of B(\) + AB(A) with all row degrees equal to k — 1.

Following the strategy in [10], we will use the concept of convolution matrices associated with a matrix

polynomial P(\) = Zf:o MNA;. The j* convolution matriz associated with P()) is given by

Ay
A1 Ay
S VR
(6.32) Ci(P):= | 4, AL for j=0,1,2,...
A Ap_1
L Ao |

7+1 block columns

The following lemma which states some important and useful properties of convolution matrices can be
easily proved.

LEMMA 6.4. Let P(\) = Zfzo AN and Q(\) = Zé:o B;\' be matriz polynomials of grade k and
I, respectively, and C;(P) and C;(Q) for j = 0,1,2,..., be corresponding convolution matrices as given
by (6.32).

(a) If P(\) and Q(X) are of same size and grade then C;(P + Q) = C;(P) + C;(Q) for all j.

(0) 1C;(P)llp = Vi + TPl for all 5.
(¢) If the product P(A\)Q(X) is defined, then considering it as a grade k + | matriz polynomial, we have

Co(PQ) = Ci(P)Co(Q)-

The next Theorem from [10] for convolution matrices will be useful to show that for sufficiently small
IAB|F, B(A) + AB()) can be a minimal basis with all row degrees equal to 1.

THEOREM 6.5. For any positive integer [, let N(\) = A+AB € F\!"*(+Dn and C;(N) forj=0,1,...,
be the sequence of convolution matrices of N(X). Then N () is a minimal basis with all its row degrees equal
to 1 and all the row degrees of any dual minimal basis equal to 1, if and only if Ci—1(N) € F+DInx(+1)in 4
nonsingular and C;(N) € FU+2nx(+0"n pag full row rank.

Recall that for any matrix M, omin(M) denotes the smallest singular value of M. Observing that
B(A\) = —R(Hp_1(\) ® I,) where Hy_1(A) is given by (5.24), the next lemma which is proved in Section 8,
the appendix, will be useful in establishing a bound on ||AB||r that achieves the desired objectives. !

LEMMA 6.6. Let 7(A) = (Hx—1(A\) ® I,). Then,

O'min(ck_g(T)) = O'min(ck_l(T)) = QSil’l(

™ 3
) > —.
4k — 2 2k

The following result bounds ||AB| r such that B(\) + AB()) is a minimal basis with all row degrees
equal to 1.

LA proof of this result is available in [10]. Our proof was made independently with different arguments.
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THEOREM 6.7. Let B(\) be the pencil given by (6.30), and AB(X) € F[A]F=D7xEn pe any pencil such
that

3ijn (R)

Then B(A)+ AB(X) is a minimal basis with all its row degrees equal to 1 and all row degrees of any minimal
basis dual to it equal to k — 1.

Proof. In view of Theorem 6.5, the proof follows by establishing that Cy_2(B 4+ AB) is nonsingular and
Ck—1(B 4+ AB) has full row rank. For j =k —1 or k — 2,

R
omin(Cj(B)) = omin Ci(1) | 2 Fmin(R)Tmin(Cj(T)).

Therefore, by Lemma 6.6,

~ T -3
. min j > min i min oL
(6.34) Omin(C;(B)) > 20min(R) sin <4k: — 2) Omin(R) o%
Since R is nonsingular, C_2(B) is nonsingular and Cj,_;(B) has full row rank. By Lemma 6.4(a),
C;(B+ AB) =C;(B)+ C;(AB)

for j=k—1and k—2. Again for j =k — 1 and k — 2,

3Umin(R) 3Jmin(R)
ICHAB)p = Vi T TIABIr < /4 1oominlld) o 537mnt) o (05(B))
where the equality follows from Lemma 6.4(b), the first inequality follows from (6.33) and the last inequality
follows from (6.34). Since ||Cj(AB)||p < omin(C;(B)), for j = k — 1 and k — 2, hence Cy_2(B + AB) is
nonsingular and Cy_1(B + AB) has full row rank. d

Now the following result establishes the required upper bound on ||AB| s such that both Condition
(A) and Condition (B) are fulfilled. The proof is omitted as it follows by arguing as in the proof of [10,
Theorem 5.17].

