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SURJECTIVE ADDITIVE RANK-1 PRESERVERS ON HESSENBERG MATRICES*

PRATHOMJIT KHACHORNCHAROENKUL!? AND SAJEE PIANSKOOL

Abstract. Let Hy,(F) be the space of all n X n upper Hessenberg matrices over a field F, where n is a positive integer
greater than two. In this paper, surjective additive maps preserving rank-1 on H, (F) are characterized.
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1. Introduction. During the past twenty years, there are various research concerning additive preserver
problems (APPs). APPs are problems similar to LPPs (linear preserver problems) except that these maps
preserve the addition while preserving the scalar multiplication is not required. In general, additive rank-1
preservers are among the most studied subjects for examples in 2003 Cao and Zhang [1] gave the structure
of additive rank-1 preserving surjections on symmetric matrix spaces over a field of characteristic not 2 or 3.
Surjective additive rank-1 preservers on the full matrix algebra over any field were characterized by Cao and
Zhang [2] in 2004. A year later, this work was extended by Zhang and Sze [7] to studying additive rank-1
preservers between spaces of full matrices of different dimensions.

This paper is motivated by the work of Cao and Zhang [2] and that of us [5] which provided the structure
of linear rank-1 preservers on the space of all n x n upper Hessenberg matrices over an arbitrary field F,
where n > 3. Note that a square matrix (a;;) is upper Hessenberyg if a;; = 0 whenever j + 1 < 4. Likewise
upper triangular matrices, upper Hessenberg matrices over a field form a vector space. Moreover, we can
rewrite complex matrices into a Hessenberg decomposition [4], i.e., “for a complex matrix A, there exist a
unitary matrix P and a Hessenberg matrix H such that A = PHP ”. In another word, the similarity of such
matrices A and H leads to some shared properties, for examples, their rank, determinant and eigenvalues.
Particularly, Hessenberg matrices play an important role in the QR algorithm by reducing workload of each
iteration: O(n?) for a general matrix and O(n?) for the Hessenberg form of the original matrix [6].

In this paper, some properties of Hessenberg matrices are given in Section 2 and surjective additive
rank-1 preservers are characterized in Section 3 by using only basic concepts in the matrix theory.

2. Preliminaries. For convenience, we begin with the following definitions and notation used througout
this paper. Let M,,,,(F), T,,(F) and H,,(F) be the set of all m x n matrices over a field F, the set of all n x n
upper triangular matrices over a filed F and the set of all n x n upper Hessenberg matrices over a field F,
respectively. Furthermore, p(A) and A! denote the rank of a matrix A and the transpose of a matrix A,
respectively. A map ¢ on a space V is additive if ¢(a + b) = p(a) + ¢(b) for any elements a and b in V.
A subspace V' of a vector space is called a rank-1 subspace if each element in V is the zero matrix or has
rank one. In addition, a map T on H, (F) is called a rank-1 preserver if p(T'(A)) = 1 whenever p(A) =1 for
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any A € H,(F). Besides, a map T on H,(F) is called a rank preserver if T' preserves all ranks. The symbol
z ® y denotes zy? for any column vectors x and y. We also use the common notation ey, ...,e,, to denote
the standard bases of M,,1(F) and E;; to denote the elementary matrix over F whose (4, j)-entry is one and
others are zero. It is easy to verify that F;; = e; ® e; for all 7 and j.

Set
r @ My (F)={z®y|y € M,1(F)}, where x € M, (F),
M (F)@y={z®y|z € My,1(F)}, where ye M,;(F),
Q={A € Hu(F)|p(4) =1},
H!(F) = {(ai;) € H,(F)|aj41,;, =0forall j € {2,...,n—1}}
and

HYTF) = {(ai;) € Hy(F)|ajs1; =0forall j € {1,...,n—2}}.

The following notation is first used in [3]. For an interger s with 1 < s <mn, let
U, = {(xl P O)t |z; € F for all i € {1,...75}},

Vo={(0 -+ 0 =z, - z,)|z;€Fforallie{s,...,n}},
xVs ={av|v e V,} foreach = € M,;(F)

and
Usy = {uy|u € Us} for each y € My, (F).

