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SOLVING THE SYLVESTER EQUATION AX — XB=C WHEN o¢(A)No(B)#0*

NEBOJSA C. DINCICT

Abstract. The method for solving the Sylvester equation AX —X B = C in the complex matrix case, when o(A)No(B) # 0,
by using Jordan normal form, is given. Also, the approach via the Schur decomposition is presented.
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1. An introduction. The Sylvester equation
(1.1) AX - XB=C,

where A € C™*"™ B € C"*" and C € C™*™ are given, and X € C™*" is an unknown matrix, is a
very popular topic in linear algebra, with numerous applications in control theory, signal processing, image
restoration, engineering, solving ordinary and partial differential equations, etc. It is named for famous
mathematician J. J. Sylvester, who was the first to prove that this equation in matrix case has unique
solution if and only if o(4) No(B) = @ [17]. One important special case of the Sylvester equation is the
continuous-time Lyapunov matrix equation (AX + X A* = C).

0 B } is similar to

In 1952, Roth [15] proved that for operators A, B on finite-dimensional spaces [

[ g g } if and only if the equation AX — XB = C has a solution X. Rosenblum [14] proved that if A

and B are operators such that o(A) No(B) = ), then the equation AX — XB =Y has a unique solution X
for every operator Y. If we define the linear operator 7 on the space of operators by 7T(X) = AX — X B,
the conclusion of the Rosenblum theorem can be restated: 7 is invertible if o(A) No(B) = 0. Kleinecke
showed that when A and B are operators on the same space and o(A) N o(B) # ), then the operator T is
not invertible, see [14]. For the exhaustive survey on these topics, please see [2] and [18] and the references
therein. In recent paper of Li and Zhou [12], an extensive review of literature can be found, with a brief
classification of existing methods for solving the Sylvester equation.

Drazin [6] recently gave another equivalent condition.

THEOREM 1.1. [6] For any field F, any r,s € N and any square matrices A € M,.(F), B € Ms(F) whose
eigenvalues all lie in F, the following three properties of the pair A, B are equivalent:

i) for any given polynomials f,g € F[t], there exists h € F[t] such that f(A) = h(A) and g(B) = h(B);
i1) A and B share no eigenvalue in common;
iii) for r x s matrices X over F, AX =XB = X =0.
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We recall some results where the solution to the Sylvester equation is given in various forms.

PROPOSITION 1.2. ([2, p. 9]) Let A and B be operators such that o(B) C {z : |z| < p} and o(A) C {z:
|z| > p} for some p > 0. Then the solution of the equation AX — XB =Y is

X = i A"ty B,

n=0

We will often use the following special form of the previous result.

PRrROPOSITION 1.3. In the complex matrixz case, the Sylvester equation AX — X B = C is consistent if
and only if o(A) No(B) =0 and the solution is given by

X=A"1.Y A*CB
k=0
for invertible A, and by
X=-) AtcB™*.B!
k=0
for invertible matriz B.

PROPOSITION 1.4. [9] Let A and B be operators whose spectra are contained in the open right half plane
and the open left half plane, respectively. Then the solution of the equation AX — XB =Y can be expressed
as

o0
X = / e My etBat.
0

PROPOSITION 1.5. [14] Let T’ be a union of closed contours in the plane, with total winding numbers 1
around o(A) and 0 around o(B). Then the solution of the equation AX — XB =Y can be expressed as
1
X=c- [(A-Q7Y(B-()7"dC.
r

"o

Solving the Sylvester equation in the case when o(A) N o(B) # @ is rather complicated and is not
thoroughly studied yet. According to [3], only Ma [13], and Datta and Datta [4] treated the particular
cases when B(= A) has only simple eigenvalues or C' = 0 and B(= AT are unreduced Hessenberg matrices,
respectively. In the paper [3], two special cases, when both A and B are symmetric or skew-symmetric
matrices, were considered, by using the notion of the eigenprojection.

In [11], it is shown that in the case o(A) No(B) = 0 (A € R™*™ B € R™ ™), the solution of the
Sylvester equation is X = q(A)~!n(A,C, B), which is a polynomial in the matrices A, B and C. Also, it
is shown that when o(A) No(B) # 0, the solution set is contained in that of the linear algebraic equation
q(A)X = n(A, C, B). Recall that q(s) = s + B,-18" "' + --- + B15 + By is the characteristic polynomial of
B and n(A,C, B) = Y1_, Bn(k — 1, A, C, B), where 5(k, A,C, B) = Y.F_ AF=iC B!,

In [5], the equation AX — X*B = 0 is considered by using the Kronecker canonical form of the matrix
pencil A+ AB*, where X* denotes either transpose or the conjugate transpose of X.

Recently, Li and Zhou [12] used the method based on spectral decompositions of the matrices A and B.
Note that this method also works in the case when spectra of A and B are not disjoint.
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In the paper [18], homogeneous and nonhomogeneous Sylvester-conjugate matrix equation of the forms
AX 4+ BY = XF and AX + BY = XF + R are considered.

In this paper, we are dealing with the Sylvester equation in complex matrix case, when o(A)No(B) # 0.
Because the operator T(X) = AX — X B is not invertible in this case, as Kleinecke showed, we must find the
consistency condition, and general solution in the case of consistency. We will use the Jordan normal form for
the matrices A and B (similar method as Gantmacher used in [7, Ch. VIII], but for homogeneous case only!),
so the Sylvester equation will become the set of the simpler equations of the form J,,(\)Z — ZJ,(u) = W,
where W € C™*" is given matrix, Z € C™*™ is unknown matrix, and A, p are complex numbers. In the
paper, we are dealing mainly with such simpler equations, discussing the consistency condition and describing
the algorithm for finding the general solution. Finally, we give the result characterizing the most general
case, as well as the approach via Schur decomposition.

