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A MODIFIED NEWTON METHOD FOR A MATRIX POLYNOMIAL
EQUATION ARISING IN STOCHASTIC PROBLEM*

SANG-HYUP SEOT, JONG-HYEON SEO¥, AND HYUN-MIN KIMT

Abstract. The Newton iteration is considered for a matrix polynomial equation which arises in stochastic problem. In this
paper, it is shown that the elementwise minimal nonnegative solution of the matrix polynomial equation can be obtained using
Newton’s method if the equation satisfies the sufficient condition, and the convergence rate of the iteration is quadratic if the
solution is simple. Moreover, it is shown that the convergence rate is at least linear if the solution is non-simple, but a modified
Newton method whose iteration number is less than the pure Newton iteration number can be applied. Finally, numerical
experiments are given to compare the effectiveness of the modified Newton method and the standard Newton method.
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1. Introduction. We consider a matrix polynomial equation(MPE) with n-degree defined by

(1.1) P(X) = ZAka = A, X"+ Ay XV 4+ A X+ Ag =0,
k=0

where the coefficient matrices A;’s are m X m matrices. Then, the unknown matrix X must be an m x m
matrix.

The MPE (1.1) often occurs in the theory of differential equations, system theory, network theory,
stochastic theory, quasi-birth-and-death and other areas [1-4,7,14,21-23].

Davis [5,6], and Higham and Kim [15, 16] studied the Newton method for a quadratic matrix equation.
Guo and Laub [11] considered a nonsymmetric algebraic Riccati equation, and they proposed iteration
algorithms which converge to the minimal positive solution. In [8], Guo provided a sufficient condition for
the existence of nonnegative solutions of nonsymmetric algebraic Riccati equations. Kim [20] showed that
the minimal positive solutions also can be found by the Newton method with the zero initial matrices in
some different types of quadratic equations. Hautphenne, Latouche, and Remiche [12] studied the Newton
method for the Markovian binary tree.

Seo and Kim [26,27] studied the Newton iteration for a quadratic matrix equation and a matrix polyno-
mial equation. Specially, in [26], they provided a relaxed Newton method whose convergence is faster than
the pure one. Guo and Lancaster [10] analyzed and provided a modification about Newton’s method for
algebraic Riccati equations. They showed that the modification of Newton’s method is better than the pure
one if the minimal nonnegative solution is non-simple.
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AssuMPTION 1.1. For the MPE (1.1), the following hold:

1) The coefficient matrices Ax’s are nonnegative except Aj.
2) —A; is a nonsingular M-matrix.
3) Ap, Ay, and Y, _, Ay are irreducible.

The goal of this paper is to propose a modified Newton method of the MPE (1.1) which satisfies
Assumption 1.1. This MPE is useful for stochastic theory, quasi-birth-and-death area, and so on. The
modified Newton method is better than the pure Newton’s method if the elementwise minimal positive
solution is non-simple. The idea of the modified Newton method is from the modification of Newton’s
method for algebraic Riccati equtions of [10]. In [10], Guo and Lancaster showed that ||Y;11 — S| < ce for
the modified iteration Y;;1, the solution S, a constant ¢ > 0, and small ¢ > 0. On the other hand, we
show that the modified Newton iteration Y;; for the MPE is closer to the solution S than the pure Newton
iteration X;4.

We start with some basic definitions.

DEFINITION 1.2. Let a matrix A € R™*™. A is an Z-matriz if all its off-diagonal elements are nonpos-
itive.

It is clear that any Z-matrix A can be written as sI — B with B > 0 and s € R. Then M-matrix can
be defined as follows.

DEFINITION 1.3. A matrix A € R™*™ is an M-matriz if A = rI — B for some nonnegative matrix
B with r > p(B) where p is the spectral radius; it is a singular M-matrix if » = p(B) and a nonsingular
M-matrix if r > p(B).

The following result is well known and can be found in [9] and [25] for example.

