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EXTREMAL OCTAGONAL CHAINS WITH RESPECT TO THE SPECTRAL RADIUS∗

XIANYA GENG† , SHUCHAO LI‡ , AND WEI WEI§

Abstract. Octagonal systems are tree-like graphs comprised of octagons that represent a class of polycyclic conjugated

hydrocarbons. In this paper, a roll-attaching operation for the calculation of the characteristic polynomials of octagonal chain

graphs is proposed. Based on these characteristic polynomials, the extremal octagonal chains with n octagons having the

maximum and minimum spectral radii are identified.
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1. Introduction. In this paper, we consider only connected, simple and finite graphs. For graph

theoretic notation and terminology not defined here, we refer the readers to Bondy and Murty [4].

Let G = (VG, EG) be a graph with vertex set VG and edge set EG. Then G − v, G − uv denote the

graphs obtained from G by deleting vertex v ∈ VG, or edge uv ∈ EG, respectively. This notation is naturally

extended if more than one vertex or edge are deleted. Similarly, G+ uv is obtained from G by inserting the

edge uv 6∈ EG. Denote by Pn and Cn the path and cycle on n vertices, respectively.

Let VG = {v1, v2, . . . , vn} and A(G) = (aij)n×n be the adjacency matrix of order n whose entries aij = 1

if vi, vj are adjacent and 0 otherwise. Since A(G) is symmetric and real, the eigenvalues of A(G), also

referred to as the eigenvalues of G, can be arranged as λ1 > λ2 > · · · > λk with multiplicity n1, n2, . . . , nk,

respectively. Then the spectrum of G is the set of eigenvalues of A(G) together with their multiplicities,

denoted by {λ(n1)
1 , λ

(n2)
2 , . . . , λ

(nk)
k }. The largest eigenvalue λ1(G) of A(G) is called the spectral radius or

index of G, denoted by ρ(G). The characteristic polynomial of G is

ϕ(G, x) = det(xIn −A(G)),

where In is an identity matrix of order n, and can also be expressed in the coefficients forms as follows:

ϕ(G, x) = det(xI −A(G)) =

n∑

i=0

aix
n−i.

As proposed by Brualdi and Solheid [5], an interesting problem is to determine the extremal graphs in

some class with respect to the spectral radius. This problem has attracted much attention in the literature
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(see, for example, [10, 11]). However, the problem, especially the minimization version, appears hard for

some graphs (see, for example, [15, 26, 29, 30, 31]). In contrast, tools for dealing with maximization version

are more developed (see also [12, 14]). The minimal index problem plays an important role in modeling virus

propagation in real networks (see [27] for more details). The adjacent spectral radius has been extensively

studied. Primarily the study has focussed on graphs with pendent vertices. There is also some work on

2-connected graphs.

Here we will mention only a few relevant results. Some fundamental results on spectral radius of

connected graphs with cyclomatic number are obtained in mathematical literature. In particular, in 1973,

Lovász and Pelikán [24] found that of all trees, the star has the largest spectral radius and the path has

the smallest, respectively. For trees, we refer the readers to [10, 14, 19, 23, 25]. The corresponding results

for unicyclic graphs can be found in [2, 7, 22]. Those for bicyclic graphs can be found in [28, 32], whereas

those for tricyclic or quasi-k-cyclic graphs can be found in [16, 17, 18]. It seems that the study on the index

of graphs without pendant vertices is hard. Up to now, very few papers concerned this problem. Chen et

al. [8] considered the largest eigenvalue of complete bipartite graphs, missing at most two edges. Das et al.

[13] focused on a conjecture on the index of almost complete bipartite graph proposed in [8]. Zhang and

Tian [33] determined the hexagonal chain graphs with n hexagons having the largest and smallest adjacency

spectral radii, respectively.

In order to formulate our main results, we need to introduce some notation. An octagonal system is a

2-connected graph consisting of some regular octagons. It seems that the first study on octagonal systems in

mathematical chemistry is [6]. The octagonal chains are defined recursively as follows. An octagon O1 is an

octagonal chain, with itself as the terminal octagon. If Gn−1 = O1O2 · · ·On−1 is an octagon chain consisting

of n − 1 > 2 octagons, where Oi is the ith octagon for 1 6 i 6 n − 1 and On−1 is terminal octagon, then

the graph obtained from Gn−1 by identifying an edge of On−1 incident to only one octagon of Gn−1 with an

edge of an octagon On is an octagonal chain with terminal octagon On, denoted by Gn = O1O2 · · ·On.

Let Gn = O1O2 · · ·On be an octagonal chain with n > 3. Let ui−2vi−2 be the common edge of

Oi−2 and Oi−1, and ui−1vi−1 be the common edge of Oi−1 and Oi for i ≥ 3. Let k be the number of edges

encountered when traversing Oi−1 starting at ui−2vi−2 and ending at ui−1vi−1 in a clockwise direction. Then

k ∈ {2, 3, 4, 5, 6} and the join is α, β, γ, δ, ε according to the value of k. For example, let On−1 = qpabcdefq

with en−1 = pq, and denote one edge of On by rs. Then Gn can be obtained from Gn−1 and On by α

(respectively β, γ, δ, ε) join (see Figure 1).

As it is irrelevant to which join the first and second octagons are, we set k1 = k2 = γ. Then

(1.1) Gn = γγk3 · · · kn.

If ki = γ for each i in (1.1), then Gn is a linear chain, which is denoted by Ln. If ki ∈ {α, ε} (or {β, δ}) and

ki 6= ki+1 for each i > 3 in (1.1), then Gn is called a zigzag chain, we denote it by Z1
n (or Z2

n). If ki = α

(or ε) for each i > 3 in (1.1), then Gn is a helix chain and we denote it by H1
n. If ki = β (or δ) for each

i > 3 in (1.1), then Gn is also a helix chain, which is denoted by H2
n (see Figure 2). Thus, we can see that

G1 = L1 = Z1
1 = Z2

1 = H1
1 = H2

1 , G2 = L2 = Z1
2 = Z2

2 = H1
2 = H2

2 and G3 ∈ {L3, Z
1
3 = H1

3 , Z
2
3 = H2

3}.

The current work is motivated by the paper [33], in which Zhang and Tian characterized the hexagonal

chain graphs with the largest and smallest adjacency indices, respectively. In this paper, we propose a roll-

attaching operation for calculating the characteristic polynomials of octagonal chain graphs and consider

the extremal problems on the spectral radius of octagonal chains as follows.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 34, pp. 356-372, August 2018.

Xianya Geng, Shuchao Li, and Wei Wei 358

On the spectral moment of graphs 3

octagonal chains are defined recursively as follows. An octagon O1 is an octagonal

chain, with itself as the terminal octagon. If Gn−1 = O1O2 · · ·On−1 is an octagon

chain consisting of n− 1 > 2 octagons, where Oi is the ith octagon for 1 6 i 6 n− 1

and On−1 is terminal octagon, then the graph obtained from Gn−1 by identifying an

edge of On−1 incident to only one octagon of Gn−1 with an edge of an octagon On is

an octagonal chain with terminal octagon On, denoted by Gn = O1O2 · · ·On.