2. Reducing the problem to the most elementary equations. Let the matrices A € C"™*™ and
B € C™"*™ be given, and suppose that W = o(4A)No(B) = {A1,...,As} # 0. It is a well-known fact (see e.g.,
[10]) that any square complex matrix can be reduced to the Jordan canonical form. Therefore, there exist
regular matrices S € C™*™ and T € C™*" such that A = SJ4S~! and B = TJgT !, or, more precisely,

JA O —1 JB 0 —1
2.2 A= ! B=T ! T
( ) S|: 0 Ja, :| 5 |: 0 JB, :| 7

where J4, (respectively, Jp,) consists of just those Jordan matrices corresponding to the eigenvalues from
the o(A) \ W (respectively, o(B) \ W), and Ja, and Jp, are those Jordan matrices corresponding to the
eigenvalues from the set W:

Ja, = diag{J(A1; P11, D12, - - - s D1k1)s - - s J(As3 Ps15 D525+ -+, Ps ks ) 1
I, = diag{J(A\1;q11, 12, - - - @1,01)5- - I (N3 Q515 G52, - - - qs,0,) }-

Here pij, j = 1, ki, i = 1,s, and ¢;;, j = 1,4;, i = 1,s, are natural numbers, and k; and ¢; are geometric
multiplicities of the eigenvalue \;, i = 1, s, of A and B, respectively; their algebraic multiplicities are given
by m; = pin +pi2 + - - + ik, and n; = gi1 + gi2 + - 4+ ¢ 0,, Where ¢ = 1, 5. We will use the notation

JNte, .o te) = diag{J,(N), ..., Ty, M) = T, (A) & - - @ Jp, (N,

where J;, (\), i = 1, k, is the Jordan block

A1 0 0 0

0 1 0 0
JuA) = 1 :

0 0 O Al

0 0 O 0

ti Xt;

Recall that a matrix A is called non-derogatory if every eigenvalue of A has geometric multiplicity 1, if and
only if corresponding to each distinct eigenvalue is exactly one Jordan block [10, p. 135].

If we substitute (2.2) in (1.1), and denote S™*XT =Y and S~!CT = D, the equation becomes

Ja, O R I
2 [ 0 Jyoy[o 0 ]op
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We will partition the matrices Y = [Yj;lax2 and D = [D;;]ax2 in accordance with the partition of J4 and
Jp. Now (2.3) becomes:

[JAl 0}{3/11 Y12]_[Y11 Y12][J31 O}Z[Du Du]
0 Ja, Yo Yo Yo Yoo 0 Jg, Dy Doy |’

which reduces to the following four simpler Sylvester equations:

Ja, Y11 —Y11Jp, = D1y,
Ja, Y12 = Yi2Jp, = Dia,
Ja,Yo1 — Ya1Jp, = Doy,
Ja,Yos — Yoo Jp, = Das.

By Proposition 1.3, the first three equations have the unique solutions, because (A1) No(By) =0, o(A;)N
o(B2) =0, o(A3) Na(By) =0, given by the appropriate power series. The fourth equation does not have a
unique solution (when it is consistent), because o(As) No(Bg) = W # (), so we turn our attention to this
case.

Therefore, throughout the paper, we can, without loss of generality, consider the Sylvester equation in
the form AX — XB = C, where A and B are square complex matrices (in general of different size) already
reduced to their Jordan forms and such that o(A4) = o(B).

If we partition X = [X;;]sxs and C = [C;]sxs in accordance with already given decompositions for A
and B, and put them in the equation AX — X B = C, we have s? simpler Sylvester equations of the form:

(2.4) J(Nis ity - - ik ) Xij — Xij I (Njs g1, -+ q50,) = Cij, 1,5 =1, 5.

For i # j we have o(J(Ai;pits- -, Pik;)) = AN} # {N} = o(J(Nj; 451, -+, ¢5,¢,)), and by Proposition 1.3,
this case also has the unique solution. Therefore, among s? equations in (2.4) there are s
which are uniquely solvable, and remaining s equations (for ¢ = j) after appropriate translation reduce to
>oi_ (ki - ¢;) simple Sylvester equations of the form

— s of them

Tpin (XD — X007 (0)=CH), u=Tk;, v=1,0, i=1,s.

u,v

Because of that, we will investigate this important particular case in detail.

2.1. Solving the equation J,,(0)X — X.J,(0) = C. From the previous consideration, we see that
Jordan matrices play important role in the paper. Recall that multiplying some matrix C' € C™*"™ by the
Jordan block (or transposed Jordan block) corresponding to 0 acts like shifting the rows (or columns) and
inserting a row (or a column) of all zeros where it is necessary: J,,(0)C shifts up, C'J,,(0) shifts to the right,
JT(0)C shifts down, while C'JI (0) shifts to the left. More precisely, the following Lemma holds.

LEMMA 2.1. For given matriz C = [¢;;] € C™*" we have:

. Ci+1,5, i=17m—1,
B [Jm<o>chj={ +1,

0, 1 =m.

Cij—1, J=2,n,

ii) [CJ,(0)]: —{ 0 j=1.

Ci—1.,55 i:2,m,
iii) [Jm(0)7Clij = { 017] i=1.
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g =T,n—1
iv) [CJ,(0)T];; =4 St =5 ’
A A

Moreover, fora =0,m —1 and 3 =0,n —1,

Cita,j—B, t=1m—a and j=pF+1,n,

ﬂLM®W0%®Wu={

0, i=m—a+1,m or j=12..
¥i) [(n(0)7)C T, (0))y; = { oo Pt hm and J=p 4L,
" " " 0, i=1,a or j=1,0.

EXAMPLE 2.2. We consider the case A = J4(0), B = J5(0), i.e., the equation
(2.5) J1(0)X — X J3(0) = C.

Because of o(A) = o(B) = {0} we expect no unique solution. Let us see for which C there are solutions,
and then let us characterize all of them. The matrix equation (2.5) (with C' = [¢;;], X = [zi;] € C**3) gives
us the following linear system:

T21 = €11, X222 —T11 = C12, X23 — X12 = C13,
T31 = C21, T32 — T21 = C22, X33 — X22 = (23,
T41 = C31, T42 — T31 = C32, T43 — XT32 = (33,

0=cq, —T41 = C42, —T42 = C43.