THEOREM 1.4. For a Z-matriz A, the following are equivalent:

1. A is a nonsingular M-matriz.

2. A~ s nonnegative.

3. Av > 0 for some vector v > 0.

4. All eigenvalues of A have positive real parts.

DEFINITION 1.5. A positive solution S; of the matrix equation P(X) = 0 is the elementwise minimal
positive solution and a positive solution Sy of P(X) = 0 is the elementwise maximal positive solution if, for
any positive solution S of P(X),

(1.2) S <8<Ss.

Similarly, if nonnegative solutions S and Ss satisfy (1.2) for any nonnegative solution S, S is called the
elementwise minimal nonnegative solution and Ss is called the elementwise maximal nonnegative solution.

DEFINITION 1.6. [18, Definitions 4.2.1 and 4.2.9] The Kronecker product of A = [a;;] € C™*™ and
B = [b;;] € CP*? is denoted by A ® B and is defined to be the block matrix

allB alnB
A@B: E(Cmpan-

am1B - amnB



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I L
Volume 34, pp. 500-513, October 2018.
Sang-Hyup Seo, Jong-Hyeon Seo, and Hyun-Min Kim 502

The vec operator vec : C"™*™ — C™" is defined by

where a;f = [au ag; - am-].

LEMMA 1.7. [18, Lemma 4.3.1] Let A € C™*" B € CP*% and C € C™*1 be given and let X € C"*P
be unknown. The matriz equation
(1.3) AXB=C
is equivalent to the system of gm equations in np unknowns given by
(1.4) (BT ® A)vec(X) = vec(C),

that is, vec(AX B) = (BT @ A)vec(X).

DEFINITION 1.8. Let a matrix function F' : C™*"™ — C™*" be given, and let a matrix equation
(1.5) F(X)=0
be given. Then, a solution S € C™*" of (1.5) is called simple if the Fréchet derivative of F at S is nonsingular.

To reach our goal, in Section 2, we study the minimal nonnegative solution S of (1.1) and the Fréchet
derivative of P in (1.1) at S, and we show the convergence of the Newton iteration for (1.1). We give an
analysis about Newton’s method for the non-simple minimal nonnegative solution S, in Section 3. In Section
4, we propose a modified Newton method which is better for finding the minimal nonnegative solution S.
Finally, we give some numerical experiments, in Section 5.

For convenience, the notation || -|| is used instead of the Frobenius norm || - ||z and Ny is used as NU {0}
because the Frobenius norm and Ny are used very frequently in this paper.

2. Convergence of Newton’s method for an MPE. In this section, we introduce a sufficient
condition of the existence of the minimal nonnegative solution of the MPE (1.1) with Assumption 1.1, and
give some analysis for Newton’s method.

THEOREM 2.1. [24, Theorem 2.1] Let the MPE (1.1) with 1) and 2) in Assumption 1.1 be given. Then,
there exists the minimal nonnegative solution if

n
(2.6) B=- Z Ay, is a nonsingular or singular irreducible M -matriz.
k=0

The Fréchet derivative of the matrix polynomial equation (1.1) at X in the direction H is given by

E
[

(2.7) Py (H) = Ap X EXFL
k=11

Il
=

The second Fréchet derivative of the quadratic matrix equation (1.1) at X is given by

n k=2 1
(2.8) PY(KH) =Y Y > A (X' HXIKX™ 72 4 XIKXTHX 1 7772)
k=2 1=0 j=0
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For the equation (1.1), each step of the Newton iteration with given Xy can be written as
(2.9) Xip1 = Xi — Py (P(X)))
if Py, is invertible for all i € Ny.

(2.9) can be separated into two parts as

{P;Q (H;) = —P(X),

(2.10)
Xiv1 =X + Hi,

i=1,2,...

The general approach for solving (2.10) is to solve the m? x m? linear system derived by Lemma 1.7
such as
P, vec(H;) = vee(—P(X;)),

where
n k—1

(2.11) Py _ZZ (XFNT @ A, X1
k=1 1=0

THEOREM 2.2. Suppose that the MPE (1.1) satisfies Assumption 1.1 and (2.6). Then, the Newton
sequence {X;} with Xo = 0 is well defined, is monotone nondecreasing, and converges to the elementwise
minimal positive solution S. Furthermore, f’P;(i is a nonsingular irreducible M -matriz for i € N, and —Py
is an irreducible M -matrix.

