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BRAUER’S THEOREM AND NONNEGATIVE MATRICES
WITH PRESCRIBED DIAGONAL ENTRIES*

RICARDO L. SOTO, ANA I. JULIOT, AND MACARENA COLLAOf

Abstract. The problem of the existence and construction of nonnegative matrices with prescribed eigenvalues and diagonal
entries is an important inverse problem, interesting by itself, but also necessary to apply a perturbation result, which has
played an important role in the study of certain nonnegative inverse spectral problems. A number of partial results about
the problem have been published by several authors, mainly by H. Smigoc. In this paper, the relevance of a Brauer’s result,
and its implication for the nonnegative inverse eigenvalue problem with prescribed diagonal entries is emphasized. As a

o n
consequence, given a list of complex numbers of Smigoc type, or a list A = {A1,...,A\p} with ReX; <0, A1 > — > \;, and
=

7

n
{— ST Ay A2,y )\n} being realizable; and given a list of nonnegative real numbers I' = {v1,...,vn}, the remarkably simple
i=2
condition 1 4 -+ +vn = A1 + - - - + Ap, is necessary and sufficient for the existence and construction of a realizing matrix with

diagonal entries I'. Conditions for more general lists of complex numbers are also given.
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1. Introduction. The problem of the existence and construction of nonnegative matrices with pre-
scribed eigenvalues and diagonal entries is an important inverse problem, interesting by itself but also
necessary to apply a perturbation result, due to R. Rado and published by H. Perfect [12], which has played
an important role in the study of the nonnegative inverse eigenvalue problem (NIEP), and the nonnegative
universal realizability problem (NURP), which is the problem of finding necessary and sufficient conditions
for the existence of a nonnegative matrix with spectrum A = {A1,...,\,} for any possible Jordan canonical
form (JCF) allowed by A. A first motivation for this work was a result due to Fillmore [7] and extended
by Borobia in [2]. In 1969, Fillmore [7] proved that if A is an n x n non-scalar matrix over a field F, and

n

Y1y -y Yn € Fwith Y v = trA, then there exists a matrix B similar to A having diagonal entries v1, ..., vn.
=1

i=
The proof in [7] is by induction on n, and it provides, implicity, an algorithm in (n — 1) steps, to construct a
matrix B. Borobia [2] develops an explicit and simple algorithm, in only two steps, to compute the matrix B,
and then extends Fillmore Theorem to matrices with integer entries. In this work, we present a different and

very simple way to compute a matrix B similar to A with arbitrarily prescribed diagonal entries 71, ..., vn
(except for the trace property).

Results of Fillmore and Borobia do not consider the nonnegativity hypothesis. Our main motivation is
to consider the nonnegativity hypothesis and to give conditions under which a given list of complex numbers
A = {\,..., Ay}, is realizable by a nonnegative matrix with arbitrarily prescribed diagonal entries. In
particular, we show that given a list of complex numbers A = {A1,...,\,}, which is the spectrum of a
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nonnegative matrix, with A\; being the Perron eigenvalue, and \;, i = 2,...,n, belonging to
(11) Z) F = {>\z € C: Re); < 0, |R€)\l| > |Im)\l\},
or
(1.2) i) G = {Ai €C: Re); <0, ‘\/gRe)\i > |Im)\i|},
and given real nonnegative numbers vy, ..., , such that
n n
(1.3) D= N
i=1 i=1
then there exists an n X n nonnegative matrix A with spectrum A and diagonal entries vy, ..., 7y, if and only

if (1.3) holds.