Let Gn = O1O2 · · ·On be an octagonal chain with n > 3. Let ei−2 be the common

edge of Oi−2 and Oi−1, and ei−1 be the common edge of Oi−1 and Oi for i ≥ 3. Let k

be the number of edges encounter when traversing Oi−1 starting at ei−2 and ending

at ei−1 in a clockwise direction. Then k ∈ {2, 3, 4, 5, 6} and the join is α, β, γ, δ, ε

according to the value of k. For example, let On−1 = qpabcdefq with en−1 = pq, and

denote one edge of On by rs. Then Gn can be obtained from Gn−1 and On by α

(resp. β, γ, δ, ε) join (see Fig. 1.1).
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Fig. 1.1. Five cases of attaching an octagon On to an octagonal chain Gn−1.

As it is irrelevant to which join the first and second octagons are, we set k1 =

k2 = γ. Then

Gn = γγk3 . . . kn. (1.1)

If ki = γ for each i in (1.1), then Gn is a linear chain, which is denoted by Ln. If

ki ∈ {α, ε} (or {β, δ}) and ki 6= ki+1 for each i > 3 in (1.1), then Gn is called a zigzag

Figure 1. Five cases of attaching an octagon On to an octagonal chain Gn−1.
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chain, we denote it by Z1
n (or Z2

n). If ki = α (or ε) for each i > 3 in (1.1), then Gn

is a helix chain and we denote it by H1
n. If ki = β (or δ) for each i > 3 in (1.1),

then Gn is also a helix chain, which is denoted by H2
n (see Fig. 1.2). Thus we can

see that G1 = L1 = Z1
1 = Z2

1 = H1
1 = H2

1 , G2 = L2 = Z1
2 = Z2

2 = H1
2 = H2

2 and

G3 = {L3, Z
1
3 = H1

3 , Z
2
3 = H2

3}.
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2
n, Z

1
n and Z2

n.

The current work is motivated by the paper [34], in which Zhang and Tian char-

acterized the hexagonal chain graphs with the largest and smallest adjacency indices,

respectively. In this paper, we propose a roll-attaching operation for calculating the

characteristic polynomials of octagonal chain graphs and consider the extremal prob-

lems on the spectral radius of octagonal chains as follows.

Theorem 1.1. The helix chain H1
n uniquely maximizes the spectral radius among

all octagonal chains with n octagons.

Theorem 1.2. The linear chain Ln uniquely minimizes the spectral radius among

all octagonal chains with n octagons.

Figure 2. Graphs Ln, H1
n, H

2
n, Z

1
n and Z2

n.

Theorem 1.1. The helix chain H1
n uniquely maximizes the spectral radius among all octagonal chains

with n octagons.

Theorem 1.2. The linear chain Ln uniquely minimizes the spectral radius among all octagonal chains

with n octagons.

The organization of this paper is as follows. In Section 2, we give some auxiliary results on the charac-

teristic polynomials of graphs, which are used to study the spectral radius of octagonal chains. In Section 3,

we introduce a roll-attaching operation on the octagonal chains. Then we establish some technical lemmas
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that help us characterize the extremal graphs. Based on the results in the previous sections, we give the

proofs of our main results in Section 4.

2. Preliminaries. In this section, we introduce some preliminary results that will be used to study the

spectral radius of octagonal chains. For convenience, let Ce(G) be the set of cycles in G containing edge e,

and Cv(G) be the set of cycles in G containing vertex v. Denote the set of octagonal chains with n octagons

by Gn and the symbol ∼ denotes that two vertices in question are adjacent. First we recall the following

bounds.

Lemma 2.1. [1] Let G be a connected graph with n vertices and m edges. Then ρ(G) > 2m
n .

Given an octagonal chain Gn in Gn with n > 1, it is straightforward to check that Gn has 6n+2 vertices

and 7n+ 1 edges. Thus, Lemma 2.1 implies the following result.

Lemma 2.2. For any octagonal chain Gn ∈ Gn with n > 2, ρ(Gn) > 2.

Next we introduce some recursion formulas about characteristic polynomials.

Lemma 2.3. [9, 21, 3] Let G1 and G2 be two vertex disjoint graphs. Then

ϕ(G1 ∪G2, x) = ϕ(G1, x)ϕ(G2, x).

Lemma 2.4. [9, 21, 3] Let e = uv be an edge of a simple graph G. Then

ϕ(G, x) = ϕ(G− uv, x)− ϕ(G− u− v, x)− 2
∑

C∈Ce(G)

ϕ(G− VC , x).

Moreover, if e does not belong to any cycles, then

ϕ(G, x) = ϕ(G− uv, x)− ϕ(G− u− v, x).

Lemma 2.5. [20] Let H be a subgraph of G with uv ∈ EH and denote ρ(G) by ρ. If v is not the unique

neighbor of u in graph H, then

ϕ(H, ρ)− ρϕ(H − v, ρ) + ϕ(H − u− v, ρ) < 0.

Lemma 2.6. [20] Let G1 and G2 be graphs. If ϕ(G1, ρ(G2)) < 0, then ρ(G1) > ρ(G2).

Let H1
n = O1O2 · · ·On = γγαα · · ·α be a helix chain. Let c1d1 be the common edge of O1 and O2 and aibi

be the common edge of Oi and Oi+1 for i > 2 as depicted in Figure 2.

Lemma 2.7. Let the helix chain H1
k be a subgraph of a octagonal chain Gn with 1 6 k 6 n. Denote

ρ(Gn) by ρ. Then ϕ(H1
1 − c1, ρ) = ϕ(H1

1 − d1, ρ) and ϕ(H1
k − bk, ρ) < ϕ(H1

k − ak, ρ) for 2 6 k 6 n.

Proof. If k = 1, it is obvious that ϕ(H1
1 − c1, ρ) = ϕ(P7, ρ) = ϕ(H1

1 − d1, ρ), as desired.

If 2 6 k 6 n, then we show our result by induction. For the case of k = 2, by Lemma 2.4,

ϕ(H1
2 − a2, x) = (x5 − 4x3 + 3x)ϕ(H1

1 , x)− (x4 − 3x2 + 1)ϕ(H1
1 − d1, x)

and

ϕ(H1
2 − b2, x) = (x5 − 3x3 + x)ϕ(H1

1 , x)− (x4 − 3x2 + 1)ϕ(H1
1 − c1, x)

−(x4 − 2x2)ϕ(H1
1 − d1, x) + (x3 − 2x)ϕ(H1

1 − c1 − d1, x).
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Note that H1
1 is a subgraph of Gn and c1 is not the unique neighbor of d1. Hence, by Lemma 2.5

ϕ(H1
1 , ρ)− ρϕ(H1

1 − c1, ρ) + ϕ(H2
1 − c1 − d1, ρ) < 0.

According to ϕ(H1
1 − c1, ρ) = ϕ(H1

1 − d1, ρ) and ρ > 2 for n > 2, we have (based on Lemma 2.5) that

ϕ(H1
2 − b2, ρ)− ϕ(H1

2 − a2, ρ) = (ρ3 − 2ρ)[ϕ(H1
1 , ρ)− ρϕ(H1

1 − c1, ρ) + ϕ(H2
1 − c1 − d1, ρ)]

+(ρ2 − 1)[ϕ(H1
1 − c1, ρ)− ϕ(H1

1 − d1, ρ)] < 0.