Proof. According to the proof of [24, Theorem 2.1], the elementwise minimal nonnegative solution S of
(1.1) is the limit of the monotone nondecreasing sequence { X}, which is defined by

z+1 = G(XG)
Xx& =0,

where

G(X)=-A7" (i AR Xk 4 A0> .

k=2

Since X& = —A7' Ay > 0, the solution S is also positive. Thus, S € {Y € R™*™|Y >0, F(Y) < 0}.
From [26, Theorem 2.9], the Newton sequence {X;} with Xy = 0 is well-defined, monotone nondecreasing,
and converges to the elementwise minimal positive solution S. Moreover,

n k—1

~Ph, == D (X @ A x]

k=1 1=0
is a nonsingular M-matrix for each i € Ny.

Now, it is sufficient to show that —PY is irreducible for i € N. Since X; = —A7'Ap > 0 and A, >0
for all p > 2,
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From that X; > 0, we obtain that ZZIQ(X;“I)T ® Ay, is irreducible if and only if Y7 o Lyxm @ Ay =
Linxm ® (O p—o Ak) is irreducible. Since Y°;_, Ay is irreducible,

n k—1

ZZXkll )T @ ApX!

k=2 1=0
is an irreducible nonnegative matrix. Therefore,

n k—1

Py, =—In® A = > Y (X @ A x|
k=21=0

is also irreducible. 0

The next theorem follows directly from Theorem 2.2 and the well known local quadratic convergence of
Newton’s method.

THEOREM 2.3. If the matrix —P% in Theorem 2.2 is nonsingular, then for Xo = 0, the Newton sequence
{X;} converges to S, quadratically.

3. Analysis for the singular M-matrix —Pg. According to Theorem 2.3, the Newton iteration (2.9)
converges quadratically if —Pg is nonsingular. In this section, we will see the convergence rate of (2.9) when
—P4 is a singular M-matrix. If P} is not invertible, then P§ has a null space N' = Ker(P}) and closed range
M = Im(PY). Suppose that the direct sum N @ M = R™*™. Then, we can define P s to be the projection
onto N parallel to M and Pyy = I — Pyr. For a nonzero matrix Ny € A, define the map By, : N = N
given by

(3.12) By (N) = Py PY(No, ).

In fact, By, is a linear map. The main result of this section is an application of the following theorem which
shows the local convergence and the convergence rate of Newton’s method under some conditions.

THEOREM 3.1. (cf. [10, Theorem 1.5], [19, Theorem 1.1]) Let By, in (3.12) be invertible for some nonzero
No € N, N =span{Ny} ® N for some subspace N1, and let

5.13) W) {X‘ 0 <X 281 < Pau(X 9| OB -5, )

[(Par = Po)(X = )| < nfPa(X = S

where Py is the projection onto span{Ny} parallel to N1 & M. If Xo € W{(po,00,10) for po, 0o, n0 sufficiently
small, then the Newton sequence {X;} is well defined and ||P)'(_71|| < c||X; — S||7t for alli > 1 and some
constant ¢ > 0. Moreover,

[Xigr =S 1 [P m(Xi — S

lim ot =2l 2 lim M 2I
imoo ||X; =S| 2 imoo [|[Ppr(X; — 92

=0.
To analyze convergence of Newton’s method when —Pg is singular, we will show that (1.1) satisfies the
conditions of Theorem 3.1. From this point, for convenience, we let X; = X; — S.

LEMMA 3.2. Suppose the matriz polynomial equation (1.1) satisfies Assumption 1.1. If the matriz —PY
is a singular M-matriz, then 0 is a simple eigenvalue of —PL, N & M =R"™ ™ N is one-dimensional and
the map By, is invertible for some nonzero Ng € N.
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Proof. Since S is positive and Ay’s are irreducible, —P% is irreducible. Then, by Perron-Frobenius
Theorem [17, Theorem 8.4.4], 0 is a simple eigenvalue of Py with a positive eigenvector. Thus, we can find
n? linearly independent vectors x1, X2, - - -, Xn2 such that y; > 0 and

(314) XﬁlP}’SX - |:g g:| 5 where X = X1 X2 e Xn2

and D is an (n? — 1) x (n? — 1) nonsingular matrix. By the same way, we also have a positive vector
¢ such that Y7P§ = 0. Now, P{(N) = 0 if and only if Pgvec(N) = 0. From (3.14), Pivec(N) = 0 if
and only if vec(N) € span(x1), in which case we write N = avec™!(x1) for some nonzero a € R. Thus,
N = span(vec™!(x1)). Similarly, M = span(vec™*(x2),...,vec ! (xn2)). Therefore, N is one-dimensional
and R™*™ = N @ M.