Lists A = {\1,..., Ay} in the left half plane, with A;, i = 2,...,n, belonging to

iti) H = {X\i € C: ReX; <0}, with Ay > =) " \;, and
=2

A = {_ Z Ais A2y, )\n} being realizable,
i=2

are also realizable with spectrum A and with diagonal entries 71, ...,, if and only if (1.3) holds. It is well
known that under condition (1.3), lists with the property ) (lists of Suleimanova type) and lists with the
property i) (lists of Smigoc type) are realizable. The novelty here is that, under the remarkably simple
condition (1.3), A is not only realizable, but it is realizable with arbitrary prescribed diagonal entries. This
surprising simple result simplifies, significantly, for lists ¢), #¢) and 4ii), the procedure proposed by Ellard
and Smigoc in [6]. We also consider more general lists of complex numbers, and we prove that they are
the spectrum of a nonnegative matrix with arbitrarily prescribed diagonal entries if and only if the trace
property holds. As a by product of these results, we also consider the nonnegative structured case and the
universal realizability of lists with prescribed diagonal entries.

The set of all matrices with constant row sums equal to o will be denoted by CS,,. It is clear that e’ =
[1,1,...,1] is an eigenvector of any matrix A € CS,, corresponding to the eigenvalue «. The importance of
matrices with constant row sums is due to the well known fact that if A; is the desired Perron eigenvalue, then
the problem of finding a nonnegative matrix with spectrum A = {A\1, A2, ..., A, } is equivalent to the problem
of finding a nonnegative matrix in CSy, with spectrum A. We shall say that the list A = {\;, Ao, ..., Ay} is
realizable if there is a nonnegative matrix A with spectrum A. In this case, we say that A is the realizing
matrix. Our main tools will be two perturbation results, due to Brauer [3] and Rado [12], and a lemma,
which tell us how is the JCF of the Brauer’s perturbation.

THEOREM 1.1. [3] Let A be an n x n arbitrary matriz with eigenvalues A1, \a, ..., An. Let v = [v1,vq,
..., Up] be an eigenvector of A associated with the eigenvalue A\, and let q be any n—dimensional vector.
Then the matriz A +vq®l has eigenvalues A1, ..., Ab—1, At + VI A1y -5 Ay b =1,2,..., 7.

LEMMA 1.2. [14] Let A € CSy, be a matriz with Jordan canonical form J(A). Let 9T = [q1,...,qs] be

n
an arbitrary n—dimensional vector such that A + Y. q; # \i, @ = 2,...,n. Then the matriz A + eq’ has
i=1

Jordan form J(A) + (Z (Ii) Eq11. In particular, if > q; = 0, then A and A +eq” are similar.
i=1 i=

=1
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THEOREM 1.3. [12] Let A be an n X n arbitrary matriz with eigenvalues A1, A, ..., A, and let Q =
diag{A1, A2, ..., A} for some r <mn. Let X be an n x r matriz with rank r such that its columns X1, ...,X,

satisfy Ax; = Nixy, @ = 1,2,...,r. Let C be an r X n arbitrary matriz. Then the matriz A + XC has
etgenvalues (1, 1oy -« -y fhry Ap1y -« -y An, WHheTe fa, pa, . . ., by are eigenvalues of the matriz Q + CX.

The paper is organized as follows: In Section 2, we consider the general case, that is, we introduce a
very simple way to compute a matrix B with arbitrarily prescribed diagonal entries, which is similar to a
given non-scalar matrix A. In Section 3, we consider the nonnegative case and we show a nice and useful
consequence of Brauer’s result, Theorem 1.1, which allow us to give necessary and sufficient conditions for
the existence and construction of nonnegative matrices with prescribed eigenvalues and diagonal entries. In
particular, we show that realizable lists of Suleimanova and Smigoc type, are realizable by a nonnegative
matrix with arbitrarily prescribed diagonal entries if and only if the trace property is satisfied. We also
show that a list A = {A\1,..., A} of complex numbers in the left half plane, with \; € H, i = 2,...n,

n n
A1 > —=> A, and § — > Ai, A, ..., A, ¢ being realizable, is in particular realizable by a nonnegative matrix
i=2 i=2

n n

with prescribed diagonal entries 71, ...,7v, if and only if Y 7, = > A;. In Section 4, we consider structured
i=1 i=1

matrices and give sufficient conditions for the existence of symmetric, normal, and persymmetric matrices

with prescribed eigenvalues and diagonal entries. Finally, in Section 5, we study some lists universally
realizable with prescribed diagonal entries. We provided some examples to illustrate the results.