Then we assume the inequality ϕ(H1
t − bt, ρ) < ϕ(H1

t − at, ρ) holds for 1 < t < k and consider the case of

k. Note that

ϕ(H1
k − bk, ρ)− ϕ(H1

k − ak, ρ) = (ρ3 − 2ρ)ϕ(H1
k−1, ρ)− (ρ4 − 3ρ2 + 1)ϕ(H1

k−1

− ak−1, ρ)− (ρ2 − 1)ϕ(H1
k−1 − bk−1, ρ)

+ (ρ3 − 2ρ)ϕ(H1
k−1 − ak−1 − bk−1, ρ).(2.2)

By induction, ϕ(H1
k−1 − bk−1, ρ) < ϕ(H1

k−1 − ak−1, ρ). Combining ρ > 2 we have

(ρ4 − 3ρ2 + 1)(ϕ(H1
k−1 − ak−1, ρ)− ϕ(H1

k−1 − bk−1, ρ))

= [ρ2(ρ2 − 4) + ρ2 + 1][ϕ(H1
k−1 − ak−1, ρ)− ϕ(H1

k−1 − bk−1, ρ)] > 0;

that is,

(ρ4 − 3ρ2 + 1)ϕ(H1
k−1 − ak−1, ρ) + (ρ2 − 1)ϕ(H1

k−1 − bk−1, ρ)

> (ρ4 − 2ρ2)ϕ(H1
k−1 − bk−1, ρ).

Hence, in view of (2.2),

ϕ(H1
k − bk, ρ)− ϕ(H1

k − ak, ρ) <(ρ3 − 2ρ)[ϕ(H1
k−1, ρ)− ρϕ(H1

k−1 − bk−1, ρ)

+ ϕ(H1
k−1 − ak−1 − bk−1, ρ)] < 0,

where the last inequality follows by Lemmas 2.2 and 2.5.

Let G1 and G2 be two vertex disjoint graphs such that u1, v1 ∈ VG1 and u2, v2 ∈ VG2 . Then the graph

G1 �G2 is constructed from G1 and G2 by connecting u1 and u2 (respectively v1 and v2 ) with an edge e1
(respectively e2). Graph G1 �G2 is depicted in Figure 3.

On the spectral moment of graphs 7

Then we assume the inequality ϕ(H1
t − bt, ρ) < ϕ(H1

t − at, ρ) holds for 1 < t < k and

consider the case of k. Note that

ϕ(H1
k − bk, ρ)− ϕ(H1

k − ak, ρ) = (ρ3 − 2ρ)ϕ(H1
k−1, ρ)− (ρ4 − 3ρ2 + 1)ϕ(H1

k−1

− ak−1, ρ)− (ρ2 − 1)ϕ(H1
k−1 − bk−1, ρ)

+ (ρ3 − 2ρ)ϕ(H1
k−1 − ak−1 − bk−1, ρ). (2.1)

By induction, ϕ(H1
k−1 − bk−1, ρ) < ϕ(H1

k−1 − ak−1, ρ). Combining ρ > 2 we have

(ρ4 − 3ρ2 + 1)(ϕ(H1
k−1 − ak−1, ρ)− ϕ(H1

k−1 − bk−1, ρ)) =

[ρ2(ρ2 − 4) + ρ2 + 1][ϕ(H1
k−1 − ak−1, ρ)− ϕ(H1

k−1 − bk−1, ρ)] > 0;

that is,

(ρ4 − 3ρ2 + 1)ϕ(H1
k−1 − ak−1, ρ) + (ρ2 − 1)ϕ(H1

k−1 − bk−1, ρ)

> (ρ4 − 2ρ2)ϕ(H1
k−1 − bk−1, ρ).

Hence, in view of (2.1),

ϕ(H1
k − bk, ρ)− ϕ(H1

k − ak, ρ) <(ρ3 − 2ρ)[ϕ(H1
k−1, ρ)− ρϕ(H1

k−1 − bk−1, ρ)

+ ϕ(H1
k−1 − ak−1 − bk−1, ρ)] < 0,

where the last inequality follows by Lemmas 2.2 and 2.5.

Let G1 and G2 be two vertex disjoint graphs such that u1, v1 ∈ VG1 and u2, v2 ∈
VG2 . Then the graph G1 ⋄G2 is constructed from G1 and G2 by connecting u1 and u2

(resp. v1 and v2 ) with an edge e1 (resp. e2). Graph G1 ⋄G2 is depicted in Fig. 2.1.


 



 



 


u1 u2

v1 v2

G1 G2

Fig. 2.1. Graph G1 ⋄G2.Figure 3. Graph G1 �G2.

Lemma 2.8. For the graph G = G1 �G2 through edges e1 = u1u2 and e2 = v1v2, then

ϕ(G, x) = ϕ(G1, x)ϕ(G2, x)− ϕ(G1 − u1, x)ϕ(G2 − u2, x)− ϕ(G1 − v1, x)ϕ(G2 − v2, x)

+ϕ(G1 − u1 − v1, x)ϕ(G2 − u2 − v2, x)− 2
∑

C∈Ce1 (G)

ϕ(G− VC , x).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 34, pp. 356-372, August 2018.

361 Extremal Octagonal Chains With Respect to the Spectral Radius

Proof. By Lemma 2.4,

ϕ(G, x) = ϕ(G− u1u2, x)− ϕ(G− u1 − u2, x)− 2
∑

C∈Ce1 (G)

ϕ(G− VC , x).

Applying Lemma 2.4 again,

ϕ(G− u1u2, x) = ϕ(G− u1u2 − v1v2, x)− ϕ(G− u1u2 − v1 − v2, x),

ϕ(G− u1 − u2, x) = ϕ(G− u1 − u2 − v1v2, x)− ϕ(G− u1 − u2 − v1 − v2, x).

Thus,

ϕ(G, x) = ϕ(G− u1u2 − v1v2, x)− ϕ(G− u1u2 − v1 − v2, x)− ϕ(G− u1 − u2 − v1v2, x)

+ϕ(G− u1 − u2 − v1 − v2, x)− 2
∑

C∈Ce1 (G)

ϕ(G− VC , x).

Note that

G− u1u2 − v1v2 ∼= G1 ∪G2,

G− u1 − u2 − v1 − v2 ∼= (G1 − u1 − u2) ∪ (G2 − v1 − v2),

G− u1 − u2 − v1v2 ∼= (G1 − u1) ∪ (G2 − u2),

G− u1u2 − v1 − v2 ∼= (G1 − v1) ∪ (G2 − v2).

Hence, by Lemma 2.3

ϕ(G, x) = ϕ(G1 ∪G2, x)− ϕ((G1 − v1) ∪ (G2 − v2), x)− ϕ((G1 − u1) ∪ (G2 − u2), x)

+ϕ((G1 − u1 − u2) ∪ (G2 − v1 − v2), x)− 2
∑

C∈Ce1 (G)

ϕ(G− VC , x)

= ϕ(G1, x)ϕ(G2, x)− ϕ(G1 − u1, x)ϕ(G2 − u2, x)− ϕ(G1 − v1, x)ϕ(G2 − v2, x)

+ϕ(G1 − u1 − v1, x)ϕ(G2 − u2 − v2, x)− 2
∑

C∈Ce1 (G)

ϕ(G− VC , x).

3. Some technical lemmas on the roll-attaching operation. In this section, we present a few

technical lemmas. First we introduce a roll-attaching operation on the octagonal chains as follows. Let

k ∈ {ε, δ, γ, β, α}, then define k̄ as

k̄ =





α, if k = ε;

β, if k = δ;

γ, if k = γ;

δ, if k = β;

ε, if k = α.

