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RANKS OF QUANTUM STATES WITH PRESCRIBED REDUCED STATES*

CHI-KWONG LIT, YIU-TUNG POON?#, AND XUEFENG WANGS$

Abstract. Let M, be the set of n X n complex matrices. In this note, all the possible ranks of a bipartite state in
M ® My, with prescribed reduced states in the two subsystems, are determined. The results are used to determine the Choi
rank of quantum channels ® : M,,, — M, sending I/m to a specific state oo € Mp,.
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1. Introduction. In quantum information science, quantum states are used to store, process, and
transmit information. Mathematically, quantum states are represented by density matrices, i.e., positive
semidefinite matrices of trace 1.

Let M,, (H,,) be the set of n x n complex (Hermitian) matrices. Let D,, be the set of density matrices
in H,. Suppose o1 € D,, and o3 € D,, are two quantum states. Their product state is 01 ® o2 € Dyy. The
combined system is known as the bipartite system, and a general quantum state is represented by a density
matrix p € Dpp,.

Two important quantum operations used to extract information of the subsystems from a quantum state
of the bipartite system are the partial traces defined as

tri(o1 @ o3) =09 and tra(o; ® 03) = 01

on tensor states 01 ® 02 € Dy, and extended by linearity for general states in D,,,,. In particular, suppose
p = (pij)lgi,jgm € D,,n such that Pij € M.,,. Then

tri(p) = p11+ -+ pmm € My, and  tra(p) = (trpij)i<ij<m € M.

Let rank (o) be the rank of a matrix . The purpose of this note is to give a complete answer to the
following.

PROBLEM. Determine all the possible values of rank (p) for p € D,,,, in the set

S(01,02) = {p € Dy : tr1(p) = 02, tr2(p) = 01}
for given o1 € D, and o9 € D,,.
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It is well known and easy to verify that the maximum rank of p € S(o1, 02) equals R = rank (o1 )rank (o2).
In Section 2, we will present a finite algorithm for determining the minimum rank value r of p € S(o1,02) in
terms of the eigenvalues of o1 and o9. Moreover, we will show that there is p € S(o1, 02) with rank (p) = k
for every k € {r,r +1,..., R}.

In Section 3, we will describe some implications of the results in Section 2 to the study of quantum
channels. In particular, the results allow us to determine all the possible Choi ranks of a quantum channel
® : M,, = M, having a prescribed state ®(I,,/m) € D,.

In our discussion, let M,, ,, be the set of m x n complex matrices so that M,, = M, ,,. Denote by U,
and H, the set of unitary matrices and the set of Hermitian matrices in M, respectively. Let R denote
the set of n-tuples in R" with decreasing coordinates. Given o € H,,, A(0) = (A1(0),...,Au(0)) € R} will
denote the eigenvalues of o arranged in decreasing order.

Let {egm)7...,e$,T)} and {e§”), . .,e%n)} be the standard bases for C™ and C™, respectively. Then,
clearly, {\™ @ el™ ™ @ el .. ei™ @ e} is the standard basis for C™ @ C™ = C™". For simplicity,
we use the notation e; for egm) or efm if the dimension of the vector is clear in the context. Also, we use

(™) g )

e; ® e; instead of e; , and 6165- = F;; to denote the basic complex unit of appropriate size.

The following observation is useful in our discussion.

LEMMA 1.1. Let 01 € D,,,, 02 € D,,, U € M,,, and V € M,,. Then
S(Uc U\ Vo V) = (U V)S(o1,02)(UQ V) ={(URV)p(UR V)" :peS(o1,02)}
2. Ranks of matrices in S(o1,02). In this section, we present results concerning the ranks of states

in 8(o1,02). We will use the fact that S(o1,02) contains a rank one matrix if and only if o7 and oy have
the same nonzero eigenvalues counting multiplicities; see [2, 5].

For w = (wi,...,Wmyp)" € C™, let W = [w] be the m x n matrix such that the ith row equals
(W(i-1)n41s---»Win) for i = 1,...,m. Suppose W = [w] has singular value decomposition X SY"* such that
X € M,, is unitary with columns z1, ..., 7y, Y € M,, is unitary with columns y,...,y, and S = sjeje} +

-+ + sgegek, where k is the rank of W. It follows that W = [w] = Z?Zl sjx;y%, and w = Z?Zl 55 @ yj,
which is known as the Schmidt decomposition of w.