To prove the map By, is invertible for a nonzero matrix Ny € A/, we only need to show that

for all nonzero N € N because By, is linear and N is one-dimensional. Since vec™*(x1) > 0 and S > 0, we
have

n k—2 1
PY(No, N) =) >3 Ay (S'NoSI NS 7972 4 SINSING S —H92)
k=2 =0 j=0
n k=2 1
= Z Shvec™ (x1)S7vec ™ (x1)S" I 72) £ 0,

=21=0 j=0
where N = avec™!(x1) and Ny = bvec™!(x1). Moreover, P4 (Ny, N) is either positive or negative.

On the other hand,
vec (Pg(No, N)) = kix1 + kaxa + -+ + kn2Xn2

for some real numbers k1, ko, ..., k,2. By Fundamental theorem of linear algebra in [28] and Lemma 6.3.10
n [17], we have

(3.15) YTvec (PY(No, N)) = kb x1.

Since P§(Ny, N) is either positive or negative and 1 is positive, the left side of (3.15) is also either positive
or negative. So, k1 cannot be zero. Therefore,

Py (PY(No,N)) = kyvec ' (x1) #0. O

LEMMA 3.3. Let S be the minimal positive solution of (1.1) with Assumption 1.1, and let {X;}32, be a
Newton sequence in (2.9). Then,

IP(X0) < all Xl + BI1LX | Ko [] + ell Ximr ]|

for some positive real numbers a, b, c.

Proof. From Taylor’s Theorem and putting S = X;_; — X;_1, we have

(3.16) P(X;) = P(S) + Pg(Xi = ) + O(|X; = S|1*),
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and
0=P(S)=P(X;_1 — X;_1) = P(Xi_1) — Pk, ,(Xi=1) + O(| X;-1|1?),
which is equivalent to
(3.17) — P(Xi—1) + Px,_, (Xio1) = O(| Xi-a ).
From (2.10), we have
(3.18) 0=Px  (Xi—Xi1)+ P(X;-1),
and clearly,
(3.19) Xi—Xi1=Xi— X;_1.
If we subtract (3.18) from (3.16) and substitute (3.17), we obtain
P(X;) = P(S) + Pg(X:) = P(Xi-1) = Px,_, (Xi = Xi1) + O(| X3 [1?)
= Pg(Xi) = Pk, (X)) + O(|Xi[1?) + O(| X1 |I?)-
Putting S = X,;_1 — X;_1 in the previous equality,
n k—1 _ ~
= Z Ap(X Xio)' X (X — Xi)P !
k=1 1=0
= Py, (X3) + O(IXil*) + O(|| Xi—1 )
n k—1 B B ~
=3 X XX+ O(I X X )
k=1 1=0
- Px,_ (Xi) +O(HX'||2) +O([|Xi111?)
= Py, (X)) + O(IXill| Xi-1ll) = Pk,_, (Xo) + O(IX:[1?) + O(1Xi—1[1%)
= O(|I Xi11*) + O(I XKill| Xi=1 1) +0(|\Xi|\ )-
Since || - || is a multiplicative matrix norm on R™*™ we have required result. |

LEMMA 3.4. For any fized 0 > 0, let
Q= {i e NU{0}[[Pm(X)|| > OlIPA(X5) |1}

where {X;} is the Newton sequence in Theorem 2.2. Then, there exist an integer iy and a constant ¢ > 0
such that || X;|| < e|| Xi—1||? for all i >ig in Q.

Proof. Using Taylor’s Theorem and the fact that Pg (PN(X'Z)> =0,
(3.20) P(X;) = P(8) + P5(X;) + O(1%i[1?) = P& (Pad( X)) + O Kil1?).