We call k̄ the rolling of k. Given an octagonal chain Gn = O1O2 · · ·On = γγk3 · · · kn, B = OiOi+1 · · ·On
is an octagonal subchain of Gn. We also set B = kiki+1 · · · kn (where k1 = k2 = γ if i = 1) and denote the

rolling of B by B̄ = k̄ik̄i+1 · · · k̄n. Hence, Ḡn = γγk̄3 · · · k̄n is the rolling of Gn. Obviously, Ḡn is isomorphic

to Gn.
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Suppose Gn = O1O2 · · ·On = γγk3 · · · kn is an octagonal chain. Let A = O1O2 · · ·Oi−2 = γγk3 · · · ki−2
and B = OiOi+1 · · ·On = kiki+1 · · · kn. Let ei−2 = pq (respectively ei−1 = rs) be the common edge of Oi−2
and Oi−1 (respectively Oi−1 and Oi). Then

• Gn can be regarded as an octagonal chain obtained from A by attaching Oi−1 through a ki−1 join

and then from O1O2 · · ·Oi−1 by attaching B through a ki join. Label the vertices of VOi−1
\ VOi−2

by a, b, c, d, e, f in a clockwise direction. One can see that if ki = α, then denote the resulting graph

by Gαn. If ki = β, then denote the resulting graph by Gβn. If ki = γ, then denote the resulting graph

by Gγn. If ki = δ, then denote the resulting graph by Gδn. If ki = ε, then denote the resulting graph

by Gεn. Graphs Gαn, G
β
n, G

γ
n, G

δ
n and Gεn are depicted in Figure 4;

• define the roll-attaching operation on Gn with respect to B as follows: attach the rolling B̄ of B to

AOi−1 = γγk3 · · · ki−1 by k′i join. It is easy to see that the resulting octagonal chain obtained by

this roll-attaching operation can be written as γγk3 · · · ki−1k′ik̄i+1 · · · k̄n, where k′i ∈ {α, β, γ, δ, ε}. If

k′i = α, then denote the resulting graph by Gα
′
n . If k′i = β, then denote the resulting graph by Gβ

′
n .

If k′i = γ, then denote the resulting graph as Gγ
′
n . If k′i = δ, then denote the resulting graph by Gδ

′
n .

If k′i = ε, then denote the resulting graph by Gε
′
n . Graphs Gα

′
n , G

β′
n , G

γ′
n , G

δ′
n and Gε

′
n are depicted

in Figure 4.

10 X.Y.Geng, S.C.Li, and W.Wei

graph by Gβ′
n . If k′i = γ, then denote the resulting graph as Gγ′

n . If k′i = δ,

then denote the resulting graph by Gδ′
n . If k

′
i = ε, then denote the resulting

graph by Gε′
n . Graphs Gα′

n , Gβ′
n , Gγ′

n , Gδ′
n and Gε′

n are depicted in Fig. 3.1.
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Fig. 3.1. Graphs Gα
n, G

β
n, G

γ
n, G

δ
n, G

ε
n and Gα′

n , Gβ′
n , Gγ′

n , Gδ′
n , Gε′

n .

In what follows we consider the octagonal chains in Gn with n > 3. Our first

lemma gives conditions under which we can replace an α join by a β join and decrease

the spectral radius.

Lemma 3.1. Let Gα′
n = Aki−1αk̄i+1 . . . k̄n and Gβ

n = Aki−1βki+1 . . . kn as de-

picted in Fig. 3.1. If ϕ(A− q, ρ(Gβ
n)) 6 ϕ(A− p, ρ(Gβ

n)), then ρ(Gα′
n ) > ρ(Gβ

n).

Proof. By Lemmas 2.4 and 2.8,

ϕ(Gα′
n , x) = ϕ(A, x)[(x4 − 3x2 + 1)ϕ(B, x) − (x3 − 2x)ϕ(B − r, x)]

+ϕ(A− p− q, x)[(x3 − 2x)ϕ(B − s, x)− (x2 − 1)ϕ(B − r − s, x)]

−ϕ(A− p, x)[(x4 − 3x2 + 1)ϕ(B − s, x)− (x3 − 2x)ϕ(B − r − s, x)]

−ϕ(A− q, x)[(x3 − 2x)ϕ(B, x) − (x2 − 1)ϕ(B − r, x)]

−2
∑

C∈Cps(Gα′
n )

ϕ(Gα′
n − VC , x) (3.1)

Figure 4. Graphs Gαn , G
β
n, G

γ
n, G

δ
n, G

ε
n and Gα

′
n , Gβ

′
n , Gγ

′
n , Gδ

′
n , Gε

′
n .

In what follows, we consider the octagonal chains in Gn with n > 3. Our first lemma gives conditions

under which we can replace an α join by a β join and decrease the spectral radius.

Lemma 3.1. Let Gα
′
n = Aki−1αk̄i+1 · · · k̄n and Gβn = Aki−1βki+1 · · · kn as depicted in Figure 4. If

ϕ(A− q, ρ(Gβn)) 6 ϕ(A− p, ρ(Gβn)), then ρ(Gα
′
n ) > ρ(Gβn).

Proof. By Lemmas 2.4 and 2.8,

ϕ(Gα
′
n , x) = ϕ(A, x)[(x4 − 3x2 + 1)ϕ(B, x)− (x3 − 2x)ϕ(B − r, x)]

+ϕ(A− p− q, x)[(x3 − 2x)ϕ(B − s, x)− (x2 − 1)ϕ(B − r − s, x)]

−ϕ(A− p, x)[(x4 − 3x2 + 1)ϕ(B − s, x)− (x3 − 2x)ϕ(B − r − s, x)]

−ϕ(A− q, x)[(x3 − 2x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)]

−2
∑

C∈Cps(Gα′n )

ϕ(Gα
′
n − VC , x)(3.3)
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and

ϕ(Gβn, x) = ϕ(A, x)[(x4 − 2x2)ϕ(B, x)

− (x3 − 2x)ϕ(B − r, x)− (x3 − x)ϕ(B − s, x) + (x2 − 1)ϕ(B − r − s, x)]

+ ϕ(A− p− q, x)[(x2 − 1)ϕ(B, x)− xϕ(B − s, x)]

− ϕ(A− p, x)[(x3 − 2x)ϕ(B, x)− (x2 − 1)ϕ(B − s, x)]

− ϕ(A− q, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)

− x2ϕ(B − s, x) + xϕ(B − r − s, x)]− 2
∑

C∈Cpa(Gβn)

ϕ(Gβn − VC , x).(3.4)

Comparing equations (3.3) and (3.4), using Cps(Gα
′
n ) = Cpa(Gβn), yields

∑

C∈Cps(Gα′n )

ϕ(Gα
′
n − VC , x) =

∑

C∈Cpa(Gβn)

ϕ(Gβn − VC , x).

Hence,

ϕ(Gα
′
n , x)− ϕ(Gβn, x) = −[(x2 − 1)ϕ(A, x)− (x3 − 2x)ϕ(A− p, x)

+(x2 − 1)ϕ(A− p− q, x)− xϕ(A− q, x)]

×[ϕ(B, x)− xϕ(B − r, x) + ϕ(B − r − s, x)].

For convenience, let ρ(Gβn) = ρ. Since ϕ(A − q, ρ) 6 ϕ(A − p, ρ) and ρ > 2, then (ρ3 − 2ρ)(ϕ(A − p, ρ) −
ϕ(A− q, ρ)) > 0. Hence, (ρ3 − 2ρ)ϕ(A− p, ρ) + ρϕ(A− q, ρ) > (ρ3 − ρ)ϕ(A− q, ρ). Note that

ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0.