2. The general case. In this section, we introduce a very simple way to compute a matrix B similar

to a given non-scalar matrix A, with B having arbitrarily prescribed diagonal entries ~1,...,7,. Of course,
n
we need that Y~ v; = trA. Then we have:
i=1
THEOREM 2.1. Let A = (ai;) be an n x n non-scalar complex matriz and let T = {v1,..., v} be a given
list of complex numbers. Let xT = [x1,...,2,] be an eigenvector of A having all its entries nonzero. Then
n
there exists a matriz B similar to A with diagonal entries v1,...,vn, if and only if > v; = trA.
i=1

n
Proof. Tt is clear that the condition is necessary. Let > ; = trA. First, let A be an n x n non-diagonal
i=1

matrix, and let D = diag{x1,...,z,}. Then D is a nonsingular matrix and D"'AD € CS), where Ax = \x.

Let

qT:[qla"'aqn] With%‘:%‘—aii, i=1,...,n.

Then, B = D™'AD + eq” has diagonal entries 71,...,7, and from Lemma 1.2, B is similar to A. Second,
let A be diagonal. Consider

T T
Sz[l 0 }andS‘lz{l 0 }

—e I, e I,
Then S~1AS € CS,, where ) is an eigenvalue of A (a diagonal entry of A), and
B=S"1AS+eq’, with ¢ =~; — a;,
is similar to A and has diagonal entries 71, ..., Vx. 0

Let us consider [2, Example 6]:
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ExXAMPLE 1. We want to construct a matrix with diagonal entries 3,5, —2,6, —1 and similar to

4 0 4 -3 5
2 3 0 2 3
A=|0 -2 2 5 4
7 1 3 4 0
2 5 3 0 =2

A has not constant row sums, but it has an eigenvector with all nonzero entries

T__ 5 _ 497 1259 335 1698
x'=[zl_y = &1 1033 55 wee 1]

Let D = diag{z1,...,x5}. Then

4 0 3893 1713 2352
579 250 389
802 3 0 1652 3131
591 533 1272
D'AD=| 0o 2B o 2L Y | cCSsor
- 1185 427 335 =T
2081 533 1742 4 0
679 826 789
994 1298 1005 0 _9
601 213 241

Now, from Theorem 2.1 we have that
B=D1'AD +e[-1,2,-4,2,1]
has the required diagonal entries 3,5, —2,6, —1. Moreover, from Lemma 1.2 B is similar to A.

The next result shows that if A is an integer matrix, we may construct new integer matrices with
prescribed integer diagonal entries.

COROLLARY 2.2. Let A € CSx be an n X n non-scalar real matriz with integer entries, and let I' =
{71,.--,v} be a given list of integer real numbers. Then, there exists an integer matriz B similar to A,
n
with diagonal entries y1,...,vn, if and only if > v; = trA.
i=1
3. The nonnegative case. Brauer’s result, Theorem 1.1, has played an important role in the study
of the NIEP and the NURP. Another important issue of Theorem 1.1, is that it can be efficiently applied
to the NIEP with prescribed diagonal entries, which is the problem we study in this paper. In fact, a
straightforward consequence of Theorem 1.1 is the following result:

n
LEMMA 3.1. Let ' = { ST A Ay )\n} be a realizable list of complex numbers, with Perron eigen-
i=2

n n
value — Y A;. Then for any Ay > — > N, the list A = {1, Aa, ..., A\, } is the spectrum of a nonnegative
i=2 i=2

n n
matriz with prescribed diagonal entries T' = {y1,v2,...,Vn}, f and only if > vi = > A
i=1 i=1

n n
Proof. Let >~ 7; = > A;. Since A’ is realizable, there exists a nonnegative matrix B € CSg, where
i=1 i=1

n
B =— > \i, with spectrum A’ and tr(B) = 0. Let v/ = [y1,...,7,] . Then, from Theorem 1.1, A = B+eyT
i=2
is a nonnegative matrix with spectrum A and with diagonal entries 1,72, ..., ¥n. It is clear that the condition

is necessary. ]
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We point out that Lemma 3.1 can be used for more general lists A’, not necessarily realizable lists with
zero trace. However, in this case, we cannot obtain all possible values of diagonal entries ~;.