Since P§|ap : M — M is invertible,

we have

X;
( Z)) H > ¢1|Pm(X;)|| for some constant ¢; > 0. For i € Q,

1%l < | PacX X))

< (07" + 1) ||PadlX)
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Thus, by (3.20),
(3.21) 1P| = el P (X = eall Kill* = en (07 + 1) HIXal| — 2| Xu 1.
On the other hand, from Lemma 3.3, we have

IPX) < eall Xill? + eall Kot |1l + es ]| Xima |

From (3.21) and the fact that X; # S for any 4, we have

_ _ . . . Xia?
(07 4 1) — o) Xl Sc3||Xi||+c4||Xi_1|+C5'”Xl””.
Since X; converges to 0 by Theorem 2.2, we can find an 4o such that || X;]| < ¢||X;_1||? for all i > io. d

COROLLARY 3.5. Assume that, for given 6 > 0, [P (X;)|| > 0||Par(X;)|| for all i large enough. Then
X; — S quadratically.

When P4 is singular practically the Newton sequence converges linearly, according to the corollary we
conclude that the error will generally be dominated by its N component [10]. From Lemmas 3.2 and 3.4 we
have the following main theorem.

THEOREM 3.6. If —P% is a singular M-matriz and the convergence rate of the Newton sequence {X;}
in Theorem 2.2 is not quadratic, then ||P)/<_11H < || X;|| 7t for all i > 1 and some constant ¢ > 0. Moreover,

[Pl

X; 1
llm ||~7+1|| = = _. = 5
imoo ||XGf| 2 i=oo [Py (X))

4. A modified Newton method. Under the conditions in Theorem 3.6, the convergence rate of
the Newton sequence is 1/2. Furthermore, |[Pq(X;)||/|PAr(X:)||? converges to 0, ie., ||[Pa(Xi,)| <
e||Par(Xy,)|| holds for sufficiently small € > 0 and large integer iy to make ||[Pxr(X;,)| < 1. Intuitivley,
we understand that P (X, ) is almost terminated, and {XZ};’;O is located near a one-dimensional subspace
N. Then, we will give a modified Newton method which has faster convergence than the pure one.

LEMMA 4.1. Let {X;} be the Newton sequence in Theorem 2.2, and let the derivative Pg be singular.
Suppose that there exists ig € Ny such that i > ig implies that

(4.22) IPr(Xo) | < el Par(Xa)ll,

for 0 <e <1. Then, Pn(X;) is negative for i > ig.

Proof. From the proof of Lemma 3.2, V; := vec™!(1) is a positive basis for N. Let ¢; 1 be a scalar such
that PN(X'Z-) = ¢;,1V1. Suppose that ¢; 1 > 0. Then, Pxr(X;) > 0. Since PN(X}) + PM(X}) =X; <0, we
obtain that 0 < Py (X;) < =P aq(X;). Thus,

(4.23) P (X[ < [Pt (Xi)| < e Par(X3)]]-
It means that € > 1, i.e., it contradicts the hypothesis. Therefore, ¢; ; < 0 and PN'(XZ-) < 0. ]
Consider a polynomial f(z) = px3 + 2px? + (9p + 1)z — 1 for p > 0. Since f(0) = —1 and f(1) = 12p,

f has a root in the interval (0,1). From that f’(z) = 3pz? + 4px + 9p+ 1 > 0 for all z > 0, f is monotone
increasing in (0, 1), i.e., the root ¢ of f in (0,1) is unique. Hence, for = € (0, t), it holds that
9z + 222 + 23 1

4.24 —_— < -
( ) 1—2x P
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The previous inequality is useful to prove the following theorem.

THEOREM 4.2. Let Y11 = X,; — 2PZ1(P(XZ»)), p=|Pn|l, and let e € (0,t) be given where t is the real
root of f(x) = px® + 2px? + (9p+ 1)z — 1 in (0,1). Suppose that i > iq implies that

(4.25) JXL ol e PrEl < elPa (Rl
(| Xig1l]

for some iy € Ng. Then, fori > i,

(4.26) Vit — 81 < IXisall

Proof. From the definition of Y; 1, we get that

Yig1 — S =X; - 2P (P(X;) - S
=2(X; - P (P(X)) — Xi = §
=2X;1 — X; —25+ S
=2X;41 — X;.