Hence,

ϕ(Gα
′
n , ρ)− ϕ(Gβn, ρ) =− [(ρ2 − 1)ϕ(A, ρ)− (ρ3 − 2ρ)ϕ(A− p, ρ)

+ (ρ2 − 1)ϕ(A− p− q, ρ)− ρϕ(A− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)]

6− (ρ2 − 1)[ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)] < 0.

Thus, ϕ(Gα
′
n , ρ) < ϕ(Gβn, ρ) and by Lemma 2.6, ρ(Gα

′
n ) > ρ(Gβn).

Lemma 3.2 gives conditions under which we can replace an α join by a γ join and decrease the spectral

radius.

Lemma 3.2. Let Gαn = Aki−1αki+1 · · · kn, Gα
′
n = Aki−1αk̄i+1 · · · k̄n and Gγn = Aki−1γki+1 · · · kn as

depicted in Figure 4.

(i) If ϕ(A− q, ρ(Gγn)) 6 ϕ(A− p, ρ(Gγn)) and ϕ(B − r, ρ(Gγn)) 6 ϕ(B − s, ρ(Gγn)), then ρ(Gαn) > ρ(Gγn).
(ii) If ϕ(A− q, ρ(Gγn)) 6 ϕ(A− p, ρ(Gγn)) and ϕ(B − r, ρ(Gγn)) > ϕ(B − s, ρ(Gγn)), then ρ(Gα

′
n ) > ρ(Gγn).

Proof. For convenience, denote ρ(Gγn) by ρ.
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(i) By Lemmas 2.4 and 2.8,

ϕ(Gαn, x) = ϕ(A, x)[(x4 − 3x2 + 1)ϕ(B, x)− (x3 − 2x)ϕ(B − s, x)]

+ϕ(A− p− q, x)[(x3 − 2x)ϕ(B − r, x)− (x2 − 1)ϕ(B − r − s, x)]

−ϕ(A− p, x)[(x4 − 3x2 + 1)ϕ(B − r, x)− (x3 − 2x)ϕ(B − r − s, x)]

−ϕ(A− q, x)[(x3 − 2x)ϕ(B, x)− (x2 − 1)ϕ(B − s, x)]

−2
∑

C∈Cpr(Gαn)
ϕ(Gαn − VC , x)(3.5)

and

ϕ(Gγn, x) = ϕ(A, x)[(x4 − 2x2 + 1)ϕ(B, x)− (x3 − x)ϕ(B − r, x)

−(x3 − x)ϕ(B − s, x) + x2ϕ(B − r − s, x)]

+ϕ(A− p− q, x)[x2ϕ(B, x)− xϕ(B − s, x)− xϕ(B − r, x) + ϕ(B − r − s, x)]

−ϕ(A− p, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)

−x2ϕ(B − s, x) + xϕ(B − r − s, x)]

−ϕ(A− q, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − s, x)

−Fx2ϕ(B − r, x)ϕ(B − r − s, x)]− 2
∑

C∈Cpa(Gγn)
ϕ(Gγn − VC , x).(3.6)

Note that Cpr(Gαn) = Cpa(Gγn). Then compare (3.5) with (3.6),

∑

C∈Cpr(Gαn)
ϕ(Gαn − VC , x) =

∑

C∈Cpa(Gγn)
ϕ(Gγn − VC , x).

Hence,

ϕ(Gαn, x)− ϕ(Gγn, x) = −[x2ϕ(A, x)− (x3 − x)ϕ(A− p, x)

+x2ϕ(A− p− q, x)− xϕ(A− q, x)]

×[ϕ(B, x)− xϕ(B − r, x) + ϕ(B − r − s, x)]

−x[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)]

×[ϕ(B − r, x)− ϕ(B − s, x)].(3.7)

Bearing mind that ϕ(A− q, ρ) 6 ϕ(A− p, ρ) and by Lemma 2.5,

(ρ3 − ρ)ϕ(A− p, ρ) + ρϕ(A− q, ρ) > ρ3ϕ(A− q, ρ),

ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0.

Thus,

ϕ(Gαn, ρ)− ϕ(Gγn, ρ) 6− ρ2[ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)]

− ρ[ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B − r, ρ)− ϕ(B − s, ρ)].
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Combining Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ) < 0.

Note that ϕ(B − r, ρ) 6 ϕ(B − s, ρ). Hence, we get ϕ(Gαn, ρ) < ϕ(Gγn, ρ). By Lemma 2.6, ρ(Gαn) > ρ(Gγn).

(ii) Note that Cps(Gα
′
n ) = Cpa(Gγn). Then combining (3.3) and (3.6) yields

ϕ(Gα
′
n , x)− ϕ(Gγn, x) = −x[xϕ(A, x)− (x2 − 1)ϕ(A− p, x) + xϕ(A− p− q, x)

−ϕ(A− q, x)]× [ϕ(B, x)− xϕ(B − s, x)− ϕ(B − r − s, x)]

−[xϕ(A, x)− (x2 − 1)ϕ(A− p, x) + xϕ(A− p− q, x)

−ϕ(A− q, x)]× [ϕ(B − s, x)− ϕ(B − r, x)].

Note that ϕ(A− q, ρ) 6 ϕ(A− p, ρ) and ρ > 2. Hence, (ρ2 − 1)(ϕ(A− p, ρ)− ϕ(A− q, ρ)) > 0, that is,

(ρ2 − 1)ϕ(A− p, ρ) + ϕ(A− q, ρ) > ρ2ϕ(A− q, ρ).

Together with Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − s, ρ)− ϕ(B − r − s, ρ) < 0.

Hence, by ϕ(B − r, ρ) > ϕ(B − s, ρ),

ϕ(Gα
′
n , ρ)− ϕ(Gγn, ρ) 6− ρ2[ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ)]

− ρ[ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B − s, ρ)− ϕ(B − r, ρ)] < 0.

According to Lemma 2.6, ρ(Gα
′
n ) > ρ(Gγn).

Lemma 3.3 gives conditions under which we can replace an α join by a δ join and decrease the spectral

radius.

Lemma 3.3. Let Gαn = Aki−1αki+1 · · · kn, Gα
′
n = Aki−1αk̄i+1 · · · k̄n and Gδn = Aki−1δki+1 · · · kn as de-

picted in Figure 4.

(i) If ϕ(A− q, ρ(Gδn)) 6 ϕ(A− p, ρ(Gδn)) and ϕ(B − r, ρ(Gδn)) 6 ϕ(B − s, ρ(Gδn)), then ρ(Gαn) > ρ(Gδn).
(ii) If ϕ(B − r, ρ(Gδn)) > ϕ(B − s, ρ(Gδn)), then ρ(Gα

′
n ) > ρ(Gδn).

Proof. For convenience, denote ρ(Gδn) by ρ.