EXAMPLE 2. The lists A, = {7,5,1, 3, —4, —6}, Ay = {6,1,1, —4, 4}, and Ay = {4, -2, —1+2i, ~1 —
2i}, satisfy conditions of Lemma 3.1. Then, if ¢ > 0, the lists Ay = {7 +¢,5,1,—-3, -4, -6}, Ay, =
{6 +t1,1,—4, -4}, and A3, = {4 +¢,—2,—1 + 2i, —1 — 2i, are realizable by a nonnegative matrix with

diagonal entries 71,...,7n, if and only if > +; = t. In particular, if A = {5,4,0,—3,—3, -3}, we may
i=1

compute a realizing matrix for A (see [15, Example 3.3]), that is,

SN NN OO

S W o O wo
O O O O O Ww
w o w o oo
O O O w o o
N OO O NN

6
Then A = B + ey, with 77 = [y1,72,...,7] > 0, Z% = t, is nonnegative with spectrum A; = {5 +
i=1

t,4,0,—3,—3,—3} and diagonal entries v1,72,...,s.

Rado’s result, Theorem 1.3, is a perturbation result, due to R. Rado and published by Perfect in [12]. Tt
says that we may simultaneously change r eigenvalues of an n x n matrix, r < n, without changing the n —r
remaining eigenvalues. Rado’s result has also played an important role in the determination of sufficient
conditions for a solution to both problems, the NIEP and the NURP. Since Rado’s result is a generalization
of Brauer’s result, it gives in general, better information about the realizability of a list A = {\1,..., A}
For instance, the lists Ay = {6,1,1,—4, -4}, Ay = {6,3,3,—5, -5}, and A5 = {5,4,0,—3,—3, -3}, are not
Brauer realizable, but they are Rado realizable. Observe that to apply Theorem 1.3 we need to guarantee
the existence of an r x r matrix, r < n, with prescribed eigenvalues and diagonal entries. This is precisely
the problem that interests us in this paper.

We also show that if the trace condition (1.3) is satisfied, then lists A = {A1, A2, ..., Ay} with only one
positive eigenvalue, of Smigoc type in (1.2), are always realizable by a nonnegative matrix with arbitrarily
prescribed diagonal entries v1, 7, . ..,v,. The following results are a consequence of Lemma 3.1:

COROLLARY 3.2. Let A = {A\1, A2,..., \n} be a realizable list of complex numbers of Smigoc type, that
is, with \; € G, i =2,...,n. Let T = {~1,...,7} be a list of nonnegative real numbers. Then there exists
a nonnegative matriz A € CSy, with spectrum A and diagonal entries v1,...,%n, of and only if Y ;v =

Z?:l Ai

Proof. The condition is necessary. Let A" = { =" , X\i, A2,..., Ap}. Then A’ is Smigoc realizable, that
is, there exists a nonnegative matrix B with spectrum A’ and ¢r(B) = 0. Observe that B can be taken with
constant row sums equal to — Y, A;. Let v7 = [y1,792, ..., v] with >0 5 = >°7 | Ai. Then, A = B+ey”
is nonnegative with spectrum A and diagonal entries vy1,v2, ..., Yn- |

Since lists in (1.2) contains lists in (1.1), it is clear that lists of Suleimanova type also satisfies Corollary
3.2.
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ExAMPLE 3. Consider the list
A={16,-1,-2,—2+ 2i,—2 — 24, =2+ 37, —2 — 3i}.