For a matrix A = (a;;) in M,,(F), Chooi and Lim denoted A™ the matrix (b;;) in M, (F) such that b;; =
Qn+1—jn+1—i for any i and j. Observably, the diagonal line acts as the reflection-axis for the remaining
elements but the elements on this line are fixed. Furthermore, (A + B)~ = A~ + B™, (AB)~ = B~ A"~,
(A™)~ = A and p(A) = p(A™) for all A, B € M, (F).

The following proposition is a useful tool to prove some of our results; however, we state without proof
because its proof is straightforward.

PROPOSITION 1. Let x,y,u,v € My1(F). The following statements hold.

(i) c®y =0 if and only if t =0 ory = 0.

(i) If @y #0, then x @y = u v if and only if there exists o € F\{0} such that v = ax and y = aw.
(i) Ifr @y +u®uv e Q, then {x,u} or {y,v} is linearly dependent.
(iv) Forn > 2, if u # 0 and v # 0, then there exists w € Q such that w ¢ u ® Mp1(F) U M1 (F) ® v.

By making use of Proposition 1 (ii), the property of the decomposition rank of a matrix and the fact
that V,, C--- C Vi and U; C --- C U,, the following corollary is obtained.

COROLLARY 2. Let x € M,1(F)\{0} and y € M1,(F)\{0}. The matriz zy € Q if and only if there exists
se{l,...,n+ 1} such that x € Us and y € Vs_1, where Vo = V1 and U,41 = U,.

In general, a product of Hessenberg matrices need not be a Hessenberg matrix. However, this can be a
Hessenberg matrix under some conditions as follows.
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PROPOSITION 3. Forn > 3, let A = (a;;) and B = (b;;) € H,(F). Then AB € H,(F) if and only if
Qji—1 = 0 or bifl)ifg =0 fO’f' all i € {3,4, ey n}

Proof. The proof is simple. ]

In matrix theory, for each m x n matrix A of rank r, there exist nonsingular matrices P and Q in M, (F)
I. 0

and M, (F), respectively, such that PAQ = ( 0 0

>. This property is shown in the sense of Hessenberg
matrices.

PROPOSITION 4. If A € H,(F) of rank r # 0, then there exist nonsingular matrices P,Q € T, (F) such
that PAQ = Y"._, Eg.,, where s;, t; € {1,...,n} with s; < t;+ 1 for all i and s; # s;, t; #t; for all i # j.

Proof. Let A = (a;j) be a Hessenberg matrix of rank r # 0. Given Ri,..., R, and C4,...,C, are the
row vectors and column vectors of A, respectively. Let R, be the first nonzero row vector from the last row
of A and let ayq be the leading entry of R,. Multiply R, by a;ql and then for each 1 < i < s, apply the row
operation R; — a;qRs — R;.

Next, for each ¢ < j < n, apply the column operation C; — %Cq — (. Let X and Y be the product
sq
of matrices obtained by these row operations and these column operations, respectively. Then X and Y are

g ‘g), where U € Hy_1(F) and

V € My_1 pn—s+1(F). By using the same argument with B, we obtain XoBYs = Ej,;, + Ba, where t2 # ¢ and
59 < 5. Furthermore, XoF,,Ys = Xo (es ® eq)Yg which is the product of the s-column of X5 and the g-row
of Y5, and hence, it is the product of e; and efz, which is Fg,. This shows that X, F,,Y> = E,,. Continue
the same process and then let P = X,.--- Xo X and Q = YY5---Y,. It follows that P and ) are nonsingular

triangular matrices; moreover,

nonsingular triangular matrices such that XAY = E,, + B with B = <

X,E,Y; = Ey forall 3<i<r,

and for each j € {2,...,r}, we get X;F, Y = E 4, for all j +1 <1 < r. Then for all s;,¢; € {1,...,n}
with s; < t; +1 for all ¢ and s; # s;, t; # t; whenever ¢ # 7, it follows that PAQ = 22:1 E;.+,, where
Eg 1, = Ey. 0

The following proposition acts as a supplement of matrices main proof.