We see that some conditions must be imposed to the entries of the matrix C: c41 = 0, ¢c31 + c42 = 0,
¢21 + c32 + cq3 = 0. Therefore, any matrix C' for which the equation (2.5) is consistent is of the form:

C11 C12 C13
C21 C22 C23
C =
C31 C32 €33
0  —c31 —co1 —c32
The solutions of (2.5) are
T11 T12 T13
11 + C12 T12 + C13

C11
X =
C21  C11 tC22 T11+ Ci2 + Co3

€31 C21 +cC32 C11+Ca2+cC33
where x11, 12,213 are arbitrary complex numbers. We can rewrite this general solution X in the following
more informative form:

11 X12 13 0 0 0 0 0 0 0 0 0
0 11 X12 C11 Ci12 Ci13 0 0 0 0 0 0
0 0 zn1 * C21 C22 €23 * 0 ci1 ci2 + 00 O
0 0 0 €31 C32 €33 0 co1 c22 0 0 cin

By Lemma 2.1, we can express this as:

X:lpth»

o +J4mTZ:U4mﬂkchmﬁ,

k=0

where po(J3(0)) = 1113 + 212J3(0) + 213.J3(0)? is arbitrary polynomial of the matrix J3(0), with complex
coefficients in general, and the degree at most 2.
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This example motivates us to prove general result concerning this topic.

THEOREM 2.3. The Sylvester equation

(2.6) I (0)X — X J,(0) = C,
when m > n, is consistent if and only if
n—1
(2.7) > Tn(0)" T EC T, (0)F =0,
k=0
or, equivalently,
p—1
(2.8) Z Cm—kp—k =0, p=1,n,
k=0

and its general solution (which depends on n complex parameters) is given as

n—1
(2.9) X = [1’0(—“)“)” IO S (T (07 CIL(0)F,

where p,—1 s an arbitrary polynomial of the degree at most n — 1.

n—1

Proof. First, we show that the conditions (2.7) and (2.8) are equivalent. Let us denote S = Y, —, Sk
where Sy, = J,,,(0)™"1=*CJ,(0)*, k =0,n — 1. By Lemma 2.1.v), for « = m — k — 1 and 3 = k, we have

[Spli; = 4 Citm—i—hi=k i=1,k+1and j=k+1,n,
klij — 0, i:morjzl,k.

It is easy to see that [Sk];; = 0 for ¢ > j and [Skli; = [Sk+1li+1,j+1; therefore, it is enough to consider only
the first row (or n—th column). We have

Cm—k,j—k> .:k+lan7
[Skhj—{ mekgke

0, j=1k.
Therefore,
n—1 j—1
(S =[Skl =Y emkjt, k=Tn.
k=0 k=0

Note that the summation index is changed to k = 0,5 — 1 because of K+ 1 < j <mnand 0 < k <n-—1.
Hence, we proved (2.7) < (2.8).

(=) : Suppose that the equation (2.6) is consistent, which means for some C there is X such that
Jm(0)X — X J,(0) = C. We have:

n—1 n—1
T (0 FC T (0 =3 T (0)™ 1 F (I (00X — X J,(0))J, (0)

k=0 k=0

n—1 n—1 N
=3 Tn(0)"TFX T (0)F = > T (0) TR X, (0)FF

k=0 k=0
= Jp(0)" X + Jp (0)™ P X T (0) + -+ - + Jp (0)™ " FLX T, (0)"

= T ()X T (0) — - — i (0)™ X, (0)" 7 = T, (0)™ " X T, (0)"
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so the consistency condition (2.7) holds.

(<) : Now we prove, by immediate checking, that X given by (2.9) is indeed the solution under the
consistency condition (2.7). Because of

Inl©) l Pa-1(J(0)) ] . [ Pn1(Ju(0)) ] 7 (0)

O(mfn)xn O(mfn)xn

[ g0) s a0 ] [ paa(Ju(0))

_ l 74(0) pu—1(Ju(0)) ] B [pn_lun(o»zfn(m

= Omxn,
O(mfn)xn ‘| )

O(mfn) Xn

(by “«” we denoted some submatrix which is not important now) we have:
Jn(0)X — X J,(0) — C = Jp, Ti CJ,(0)
i 50 1,(0) - €
( ) ( )TC (Jm(o)(Jm(O)T)2 - Jm(O)T) CJn(O)
+o (T (0) (T (0))" = (Jm (0)T)" 1) CIZTH(0)
= (Jn(0)J;n (0 3 (0)k> +C—-C=0.
k:O

Indeed, let us denote Ty = (J, (0)7)*CJ,(0)%, k =0,n— 1, and T = 37—, Tk

By Lemma 2.1.vi), for a = 8 = k, we have:

(Tk)ij =

If we obtain that all entries in the m—th row of matrix T" are zero, we have the proof. We proceed:

Cm—k,j—k> -:k—"_lana
[Tl = (T (0)")*Cn(0) ms = { S:] v j=Tk,
and therefore,
n—1 j—1
[T]mj = Z[Tk]mj = Zcm—k,j—k; Jj=1n.
k=0 k=0

Note that again the summation index is changed to k = 0,7 — 1 because of k+1 < j<nand 0 <k <n-—1.
The condition (2.7), or equivalently (2.8), ensures that [T],,; =0, j = 1,n, so X given by (2.9) is, under
the condition (2.7), or equivalently (2.8), indeed the solution, so the equation (2.6) is consistent. d

REMARK 2.4. For the given matrix C' € C"™*", m > n, the set of its entries ¢;; such that i —j =m —p
for given p = 1, n will be called p—th small subdiagonal of matrix C. The condition (2.8) actually means that
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the sum over each of n small subdiagonals must be zero, which is easy to check. However, for constructing

the solutions of the more general Sylvester equations from the most simple ones, the condition (2.7) is more
appropriate.

We remark that the particular solution in (2.9),
Xp = Jn(0)7 S (I (0)7) " C I (0)F,

is completely determined by the matrix C, more precisely, by the “independent” part of C' (upper (m—1) xn
submatrix), and it can be expressed in equivalent, but for computational purposes more practical form as:

0, i1,
[Xp]ij — min{i—1,5}—1

Cicl—kyj—k, ©=2,m.
k=0

Let us step away a bit, and consider solving the equation (2.6) by the well-known Kronecker product
method. We recall the vectorization operator vec given by

vec: C™ ™ — C™, vec(A) = vec([ai;]) = [ae1 Goz -+ Gon]”,

where ao; denotes the k—th column of the matrix A. Also, recall that the Kronecker product of A € C™*"™

and B € CP*? is mp x nq block matrix

A ® B = [aijB]an.

If we solve the equation J,,(0)X — XJ,(0) = C, m > n, by using the well-known method with the
operator vec and the Kronecker product, we have

(2.10) (I, @ Jpn(0) = Jn(0)T @ I,) vee(X) = vec(CO);
this linear system is consistent if and only if
r([In @ Jm(0) = Jo ()T @ Iy, C) = 7(1,, @ J;n(0) — J(0)T @ I,,,).