So, we will show that [|2X;41 — X;|| < || Xis1]. From the hypothesis, we obtain that
(4.27) (1 = )P (Xl < 1Xill < (1 +e)[IPar(X)]-

It yields two following inequalities,

o X (L+e)|[Pa(Xy)|
1Kol ~ (=) (X
(4.28)
1—)||Pa(X; X
A-olPyEl _ 1% _,,
A+ )Pa(Xir )l [ Kol
From the previous two inequalities, we get the inequality
(4.29) 2-e)(1—¢) _ [PyX)l _ 1 _Q2+9)(+e)
l+e IPa(Xit1)l]  Ci+1 1—¢ ’

where ¢; 1 and c;y1,1 are scalars which are in the proof of Lemma 4.1, i.e., they are negative. It is obtained
that

—be + €2 5e + €2
4.30 — (¢ < 2¢; —Ci1 < —(—¢; .
(4.30) T (1) <24 - < 5 (=6in)
5 2 be—¢?
Since cter pe—e is positive for 0 < e < 1,

1—c¢ 1+¢

5e + &2
(4.31) 12¢it11 —cia] < 17_€|Cz'+1,1|~
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Therefore, we get the following inequality,

12Xi11 — Xi|| = 2Par(Xis1) — Par(Xi) + 2P (Xig1) — P (X0)||
< 2PN (Xig1) = Par(Xo) || + 2P aa (X1 + [P aa(X5) |
< |12Pn(Xit1) — Par(Xo) || + 2e[|Par(Xig 1) | + €[ Par(X5)]]

(4.32) = 2¢i11,1 = il |Vall + 2el[Par(Xiga) | + el Par(X)|
5¢ + 2 - 24¢)(1+¢ -
el + 22l Pa (el + EEEED o5,
5e + ¢2 . . 2+e)(1+e¢) .
= T IPr (X))l + 2Py (Xiv )l + == ¢lPw(Xit)|
9¢ + 2e% 4 &3 -
=7 Pyl
9 +2e2 +e% o
< Tp”XiJﬂH'
9 2¢2 3 1
Since € € (0,1), 64—175:-6 < ’ holds,
(4.33) [Yir = S|l = 12Xi1 — Xil| < [ Xigal. O

The theoretical result in Theorem 4.2 suggests a modified Newton method, as in [10] for algebraic Riccati
equations. The main ideas of the algorithm are that we choose X;;1 as the next step of X; if | P(Y;11)]| > n
for given tolerance 7 and the iteration is terminated if | P(X;41)| < n or ||P(Yit1)] < 0.

ALGORITHM 4.3. The Modified Newton Method for the Matrix Polynomial Equations for the given
tolerance 7.

1. Xy + 0

2. Calculate H such that P vec(H) = —vec(P(Xy));
3. Xo < Xo+2H,;

4. If || P(Xo)|| < n, then go to step T7;

5. Xo — Xo— H:

6. If |P(Xo)|| > 7, then go to step 2;

7. S+ Xo.

5. Numerical experiments. In this section, we compare the effectiveness of the modified Newton
method and the pure one for the MPE. The experiments are made with MATLAB R2016a. The tolerance of
the algorithm of Newton’s method is given by n = m x 10716 and we will stop the iteration if || P(X;11)]| < 7.

ExaMmpPLE 5.1. This example is given to check Theorem 4.2, theoretically. So, we give the example whose
solution is easy to be found, and the calculations of the iterations in the experiments are computed up to
100 digits with vpa function. Let an MPE (1.1) with degree n = 6 be given with the following coefficients

Ak = akVV, for k = 0, 2,3,4, 5,
(534) Ay =W — I,
Ag =W,
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where

ap = 40967 ay = 56,
- Im) and as = 3847 as = 1312,
ay = 321, as = 30.