We want to compute a nonnegative matrix with spectrum A and diagonal entries {0,1,2,0,2,0,0}. Then
we take the list

N ={11,-1,-2,-2+ 2, —2 — 2i, -2 + 3i, -2 — 3i},

which is Smigoc realizable by the nonnegative matrix

0 04 0 0O0 7
2 02 0 00 7
0 40 0 00 7
B=|32 00 0 0 4 %4 |ecCSu.
30 13 347
Booboao b
11 11
L 0 00 11 0 0 0 |

Hence, A = B + eyT, with 47 = [0,1,2,0,2,0,0], is nonnegative with spectrum A and desired diagonal
entries.

In [11, Theorem 3], Laffey and Smigoc solved the NIEP in the left half plane. They proved that if
A ={\1,\2,...,A\n} is a list of complex numbers with Re\; <0, A = A, \; > |\;|, i =2,...,n, then A is
realizable if and only if

n n
(3.4) 51 = Z/\i >0, s9= Zx\f >0, s? < nsy.
i=1

i=1

Now, we show that lists in the left half plane, A = {A\1,\a,..., A}, with \; € H, ¢ = 2,...,n, can also be
realizable with prescribed diagonal entries.

COROLLARY 3.3. Let A = {1, Ao, ..., \n}, s € H, i =2,...,n, be a list of complex numbers such that
A > =20 o iand N ={—=3" 5N, Xay ..., A} is realizable. Let T = {v1,...,v,} be a list of nonnegative
real numbers. Then there exists a nonnegative matriz A with spectrum A and diagonal entries vy, ...,vn if
and only if Y 1 vi = D g N

Proof. The condition is necessary. Let " ;v = >, A;. Since A’ is realizable, there exists a non-
negative matrix B with constant row sums equal to — Y ., \;, having the spectrum A’ and ¢r(B) = 0.
Let v7 = [y1,...,7a]. Then, A = B + ey’ is nonnegative with the spectrum A and diagonal entries
Y1725 -5 Y- a

ExXAMPLE 4. Consider, in the left half plane, the list
A ={15,-1,-2,—-3 + 5i, —3 — 5i, —2 + 5i, —2 — 5i},

with
AN ={13,-1,-2,-3 + 5i,—3 — 53, —2 + 5i, —2 — 5i}
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A’ satisfies conditions (3.4). Then it is realizable by the companion matrix

[0 1 0 0 0 0 0]
0 0 1 0 0 0 0
0 0 0 1 0 0 0
C= 0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

| 25636 44542 23592 5593 956 50 O |

C has a positive eigenvector v = [vi];l = [1, a,a?,a3,a* a’, aﬂ with @ = 13. Then if D = diag{1,a,...,a’},

B = D7CD € (8,3 is nonnegative with spectrum A’ and tr(B) = 0. Hence, if v7 = [y1,...,7,] is
nonnegative with i, v; = 2, the matrix A = B + ey” is nonnegative with the spectrum A and diagonal
entries yi,..., Vn-

4. The nonnegative structured case. We recall the following result in [1, Theorem 2.5], which
shows how Theorem 1.3 is applied to compute a solution to the problem of finding a nonnegative matrix
with prescribed spectrum and diagonal entries:

THEOREM 4.1. Let A = {1, Aa,..., An} be a list of complex numbers and let T' = {v1,..., v} be a list
n n
of nonnegative real numbers with Z)\i = Z%. Suppose there exist partitions

i=1 i=1

A=ANUAU---UA, andT =T1UT2U--- ULy, with

Ao ={Xo1,- -, Aope}, Aoj €A, J=1,...,p0, Ao1 = A1,

A= {1, Mk by T = {10+ Yepeo V(o) 15 Aki €A, iy €T,
k=1,2,....p0, t=1,...,pk, 7=1,....0+1,

where some lists Ay, k =1,2,...,pg, can be empty. Suppose that the following conditions hold:

i) For each k =1,2,...,po, there exists a nonnegative matriz, with spectrum Uy = {fk, i1, - - s Ap,,  and
diagonal entries T'.

i) There exists a po X po nonnegative matric with spectrum Ay and diagonal entries fu1, fa, . . ., fpg-
Then there exists a nonnegative matriz with spectrum A and diagonal entries T.