The system (2.10) in matrix form (zero submatrices are omitted) is:

)
_Im Jm(()) Xol Col
7Im X.2 Co?
_Im Jm(o) Xon Con
i —ILn Jn(0) |

ie.,
Jm(O)Xal = Col; Jm(O)Xo2 = Co2 + Xcl; ER) Jm(O)Xon = Con + X.(nfl)-
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We can infer the consistency condition in the following way:
0="Jn(0)"Xep = Jm(o)m_l(Jm(O)Xon) = Jm(o)m_l(cm + X'(nfl))

— e = Z Jm(o)mfnflﬂcc.k.
k=1

We shall not pursue this approach further, because the obtained matrix of the system is an mn x mn sparse
matrix, and for the consistency of the equation we need to check rank conditions and to use some generalized
inverses.

For Example 2.2, where m = 4, n = 3, the previous formula gives:

; C21 C32 C43
0
0— 7.0 k Cur = C31 C42
,; +(0) ¥ C41 + 0 + 0 ’
0 0 0

which is in accordance with the conclusion from Example 2.2.

We return to the main flow of the paper.

THEOREM 2.5. The Sylvester equation
(2.11) Im(0)X — X J,(0) = C,

when m < n, is consistent if and only if

(2.12) > Im(0)FCI (0 R =0,
k=0
and its general solution is
m—1 &
(2.13) X =[Oty @1 (Tn(0)) ] = 3 T (0)5C (Ju(0)T)" 7 (0)7,
k=0

where ¢m_1 18 an arbitrary polynomial of the degree at most m — 1.
Proof. If we take transpose of the original equation (2.11), and then multiply it by —1, we have
J,(0)TXxT — X7 J,.(0)T = —C7,

which is similar, but not the same as the equation (2.6), so we cannot directly apply Theorem 2.3. But if
we notice that for any k € N

0 0 1
0 O 1 0
Je(0)T = PEIJk(O)Pk, where P, = P];1 — :
1 0 0
1 0 0

kxk
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is so-called exchange matrix, the equation becomes
P.J,0'x*TpP, - P, X" J,(0)TP, = -P,CTP,,
& P,J,(0)'P,P,X"P,, — P,X" PP, Jn(0)" P,, = —P,CT Py,
< J,(0)Y =Y J,(0) =D,

where P,XTP,, =Y and —P,CT P,, = D. Only now we can apply Theorem 2.3 to the equation .J,,(0)Y —
Y J»(0) = D. We have the consistency condition (2.12) because of

m—1 m—1
0= Ju(0)" * DI (0)" = = > Ju(0)" P, CT P Jn (0)F
k=0 k=0

3

__p, <
__», (
__», (

General solution of J,(0)Y — Y J,,(0) = D is, by Theorem 2.3:

(P Jn(0)P) 1= CT (P, Jpn (0)P, )k> P,

>
Il
o

3

(Jn(O)T)"_l_’“CT(Jm(O)T)’“> P

=
Il
o

3

T
Jm(O)kCJn(O)"_’“‘1> Pp.

=

=0

pml

O(n m)Xm

Y = n Z )" DL (00"

By the substitutions X = (P, Y P,,)?, D = —P,CT P,,, we have the solution (2.13):

3

X = Po[pm—-1(Jm(0)7) O (nm)) P + Prm (Jm(0)D)*DT g, (0)* 1P,

k=0
= Pou[pm—1(Jm(0)7) O (nm)] { PO P ] ZP V¥ (P CP,)Jn(0)F 41 P,
m—1
:Pm[omx(n—m) pmfl(Jm(O)T)]Pm_ Z(Pme(O)TP ) "C(Ppyn () )k—H
m—1 =
= [0 x(n—m) Pm—1( T (0)RC (., (0)T)*+1, 0
k=0

The condition (2.12) actually means that the sum of elements over each of m small subdiagonals (¢;;, i —
j=p—1, where p = 1, m) must be zero. We also remark that the particular solution in (2.13),

is completely determined by the matrix C, more precisely, by the “independent” part of C' (rightmost
m X (n — 1) submatrix), and it can be expressed in equivalent, but for computational purposes, a more
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practical form as:
min{m—i,n—1—j}

— Citlk.j ks = m
(X,]i; = kzz:o i+k,j+1+ J ) )
0, j=n.

COROLLARY 2.6. The homogeneous Sylvester equation

I (0)X = X J,(0)

s consistent and its general solution is

m > n,

O(m—n)xn

[mlumny

[ 0m><(n—m) pm—l(Jm(O)) ] , m<n.

where p,_1 18 an arbitrary polynomial of the degree at most n — 1. The rank of the solution X is given by

r(X) = r(ps-1(J:(0)) = s = min_{k: p71(0) # 0}, s = min{m,n}.

COROLLARY 2.7. All matrices commuting with J,,(0) are given by X = pp—1(Jm(0)). Any polynomial
such that pm,—1(0) # 0 gives a nonsingular X. Also

o(X) = {pm-1(0)}.

From Theorem 2.3 and Theorem 2.5 in the case m = n, we have the following result.

COROLLARY 2.8. The Sylvester equation

Jn(0)X — X J,(0) = C,

is consistent if and only if

n—1 n—1
> T (0)FC T (0" R =Y L (0)" RO, (0% =0,
k=0 k=0

and its general solution is

X = pu1(Jn(0)) = 3 Ju(0)C (Ju(0)T)"

S
I
N O

k+1

= ¢u-1(J(0)) + Y (Ju(0)T)" C T, (0)F,

=
I
o

where p,_1 and q,_1 are arbitrary polynomials of the degree at most n — 1.

2.2. Solving the equation J,,(A\)X — X J, () = C for A\, u € C. If we observe that Ji(\) = A} +
Ji(0), k € N, the equation

(2.14) Imn(NX = XJ,(p) =C
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becomes

(2.15) A= )X + T (0)X — XJn(0) = C.

Case A = p: Reduces to already solved equation (2.6) or (2.11).

Case X # p: Suppose, without loss of generality, that A # 0. By Proposition 1.3, we have the solution

Z Tm(N)TFC T ()"
We will try to avoid this infinite sum, as well as finding all k—th powers of the inverse of a Jordan matrix.
If we rewrite (2.15) as (Jn(0) + (A — p) 1) X — X J,(0) = C, i.e.,
In(A=—p)X — X J,(0) = C,

Jm (A — p) is nonsingular, so we have the unique solution by Proposition 1.3.