(i) By Lemmas 2.4 and 2.8,

ϕ(Gδn, x) = ϕ(A, x)[(x4 − 2x2)ϕ(B, x)− (x3 − 2x)ϕ(B − s, x)− (x3 − x)ϕ(B − r, x)

+(x2 − 1)ϕ(B − r − s, x)] + ϕ(A− p− q, x)[(x2 − 1)ϕ(B, x)− xϕ(B − r, x)]

−ϕ(A− p, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − s, x)− x2ϕ(B − r, x)

+xϕ(B − r − s, x)]− ϕ(A− q, x)[(x3 − 2x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)]

−2
∑

C∈Cpa(Gδn)
ϕ(Gδn − VC , x).(3.8)
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Note that Cpr(Gαn) = Cpa(Gδn). Hence, in view of (3.5) and (3.8),

ϕ(Gαn, x)− ϕ(Gδn, x) =− (x2 − 1)[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)]

× [ϕ(B, x)− xϕ(B − r, x)

+ ϕ(B − r − s, x)]− (x2 − 1)[ϕ(A− q, x)− ϕ(A− p, x)]

× [ϕ(B − r, x)− ϕ(B − s, x)].

Combining Lemma 2.5 yields

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0.

Notice that ϕ(A− q, ρ) 6 ϕ(A− p, ρ), ϕ(B − r, ρ) 6 ϕ(B − s, ρ) and ρ > 2. Hence, ϕ(Gαn, ρ) < ϕ(Gδn, ρ). By

Lemma 2.6, ρ(Gαn) > ρ(Gδn).

(ii) Put 4 := ϕ(Gα
′
n , x) − ϕ(Gδn, x). Note that Cps(Gα

′
n ) = Cpa(Gδn). Hence, in view of (3.3) and (3.8),

we get

4 =(1− x2)[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)]

× [ϕ(B, x)− xϕ(B − s, x) + ϕ(B − r − s, x)]

− x[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)][ϕ(B − s, x)− ϕ(B − r, x)].

By Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ) < 0.

According to ϕ(B − r, ρ) > ϕ(B − s, ρ) and ρ > 2, ϕ(Gα
′
n , ρ) < ϕ(Gδn, ρ). By Lemma 2.6, ρ(Gα

′
n ) > ρ(Gδn).

Lemma 3.4 gives conditions under which we can replace an α join by an ε join and decrease the spectral

radius.

Lemma 3.4. Let Gαn = Aki−1αki+1 · · · kn, Gα
′
n = Aki−1αk̄i+1 · · · k̄n and Gεn = Aki−1εki+1 · · · kn as de-

picted in Figure 4.

(i) If ϕ(A− q, ρ(Gεn)) < ϕ(A− p, ρ(Gεn)) and ϕ(B − r, ρ(Gεn)) > ϕ(B − s, ρ(Gεn)), then ρ(Gαn) > ρ(Gεn).
(ii) If ϕ(A− q, ρ(Gεn)) < ϕ(A− p, ρ(Gεn)) and ϕ(B − r, ρ(Gεn)) < ϕ(B − s, ρ(Gεn)), then ρ(Gα

′
n ) > ρ(Gεn).

Proof. For convenience, denote ρ(Gεn) by ρ.

(i) By Lemmas 2.4 and 2.8,

ϕ(Gεn, x) = ϕ(A, x)[(x4 − 3x2 + 1)ϕ(B, x)− (x3 − 2x)ϕ(B − r, x)]

+ϕ(A− p− q, x)[(x3 − 2x)ϕ(B − s, x)− (x2 − 1)ϕ(B − r − s, x)]

−ϕ(A− p, x)[(x3 − 2x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)]

−ϕ(A− q, x)[(x4 − 3x2 + 1)ϕ(B − s, x)− (x3 − 2x)ϕ(B − r − s, x)]

−2
∑

C∈Cpa(Gεn)
ϕ(Gεn − VC , x).(3.9)

Note that Cpr(Gαn) = Cpa(Gεn). In view of (3.5) and (3.9),

ϕ(Gαn, x)− ϕ(Gεn, x) = −(x3 − 2x)[ϕ(A, x) + ϕ(A− p− q, x)][ϕ(B − s, x)− ϕ(B − r, x)]

+(x3 − 2x)ϕ(A− p, x)[ϕ(B, x)− xϕ(B − r, x) + ϕ(B − r − s, x)]

−(x3 − 2x)ϕ(A− q, x)[ϕ(B, x)− xϕ(B − s, x) + ϕ(B − r − s, x)].
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By Lemma 2.5, ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ) < 0. Together with ϕ(A− q, ρ) < ϕ(A− p, ρ) and

ρ > 2,

ϕ(Gαn, ρ)− ϕ(Gεn, ρ) < −(ρ3 − 2ρ)[ϕ(A, ρ) + ϕ(A− p− q, ρ)][ϕ(B − s, ρ)− ϕ(B − r, ρ)]

+(ρ3 − 2ρ)ϕ(A− q, ρ)[ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)]

−(ρ3 − 2ρ)ϕ(A− q, ρ)[ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ)]

= −(ρ3 − 2ρ)[ϕ(A, ρ) + ϕ(A− p− q, ρ)][ϕ(B − s, ρ)− ϕ(B − r, ρ)]

+(ρ4 − 2ρ2)ϕ(A− q, ρ)[ϕ(B − s, ρ)− ϕ(B − r, ρ)]

= −(ρ3 − 2ρ)[ϕ(A, ρ)− ρϕ(A− q, ρ) + ϕ(A− p− q, ρ)]

×[ϕ(B − s, ρ)− ϕ(B − r, ρ)].

Combining Lemma 2.5 yields ϕ(A, ρ)−ρϕ(A−q, ρ)+ϕ(A−p−q, ρ) < 0. Note that ϕ(B−r, ρ) > ϕ(B−s, ρ)

and ρ > 2. Hence, we get ϕ(Gαn, ρ) < ϕ(Gεn, ρ). By Lemma 2.6, ρ(Gαn) > ρ(Gεn).

(ii) Note that Cps(Gα
′
n ) = Cpa(Gεn). In view of (3.3) and (3.9), we get

ϕ(Gα
′
n , x)− ϕ(Gεn, x) = −[ϕ(A− q, x)− ϕ(A− p, x)]

×[(x3 − 2x)ϕ(B, x)− (x4 − 3x2 + 1)ϕ(B − s, x)

+(x3 − 2x)ϕ(B − r − s, x)− (x2 − 1)ϕ(B − r, x)].

Note that ϕ(B − r, ρ) < ϕ(B − s, ρ) and ρ > 2. Hence,

(ρ4 − 3ρ2 + 1)(ϕ(B − s, ρ)− ϕ(B − r, ρ))

= [ρ2(ρ2 − 1) + ρ2 + 1](ϕ(B − s, ρ)− ϕ(B − r, ρ))

> 0,

that is,

(ρ4 − 3ρ2 + 1)ϕ(B − s, ρ) + (ρ2 − 1)ϕ(B − r, ρ) > (ρ4 − 2ρ2)ϕ(B − r, ρ).

As ϕ(A− q, ρ) < ϕ(A− p, ρ) and ρ > 2,

ϕ(Gα
′
n , ρ)− ϕ(Gεn, ρ) < −(ρ3 − 2ρ)[ϕ(A− q, ρ)− ϕ(A− p, ρ)][ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)].

Note that ϕ(B, ρ) − ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0. Then ϕ(Gα
′
n , ρ) < ϕ(Gεn, ρ). By Lemma 2.6,

ρ(Gα
′
n ) > ρ(Gεn).

Lemma 3.5 gives conditions under which we can replace a γ join by an α join and increase the spectral

radius.