Theorem 4.1 can be easily applied to obtain structured nonnegative matrices with prescribed spectrum
and diagonal entries. Here, we consider symmetric, normal, and persymmetric nonnegative matrices.

4.1. Symmetric nonnegative matrices with prescribed diagonal entries. In [13, Theorem 2.6],
the authors prove a symmetric version of the Rado’s result, Theorem 1.3. Based on this result and Theorem
4.1, we give sufficient conditions for the existence and construction of a symmetric nonnegative matrix with
prescribed spectrum and diagonal entries:
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THEOREM 4.2. Let A = {A1,Aa,..., A} and T = {y1,...,7} be lists of real numbers, with Z)‘i =

i=1
n
Z%, andv; > 0,1=1,...,n. Suppose there exist partitions
i=1
A=AUAU---UA,, and'=T1 U U---UTL,,, with
AO:{)\()I?"‘?)\OPO}? A0j€A7 j:17"'7p07 )‘01:)\17
Ak = {)‘kla ceey Akpk}v Fk = {Pykla o 77kpk37k(pk+l)}7
k=1,2,...,p0, Awi €A, Yij el +=1,...,pk, j=1,...,px+1,
where some lists Ay, k= 1,2,...,pg, can be empty. Suppose that the following conditions hold:
1) For each k = 1,2,... po, there exists a symmetric nonnegative matriz, with spectrum Uy = {uk, k1,
ooy Ay, b and diagonal entries T'y,.
i1) There exists a poXpo symmetric nonnegative matriz with spectrum Ao and diagonal entries p1, pa, . . . , fhp, -

Then there exists a symmetric nonnegative matriz with spectrum A and diagonal entries T.

Proof. From i) let A be a symmetric nonnegative matrix with spectrum U, and diagonal entries T'k.
Then

Ay
A
A=
APO
is symmetric nonnegative with spectrum U; U --- UU,, and diagonal entries I'y U --- U T, . From i) let B
a symmetric nonnegative matrix with spectrum Ao and diagonal entries p1, pi2,.. ., ftp,. Then if X is the
matrix of the normalized eigenvectors of A associated with the eigenvalues p1, po, ..., fp,, and C' = B — Q,

where Q = diag{p1, 2, . ., ftp, |, then
M=A+XCXT

is symmetric nonnegative with spectrum A and diagonal entries I'. 0

REMARK 1. As an application of Theorem 4.2, it is easy to show by induction, that lists of real numbers
A= {A,h,..., A} with Ay > 0, A\; <0, j =2,...n (lists of real Suleimanova type), are realizable by
n

n
a symmetric nonnegative matrix with diagonal entries v1,72,..., vy, if and only if Z*y,; = Z)‘i' For the
proof it is enough to consider the partition = =
A=Ay UA; UAy U A3 with
Ao={1, A, 23} A =A3=0, Aa=A—Ag
with the realizable associated lists

Uy ={m}, Us ={mm}, Ua ={ A1+ X2+ A3 =71 —Yns Aay oo, An )

EXAMPLE 5. We want to compute a symmetric nonnegative matrix with spectrum A = {10,5,1, -3,
—4,—6} and diagonal entries I' = {1,1,1,0,0,0}. We take the partition

Ao ={10,5,1}, Ay = {6}, Ay = {~4}, As = {3}
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with realizable associated lits
Uy ={8,—6}, Us = {5,—4}, Us = {3,-3}
with diagonal entries
Iy ={1,1}, I'; = {1,0}, I's = {0,0}, respectively.