PROPOSITION 5. Let A, B € H,(F) be nonsingular and ¢ : H,(F) — M, (F) the map defined by o(X) =
AXB. ThenImy C H,(F) if and only if A € H*(F) and B € HZ(F).

Proof. The sufficiency is clear so we prove the necessity. Assume that Im¢ C H,(F). To show that
B = (b;;) € HA(F), we first claim that, for any 2 < s <n — 1, if y € V, then yB € V,. As a result, for any
2<s<n-1ify=(0 -+ 0 ys -+ y,) €V, with y; # 0, then yB € V, with y,bs 1 = 0 so that
bs,s—1 = 0. We can conclude that B € H4(F) as desired.

It remains to show the claim. Fix s € {2,...,n—1}. Assume that y € V;. Then z®y' € H, (F) for every
x € Ugyq by Corollary 2. Since (Ax)(yB) = A(x @ y*)B € H,(F) for any x € Us;1 and A is nonsingular, we
obtain that both spaces {Az |z € Us11} and Us4q have the same dimensions. Hence, yB € V;; otherwise, it
forces the dimension of {Az|x € Us11} to be less than or equal to s which is a contradiction. The claim is
now complete.

Similarly, by using the same manner, proving that A € H*(F) is enough to use the fact that if x € U1,
then Az € Ugyq forall 1 <s<mn—2. 0
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3. Main results. This section is devoted to provide the structure of surjective additive rank-1 pre-
servers on H,(F). For certain mappings on H, (IF), relationships between the first row and the last column
of each matrix in H,(F) are shown as follows. Note that for a space V of matrices, set V! = {A*| A € V'}.

LEMMA 6. Let ¢ be an additive rank-1 preserver on H,(F). Then for any i € {1,2,...,n}, there exist
siyqi € {1,...,n} with s; < q; + 1, nonzero elements x; € Us, and y; € Vqtl_ and injective additive maps
9i: Vi, =V} and d; : V| — Us,, where Vo = V1 such that

(3.1) ole;®2) =x;®¢i(2) foral z€ V!,
(3.2) or ple; ®z) =di(z)@y; forall z€ V.

Proof. We only show the case ¢ = 1. The other cases can be obtained similarly. Since e; ® M, (F) is
a rank-1 subspace and ¢ preserves all rank-1 matrices, it follows that ¢(e; ® M,1(F)) is a rank-1 additive
group. Since p(eq ® M,1(IF)) N Q # O, there exist s1,q1 € {1,...,n} with s; < ¢ + 1 such that

0# 21 ®@y1 € p(er @ M1 (F))
for some nonzero x; € Us, and y; € V:]tl.

Case 1: Suppose that {u,z;} is linearly dependent for any nonzero u ® v € ¢(e; ® M,1(F)). Then
u = oy for some o, € F\{0} and u € Us,, and hence, v € Vqtl. It follows that

UV = (ux1) ®v =11 @ (V) Ex1®Vqt1.

Thus, p(e1 ® Mp1(F)) C 21 ® Vqtl. This implies that there exists an 1-1 additive map g1 : Mp1(F) — Vqt1
such that

ple1 ®z) =21 ®g1(z) forall z € M, (F).

Case 2: Suppose that {ug,x1} is linearly independent for some nonzero ug ® vg € ¢(e1 ® M,1(F)). Since
Uy ® Vg + 21 @Y1 € p(er ® M,1(F)) and ¢ is an additive rank-1 preserver, ug ® vg + 1 @ y1 € QU {0}. Thus,
{vo, y1} is linearly dependent by (ii) and (iii) of Proposition 1. Then vy = ay,y1 for some a,, € F\{0}. It
follows that up ® vg = up ® (y1) = (awuo) ® y1. Hence, for each nonzero u ® v € p(e; ® My1(F)), we
obtain
U@ v+ (aup) ®yr € RU{0} and u®@v+2x1 @y € QU{0}.

As aresult, {v,y;} is linearly dependent; otherwise, by (iii) of Proposition 1, it forces {ug, 21} to be linearly
dependent which is a contradiction. Then there exists c., € F\ {0}, v = a,y; and then v € V[ . Tt follows
that

UV =u® (auy1) = (auu) @ y1 € Us, @Y.