1

(535) W = m(lmxm

Then, Ay’s satisfy Assumption 1.1 and (2.6). Hence, the MPE has the minimal positive solution S.
Let m = 3. Then, the minimal nonnegative solution

r2r +1 1—r 1—17r7

1—r 1—r 2r+1
L 3 3 3

where r ~ —0.3287191 which is the nearest real root to 0 of the equation z% + 302° + 3212* + 13122° +
38422 4 124562 + 4096 = 0. Furthermore, —Py is a singular M-matrix. Therefore, we can calculate Py and
P4, easily. In this example, in fact, —Pg is symmetric, so, Py and P are orthogonal projections, i.e.,
p = ||Par|| = 1. Thus, t ~ 0.097985683 is the real root of x® + 222 + 10z — 1.

If we calculate the Newton iteration {X;}52; in (2.9) with Xo = 0 and {Y;}$2; in Theorem 4.2, then

we obtain Figures 1, 2, 3 as results of ’ ”ﬂ;ﬂ” —2[, IPA (XD, IPa(X)]], 1 X: = S|, and ||Y; — S||. Figure
1 shows that ’H‘)I;%H — 2’ < tif i > 2. From Figure 2, we get that |P(X;)|| < t|Par(X:)|| when i > 1.

Finally, we see that ||¥; — S| < || X; — S|| for i > 2 through Figure 3.

This experiment shows that, for given i, Y; is closer to the solution than X if it satisfies the conditions
of Theorem 4.2. Furthermore, we obtain that Y;’s for ¢ > 13 are closer to the solution than any X;’s. It
means that we do not need to compute X; for i > 13 since Yi3 is thought to be a “numerical” minimal
nonnegative solution which is close sufficiently to the “mathematical” minimal nonnegative solution.

ExAMPLE 5.2. (cf. [13, Example 1]) In this example, we use Algorithm 4.3 for the following MPEs and
m = 8. Let MPEs

(5.36)
(5.37)

Wo + (W1 — Im)X =+ W2X2 =0,
W3+ (Wy — L)X + W5X? =0

R
B
[

be given, where W}, is a random nonnegative matrix which has null diagonal entries and positive off-diagonal

entries such that Wyl,, = 31, for k = 0,1,2, W3l,, = 31, and Wy1,, = 11, for k = 4,5. Since
2 5
I-— Z Wi and I — Z W), are singular irreducible M-matrices and the coefficients satisfy Assumption 1.1,

k=0 k=3
(5.36) and (5.37) have the minimal positive solutions.

We run the pure Newton algorithm(PNA) and the modified Newton algorithm(MNA) 300 times with
Xo = 0, for (5.36) and (5.37) respectively. All of the 300 experiments are run with different coefficients.
Averages of the iteration numbers are given in Table 1.
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T T T T T

—o—t
—A— | L —2|

1 X il

1001& j
O

10710 ' '

X
FIGURE 1. Checking which i satisfies H~ il -2
[ X4
10° T T T T T
—O—t| Py (X))

105 | —A— [Pu(Xl | |
1010 | i
10715 | i
1020 | i
1025 | i

1O>3o L L L L L
0 5 10 15 20 25 30

FIGURE 2. Checking which i satisfies |Pa(X:)| < t|Par(X:)]|-

PNA | MNA
QX)=0] 26 | 10.99
R(X)=0] 7 7
TABLE 1

Averages of the iteration numbers.

For (5.36), MNA finds the solution faster than PNA. But, for (5.37), the iteration numbers of MNA and
PNA are same. Figure 4 shows that the solution Sg of (5.36) is numerically non-simple and the solution Sg
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10° T T T T T

10984

107

10 -10

10 -15

1020 L L L L L

FIGURE 3. Comparison with || X; — S| and ||Y; — S||.

log(|IX: — 811 / 11511)

10°
—O—R(X)=0
—0—Q(X)=0
102 |
104 ¢
10—6 L
D
10-8 L
10.10 s s s s
0 5 10 15 20 25

FIGURE 4. Relative errors of PNA iterations with the numerical solution S'Q and Sg from (5.36) and (5.37), respectively.

of (5.37) is simple. We can see from Table 1 that MNA is significantly more efficient than PNA for finding
non-simple solutions.
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