THEOREM 2.1. Let (01,02) € D, X D,, such that rank (1) = r1 > ro = rank (02). There is an element
in S(o1,02) attaining the lowest rank r with v < r1. Moreover, there exists p € S(o1,02) of rank k if and
only if r <k < ryrs.

Proof. By Lemma 1.1, we may assume that

o1 = diag(p1, ..., ey, 0,...,0) and o9 = diag(fi, ..., fry, 0,...,0).

If p= 25:1 zjzj € S(o1,032), then tri(p) = o2 and tra(p) = o07.
For 1 <i<rjand 1 <j <ry, let e; ® e; denote egm) ® egn), and let v;; = \/uifije; ® e;. Now, for
£=1,...,11, let

> Vige—1, if1 << —ry+1,
zZp =

r1+1—¢ T .
Ditl Vikt—1it )it o g Vite—1—mi AT —re 1<y,
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For example, 21 = v11 44+ Vpy py, 22 = V21 + V32 + -+ Vpggi,rgy -3 2r, = Upy 1 +0V12+ - +0p,—1,. Then
2:11 Mito—1 0 By f1<li<r—rg+1,

(2.1) try (ze2p) =

ri+1—¢ ~
doim1 Hite—1fuiEy

x R ifry —ro+1<<r,
+ D i o Mive—1—r i B

and
St Hive—1fiBire—1 ite—1 if1<l<r;—rg+1,
(2.2) tro (ze27) = b1t R
, N o )

Zz=}2 Mito—1 i Lojyp Al 1+4—1 lf "L — Ty + 1 < E S .

+ Zi:rl—i,-Q—e Mirt—1—r BB e 1—r i1e—1-1
Let

r1

(2.3) p= Zzgzz € S(o1,02).

{=1

Then p has rank r;. It follows from (2.1) and (2.2) that p € S(o1,02). In (2.3) if we replace 2127 by

*

* *
U11’L)11+"'+’Upp1]pp+ E Vjj E Vjj , o p=1,...,79—1,
Ji>p Jj>p

the resulting state is in S(o1, 09) with rank p + r for p=1,...,79 — 1. Similarly, we can replace each 225
by a rank p + 1 matrix for p = 1,...,79 — 1, in such a way that the resulting state still lies in S(o1,03).
Hence, S(o1,02) contains matrices of rank & for every k € {ry,...,rira}.

Now, suppose p € S(o1,02) has rank r < r;. We will show that there exists p € S(o1,02) with rank &
for any r < k < r1. We prove the result by induction on k. To this end, let

(2.4) p= Z zjz; € S(01,02).

j=1
By the Schmidt decomposition, z; = 221:1 sjexje @ yje for each j, where t; = rank([z;]). Let wj, =
$jexje ® yje. Similar to the previous case, we can replace z;z7 by

*

> wjewiy+ [ D wie | [ D we

L<p {>p {>p

so that the resulting state still lies in S(o1,02). We may increase the number of summands in (2.4) by one
at each time until we get p = ZM w]—gw;‘g. Note that in each step, the rank of the state will either stay the
same or increase by 1, and rank (p) > rank (tra(p)) = rank (o1) = r1. As a result, the set S(o1,02) contains
matrices of ranks r, ..., 7. 0

We illustrate the above theorem by the following example.
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EXAMPLE 2.2. Suppose o1 = diag(a1, as,as) and o9 = diag(by, be) with a1 > as > ag > 0,b7 > by > 0.

Let
21 = (\/ 0161,070, V a2b27030)t7 29 = (ana V a2b1;070a V a3b2)t7
z3 = (0,V/a1b2,0,0,v/asby, 0)".
Then p = 2127 + 2225 + 2325 € S(01,02) is of rank 3. One can replace z12] by v1v] + vovs with v; =
(vaib1,0,0,0,0,0)t and v = (0,0,0,v/asbs,0,0)* to get a rank 4 matrix in S(o1,02). Similarly, we can
further replace 2225 by vsvi +vqv), and 2325 by vsvE + vevg, etc. to get matrices in S(oy,02) of rank 5 and
6.