THEOREM 6.8. Let B(\) be the pencil given by (6.30) and AB()\) € F[N|F=Dmxkn be any pencil such
that

Umin(R)

1aB]r < 2

Then there exists a matriz polynomial AD(X\) € FINJ*"*" of grade k — 1 such that

(a) B(\) +AB(\) and A, (\)T + AD(N)T are dual minimal bases, with all the row degrees equal to 1
and k — 1, respectively, and
(5) IAD]r < 225 AB] P <

1
Vak®

Next we have the main result which completes the global backward error analysis for solutions of the
complete eigenvalue problem for P(\) obtained from the linearizations L ().
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THEOREM 6.9. Let Li(\) be any linearization of P(\) = Z?:O N A; € FIN™™ of grade k with m > n,
of the form (5.22). Let A(X) and B(X) be the blocks of Ly(\) as specified by (6.29) and (6.30), respectively,
and R € F+=Dn pe the nonsmgular upper triangular matriz appearing in the block B(X). If Aﬁt(A) is
any pencil of the same size as Ly(\) such that

mln(R)
1ALy < ZntD
then Ly(\) + AL()) is a strong linearization of a matriz polynomial P(X) + AP()\) of grade k and

IAPIF _ »  IALlF
<C
1Pllr = "5F Llr

o A
e = o (o4 228)

The right minimal indices of Ly(\)+ ALy (X) are those of P(\)+AP()) shifted by k—1 and left minimal
indices of Li(A\) + ALy(\) are same as those of P(A) + AP(X). This coincides with the corresponding
relationship between the minimal indices of Li(\) and P(X).

Proof. Clearly, |AL||r < US‘I‘C‘QS?) = |AB|r < U;‘]‘C‘;S}j’). By Theorem 6.8, there exists AD(\) € F[\JF"xn
of grade k — 1 such that B(\) + AB(A) and Ay ,,(A\)T + AD(M)T are dual minimal bases with all the row
degrees 1 and k-1, respectively. Therefore, Li(A\) + AL:(\) is a strong block minimal bases pencil and

Theorem 5.5 implies that L;(\) + AL (\) is a strong block minimal bases linearization of

l(A(A) + AAN) A n(N) + AD(N)) =: P(\) + AP()\)

«

of grade k. As P(A\) = 2 A(X)(Aj,n(})), we have

1
AP(A) = —{(A(A) + AAN)ADA) + AARX) (Ag,n(A))}-
Therefore, by applying Lemma 6.1 and Theorem 6.8 (b),

[AP]F < %{IIIA(AD)HIF +I(AA(AD)[[F + I(AA) Akl 7}

W{f|||A|‘|F||‘AD|||F + V2| AAFI(AD) P + V2 AAllF}

< {f Il aBe 3||AA|||F}

1 Al = ) ;
<342k = | |AL||
|a‘ ( Umin(R)
‘s imoli lapy 1 Le LAl AL 2 ; ;
This implies that, YEp= < 77 (3+2k0mm(2)> IHTIIIFF Also as the block B()\) is absent in the

linearization L(\) + AL¢()\), we have C(\) = I, in (5.26) and consequently by Theorem 5.5, the right
minimal indices of L;(\) + AL,()\) are those of P(\) + AP()) shifted by & — 1 and left minimal indices of
Li(\) + AL,()\) are same as those of P(\) + AP(\). By Theorem 5.6, the shifting relations between the left
and right minimal indices of P(\) + AP()\) and L;(\) + AL ()) are exactly the same as those between P())
and Li(N). 0
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Now we extend the above analysis to solutions of the complete eigenvalue problem for P(\) obtained via
any linearization L;(\) arising from a g-linearization in IL; (P). As noted in Section 5, any such linearization
Li()) is strictly equivalent to a linearization of the form L;()). Using this fact, and the results for L()\), we
have the following theorem.