Thus, ¢(e; ® M,1(F)) C Us, ® y1. This implies that there exists an 1-1 additive map dy : M, (F) — Us,
such that

pler ®2) =di(z) @y for all z € M,,;(F). a

In the similar way, we can conclude the following.
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LEMMA 7. Let ¢ be an additive rank-1 preserver on H,(F). Then for any i € {1,2,...,n}, there exist
pi,ri € {1,...,n} with p; < r; + 1, nonzero elements u; € Uy, and v; € Vrt and injective additive maps
hi:Uivr — Vt and ¢; : Uiy1 — Up,, where Up 1 = U, such that

p(z®e;) =u; @ hi(2) forall z € Ujzq
or p(z®e;) =ci(z)@v; for all z € Uiyq.

The next lemma provides a relationship between Lemma 6 and Lemma 7 on the first row and the last
column of each Hessenberg matrix.

LEMMA 8. Let ¢ be a surjective additive rank-1 preserver on H,(F) and let x1,y1, Un, Un, g1,d1, An, Cn
be defined as appeared in Lemma 6 and Lemma 7. Then

(7) pler ® 2) =x1 ®g1(z)  for all z € M, (F)
and @(z®en) =cp(2) @u,  for all z € Mp1(F), or

) pler ®2z) =di(z) @Y1 for all z € My, (F)
and  p(zQ@ep) =u, @ hy(2z) forall z € My (F).

Proof. By Lemma 6 in case ¢ = 1, we obtain that
(3.3) pler ®2) =x1 ®g1(z) for all z € M, (F)
(3.4) or ple;®z)=di(z)®y; forall z € M, (F).

By Lemma 7 in case i = n, we also obtain that

(3.5) P(z®en) = up @ hyp(z) forall z € M, (F)
(3.6) or p(z®epn) =cp(z) @, forall z€ My (F).
Nevertheless,

(I) (3.3) and (3.5) cannot hold simultaneously, and
(IT) (3.4) and (3.6) cannot hold simultaneously.
)

We prove only (I). Suppose that (3.3) and (3.5) hold simultaneously. Since 1 ® gi(e,) = p(e1 ®
en) = Un ® hy(er), by (ii) of Proposition 1, there exists a nonzero a € F such that ; = au,. Thus,
pler ® z) = auy, ® g1(2) = up @ ag1(2) € up, @ M1 (F) for all z € M, (F).

Case 1: p(2) C up, @ My,1(F). In general, each Hessenberg matrix is the sum of finitely many rank-1
matrices. Then cp(Hn(IF)) C up, ® My,1(F) which contradicts the surjectivity of ¢.

Case 2: () &€ uy, ® M1 (F). Then there exist nonzero z,y,u,v € My (F) with z ® y € Q such that
oz ®y) =u®v and {u,u,} is linearly independent. We know that

prRy)=u®v e,
p((z+e)®y) =u@v+au, ®gi(y) € Y,
(2@ (y+en) =u®v+u, ®h,(y) €Q, and

o((x+er) y+en)) = UV + au, ® g1(y) + un @ hy(y) + un @ hy(er) € Q.
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By using (iii) of Proposition 1 repeatedly, we obtain that {1)791 (y)}, {v, hn (y)} and {v7 hn(el)} are linearly
dependent so that there exists a nonzero 8 € F such that v = Sh,(e1), and hence, p(z @ y) = u® Bhy(e1) =
Bu R hy(e1) € M1 (F) @ hy(er).

As a conclusion, ¢(€) C u, @ My (F) U My (F) @ hy(e1), it follows that ¢(H,(F)) C u, ® My (F) U
M1 (F) ® hy,(e1) which contradicts the surjectivity of ¢ by (iv) of Proposition 1. d

The proofs of Lemma 9 and Lemma 10 use the same method, thereby we prove only Lemma 10.