COROLLARY 2.3. Let (01,02) € Dy, X D,,. There is a rank one p € S(o1,02) if and only if o1 and o2
have the same (multi-)set of non-zero eigenvalues, say, Ay > -+ > \,..

In such a case, there exists p € S(oy,02) of rank k if and only if 1 < k < r2.

Proof. The first part follows from the fact that p = vv* € S(o1, 02), where v has Schmidt decomposition
>y sj; @y, if and only if oy = 37 sixjat and o = Y7 sTy;yl

The second part follows from Theorem 2.1. O

We illustrate the above Corollary by the following example.

EXAMPLE 2.4. Suppose o1 = diag(A1, A2, 0) and o9 = diag(A1, A2) such that A\ > A > 0 and A\ + Ag =
1. Let f1 = (v/A1,0,0,0,0,0)%, fo = (0,0,0,v/A2,0,0)". Then (f1 + f2)(f1 + f2)* € S(01,02) has rank 1, and
fifi + fofy € S(o1,02) has rank 2. Let

V11 = ()\1,0,0,0,0,0)t, V1 = (0,0,0,)\Q,0,0)t,

V21 = (0,0, V >\2A17070a0)ta V31 = (07 V )\1)\2a0;07070)t'

Then (v11 +v12)(v11 +v12)* +v2105; + 03105, € S(01,02) has rank 3 and v11v]; + V12075 + +v2103; + V3105, €
S(o1,09) has rank 4.

Next, we determine the minimal rank of p in S(oy,02). For w = (w1, ..., wmn,)t € C™, we continue to
let W = [w] be the m x n matrix such that the ith row equals (w(;—1)n41,- ., Win) fori =1,...,m. One can
easily construct the inverse map which converts an m x n matrix W to w = vec(W) € C™" so that W = [w].
Note that try(ww*) = WHW?")* and tre(ww*) = WW?*. Suppose p € S(o1,02) has rank < r. Then there
exists an mn x r matrix V such that try (VV*) = 09 and tro (VV*) = 1. For 1 < j <7, let W; = [v], where
v; is the j* column of V. Then we have o = Wy (W1)*+- - -+ W, (W,)* and o9 = W (W) +-- -+ W (W)™

Given C € H,,, let A(C) = (c1,...,¢m) denote the eigenvalues of C with ¢; > -+ > ¢;,. Let R =
{(z;) € R™ : 2y > -+ > x,}. By a result of Klyachko [4, 2], the eigenvalues of a sum of Hermitian
matrices can be characterized by a set LR(m,r) of r + 1 tuples (Jo, J1, ..., Jr-), where Jy, ..., J,. are subsets
of {1,...,m} . More specifically, given a = (a1,...,a) and ¢; = (c1j,...,Cm;) € R™, 1 < j < r, there
exist A,C1,...,C € H, such that

A:ZC]- with A(A) =a, and A(C;)=c;, 1<j<r

=1

if and only if trA = Z;Zl tr (C;) and for every (Jo, J1,...,Jy) € LR(m,7), the inequality
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(2'5) Z a; < Z Z Cij

i€Jo j=1l4€J;
holds. We have the following.

THEOREM 2.5. Suppose m < n, o1 € D,,, and o9 € D,,. The following conditions are equivalent:

(1) There exists p € S(o1,02) with rank < r.
(2) There exist Cq,...,Cy € Hy and Cy, ..., C, € H,, such that

T

(1) MC)) = MCj & Op_n), (i) o1 = Z Cj, and (i) 0 =Y _Cj.

Jj=1

(3) There exists C € My such that (2) holds with \(C}) = A\(C) and M\(C;) = MC @® Op_r,) for all
1<j<r.

Proof. “(1) = (2)”: Suppose there exists p € S(o1,02) with rank . Then there exist Wy,..., W, €
M, such that

oy =Wi(W)*+ -+ W,.(W,)* and o9 =W} (Wf)* +o W (Wf)*

Then (2) holds with C; = W;W; and C; = WH(W!)*.
“(2) = (1)” can be proven by reversing the above argument.