The symmetric nonnegative matrices

w3l Ve[ ]

have the required spectra and diagonal entries. From [13, Remark 3.3] we compute a symmetric nonnegative
matrix B with spectrum Ag, and diagonal entries 8,5, 3. That is,

8 2 V2 0 2 V2
2 5 2v2 |, with C=| 2 0 2v2
V2 2v2 3 V2 2v2 0
Then, for

Ay V2 L2
0 0
0 0

N[

0
0 ,
INCERW

M = A+ XCXT is symmetric nonnegative with spectrum A and diagonal entries I

0
Vb
0

ol
O wiv O

As

o[

4.2. Normal nonnegative matrices with prescribed diagonal entries. In [8, Theorem 2.1], the
authors prove a normal version of Theorem 1.3, and based on this result they give sufficient conditions for
the existence of a normal nonnegative matrix with prescribed spectrum [8, Theorem 3.1] Then, we have:

THEOREM 4.3. Let A = {\1, o, ... n} be a list of complex numbers, and let T' = {v1,...,v,} be a list

of nonnegative real numbers, such that Z% Z)\ Suppose there exist partitions
i=1 i=1

A:A(]UAlLJ"'UApD andF:F1UF2U-~-UPpm with
Ao ={Do1,-- -, Aopo s Aoj €A, J=1,...,p0, Ao1 = A1,
Ak = {)‘kh LR} Akpk}v Fk = {7k17 .. 77kpkafyk(pk+l)}7
k=1,2,...,p0, Aki EA, Vkj el i=1,...,pk, 7=1,...,px+1,
where some lists Ay, k=1,2,...,pg, can be empty. Suppose that the following conditions hold:

i) For eachk =1,2,...,po, there exists a normal nonnegative matriz, with spectrum Uy, = {g, A1, - - - Mepy |
and diagonal entries T'.

i) There exists a po X po normal nonnegative matriz with spectrum Ay and diagonal entries pi1, po, . . . , thp, -

Then there exists a normal nonnegative matriz with spectrum A and diagonal entries I'.

Proof. The proof is similar to the proof of Theorem 4.2 (or [8, Theorem 3.1]). d
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4.3. Persymmetric nonnegative matrices with prescribed diagonal entries. In [9, Theorem
3.1], the authors prove a persymmetric version of Theorem 1.3, and based on this result they give sufficient
conditions [9, Theorems 3.2 and 3.3], for the existence and construction of a persymmetric nonnegative
matrix with prescribed spectrum. Then, from [9], we have for the case even py:

THEOREM 4.4. Let A = {\1,...,\n} be a list of complex numbers, and let T = {y1,...,v,} be a list of

nonnegative real numbers, such that Z% = Z)\Z-. Suppose there exist partitions
i=1 i=1
A:A()UAlUUAPTO UAPTOUUAl and
FZFIU-“UF%O UFPTOH-UFl, with
AU = {)\017...,)\0170}, >\0j S A, j = 17...,p0, )\01 = )\1,
A= {1, Mk by T = {10+ Yepro Yoy} Aki €A, iy €T,

bo . .
k:1,2,...,5, i=1,....p6, 7=1,...,pk+1,

where some lists Ay, k=1,2,..., 5, can be empty. Suppose that the following conditions hold:

i) For each k =1,2,..., 5, there exists a nonnegative matriz, with spectrum Uy, = {fir, A1, .-, Akp, } and
diagonal entries T'.

11) There exists a pg X pg persymmelric nonnegative matriz with spectrum Ao and diagonal entries py, pa, .. .,
/’LPTO?M%M sy M2 f-

Then there exists a persymmetric nonnegative matriz with spectrum A and diagonal entries I

Proof. The proof is similar to the proof in [9, Theorem 3.2]. The case odd py is also similar to the proof
in [9, Theorem 3.3]. O

REMARK 2. As an application of Theorem 4.4, it is easy to show by induction, that lists of complex
numbers A = {A1,A2,..., A} with Ay > 0, Re); <0, [V3Re ;| > [ImA;], j =2,...n (lists of Smigoc
type), are realizable by a persymmetric nonnegative matrix with diagonal entries 1,72, ..., Vn, if and only
if Z'yi = Z)‘i‘ For the proof it is enough to consider the partition

i=1 i=1
A:A()UAl UAQUAl with
Ao ={A, A A1, Ar =0, Ap = A — A,

where \;, A; are real or complex conjugate, with the realizable associated lists

U = {m}, Us = {1+ N+ Aj — 2y} U As.