LEMMA 9. Let ¢ be a surjective additive rank-1 preserver on H, (F) satisfying the condition (3.3) in the
proof of Lemma 8. Then, for1 <i<n-—1,

p(z®e) =ci(z)@v; forall z € Upyq,

where ¢; and v; are given in Lemma 7.

LEMMA 10. Let ¢ be a surjective additive rank-1 preserver on H,(F) satisfying the condition (3.6) in
the proof of Lemma 8. Then, for 2 <i <n,

ole;®2) =x;®¢i(2) foral z€ V!,
where g; and x; are given in Lemma 6.

Proof. By the condition (3.6) in the proof of Lemma 8 and Lemma 6, we only show that (3.2) in
Lemma 6 does not hold. If (3.2) holded, then d;(e,) ® y; = v(e; ® e,) = cn(e;) ® vy, and hence, p(Q) C
Us, ® vy, Ucy(e;) ® M,y (F) contradicting (iv) of Proposition 1. |

The following proposition is a result of the combination of Lemmas 8—10. Recall the results from these
lemmas:
(a) There exist an 1-1 additive map g1 : M,,1(F) — V/ and x; € U, \{0}, where 51,1 € {1,...,n} with
s1 < q1 + 1 such that
ple1 ®@z) =21 ®g1(z) forall z € My (F).
b) There exist an 1-1 additive map ¢, : M1 (F) — U, and v, € V! \{0}, where p,,r, € {1,...,n} with
Pn Tn
Pn < 7T + 1 such that
p(z®en) =cn(z) v, forall z € M, (F).
(¢) For 1 < i < n — 1, there exist an 1-1 additive map ¢; : U;y1 — U,, and v; € VJZ\{O}, where p;,r; €
{1,...,n} with p; <r; + 1 such that
o(z®e;) =ci(z) @v; forall z € Ujpq.
(d) For 2 < i < n, there exist an 1-1 additive map g; : V;* | — V/, and z; € U,,\{0}, where s;,¢; € {1,...,n}
with s; < ¢; + 1 such that

ole;®2) =2;®@gi(z) forall z€ V! ,.

Consider (a) and (b). We obtain

T ®gl(en) = (p(el ® en) = Cn(el> & vp
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and then there exists a € F\ {0} such that c,(e;) = ax; and gi(e,) = av, by Proposition 1. However,
cnle1) = axy € Uy, but ¢, (M1 (F)) C Up,. This result forces s; < p,,. Similarly, g1(en) = av, € V! but
91 (M1 (F)) € V[, and hence, g1 < 7.

Consider (a) and (¢). In the case p(e; ® e1), we get s1 < p; and ¢; < r1. Moreover, s; < pg and
g1 < i if we focus on ¢(e; ® e) for 2 < k < n—1. As a result, for each ¢ € {1,...,n}, s1 < p; and
g1 < r;. Consequently, ¢; = 1 and then s; < 2. If not, we get ¢; > 2 which forces r; > 2 for all 7. Since

any Hessenberg matrix can be expressed as the form E?:l z ® e; from (c), and thus, ¢ maps Hessenberg
matrices into Hessenberg matrices such that the first column is zero, which contradicts the surjectivity of .

Consider (a), (b) and (d). We can see that p,, = n and r,, > n — 1 follow by a similar argument.

LEMMA 11. Let ¢ be a surjective additive rank-1 preserver on H, (F) which satisfies the condition:

There exist s1,7n, € {1,...,n} with s < 2 and r, > n — 1, nonzero elements 1 € Us, and v, € Wn and
injective additive maps g1, c, on M1 (F) such that

ple1 ®@z) =21 ®g1(z)  for all z € My (F)
and p(z®ep) =cp(2) @v,  for all z € My, (F).

Then the following statements hold.