“(2) = (3)": Suppose A(o1) = (ai,...,am), and X(C;) = (c1j,...,Cm;) for j = 1,...,r. Let
(Jo,J1,...yJr) € LR(m,r), and m = (1,2,...,r) be the cyclic permutation of {1,...,r}, i.e., w(j) =7+ 1
for 1 < j <rand 7(r) = 1. Then (Jo, Jrr@ys-- -5 Jak(r)) € LR(m,7). Since 01 = Cy +--- + Cp, by (2.5) we

have
T
Dicge @i S Doio1 Dey, Ciok(j) forevery 0<k <r—1

= ZieJo a; < 22:1 Zier ¢i, where ¢; = (¢;1 + -+ + ¢ip) /T

S =Gt O

for some C’l, ceey C, e H.n, Where A(C’j) = (c1,...,¢m) for 1 < j <r. Similarly, we can choose éj such that
)\(CJ) = (Cl,...,Cm,O,...,O).
Clearly, (3) = (2). -

REMARK 2.6. For every m,n > 1, there exists a permutation matrix P € M, such that p € S(o1,02)
if and only if PpPT € S(09,01). For example, let

o O = O O O
— O O O O O

0
1
0
0
0
0

S O O O O =
o O O = O O

Then for every o1 € Dy and o1 € D3, p € S(01,02) if and only if PpPT € S(09,01). Thus, there is no loss

0
0
0
0
1
0
f
of generality in the restriction of m < n in Theorem 2

5.
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3 -2 1 1 2 -1
-2 2 0 0 -2 2
1
EXAMPLE 2.7. Suppose m =2, n=3, p = 2 ! g 1 1 0 1 . Then p € S(o1,02) with
2 -2 0 0 2 =2
-1 2 1 1 -2 3
1
1 [ 6 -3 ] 1
o1 =— ,oo=— 1|1 2 1 Let
12 -3 6 12 i1
1 2 1 1 4 -4
01_12[1 2}’@_12{—4 4}’
1 1 1 0 1 4 0 4
C, = 2 1 2 11|, Co= P 0 0 O
0 1 1 4 0 4
We have:
() A(C) = 75(3,1), M(C1) = 15(3,1,0),A(C2) = (8,0, A(C) = 75(8,0,0)
1 1_127a 1_127a7 2_1277 2_1277'

(ii) g1 = ql + QQ.
(111) o9 = Cq + Cs.

1 11 1/1 1
Letcl—(3 + 8>—and62—(+0>—24. Then we can choose

2\12 " 12) 24 2 \12
1] 2 -3 1 [ 10 -3
= — Cy=—
L 24{3 10}’ 2 24[3 2}’
) [ 544/ 1-14/2 a4 /2 ]
Clzﬁ 1-144/2 2-8y/& 1-14/2 |,
4+ E 1- /S 5445 |
and ) )
. 5-4,/% 1+14/2 4-4,/F
Co=gp| 1+14/& 2+48/F 1+14/5
445 1+14/5 545 |

Then we have oy = Cf +C%, 05 = C1+C5 with A(C}) = M(Ch) = (¢1, ¢2) and A(C1) = A(Co) = (¢4, ¢2,0).

When n = rm, we have the following corollary of Theorem 2.5.

COROLLARY 2.8. Suppose n =rm, o1 € D,, and o9 € D,,. The following conditions are equivalent:

(a) There ezists p € S(o1,02) with rank < r.

(b) There exists C = (Cy;) € H,, with C;; € My, such that \(C') = A o2) and A (Ci1+---+Cyr) =
)\(0'1).

(¢) Condition (b) holds with A (C11) =+ = A (Cyp).
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Proof. “(a) = (b)”: Suppose (a) holds. Let C; and C;, 1 < j < 7, be as given by condition (2) in Theo-
rem 2.5. For each 1 < j <, there exists an n X n unitary matrix U; such that C; = U; (Cj &) O(r,l)m) Ur.

Let V; € M, », be formed by the first m columns of U;. Let R; = VjC;/z and R = [Ry]---|R;]. Set
C = R*R. Then

AMC) = MR*R) = AM(RR*) = X Z Ci | = Maw)

and

<
<

MNCi+ - +Cp) =\ ZRij =\ Cj | =Xom).

Therefore, C = R*R will satisfy condition (b).

“(b) = (a)”: Suppose (b) holds. Let C = R*R where R = [R4]---|R,|, with R; € M, ;. Then
Ciyi = RIR; and A\(C) = A(RR*). Hence, we have

Mop) =A(R{R1+---+ RR.) and A(o2)=A(RiR1+---+R/R,).
Since A(RIR;) = A (RZR;k ® O(T,l)m), the result follows from condition (2) in Theorem 2.5.