Lemma 3.5. Let Gγn = Aki−1γki+1 · · · kn, Gγ
′
n = Aki−1γk̄i+1 · · · k̄n and Gαn = Aki−1αki+1 · · · kn as de-

picted in Figure 4 with A ∼= Ā. Then ρ(Gγn) < ρ(Gαn) if ϕ(B−r, ρ(Gγn)) 6 ϕ(B−s, ρ(Gγn)) and ρ(Gγ
′
n ) < ρ(Gαn)

otherwise.

Proof. As A ∼= Ā, it is obvious that ϕ(A− q, x) = ϕ(A− p, x). Let ρ(Gγn) = ρ. By Eq. (3.7)

ϕ(Gαn, x)− ϕ(Gγn, x) = −x2[ϕ(A, x)− (x− 1)ϕ(A− p, x) + ϕ(A− p− q, x)

−ϕ(A− q, x)]× [ϕ(B, x)− xϕ(B − r, x) + ϕ(B − r − s, x)]

−x[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)]

×[ϕ(B − r, x)− ϕ(B − s, x)].
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Note that ϕ(A− q, x) = ϕ(A− p, x). Hence,

ϕ(Gαn, ρ)− ϕ(Gγn, ρ) =− ρ2[ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ)]

− ρ[ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B − r, ρ)− ϕ(B − s, ρ)].

According to Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0.

If ϕ(B − r, ρ) 6 ϕ(B − s, ρ), then together with ρ > 2, ϕ(Gαn, ρ) < ϕ(Gγn, ρ). By Lemma 2.6, the result

ρ(Gαn) > ρ(Gγn) holds.

Next we consider ϕ(B − r, ρ) > ϕ(B − s, ρ). By Lemmas 2.4 and 2.8,

ϕ(Gγ
′
n , x) = ϕ(A, x)[(x4 − 2x2 + 1)ϕ(B, x)− (x3 − x)ϕ(B − r, x)

−(x3 − x)ϕ(B − s, x) + x2ϕ(B − r − s, x)]

+ϕ(A− p− q, x)[x2ϕ(B, x)− xϕ(B − s, x)− xϕ(B − r, x)

+ϕ(B − r − s, x)]− ϕ(A− p, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − s, x)

−x2ϕ(B − r, x) + xϕ(B − r − s, x)]

−ϕ(A− q, x)[(x3 − x)ϕ(B, x)− (x2 − 1)ϕ(B − r, x)

−x2ϕ(B − s, x) + xϕ(B − r − s, x)]− 2
∑

C∈Cpa(Gγ
′
n )

ϕ(Gγ
′
n − VC , x).(3.10)

Note that Cpr(Gαn) = Cpa(Gγ
′
n ). Hence, in view of (3.5) and (3.10),

ϕ(Gαn, x)− ϕ(Gγ
′
n , x) =− xϕ(A, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

− xϕ(A− p− q, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

+ (x2 − 1)ϕ(A− p, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

+ ϕ(A− q, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)].
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Since ϕ(A− q, x) = ϕ(A− p, x),

ϕ(Gαn, x)− ϕ(Gγ
′
n , x) =− xϕ(A, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

− xϕ(A− p− q, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

+ x2ϕ(A− p, x)[xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)]

=− x[ϕ(A, x)− xϕ(A− p, x) + ϕ(A− p− q, x)]

× [xϕ(B, x)− (x2 − 1)ϕ(B − r, x)

+ xϕ(B − r − s, x)− ϕ(B − s, x)].

Note that ϕ(B − r, ρ) > ϕ(B − s, ρ). Hence,

(ρ2 − 1)ϕ(B − r, ρ) + ϕ(B − s, ρ) > ρ2ϕ(B − s, ρ).

By the condition A ∼= Ā, ρ(Gγ
′
n ) = ρ(Ḡγ

′
n ) = ρ(Gγn) = ρ. According to Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0,

ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ) < 0.

As ρ > 2,

ϕ(Gαn, ρ)− ϕ(Gγ
′
n , ρ) <− ρ2[ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ)]

× [ϕ(B, ρ)− ρϕ(B − s, ρ) + ϕ(B − r − s, ρ)] < 0,

Hence, ϕ(Gαn, ρ) < ϕ(Gγ
′
n , ρ), i.e., ϕ(Gαn, ρ(Gγ

′
n )) < ϕ(Gγ

′
n , ρ(Gγ

′
n )) and then ρ(Gγ

′
n ) < ρ(Gαn).

Lemma 3.6 gives conditions under which we can replace a γ join by a β join and increase the spectral

radius.

Lemma 3.6. Let Gγn = Aki−1γki+1 · · · kn and Gβn = Aki−1βki+1 · · · kn as depicted in Figure 4. If A ∼= Ā,

then ρ(Gγn) < ρ(Gβn).

Proof. Note that Cpa(Gβn) = Cpa(Gγn) and ϕ(A− p, x) = ϕ(A− q, x). Hence, in view of (3.4) and (3.6),

ϕ(Gβn, x)−ϕ(Gγn, x) = −[ϕ(A, x)− xϕ(A− p, x) +ϕ(A− p− q, x)][ϕ(B, x)− xϕ(B− r, x) +ϕ(B− r− s, x)].

Denote ρ(Gγn) by ρ. By Lemma 2.5,

ϕ(A, ρ)− ρϕ(A− p, ρ) + ϕ(A− p− q, ρ) < 0, ϕ(B, ρ)− ρϕ(B − r, ρ) + ϕ(B − r − s, ρ) < 0.

Then ϕ(Gβn, ρ) < ϕ(Gγn, ρ). And by Lemma 2.6, the result ρ(Gγn) < ρ(Gβn) holds.

Lemma 3.7 gives conditions under which we can replace a γ join by a δ join and increase the spectral

radius.

Lemma 3.7. Let Gγn = Aki−1γki+1 · · · kn and Gδn = Aki−1δki+1 · · · kn as depicted in Figure 4. If A ∼= Ā,

then ρ(Gγn) < ρ(Gδn).
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Proof. Note that Gδn
∼= Ḡδn and Gγ

′
n
∼= Ḡγ

′
n . Together with A ∼= Ā, Ḡδn

∼= Gβ
′
n and Ḡγ

′
n = Gγn. By

Lemma 3.6, we get ρ(Gβn) > ρ(Gγn) and ρ(Gβ
′
n ) > ρ(Gγ

′
n ). Thus, ρ(Gδn) = ρ(Ḡδn) = ρ(Gβ

′
n ) > ρ(Gγ

′
n ) =

ρ(Ḡγ
′
n ) = ρ(Gγn), as desired.

Lemma 3.8 gives conditions under which we can replace a γ join by an ε join and increase the spectral

radius.

Lemma 3.8. Let Gγn = Aki−1γki+1 · · · kn, Gγ
′
n = Aki−1γk̄i+1 · · · k̄n and Gεn = Aki−1εki+1 · · · kn as de-

picted in Figure 4. Suppose A ∼= Ā, then ρ(Gγ
′
n ) < ρ(Gεn) if ϕ(B − r, ρ(Gγn)) 6 ϕ(B − s, ρ(Gγn)) and

ρ(Gγn) < ρ(Gεn) otherwise.

Proof. Note that Gεn
∼= Ḡεn. Hence, together with A ∼= Ā one has Ḡεn

∼= Gα
′
n . Assume, without loss of

generality, that ϕ(B − r, ρ(Gγn)) 6 ϕ(B − s, ρ(Gγn)). Then by Lemma 3.5, ρ(Gαn) > ρ(Gγn). According to the

structure of Gαn and Gα
′
n (respectively Gγn and Gγ

′
n ), under the condition ϕ(B− s, ρ(Gγn)) 6 ϕ(B− r, ρ(Gγn)),

the result ρ(Gαn) > ρ(Gγn) is equivalent to ρ(Gα
′
n ) > ρ(Gγ

′
n ). Hence, ρ(Gεn) = ρ(Ḡεn) = ρ(Gα

′
n ) > ρ(Gγ

′
n ), as

desired.