THEOREM 6.10. Let Li(\) be any linearization of P(\) = E?:o N A; € FIA™*" of grade k with m > n,
arising from a g-linearization in Ly (P). Let Ly(\) = D™'L,(\) where D is as given in (5.23). Then Ly()\) is
of the form (5.22). Let A(\) and B()\) be the blocks of Ly(\) as specified by (6.29) and (6.30), respectively,
and R € F+:=1n be the nonsingular upper triangular matriz appearing in the block B(X). If ALy(\) is
any pencil of the same size as Ly(\) such that

Umin<R)Umin(D>
(6.35) IAL:F < o2

then Li(A) + ALy(X) is a strong linearization of a matriz polynomial P(A\) + AP(X) of grade k such that

IAPYF _ . IALdlr

(6.36) SCOL, Py
121 IZel e

where Cr, p = ”2\&?) IlllH%ll‘\"; (3 + Qk%), k(D) being the 2-norm condition number of D. The right
minimal indices of Ly(\) + ALy (X) are those of P(\) + AP()) shifted by k — 1 and left minimal indices
of Li(A) + AL¢(\) are same as those of P(\) + AP(X). This coincides with the corresponding relationship

between the minimal indices of Ly(\) and P(\).
Proof. Evidently, Ly(\) := D'L;()) is of the form (5.22). Using (6.35) and the fact that

Li(\) + AL()\) = D(Ly(\) + D7'AL(N),

we have, 3
Umin(R)
2k3/2
Therefore, by Theorem 6.9, Li(\) + D 'AL(\) is a strong block minimal bases linearization of some
polynomial P(A) + AP()) of grade k such that

ID™*AL|lr <

T NH—1
IAPr 1 ILelr <3+2k Al > ID™"ALllr
1Pz = laf I1Ple Tmin (R) el

Using the relations, [ID~* AL r < D2 WALllr and IZole < D] ILdlr, we get,
2 2

~ H—1 >
mAme<1nmmp(3+2kuAhi>!V) | 1azedx |2,
IPlr = Tl I1Plls Tuin( ) I

@@WMMG+%qu>Mhh.
ol IPlls Guin(B)) TLillr

As Li(\) + AL,(\) = D(Ly(\) + D YALy(N)), Ly(A) + AL()\) and Ly(A\) + D *AL,()\) are strictly
equivalent pencils. Hence, L;(A) + AL;(A) is a strong linearization of the polynomial P(\) + AP(A) and the
rules for recovering the minimal indices of P(\) + AP(X) from those of Li(A) + AL;(\) are the same as the
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ones applied to L;()\) + D 'AL()\). Therefore, it follows from Theorem 6.9, that the right minimal indices
of Li(\) + AL¢(\) are those of P(A\) + AP()) shifted by k — 1 and left minimal indices of Li(\) + AL())
are same as those of P(A\)+ AP(\). This coincides with the corresponding relationship between the minimal
indices of Ly(\) and P()). d

Observe that as the block B(\) is absent in the pencil L;()\) when compared with the block minimal
bases pencil (5.25), this greatly simplifies the analysis as the arguments in pages 394-400 of [10] for block
Kronecker linearizations may be skipped as a consequence.