“(b) < (c¢)” follows from “(2) < (3)” in Theorem 2.5. |

Applying Theorem 2.5, we have the following algorithm for finding the minimal rank r of matrices in
S(o1,02).

ALGORITHM 2.9. Suppose o1 € D,, and o5 € D,,, with n > m. Let

Moi1) = (a1,...,a,) and  A(oz) = (by,...,by).

Step 1. If b, = a; for 1 <i < m, then r = 1. If not, » > 1, then go to step 2.

Step 2. For r > 1, suppose the previous steps shows that the minimal rank is > r. Let

m
P.(ay,...;an) =qcE€R 1c1, .., ¢ >0, chzl/r,
j=1

Zai < i Zci for all (Jo, J1,...,Jr) € LR(m,r) »,

i€Jo j=lieJ;

m

Qr(b1,. . bp) = ce€R 1cry.. e 20, chzl/r,

j=1

Z b; < iz ¢; for all (Jo, J1,...,J) € LR(n,r) 3,

icJo j=1icJ;

where in Q,(b1,...,b,), éi=cifor1<i<mand é =0form+1<i<n.
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If S=P.(a,...,am)NQr(b1,...,b,) is non-empty, then the minimal rank of p in S(o1,02) is r.

Otherwise, the minimal rank is larger than r and we have to repeat Step 2 with r increased by 1.

By Theorem 2.1, Algorithm 2.9 will terminate for some
r < max{rank (oy), rank (o2)}.

In fact, we can focus on o1 € D,, and o2 € D,, with rank m and n, respectively.

The set P.(ai,...,amn) and @Q,(b1,...,b,) are polyhedral. There are standard linear programming
packages for checking whether S = P.(a1,...,amn)NQ:(b1,...,b,) is empty. Actually, we have the following.

PROPOSITION 2.10. Let S = Py(a1,...,am) N Qr(b1,...,b,) be defined as in Algorithm 2.9. Then the
set S is non-empty if and only if a1, ..., am,b1,...,b, satisfy a finite set of linear inequalities.

Proof. Because (a1/r,...,am/r) € Pra1,...,an), and P.(a1,...,an) is governed by a finite set of
inequalities, it is a non-empty polyhedron. Thus, there are finitely many extreme points expressed as linear
combinations of ay,...,amn. Now, Q.(b1,...,b,) is determined a finite set of inequalities, say, Uﬁ-x < B; for
j=1,...,N, wherevy,...,vny € R"® with entries in {b1,...,b,} and 1, ..., Bx € R. If all the extreme points
of P.(ay,...,an) lies in the complement of the half space defined by viz < 81, then S is empty. Otherwise,
the intersection of P,(a1,...,a,,) and the half space defined by vix < 3; is a non-empty polytope, and has
a finite number of extreme points expressed as linear combinations of a1, ..., am,b1,...,b,. We can repeat
the argument to this new polytope and the half space viz < 5. We may conclude either the set and the
half space has empty intersection or non-empty intersection. Repeating the process, we get a finite set of
inequalities involving a1, ..., G, b1, ..., b,, such that any one of them being violated will imply that S = 0,
and S # () if all the inequalities are satisfied. ]

By the above proposition, one can determine whether
S = Pr(a17...7am) ﬁQr(bh...,bn) 75@

by checking a finite set of inequalities in terms of ay, ..., am, b1, ..., b,. Using this result, one may determine
the set
Sp(m:o9) ={0 € Dy, : thereis p € S(o,02) with rank at most 7}

for a given o9 € D,,; and
Sr(01:n) ={o € D, : thereis p € S(01,0) with rank at most r}

for a given oy € D,,,. We have the following.
PROPOSITION 2.11. Suppose oo € D,, has eigenvalues by > -+ > b,. Then o € S,.(m : 02) if and only if
o has eigenvalues a1 > - -+ > a,, such that P.(a1,...,am) N Qr(b1,...,b,) # 0.

Suppose o1 € D, has eigenvalues ay > +-+ > ay,. Then o € S.(o1 : n) if and only if o has eigenvalues
by > -+ > by, such that P.(ay,...,am) N Qr(by,...,by) #0.