THEOREM 2.9. The Sylvester equation (2.14) for X\ # p has the unique solution

n_l m—1
X = Z(Jm()\ — M))_(k+1)CJn(0)k - Z Jm(o)kC(Jn(lf« . )\))—(k-{-l).
k=0 =0

REMARK 2.10. Finding the inverses of the powers of nonsingular Jordan blocks appearing in previous
theorem is not hard. Indeed, by using some matrix functional calculus, it is easy to prove that

m—1

k
< T > —(+) 1 (0%, keN, a#0.

é=0

3. The case when o(A) = ¢(B) = {0}. In this section, we solve the Sylvester equation AX —XB = C
in the case A = diag[Jm, (0), Jim,(0), ..., Jm,(0)] and B = diag[Jp,(0), Jn,(0),..., Jn,(0)], where m; > my >
>mp>0andng >ny>--->ng>0and my +---+my =m, ny +---+ng=n.

LEMMA 3.1. Let A= Jpn, (0) @ @® Jp, (0), my > --- >my, >0, and define
AR = g (0™ R @ gy, (0)™ TR k=T my, — L
We have:
k1) A = AA kD) = ARk ="T m, — 2

l=To M=Tp m=FkF+1,
T+ A) =T ARk =—1,{m,/2] — 1.

)

B

The proof follows by the definition of A*). Note that from (ii) it particularly follows A{?A = AA©
and ADA = AAM = A,

REMARK 3.2. Recall that J;(0)° = I, because of 0° = 1.

In the sequel, N,,, denotes the set {1,2,...,m}.
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DEFINITION 3.3. Let M and N be two disjoint subsets of N,,, x N,, such that M U N =N,,, x N,,. The
matrix mask given by the set M is mapping

Iy : C™X7 = C™X", Ty (A) = A,

which maps any matrix A = [a;;] € C™*" to the matrix Ay; whose entries are given by

Qig, (’L?]) € M7
Anmlij = N
Al { 0, (ij)E€N.
If A e C™*" is partitioned on submatrices as A = [A;;]pxq, and the set M C N, x N, is given (therefore, N
is also known), then IIy;(A) = Ay, where

[Anis = { 0, (i,j) € N.

Note that the mapping II,; is linear and idempotent. Also, when M is known, it means we know N too,
because N is the complement of M. The binary relation described by the set M will frequently be represented
by a matrix also denoted by M, with entries M = [m;;] given as m;; = 1if (i,j) € M, m;; =0if (z,7) € N.
Note that M by construction has upper quasitriangular structure.

The matrix mask method is the subject of another my paper which is still not finished, so we will not
pursue the topic here more than it is necessary.

We will be interested in the case when A = diag[Jy,, (0), Jm,(0), ..., Jm, (0)] and B = diag[Jy,, (0), Jn,(0),
.y Jn, (0)] are given and then the sets M and N depend only on the sizes of appropriate Jordan blocks:

(316) M = {(Z,j) S Np X Nq Tmy > nj}, N = {(Z,j) S Np X Nq tmy < nj}.

LEMMA 3.4. Suppose that A = dia’g[‘]’ﬁh (0)7 sz (O)a U 7']7er (O)] € Cm™>™ gnd B = diag[Jnl (O), an (O)7
< In, (0)] € C™*™, where my > mg > -+ >my, >0 andny >ng > --- > ng >0 and C € C™*". For the
set M C N, x Ny (equivalently, matric M € CP*9) given by (3.16), we have:

i) (AT)*CB")y = (AT)*Cy B, (A*C(BT) )y = A*Cp(BT)Y, s,t € Ny,
ii) (AC — CB)ar = ACas — CarB.

Proof. Suppose C' is decomposed in accordance with A and B as C = [Cjj]pxq-

i) The element in the position (7, j) for both left and right hand matrix is the same, namely

{ (Jmi(O)T)sCijJﬂj (O)t’ (Za]) €M,
0, (i,7) € N,

so the equality holds. The second equality is proven analogously.
ii) We have desired equality because the element in the position (4, j) of the left and right hand matrix

is the same:
Jmi (O)Cij — CijJnj (0), (’L,j) S M,
0, (i,j) € N.

Let us split the matrix C as C = Cy; + Cy, where Cpy = I, (C) and Cy = IIy(C); in the analogous
way X = X + Xn. The reason for such splitting is the fact that solving simple Sylvester equation (2.6) is
different whether m > n or m < n, as shown in Theorem 2.3 and Theorem 2.5.
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THEOREM 3.5. Let A= Jp, (0) @D Jpn, (0), my > - >myp >0, and B= J,,(0)®---®Jy, (0), ny >
- > ng > 0. Suppose M and N to be as in (3.16), Cy = IIy(C), Cn = IIN(C) and d = min{mq,nq1}.
The equation AX — X B = C' is consistent if and only if

d—1 d—1
(3.17) Y AWcyBF =0, Y AFCyB® =0,
k=0 k=0

or, in more condensed form,
di AW 0 [ 0 ([ B 0 ]_,
—l 0 A 0 Cn 0 B% |7

The particular solution is given as X, = Xy + Xy, where

ni—1 my—1
(3.18) Xy = i(AT)’““CMB""‘, Xy = 21: ARCy (BT)RH1,
k=0

and the solutions of the homogeneous equation AX — X B = 0 are given by

Xh — [Xh]qu7 Xh _ [IMW] , (Z7j) c M,

O(mif’n]‘)X’n]‘
[ Omix(njfmi) pmifl(‘]mi (0)) ] ) (Za]) € N.
Proof. (=) : Let X be a solution, so AX - XB=C. By Lemma 3.4, we have:

Cv = (AX — XB)y = AX) — XuB, Oy = (AX — XB)y = AXy — XnB.

Now we have

d—1 d—1
3 AR CyBY = ( AW AR, BF —A<k>)?MBk+l)
k=0 k=0
d—1
=3 (A% DRy BE - AW Ry B
k=0

= ACDY,, — AL X, B =0,
because of Lemma 3.1. In the analogous way one can prove the second equality in (3.17).