If the complete eigenvalue problem for L;()\) is solved by using a backward stable algorithm, then
ll‘\uA/:L,ﬂ\liF = O(u). In such a situation (6.36) shows that the process of solving the complete eigenvalue
problem for P(\) via linearizations L;()), is globally backward stable if Cp, p is not very large. As

Cr,p = KQ(D)CA'I:J“P, a good choice of L;(\) would be one for which ky(D) = 1 and CA’ﬁhP is not large

for the corresponding pencil Ly(A\) = D~'L,(\). To identify such linearizations, we first note that for the
block A(X) of Ly(\),

r < V2 AlF.

aP(A) = AN Ak (V) = o [Pllr = [[AAL x|

This implies that

Il e > JAls S o
IPle — I1Plle — v2
Now if |a| | P|lz > Gumin(R), then V2ALE 1, and since ILelle > 1, CA’L p will be big. Again if

R Tmin(R) [Pl = V27
la| |IP]lr < Tmin(R), then ‘(‘ﬂfmgl"‘ﬂ > ‘J‘lﬁ']”gﬁlp > 1 and once again CA’ﬁhp will be big. So, a good choice of

L()\) would be one for which |a | P||r & omin(R).

Besides, if [|[Allr = |a| | Pllr & omin(R) and ko(R) = 1, then
CrL,.p=(3+2k)\/1+2(k—1)n

and then

AP AL
e ey LA

1217 Ll

In summary, by using linearizations L;()) satisfying

(i) k2(D) =1 and ka(R) = 1 and

(i) [[AllF = |al | Plr = omin(£),

we will have HlmAP}TH",LF = O(u) if % = O(u). So the complete eigenvalue problem for P(X) can be solved

in a globally backward stable manner by using backward stable algorithms to solve the complete eigenvalue
A(N)
B()\)
global backward stability that were identified in [10] are included in the above choices. In fact they are the
ones for which D = L,y t1ya |0 = 1/IPlp, R = Iy and |Xuol% + [Virll3 = b S0 412
in (5.27) which include the Frobenius companion form C;(A). Our analysis shows that there exist many more
choices of linearizations from among the pencils L;(\) with which the complete eigenvalue problem for P(\)
can be solved in a globally backward stable manner.

problem for such choices of L¢(\). The optimal block Kronecker linearizations of the form { ] ensuring
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Finally, optimal linearizations for global backward stability which can be identified using Corollary 6.3
form a strict subset of the optimal linearizations found by our detailed analysis. To see this, suppose L;())

is a linearization of P()\) of the form (5.22) such that owmin(R) < 1. If [AL|r < TEIE max{lll/a T then

by Corollary 6.3, P(\) + AP()) is a linearization of L¢(\) + AL;(\) such that m\HAI\DHmF < C’m‘fLLﬂ‘m where

I Lol < 5 ILell (1 + Al #)
(6.37) C=2k——"—(1+ ||A|lr) max{1,1/omin(R)} = 2k ——
Il Pllr | Pl pomin (R)
As omin(R) < 1, we also have [|ALlr < ”;’,‘C‘;,Sf). Hence, by Theorem 6.9, P(A) + AP()) is a linearization
2 AP A ALy
of Ly(A) + AL(X) such that mlHPIH"LF < Cit,P%’ where

- Il ( Al )
C; p=77=— |3 +2k———— .
Lol ol Plle Tmin(R)

Now as k > 2, using (6.37) we have,

LLlr (14 Iy Clown(B) +I4lF) _

éﬁmp < 2k

1Pl Tmin (1) a+1Als)

By similar arguments, we can easily show that C' 1,.p < C when omin(f%) > 1. So if C' is a moderate constant
then so is CA’L p, and therefore, if f,t(A) can solve the complete eigenvalue problem for P()) in a globally

backward stable manner on the basis of Corollary 6.3, then our detailed analysis also identifies L:(\ ) as such

(A
a linearization. Moreover, our detailed analysis provides a tighter bound on the backward error MmApmmF than

the one obtained from Corollary 6.3.
Now suppose L;()) is a linearization of P(\) of the form (5.22) such that

IAll7 = ol IPIF & omin(R) and ra(R) = 1.