(i) There exist bijective additive maps gi,...,gn and T1,..., T, € My1(F) such that g; - V!, — V!,
where Vo = V4 and

Uz, if i=1 o
. . U27 Zf 1=1
x; € U; for all i or 2, €S UL, if i=2 or x; € Ui if i 41
i if i
Ui, if i # 1,2 ’
such that p(e; ® z) = x; ® gi(z) for all z € V!_|. Moreover, such x1,...,x, are linearly independent.
(ii) There exist bijective additive maps cy,...,c, and vy,...,v, € Mp1(F) such that ¢; : Uiy1r — Uitq,

where Uyp41 = U, and

Vi ifi#£nn—1
: . ' f . ’ VE ifi#n
v; € Vi for all i or v, ESVE ifi=n—1 or i s
L Vi, ifi=n
Vrfflv if i=n
such that p(z®e;) = ¢;(2) @v; for all z € U;y1. Moreover, such vy, ...,v, are linearly independent.
Proof. From the assumption, there exist s1,r, € {1,...,n} with s; < 2 and r,, > n—1, nonzero elements

z1 € U, and v, € Vrtn and 1-1 additive maps ¢1, ¢, on My1(F) such that

(3.7 ple1®z) =21 ®¢g1(2) forall z € M, (F)

(3.8) and @(z®e,) =cp(z) ®v, forall z € M, (F).

By Lemma 10 and Lemma 9, we obtain that for all 2 < ¢ < n, there exist s;,q; € {1,...,n} with s; <¢; +1,

a nonzero element z; € U, and a 1-1 additive map g; : Vit_1 — V:f such that

(3.9) ole;®2) =2;@gi(z) forall z€ V!,
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and for each 1 < i < n — 1, there exist p;,r; € {1,...,n} with p; <r; + 1, a nonzero element v; € VTt and a
1-1 additive map ¢; : Ujy+1 — Uy, such that

(3.10) p(z®e;) =ci(z) ®v; forall z € Ujyg.
It follows from (3.7) and (3.9) that for each nonzero z € V' | we get

e ®z)=2;®gi(z) €N foralll<i<mn,
where V{ = M, (F).

Now, first of all, since ¢ maps onto H, (F), for each A € H, (F), there exists B =Y ., (e; ® z}) € H,(F)
such that p(B) = A, where each z; is the i-row of B. It follows that

n

(3.11) A= @(Z(ei ® zf)) = 290((61' ®z))) = Z (z: ® gi(2))).
i=1

i=1 i=1

Consequently, every Hessenberg matrix A is represented by the sum of the form z; ® g;(z!), where each z;
is the i-row of B such that ¢(B) = A.

Since s; < 2, we get 1 € Uy or o1 € Uy and then Img; € VY, where Vy = V1, besides, z; € Us, and
Img; € V) forall 2 <i < n.

Case 1: 1 € Uy. In fact, E,, is an element of H, (F) so that E,, = Zj (xj ® gj(zg)) for some j. It
follows that there exists an element in {xs,x3,...,2,} such that its n-position must not be zero, say .
Since z, € U, , we get s, = n, and hence, z,, € U,, and Img, € V)!_; by making use of Corollary 2.
Furthermore, with the same argument, E,_1,—2 € H,(F) which forces that there exists an element in
{za,x3,..., 2y} \ {2} such that its (n — 1)-position must not be zero by the structure of z,, and Im g,, say
Ty_1. If the n-position of x,_; is not equal to zero, we obtain that z,,_; € U,, and thus, Img,_; € V$71
which is impossible, therefore, x,,_1 must be in U,_1 and Img,_1 € VT'LLQ, and hence, {z,,_1, 2, } is linearly
independent. Similarly, the i-position of z; must not be zero; moreover, x; € U; and Img; € V' ; for all
1 > 2, and hence, {xa,...,x,} is linearly independent. In addition, by the structure of x1, we conclude that
{z1,...,z,} is linearly independent.

Case 2: 1 € Us. In a similar manner, we obtain that the i-position of x; must not be zero; moreover,
z; € U; and Img; € V' | for all ¢ > 3, and hence, {z1,x3,...,2,} is linearly independent. Since Ei; is an
element of H,(IF) and the structure of z; for all i > 3, we get

(3.12) By =11 ® g1(21) + 22 © ga(23)

for some z1, 29 € M1, (F); moreover, x5 € Uy or x5 € Us. By (iii) of Proposition 1, we know that {x1,z2} is
linearly dependent or {g;(z%), g2(2%)} is linearly dependent. In case x5 € Uy, {x1,x2} is linearly dependent,
which is impossible; for another, if {z1, 22} is linearly dependent, then the 2-position of x5 is not equal to
zero and forces the second row of the right hand side of (3.12) is not zero, which is a contradiction. Therefore,
{x1,z2} is linearly independent and then {z1,...,z,} is linearly independent.