(<) : We show that X, = X%, + X%, where X%, and X%, are given by (3.18), is the solution of
AX — XB = C provided that (3.17) holds. By using Lemma 3.4, we have:

nlfl nlfl
[Xflw] _ Z (AT)k+1C Bk _ [Z ((AT)k+1CBk)M
k=0 ij k=0 ij
))EC 00, (007, (i) € M.
k:O
The first condition in (3.17) says
nj—1

Z Iin,; (0 CZJJHJ( =0, (i,§) € M,
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which by Theorem 2.3 implies that Jy,, (0)[X7},]ij — [X7/ijJn, (0) = Cij, (i,7) € M, ie., AX} —X}B=Chy.
In the analogous way AX%, — XX B = Cy can be proven (there, Theorem 2.5 is used).

Therefore, we have AX, — X,B = AXY, — X¥/ B+ AXY, — X B = Cy + Cn = C, so the equation is
consistent provided that (3.17) holds.

The homogeneous equation AX = X B is equivalent to the set of equations of the form J,,, (0)X;; —
XijJn:(0) =0, i =1,p, j = 1,q, so by Corollary 2.6, we have the expressions for appropriate submatrices
of Xh. 0

REMARK 3.6. It may happen that some expressions for the consistency condition (3.17) include negative
powers of Ji(0), but all of them will be multiplied by some zero terms, so there is no actual problem.

The next theorem immediately follows from Proposition 1.3, but we restate it here because of the results
from the next section.

THEOREM 3.7. Suppose that A(X) = Jpm, (A) @@ I, (A) € C™*™ and B(p) = Jn, (1) S+ © Jn, (1) €
C™™™ and a = max{mq,...,mp}, b = max{ni,...,ne}. The equation AN)X — XB(p) = C, X # p, is
consistent and its unique solution s

b—1 a—1
X =3 AN =) FVOBO)F = =Y A0 CB(p—A)"FH.
k=0 k=0

4. The general case when o(A) = 0(B). Let us consider general case AX — XB = C when o(A) =
o(B) = {A1,...,As}, C = [Cjjlsxs and suppose that the matrices are in their Jordan forms:

A =diag{J(A\1:p11:P125 - P1k1 ) - -0 S (As3 Ds1Ds25 -5 Ps k) )
B = dia‘g{J(Al;qIDqIQu .. -7QI,£1)7 sy J(As;qsluq52> e 7‘]8,&)}7

where Di1 = - Zpi,ki >0, qj1 =2 qj,e; >0, 27.] =1,s.

It is not hard to see that the equations on which solvability depends are precisely of the form

J(NisDits Dizs - - - i) Xii — Xii (N3 Gins Gizs - - -, Gie,) = Cigy i =15,

and, after translation for —)\;, they reduce to the form

J(0;pi1, pizs - -, Pik ) Xii — XiiJ (05 i1, Gio, - -, Gie,) = Cigy 1 =15,
for which Theorem 3.5 is applicable.

The results from the previous two sections can be summed up in the following theorem. We remark the
notation C;; = [C&f)}uzl—ki o=tz; € CPi Xq;

THEOREM 4.1. Suppose that

A = diag{J()‘l;pllapl% .o apl,lq)a ceey J()\s;pslaps% .o 7ps,ks)}7
B = diag{J(A1;q11, Q125 - - @1, )5 s J (A5 Qs1, Qo2 - - -5 Qs y0,) s

where pi1 > -+ > pig, >0, and qj1 > --- > qje;, >0, i, = 1,s. Let us denote: d; = min{p;1,qi1}, C](\Z) =
Iy, (C6D), C](\?f) =Ty, (CUD), where

M; = {(u,v) : Div > Giv}, Ni = {(u,0) : Div < Giv} C Ng, x Ny, i =1,s.
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The Sylvester equation AX — X B = C is consistent if and only if

"”Z‘l A0 o oW o B0 0 P
— 0 A0k o cW 0 By(oy® |7 T

where we used the notation

Ai(o) = dia’g[‘]pil (0)7 R in,ki (O)]7 Bi(o) = diag[‘]qa (O), R qu,zi (O)]7 i=1,s
In that case, the particular solution X, = [Xl(fj)]SXS is given by:

di—1 .. di—1 ..

XI()”) _ Z (Ai(O)T)k+ICJ(\Z)Bi(O)k _ Z Ai(O)kcx:)(Bi(O)T)k+l7 i=T1,3,
k=0 k=0

.. le_l ..

XI(,“) = Z Ai(\i = Aj)~* D) B(0)*

k=0
pi1—1

= 3 A0)FCU BN — AT e Ch XL £
k=0

the homogeneous solution X = diag[X,Sii)], 1=1,s, is given by

] [Pl O, ) € a1,

0(piu7in)><in
[ Opz:u,x(qw—mu) ppiufl(me (0)) ] ) (U'v U) € N;.
REMARK 4.2. The consistency condition from the previous theorem can be written in more condensed
form as:
‘S{A(O)W 0 HCM OHB(O)k 0 o
~ 0 A(0)F 0 Oy 0 B(0)® ’

where d = min{max{p;; : i =1,s},max{gj1 : j=1,8}}, M=M; ®--- &My, N=N; @ ---® N,, and we
used the notation

uv

A(0) = diag[A1(0), ..., As(0)], B(0) = diag[B1(0),..., Bs(0)].

Also, the diagonal blocks in X, can be given by single explicit formula

—

X;iiag _ Z ((A(O)T)k+1CMB(O)k _ A(O)kC«N(B(O)T)k—H) ]

d—
k=0

The previous theorem has several important corollaries which deal with the cases when matrices A and
B are non-derogatory or diagonalizable.

COROLLARY 4.3. Suppose that matrices A and B are non-derogatory, i.e.,
A= ‘]Pl()‘l) @D s(/\s)’ B = JQ1(/\1) S JQS()\S)7

and d; = min{p;, ¢; }, C’](\Z) = CU if p; > ¢, C'J(\Z,'j) =CU if p; < q;, i =1,5. The equation AX — XB =C
is consistent if and only if

SR ]

k=0

o) 0
0o oy
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and its particular solution X, = [X,(,Z'j)]sXS is given by:

di—1 ..
(Jps (O)T)kJrlC(”)qu(O)kv Pi = 4,
ngii) = kd:»91
= 2 Jp (0)FCED (T (0)T)EFL py < g5
k=0
q;—1
XP0 = 3 T = Xy)~EEDC g, 0)f
k=0
pi—1

= = 3 (0 CUE T, (A — A) D e CrRn i
k=0

the homogeneous solution X, = diag[X,Sii)], 1=1,s, is given by

|: p‘h—l(‘]lh(o)) :|
0(pi_(h)><qi
[ OPiX(Qi*pi) pm—l(‘]pi(o)) ]7 pi < ;.