First consider the case that oumin(R) > 1. If the perturbation ALy(\) induced by the backward error

analysis satisfies %%/2 < H|AI:t Ir < 0’2“];’555), then clearly our detailed analysis has an advantage. Suppose
P min (R - AP 2 AL
that [|ALr < 7875+ Then AL [lp < 02k3§2) and by Theorem 6.9, |”\||PH|"1LF < th,Pm ijHF where
G p ™ (3+2k)/T+2(k— n.
- (R [ 1 arv 6.3 1AL ALl
As omin(R) = 1, we have [[ALi|r < 557 Lo Therefore, by Corollary 6.3, S5 < C I”Lt‘t"FF
where
) 2
JAB+2 ||&|| i
C =2k 1+ Al p) max{1,1/omin(R)} = 2k\/1 + 2(k — Dn(1 + || A r).
1Pl
Now if R is chosen in such a way that oy, (R) > 1 while at the same time ensuring that [|AL||r < 7877
then C' is not a moderate constant as ||Af|F = omin(R) is large.
H 5 7 min R) 3 |AP| A |Ai’ "
Next consider the case that omin(R) < 1. If |ALlr < ‘7%352 , then once again | |HP|””FF <Ci,p HHlLtﬁ\JvF

where C’L p = (3+2k)y/1+42(k — 1)n. Moreover, we also have IAL | F < YR max{l YTt Therefore,
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by Corollary 6.3, IAPIr C”‘Ai‘ MF, where

Pl - T
jagz +2 ||
V14l +2| 2|
C =2k r(+]A4lr) ~ 2k\/1+2(k— 1)n ).
allPlr owm(R) _—

Now C' is not a moderate constant if o, (R) < 1.

Hence, in both cases, €} p is a moderate constant while C' is a large number. For such choices of

linearizations ﬁt()\), it can be said on the basis of our detailed analysis that the complete eigenvalue problem
for P(\) can be solved in a globally backward stable manner. But the same cannot be said about them on
the basis of Corollary 6.3.

7. Conclusion. Given an m X n rectangular matrix polynomial P(\) = Zf:() M A;, of grade k, in this
paper, we have introduced the notion of a generalized linearization also referred to as a g-linearization of
P()). We have also constructed vector spaces of rectangular matrix pencils such that almost every matrix
pencil in the space provides solutions of the complete eigenvalue problem for P(\) with the property that
the left and right minimal indices and bases of P(\) can be easily extracted from those of the pencil. These
spaces become the vector spaces L1 (P) and Lo(P) introduced in [21] whenever P(\) is square. They also
have the same properties with respect to g-linearizations that the spaces IL; (P) and Ly (P) have with respect
to linearizations (as shown in [5]) when P()) is square and singular. The results provide a direct extension
of the theory of the vector spaces L;(P) and Lo(P) to the case of rectangular matrix polynomials. We
have also shown a process of extracting many different strong linearizations from almost every pencil in
L;(P) and La(P). We believe that our work complements the recent work in [13] which allows the study
of linearizations of rectangular matrix pencils in a vector space setting by introducing the block Kronecker
ansatz spaces. While [13] gives the relationship between the particular block Kronecker ansatz spaces Gy (P)
and Gy (P) and the spaces Ly (P) and Ly (P), respectively, when P(A) is square and regular, our work extends
the notion of the spaces L1 (P) and Ly (P) to the rectangular case and shows the relationship between strong
linearizations of P(A) extracted from the pencils in L (P) and Lo(P) and the linearizations in G1(P) and
Gg(P).

A global backward error analysis of the process of solving the complete eigenvalue problem for P(\) via
the linearizations that can be extracted from strong g-linearizations in L; (P) and Lo (P) was also conducted
on the lines of the one in [10]. It showed that these g-linearizations provide a wide choice of linearizations
that can solve the eigenvalue problem for P()\) in a globally backward stable manner. This analysis which
was not carried out earlier even for the case that P()\) is square, will be useful in making optimal choices
of linearizations in computation. Moreover, we believe that when P()) is square and has some additional
structure, the results may be extended to identify larger collections of optimal structure preserving lineariza-
tions beyond the ones known in the literature, with respect to the eigenvalue problem for P(A) which can
be solved in a globally backward stable manner.