Although one can determine whether the set S = P.(a1,...,am) N Qr(b1,...,b,) is non-empty by
checking a finite set of inequalities, the number of inequalities involved may be very large. For low dimension
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case, the inequalities may be reduced to a smaller set after the redundant inequalities are removed. We
illustrate this in the following proposition with a direct proof. It would be nice if one can give a description of
non-redundant inequalities governing the eigenvalues of the reduced states of a bipartite state with prescribed
rank.

Given a = (aj,...,ay,) and b = (by,...,b,) € R™, we say that a is majorized by b, denoted by a < b,
if for 1 <k <n —1 the sum of the k largest components of a is less than or equal to that of b. By Horn’s
result [3], a is the diagonal of some B € H,, with eigenvalues by, ...,b, if and only if a < b.

PROPOSITION 2.12. Suppose o1 € D3 has eigenvalues a1 > as > asz and oo € Dg has eigenvalues
by > - >bg. Then o1 € S2(3 : 02) if and only if a1, as, a3 satisfying E?Zl a; = Z?:1 b; and the following
inequalities:

b3 +bg, by +b5 < a; < by + bo,

bbbt bitbibth

2.6
(2.6 R

bs +bs < az < b1+ ba, by + bs.
Proof. Suppose o5 € Dg has eigenvalues by > -+ > bg and o1 € S2(3 : 02) has eigenvalues a1 > as > as.
Then by Corollary 2.8, there exists a unitary matrix U € Mg such that U*ooU = (Cy;) with

1<i,j<2

A(C11) = M(Ca2) = (c1,¢2,¢3) and  A(Cr1 + Ca2) = (a1,a2,a3).

Then there exist ¢; > ¢ > ¢3 and 3 x 3 unitary matrices V4 and V3 such that diag (V;*Cy; Vi) = (e, ¢2,¢3)
for i =1, 2. Hence, (c1,¢1, o, C2,c3,¢3) < (b1,...,bs) [3], and we have:

1. a1 <2c¢1 < by + bs.

2. a9 <c1+ ey < w.

3. a3 < 2¢y = (b1+ba+b3+bs+bs+b)—2(c14c3) < (b1+ba+bg+bs+bs+bg)—(ba+b3+bs+bg) = by +by,
and (b + bs + by + ba + by + bg) — (b1 + by + by + b) = ba + b

Here, 2(c1 4 ¢3) > ba + bs + bs + bg, by + by + b5 + bg follows from the fact that [2]
({2,3,6,7}, {1,3,4,5}, {1,3,4,5)), ({1,4,5,6}, {1,3,4,5}, {1,3,4,5}) € LR(6,2).

The other inequalities can be deduced by looking at 2ul3 — diag(aq, as, as) and puls — diag(by, . .., bg), where
1= (b 4+ b) [6.

Given by > -+ > bg, let S be the set of (a1, as,as) satisfying a1 > as > ag, Z?Zl a; = Z?:1 b; = 6u
and (2.6). Then S is a convex polyhedron in R3. If S is non-empty, we can choose an extreme point
(a1,a2,a3) of S. Therefore, among the inequalities a1 > a2 > a3 and (2.6), at least two equalities hold. If
a; = ay = az = 2u, then from (2.6) we have

b3 +bg, by +bs < 2p < by + by, ba + b3,

b5§2ﬂ—b4§b1 and bGSQM—bgng‘

Thus, diag(by,bs) is unitarily similar to B; with diagonal entries 2u — by, b and diag(be, bg) is unitarily
similar to By with diagonal entries 2u — bs, ¢; see [3]. Thus, B = diag(by,...,bs) is unitarily similar
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to diag(bs,bs) @ By @ Ba. There exists a permutation matrix P such that P*BP = (D;;) with Dy, =
diag(bs, 2 — bg, b) and Doy = diag(2p — bs, by, ¢). By the trace condition, we see that b+ ¢ = 2u. The result
follows from Corollary 2.8.