3y >
Xl(z”) _ Di =2 qi,

COROLLARY 4.4. Suppose that A and B are diagonalizable matrices, i.e.,
A=MIy @ © NIk, B=MI, @ @A\,

Then the Sylvester equation AX — XB = C' is consistent if and only if C\") =0, i = 1, s, its homogeneous
solution Xy = X,gn) DD X}(LSS) is arbitrary block-diagonal matriz and the particular solution is X, =

XS, s with X5 =0, i =1, 5, and
p p

X =\ =2t i

The fact that AX — XA # I, for A, X € C"*™ is well-known result, usually proven by the trace of a
matrix:

n=tr(l,) #tr(AX — XA) =tr(AX) —tr(XA) = tr(AX) —tr(AX) = 0.
This result appears as the corollary of Theorem 4.1.

THEOREM 4.5. The matriz equation AX — XA = I is inconsistent.

Proof. According to Theorem 4.1, if B = A then d; = pj, CJ(\Z:) = I, i = 1,s, and the equation
AX — XA =1 is consistent if and only if

pi1—1
Z diag[JPil (0)pi1717k7 o JPi.k,l (O)pi’kiilik] ’ diag[‘]i’u (O)k’ T ‘]Pi,k,; (O)k]
k=0
pi1—1

= Z diag[J,., (0)P =1 ... i, 0Pk~ =0, i=1,s,
k=0

which is not true. Therefore, the equation AX — XA = I is inconsistent. ]

Recall that the similar result holds on any unital Banach algebra [16, p. 351].
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EXAMPLE 4.6. Let A= J2(1)®J1(1)®J2(0), B = J2(1)®J2(1)®J3(0)® J1(0) (sos =2, Ay =1, Ay =0,
P11 =2,p12=1,p21 =2, q11 = 2, q12 = 2, @21 = 3, q22 = 1). We have: A;(0) = J2(0) @ J1(0), A2(0) =
.]2(0), Bl(O) = JQ(O) D JQ(O), BQ(O) = Jg(O) D Jl(O) Also dy = min{pu, (J11} =2, dy = min{pgl, q21} =2.

We decompose matrices C' and X in accordance with the forms of A and B:

o-[g §2),. [ 30 52
5x8 5x8

and then further decompose C*Y) and C(2?) in accordance with the mask matrices M; = [

Cc(12)
C(22)

x(12)
x(22)

can

[oiCD))

X (11)
[ x(21)

11
0 0 } (because

p11 > qi1 and p11 > qi2) and Mo = [ 0 1 | (because pa1 > goo):

C(ll) 0(11) C(ll) C(ll) 0 0
ct =1 iy Sy +| o qan | =G’ + 0%,
Cy” Oy | 0 0 Cy 7 Oy
e~ cf o |=lo @ |+ o]=c+c;

similar is done for the matrix X. By Theorem 4.1, consistency conditions are (we simply write J instead
of Ji(0) and omit zero block-matrices):

Y o’ o T8
B 21: gk 0 0 Tk
- JE 0 0 J3F ’
k=0 k (11) (11) 1—k
i Cx Cso Iz
i
0 i [ Ty } 0 ¢y . it
k=0 2 0:51 "0 I3
Ji"
ie., chﬁl + oMWy, =0, 5,080 + iV, = 0,600, = 0, ¢V = 0, ,C2 =0, c3? g2
1O 1y = 0,
If we put C = [¢;;], X = [z;5] € C°*® consistency condition says that all matrices C' for whom the

equation is solvable are of the form

C11 C12 C13 C14 C15 C16 Ci7 | €18

o) o02) 0 —c1| 0 —ci3||cas  cog  cCo7 | Cag

C= [ oG o2 } =| 0 e | O c3 |35 €36 C37 | C38
C4a1 C42 C43 C44 C45 C46 Cq7 | C48

€51  Cs52 | Cs3  Cs4 0 —cs5 7] 0O
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By Theorem 4.1, the particular solution X, = [X,gij)] is:

1 1
%m=ZMmﬂWd”MV—Zm@WWBWWW
k=0 =0
_| 0T Tcm)
—C B (0)T — <”
1 1
ngzz) — Z(AQ(O)T)kJrlOJ(\?j)B Z 01(322 By (0)T)k+1
k=0 =0

:[ —CfP J5(0)T = 1a(0)C (J5(0)T)? waQ?W’

X(12) _ ZAl k+1 )BQ(O)k

_ bur%MQ12<>gﬂm <>tg<>%ﬁﬁhmf bargﬁ”
C( )+021 J3(0 )+021 J3( )? Céz)

1
X}(}Zl) — _ ZA2<O)I€0(21)B1(1)—(/€+1)

= [ B n) " - BOCTR1) 2 —CEVR1) " - B(O)CE 1) 2 .

Therefore,
0 0 0 0 ol o
11 22 —C46 — Cs7  —C47
XM= 1 e as cy |, XPV=
Ca5 —cs7 0 cas
—C32 0 ‘ —C34 0
€15 — C25 €15 + C16 — 2C25 — €26 C15 + C16 + C17 — 3C25 — 2026 — C27 | C18 — C28
12
XI(, ) = Ca5 C25 + C26 Cas + C26 + Co7 Cos8
€35 €35 + C36 €35 + C36 + €37 ‘ €38

y(@) _ [ —C41 — C51  Ca1 + 2C51 — Ca2 — C52
2D =

—C43 — C53 €43 — C44 + 2C53 — C54 ]
—Cs51 C51 — C52

—Cs3 C53 — C54

The homogeneous solution is given by X = [X ,(L“)] where:

N peo) ]
h [ O1x1 po(J1(0)) | [ Oix1 po(J1(0)) ] |’

Po(J1(0)) ] }

X2 = [ [ 021 p1(J2(0)) ] [ 01x1

or, in extended form:

11 T12 | T13 T14
X;LH) = 0 r11 0 I13 N X}(L22) = |:
0 3 ‘ 0 =34

0 w46 w47
0 0 T 46

48
0
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for arbitrary complex x11, 212,13, T14, T32, L34, L46, T4a7 and x4g. Therefore, we found all solutions of the
equation in the case when it is solvable.