Furthermore, g; is a bijective additive map on V! , for all i € {1,...,n} by applying (3.7), (3.9), (3.11)
and the fact that {z1,...,x,} is linearly independent. The proof of (i) is complete.

It implies from (3.8) and (3.10) that (ii) holds. 0
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Now, we are ready to present our main result.

THEOREM 12. Let ¢ be a surjective additive map on H,(F). Then ¢ preserves rank-1 matrices if and
only if there exist a field automorphism 6 on F and nonsingular P € HY(F) and Q € HX(F) such that
¢(A) = PA®Q for all A € H,(F) or ¢(A) = P(A?)~Q for all A = (a;;) € Hy(F), where A? = (6(a;;)).

Proof. The sufficient part is clear. We prove only the necessary part. Assume that ¢ preserves rank-1
matrices. By Lemma 8, which can be written as follows:

(i) there exist sy,7, € {1,...,n} with s; <2 and r, > n — 1, nonzero elements z; € Us, and v,, € Vrtn
and injective additive maps g1, ¢, on M, (F) such that

ple1 ®z) =21 ®g1(z) for all z € M, (F)
and p(z®ep) =cn(2) @, forall z € My, (F), or

(ii) there exist pn,q1 € {1,...,n} with p, <2 and ¢; > n — 1, nonzero elements u,, € Uy, and y; € Vqt1
and injective additive maps dy, h,, on My (F) such that

ple1®z) =di(z) @yr for all z € My, (F)
and p(z®epn) = up @ hy(z) forall z € M, (F).

Case 1: Assume that (i) holds. Lemma 11 yields that the sets {z1,...,2,} and {v1,...,v,} are linearly
independent, where x1,7o € Uy UUs, z; € U; for all i € {3,...,n}, v; € V! for all i € {1,...,n — 2}
and v,_1,v, € V!_; UV!. Furthermore, g; and ¢; are also bijective additive maps on V' ; and on U1,
respectively, for all ¢ € {1,...,n}.

¢
| | - =
Let X = |z1 ... x,| and Y = . Then X € H!(F) which is nonsingular and

| | — o —

Xe; = x; for all i. Put P, = X~ 1. Then ¢; = Pyz; for all i and P, € H*(F). Similarly, Y € H4(F) which is
nonsingular and e;Y = v} for all i. Put Q1 = Y 1. Then e; = v!Q for all i and Q; € HL(F).

Let 1 : Hy(F) — M, (F) be defined by ¢1(X) = Pip(X)Q: for all X € H,(F). Then Pip(X)Q; €
H,(F) for all X € H,(F), i.e., p1 : Hy(F) = H,(F) from Proposition 5. In fact, ¢ is a surjective additive
rank-1 preserver obtained from ¢. Fix ¢ € {1,...,n}. For each z € M,;(F) with ¢; ® 2 € H,(F), by
applying (3.9) in the proof of Lemma 11, we obtain that

p1(e; ®2) = Prp(e; @ 2)Q1 = Pi(2; ® gi(2)) Q1 = €; @ Q1gi(2),

similarly, ¢1(z ® €;) = Pro(z ® €;)Q1 = Pi(ci(2) ® v;)Q1 = Pi(ci(2)) ® e;. Let ¢;(2) = Qigi(z), where
z € V!, when V§ = M,1(F), and ¢;(2) = P, (cl(z)), where z € V;11 when U, 1 = M1,,(F). Then v¢; and ¢;
are bijective additive maps on V;' ; and on U1, respectively, for all i by the virtue of g; and ¢;, respectively.

Let ce Fandi,j € {1,...,n} with ¢ <j+ 1. Since
e @ Y;(ce;) = p1(e; ® cej) = p1(ce; @ e;) = pj(ce;) Vej,

it follows that there exists a;;(c) € F\{0} such that ¢;(ce;) = a;(c)e; owing to (ii) of Proposition 1. Besides,
oy : F — F is a bijective additive map.