4. Proofs of our main results. In this section, we determine the graph with the maximum (respec-

tively minimum) spectral radius among all octagonal chains in Gn.

Proof of Theorem 1.1. We know G1 = L1 = Z1
1 = Z2

1 = H1
1 = H2

1 and G2 = L2 = Z1
2 = Z2

2 = H1
2 = H2

2 .

Then in order to complete the proof, it suffices to consider the case n > 3.

Let Gn = γγk3 · · · kn be an octagonal chain with the maximum spectral radius in Gn. We show Gn ∼=
H1
n = γγα · · ·α or Gn ∼= H1

n = γγε · · · ε. Note that γγα · · ·α ∼= γγε · · · ε. Here, we only show Gn ∼=
H1
n = γγα · · ·α. Suppose to the contrary that Gn 6∼= H1

n. Denote by ki the first element of k3, k4, . . . , kn
such that ki ∈ {β, γ, δ, ε}. Let A = k1 · · · ki−2 and B = ki · · · kn. Note that A ∼= H1

i−2. Denote by

pq the common edge of Oi−2 and Oi−1 and rs the common edge of Oi−1 and Oi. Then by Lemma 2.7,

ϕ(A− q, ρ(Gn)) 6 ϕ(A− p, ρ(Gn)).

If ki = β, then Gn = γγα · · ·αβki+1 · · · kn. Let G′n = γγα · · ·ααk̄i+1 · · · k̄n. By Lemma 3.1, ρ(Gn) <

ρ(G′n), which contradicts the choice of Gn.

If ki = γ, then Gn = γγα · · ·αγki+1 · · · kn. Let

G′n = γγα · · ·ααki+1 · · · kn and G′′n = γγα · · ·ααk̄i+1 · · · k̄n.

By Lemma 3.2, we know that if ϕ(B−r, ρ(Gn)) 6 ϕ(B−s, ρ(Gn)), then ρ(Gn) < ρ(G′n); if ϕ(B−r, ρ(Gn)) >

ϕ(B − s, ρ(Gn)), then ρ(Gn) < ρ(G′′n), a contradiction.

If ki = δ, then Gn = γγα · · ·αδki+1 · · · kn. Let

G′n = γγα · · ·ααki+1 · · · kn and G′′n = γγα · · ·ααk̄i+1 · · · k̄n.

By Lemma 3.3, we know that if ϕ(B−r, ρ(Gn)) 6 ϕ(B−s, ρ(Gn)), then ρ(Gn) < ρ(G′n); if ϕ(B−r, ρ(Gn)) >

ϕ(B − s, ρ(Gn)), then ρ(Gn) < ρ(G′′n), a contradiction.

If ki = ε with i = 3, then Gn = γγεk4 · · · kn and A = γ. Note that A ∼= Ā = γ. Then we consider

the graph Ḡn = γγαk̄4 · · · k̄n. Denote by k̄j the first element of k̄4, . . . , k̄n such that k̄j ∈ {β, γ, δ, ε}. Let

A′ = γγαk̄4 · · · k̄j−2 and B′ = k̄j · · · k̄n. Note that A′ ∼= H1
j−2. Denote by p′q′ the common edge of Oj−2 and

Oj−1 and r′s′ the common edge of Oj−1 and Oj . Then by Lemma 2.7, ϕ(A′−q′, ρ(Ḡn)) < ϕ(A′−p′, ρ(Ḡn)).
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Note that k̄j ∈ {β, γ, δ, ε}. Hence, by Lemmas 3.1–3.4, there exists another graph G′n in Gn such that

ρ(Gn) = ρ(Ḡn) < ρ(G′n), a contradiction.

If ki = ε with i > 4, then Gn = γγα · · ·αεki+1 · · · kn and A ∼= H1
i−2 contains at least two octagons.

Then by Lemma 2.7, ϕ(A − q, ρ(Gn)) < ϕ(A − p, ρ(Gn)). Let G′n = γγα · · ·ααki+1 · · · kn and G′′n =

γγα · · ·ααk̄i+1 · · · k̄n. By Lemma 3.4, we know that if ϕ(B − r, ρ(Gn)) 6 ϕ(B − s, ρ(Gn)), then ρ(Gn) <

ρ(G′′n); if ϕ(B − r, ρ(Gn)) > ϕ(B − s, ρ(Gn)), then ρ(Gn) < ρ(G′n), which contradicts the choice of Gn.

Hence, Gn = γγαα · · ·α, that is, the helix chain H1
n maximizes the spectral radius among Gn.

Proof of Theorem 1.2. We know that G1 = L1 = Z1
1 = Z2

1 = H1
1 = H2

1 and G2 = L2 = Z1
2 = Z2

2 =

H1
2 = H2

2 . Thus, it suffices to consider the case n > 3. Let Gn = γγk3 · · · kn be an octagonal chain with the

minimum spectral radius in Gn. We show Gn ∼= Ln = γγ · · · γ.

Suppose to the contrary that Gn 6∼= Ln. Denote by ki the first element of k3, k4, . . . , kn such that ki 6= γ,

i.e. Gn = γγ · · · γkiki+1 · · · kn, where ki ∈ {α, β, δ, ε}. Let A = k1 · · · ki−2 and B = ki · · · kn. Note that

A ∼= Ā. Denote by pq the common edge of Oi−2 and Oi−1 and rs the common edge of Oi−1 and Oi.

If ki = α, then Gn = γγ · · · γαki+1 · · · kn. Let G′n = γγ · · · γγki+1 · · · kn and G′′n = γγ · · · γγk̄i+1 · · · k̄n.

By Lemma 3.5, we know that if ϕ(B−r, ρ(G′n)) 6 ϕ(B−s, ρ(G′n)), then ρ(Gn) > ρ(G′n); if ϕ(B−r, ρ(G′n)) >

ϕ(B − s, ρ(G′n)), then ρ(Gn) > ρ(G′′n), which contradicts the choice of Gn.

If ki = β, then Gn = γγ · · · γβki+1 · · · kn. Let G′n = γγ · · · γγki+1 · · · kn. By Lemma 3.6, we know that

ρ(Gn) > ρ(G′n), a contradiction.

If ki = δ, then Gn = γγ · · · γδki+1 · · · kn. Let G′n = γγ · · · γγki+1 · · · kn. By Lemma 3.7, we know that

ρ(Gn) > ρ(G′n), a contradiction.

If ki = ε, then Gn = γγ · · · γεki+1 · · · kn. Let G′n = γγ · · · γγki+1 · · · kn and G′′n = γγ · · · γγk̄i+1 · · · k̄n.

By Lemma 3.8, we know that if ϕ(B−r, ρ(G′n)) 6 ϕ(B−s, ρ(G′n)), then ρ(Gn) > ρ(G′′n); if ϕ(B−r, ρ(G′n)) >

ϕ(B − s, ρ(G′n)), then ρ(Gn) > ρ(G′n), contradiction.

Hence, Gn = γγ · · · γ, that is, the line chain Ln attains the minimum spectral radius among Gn.
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