5. Lists universally realizable with prescribed diagonal entries. A list A = {\;, \a,..., A\, } of
complex numbers is said to be universally realizable (UR) if there exists a nonnegative matrix with spectrum
A and any possible JCF' allowed by A. In this section, we study the nonnegative universal realizability
problem, NURP, with prescribed diagonal entries, that is, we study lists which are UR with realizing matrices
having prescribed diagonal entries. In [5, Theorem 2.2] the authors proved that a list A = {A1, Ag,..., A} of

complex numbers of Smigoc type is UR if and only if > A; > 0. Moreover, In [10, Theorem 3.1] the authors
i=1
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prove that if a list A = {A1, Aa,..., An} is UR, then Ay = {\; +¢,)a,..., A\, } is also UR. Then for complex
lists of Smigoc type we have:

COROLLARY 5.1. Let A = {A\1, Aa,..., \n} be a realizable list of complex numbers of Smigoc type, that
s, with \; € G, i=2,...,n. LetT' = {y1,...,v} be a list of nonnegative real numbers. Then, A is UR with

n
realizing matrices having diagonal entries vy, ...,vn, if and only if > v = D N
i=1 i=1

Proof. The condition is necessary. Let > v; = > A;. From [5, Theorem 2.2] the list A’ = { = > Aiy Ag,
i=1 i=1 i=2
e An }, is UR. Then there exists a nonnegative matrix B with spectrum A’ for each JCF allowed by A’. Let
T _
v =1
Moreover, since — > A; + >_ v = A1, from [10, Theorem 3.1], A is UR. d

=2 =1

Yi,--+yYn] - Then A = B + eyT is nonnegative with the spectrum A and diagonal entries 71, .. ., V.
n n

Observe that, since the construction of Ellard and Smigoc in [6] is of the form C + D, where C is
a companion matrix of zero trace and D is a diagonal matrix, then it only allows to obtain nonnegative
matrices with JC'F with just one Jordan block for each different eigenvalue. Thus, this construction cannot
lead to universal realizabilty.

In [4], the authors study the universal realizability of lists of real numbers with two positive eigenvalues.
Here, we also consider spectra UR with two positive eigenvalues and with realizing matrices having prescribed
diagonal entries. Then, next result is a corollary from [4, Theorem 3.2].

COROLLARY 5.2. Let A = {A1, A2, A3,..., A} be a list of real numbers with A1 > Ay > 0, A; < 0,

n n
i=3,...,n, Z)‘i >0. LetT' = {v1,...,vn} be a list of nonnegative real numbers such that Z% = Z)‘i‘
i=1 i=1 i=1
If there exists a partition

F = {)\3,)\4,...,)\n}:F1UF2 with
Fi={a,...,as}, Fo={B1,...,Bn—s—2},

where oy, 5 € F, 1 =1,...,5, j=1,...,n—s—2, such that

s+1 s n n—s—2

M= =Y = > - > B
i=1 i=1 i=s+2 i=1

then A is UR with a realizing matriz having diagonal entries vi,...,Vn-
Proof. Let
s+1 s n n—s—2
S SR S e O
i=1 i=1 i=s+2 i=1

Then it is clear that the lists
Fll = {wl, Ay ,O[s} and F2/ = {WQ, 51, e >Bn—s—2}

are realizable by nonnegative matrices 4; and As, with diagonal entries {v1,...,vs+1} and {Vs42,..-, W},
respectively. Now, in order to apply Theorem 4.1, we compute a nonnegative matrix
w1 )\1 — W1

B:
)\1—&)2 w2
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with spectrum {A;, A2} and diagonal entries wy,ws (see [1, Theorem 2.5] and the paragraph just below
Example 2 in Section 3). Then,

A_{ A2}+XC,

where X and C are the matrices in Theorem 1.3, X being the n X 2 matrix of eigenvectors of A and
C = B — diagB, is nonnegative with diagonal entries 1, ..., 7y, and from [4, Theorem 3.2], A is UR. |
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