5. On the dimension of the space of solutions. Let A € C™*™ and B € C"*" be given matrices.
For the linear operator 7(X) = AX — XB : C™*" — C™*" we consider the following subspaces:

e R(T)={C:AX — XB = C for some X},

e N(T)={X:AX — XB=0}.
The subspace R(T) is actually the set of all C' such that the Sylvester equation is consistent, while N'(7)
consists precisely of all solutions of the homogeneous Sylvester equation. The general solution can be seen
as the set of all homogeneous solutions translated by the particular solution, so the dimension of the space

of solutions is the same as the dimension of the space of all solutions to homogeneous equation. By the basic
theorem for the vector space homomorphism, we have:

dimR(T) + dim N (T) = dim(C™*") = mn.

This fact helps us a lot in finding the dimension of R(7) when necessary, because it is significantly easier to
deal with N(T), as follows.

If A= J,(0), B=J,(0), then by Corollary 2.6, we have:

[ Pr1(Jn(0)) ] |

m>n,

N(T) =

O(m—n) xXn

[ Omx(n—m) pmfl(Jm(O)) ] , M < n,

and therefore, dim N (7) = min{m,n} (so dim R(7) = mn — min{m,n}) and its basis is

s {[5 ][40 ][44 ] e
[

Byery ={[0 In ], [0 Ju(0) ],..ci [0 Jm(0)"t ]}, m<n.

o

For the case A = Jp,(0) © -+ & Jyp,, (0) and B = J,,,(0) @ -+ @ Jp,(0), by Theorem 3.5, we have
N(T) = {X = [Xij]qu : JmL(O)XU = XijJnj (0)7 t1=1Lp, j= 1?q}7 S0

dim NM(T) = Z nj + Z m.

(i,5)eM (i,5)EN

In the most general case, described by Theorem 4.1, we have

S

dimN(T)zZ Z qrj + Z Dhi

k=1 \(i,5)€Mj (4,5)EN

For the non-derogatory case, Corollary 4.3 gives

dim N(T) = 3 min{pi, .},
i=1
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while in the diagonalizable case, given in Corollary 4.4, we have

dim N(T) = ki - 4.
=1

If we test this on Example 4.6, then we have dim MV (T) = (2+2+ 1) 4+ (1 + 1 + 2) = 9 which coincides
with the number of independent parameters in the general solution.

6. The Schur decomposition approach. Finding the Jordan form of a given matrix having some
multiple eigenvalues can be numerically unstable, so in this section, which is not closely related with previous
considerations, we present some useful recursive methods for solving the Sylvester matrix equation AX —
X B = C in the case when A and B have common eigenvalue(s). We present the consistency conditions and
the algorithm for finding the solutions, based on the Schur matrix decomposition.

For numerically solving the Sylvester equations, the most used methods are Bartels-Stewart [1] and
Golub-Nash-van Loan [8], and their various improvements. Bartels-Stewart method uses QR-algorithm for
the Schur decomposition of matrices A and B, while Golub-Nash-van Loan method uses the Hessenberg
decomposition of matrices A and B. We emphasize that both methods assume disjointness of the spectra of
A and B.

The main idea of the Bartels-Stewart algorithm is to apply the Schur decomposition to transform
Sylvester equation into a triangular linear system which can be solved efficiently by forward or backward
substitutions.

It is known that A € C™*" can be expressed as A = QUQ ™!, where Q is unitary matrix (i.e., Q71 = Q*),
and U is upper triangular matrix, which is called a Schur form for A. Since U is similar to A, it has the
same multiset of eigenvalues, and since it is triangular, those eigenvalues are the diagonal entries of U. If A
is real and o(A) C R then U can be chosen to be real and orthogonal. For details on this topic, see e.g., [10,
p. 79].

By using the idea of the constructive proof for Schur decomposition, suppose A € o(A4) N o(B) and
there exist some unitary matrices S and T such that (a and b are the multiplicities of A in ¢(A) and o(B),
respectively; Uy and V) are appropriate eigenspaces):

srag = | Ma Al Uy @ Ui — Uy & Uy,
0 Ay
I, B
rpr— | M D e Vit s e Vit
0 Ba
Note that A ¢ o(Aa2) U o (Ba2). Now the Sylvester equation becomes:
Mo A | o Ay Bz | s
S S*X - XT T =C
v B
)\Ia A12 )\Ib Bl2
S*XT — S*XT = S*CT
] b |=ser

so the equation, with S*XT =Y = [V};] and S*CT = D = [D,;], becomes

|:/\Ia A12:||:Y11 le}_{yn Y12:||:/\Ib B12}:[D11 D12:|
0 Ay Yo Yo Yo Yo 0 DBy Dyy Doy |’
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which is equivalent to the following system:

A12Yo1 = Day,
Yi2(Al — Bag) — Y11B12 = D1a — A12Y09,
(Aga — MI)Y21 = Do,
AgoY29 — YouBog = Doy + Y1 Bio.
From (6.19) and (6.21) we conclude the consistency condition:

A1a(Agy — NI)"1Dyy = Dy
Also from (6.21) we have

Ya1 = (Agy — M) 71Dy

Note that Asy and Bay (and consequently Ass — AT and AI — Bas) are upper triangular matrices, so some

known numerical method can be applied in computing their inverses.

Case 1: Tt o(A)Na(B) = {\}, i.e., if A is the only common eigenvalue (and therefore, 0(A22)No(Bag) = 0),
because of (6.22), by Proposition 1.3, we have the unique Y25 (which can be computed by using some already
known numerical method for solving the Sylvester equation), while from (6.20) we have Y75 via Yi;:

Y12 = (D1g — A12Yoy + Y11 Bia) (M — Bay) L.
Therefore, we found the family of solutions.

Case 2: If there is some other common eigenvalue p for A and B (which means p € o(Asz) N o(Basg)),
the described method is applied to the equation (6.22), i.e.,

A22Y22 - Y22B22 = D22 + (A22 - >\I)71D21Bl2~

It remains to do backward substitution and the equation is fully solved.

Because any complex matrix from C"*™ has at most n different eigenvalues, the algorithm terminates
after at most n passes.
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