8. Appendix: Proof of Lemma 6.6. As the result is obvious for k = 2, we assume that & > 2. Since
Cj(r) = Cj(Hy—1) ® I, for j = k — 1,k — 2, it is enough to show that

(8.38) Omin(Ch—1(Hk-1)) = Omin(Cr—2(H-1)) = 2sin <4k;7r_ 2> :
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For simplicity, we denote C;(Hy—_1) by C; for j = k—1, k—2. To complete the proof, it is enough to show that
both the matrices C,_; and C},_5 are full rank and the smallest nonzero eigenvalues of S;_5 := C};_,C\_2 and

Sk—1 = C}_,C_1 are both equal to 242 cos (2(2]2:11)”) . This is because in such a case, the smallest singular
2
values of Cj_1 and Cj_s will both be equal to \/2 + 2 cos (2(2’“k:11)”) = (2 sin (ﬁ)) = 2sin (41%2)
For j > 1, let
1
9 0
-1 0
5 .
1) -0 Jxj
JxJj
and

Tj :Dj+Lj+L?+eje?,Tj :Dj+Lj+L;+€16?,

where e; is the j-th column of I;. Now a simple multiplication shows that

D, LT 1 (D, LT
L, Dy LT L, D LT
Sk—o = ' ' ' and Sip_1 =
L, Dy LT L, Dy LT
| Li Dy L Ly Dy,
(k—1) block columns. k block columns.

To find the smallest nonzero eigenvalue of Sy_s, consider the permutation matrix

P[P Py - Prys] € CHE-DxkG=D),
where
B (6 Cir(orr) o Cix(h—2)(htr)|» fori <2,
! [éi €it(kt1) - éi+(k73)(k+1)] , for3<i<k—+1.

Here ¢€; is the j-th column of Iy _1). Then PTS,_oP is a block diagonal matrix of (k + 1) blocks where

. Tr;
Ty_1 is the first block, T _1 is the second block, and [ kogtl ,j=3,4,...,(k+1), is the j-th block,

Tj—3]
with Tp and Ty being empty matrices.

Clearly the first two blocks have the same eigenvalues and the sub-blocks of all other blocks are principle
submatrices of the first or second block. Hence, by using the inclusion principle for eigenvalues of Hermitian
matrices [18, Theorem 4.3.15], we can say that the smallest eigenvalue of Si_» is the smallest eigenvalue of
any one of the first two blocks, in particular of the second block Tho1.

To find the smallest nonzero eigenvalue of Si_1, consider the permutation matrix

75:[751 Py oo 75k+1}€Ck2Xk27
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where
P (6 Civ(ern) ' Cir(h—1)(kt1)|, fori=1,
’ (6 Civ(orr) o Cirh-2(htn)), for2<i<k+1.

Here ¢é; is the j-th column of Ij2. Then PT S, 1P is a block diagonal matrix of (k+1) blocks where the first

block is Dy, + Ly + LT, the second block is Ty_1, and the j-th block is [Tk_jH } forj=3,4,...,(k+1)

T s
with Ty being the empty matrix.

Clearly zero is an eigenvalue of the first block and the second block can be obtained by removing the
first row and first column of the first block. Again the sub-blocks of all other blocks are either submatrices
of the second block Tk_l or of Ty_1. Since Tj_1 and Tk_l have the same eigenvalues, hence by using the
inclusion principle for eigenvalues of Hermitian matrices, we can say that the smallest eigenvalue of Sj_1 is
zero and the second smallest eigenvalue is the smallest eigenvalue of the second block Tho1.

From [30, Theorem 1] the smallest eigenvalue of Tj_; is 2 + 2 cos (2(2]2%11)“) . Hence, 2 + 2 cos (2(2]2%1?)

is the smallest nonzero eigenvalue of both the matrices S;_; and Si_o. This proves that Cx_; and Cy_o are
both full rank such that (8.38) holds. 0
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