As a result, ¢i1(cE;j) = oy;(c)E;j for any ¢ € F and ¢, j such that ¢ < j 4 1, where o;;(c) € F\{0}.
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Let oo : H,(F) — H,(F) be defined by ¢2(X) = Pap1(X)Q2 for all X € H,(F), where

Q2 = diag(aln(l)au(l)_l, . ,aln(l)aln(l)_1)7 P, = diag(oqn(l)_l7 e ann(l)_l)

and a;;(1)! is the inverse of a;(1) for all 4, j. Then ¢ is a surjective additive rank-1 preserver on H,,(F).
Furthermore,

@2(cEij) = Bij(c)Eij, where  Bij(c) = auj(c)ain(1) ™ onn (1), (1)~
For each k € {1,...,n}, we know that wo(E1) = E1x and wo(Ey,) = Eg,. Hence,

(3.13) Bre(1) =1 = Bin(1) for all k.

In addition, it can be shown similarly that §;; is a bijective additive map on F.

Next, let ¢ € F. We claim that 51;(c) = Bin(c) = Bin(c) for all 4,5 € {1,...,n}. Without loss of
generality, since cE1j +cE1, + E;j + Ein € © and o is an additive rank-1 preserver, 51;(c)E1; + Bin(c)Ern +
Bij (V) Eij + Bin(1)Eipn € Q. We obtain S1,(¢)8;(1) = B1j(¢)Bin(1) = B1(c) by (3.13). In particular, letting
¢ =1 implies 3;;(1) = 1. Hence, B1,(c) = S1,(c) for all j. Similarly, 8;,(c) = Bin(c) for all 3.

In addition, by using the same argument as above, we obtain that Spq(c) = Sin(c) forall p,¢ € {1,...,n}.
Put 6 = 1. Then 6 is a bijective additive map on F such that for all 4,5 € {1,...,n}, we get

pa(cEij) = Pij(c)Eij = Pin(c) Eij = 0(c) Eij.
Besides, 6(ab) = 6(a)0(b) for all a,b € F, and hence, 6 is a field automorphism on F.

Now, for each i,j € {1,...,n}, we know that p(cE;;) = P6(c)E;;Q, where P = XP{1 and Q = Q;lY.
Hence, for each A € H,(F), we obtain that p(A) = @(ZcijEij) =3 Pl(c;j)E;;Q = P(Eﬁ(cij)Eij)Q =
PA?Q, where A® = (6(a;;)).

Case 2: Assume that (ii) holds. By properties of the ~ of any matrices and making use of Case 1, there
exist P € HY(F) and Q € HZ(F) such that p(A4) = (PAQQ)N = Q~ (A%~ P~ where Q~ € HY(F) and
P~ € HY(F). |

COROLLARY 13. Let ¢ be a surjective additive map on H, (F). Then ¢ is a rank preserver if and only if

there exist a field automorphism @ on F and nonsingular P € H(F) and Q € HZ(F) such that p(A) = PA’Q
for all A € Hy(F) or p(A) = P(A?)~Q for all A = (a;;) € H,(F), where A% = (6(a;;)).

Finally, we would like to compare our main result, Theorem 12, and Theorem 3.23 in [5] which provided
the structure of linear rank-1 preservers on H,, (F) as follows:

If T is a linear map on H, (F) preserving rank-1 matrices, then

(i) ImT is an n-dimensional rank-1 subspace, or

(ii) there exist nonsingular upper Hessenberg matrices X and Y such that T(A) = XAY for all

A€ Hy(F), or T(A) = XA™Y for all A e H,(F).

Suppose that T is a surjective linear rank-1 preservers on H,(F). Then T is also a surjective additive
rank-1 preservers on H, (F). By making use of Theorem 12, there exists a field automorphism 6 on F such
that T(A) = PA?Q or T(A) = P(A?%)~Q. On the other hand, T(A) = XAY or T(A) = XA™Y. In fact,
this 0 is the identity map on F.
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