Suppose either a; > as or az > as. Then at least one of the equalities in (2.6) holds. Consider the
following cases:

bs +bs+bs+b
1. a; = by + by. Then we have w < ag = (bg + by + b5 + bg) — ag < bz + by. Therefore,

(ag,a3) < (bs + by, bs + bs). So there exists a 2 x 2 unitary matrix U; such that U diag(bs + bs, bs +
b6)U1 = (ag,ag). Let Uy = Uldiag(l, —1). Let

_ 1 _
b3 +bs bz — by and By = - bs +bg b5 — bs

1
By == .
! 2| b3 —by bz +by 2| bs —bg bs+ bg

Then B = diag(by,bs) ® By @ Bs has eigenvalues by, ...,bs. There exists a permutation matrix P
such that P*BP = (Dz'j) with

1 1
D1 = 5diag(2b1, b3 + by, bs + bﬁ) and Doy = 5diag(2b2, b3 + by, bs + b6)

Let U =P ([1] ® Uy @ [1] ® Uz). Then U*BU will satisfy condition (2) in Corollary 2.8.

b1 +bs+0b3+D
2. as = w. Then ay4as > 2as = by +ba+b3+by = ag < bs+bg. Therefore, ag = bs+bg

and (a1, ag) < (by + ba, bs + by). Thus, the result follows as in the previous case.
3. a3 = by + bs. Then

(b1 4+ ba + b3 + by + bs + bg) = a1 + az + a3z > 3as
= 3(b1 +ba) > (b1 + b2 + b3 + bs + bs + bs)

= a1 =ay=0a3=>01+bs=0by+ b5 =b3+bg

= C =diag(by,...,bs) will satisfy (2) in Corollary 2.8

4. ag3 = by + b3. Then a; +as = by + by + bs + bg and as > agz > bs + bg. Therefore, (al,ag) <
(b1 + by, bs + bg). Thus, the result follows as in the Case 2.

The proof for the other equalities are similar. ]

Note that the same set of inequalities (2.6) will determine whether o € Dg with eigenvalues by > -+ > bg
lying in S(o7 : 6) for a given o1 € D3 with eigenvalues a1 > as > as.

In case az = 0, then b5 = bg = 0, and the set of inequalities reduce to:
(b3+b4)/2§a2 and a1§b1+b2.

These inequalities will determine o € Sy(o7 : 4) with eigenvalues by > --- > by for a given o1 € Dy with
eigenvalues a; > as. The same set of inequalities will also determine o € S2(2 : 02) with eigenvalues a1 > as
for a given o9 € D4 with eigenvalues by > --- > by.
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Note that a satisfies (2.6) if and only if (c1,¢2,¢3) < a < (b + bo, b3 + by, bs + bg), where

by + by + b3 +bs by + by + by +b 1
by + by, AT 2T AT TN g 2 < by b,
2 2 3
111 . 1
c= (37373> 1fb4+b5§§§b2+b37
by +ba+ b5 +bs by + by + b5+ 1
<1+4;5+6, 1+4J2r5+6,b2+b3> if by +03 < 5.

3. Quantum channels. Recall that quantum channels are completely positive linear maps ¢ : M,,, —
M, that admit the operators sum representation

(3.7) 0(4) =) F;AF},
j=1
for some n x m matrices Fi,...,F; such that 25:1 FYF; = I,; see [1, 6]. By the result in [1], ® is a

quantum channel if and only if the Choi matrix C(®) = (®(E;;)) € M,,(M,,) is positive semidefinite and
tr ®(E;;) = 0;;. Thus, the set of quantum channels can be identified with the set

QC(m,n) = {P = (P;;) € Myu(My) : P is positive semidefinite, (tr(P;;)) = I, }
= {mp € Dy, : tra(p) = L,/m}.

Consequently, the set of quantum channels ® : M,,, — M,, satisfying ®(1,,,/m) = ps € D,, can be identified
with S(Ip,/m, p2). In particular, S(I,,/n, I,/n) can be identified with the set of unital quantum channels
from M,, to M,,.

For a quantum channel @, its Choi rank is defined as the rank of its Choi matrix C(®). Moreover, it
is known that ® has Choi rank r if and only if r is the minimum number of matrices F, ..., F, required in
the operator sum representation of ®. By Theorem 2.3, we have the following.

PROPOSITION 3.1. There is p € S(I,,/n, I,/n) of rank k if and only if 1 < k < n?. Equivalently, there
is a unital quantum channel with Choi rank k if and only if 1 < k < n2.

By the result in the previous section, we have the following.

PROPOSITION 3.2. Let ps € D,,. There is a quantum channel ® : M,, — M, with Choi rank k and
O(I,,,/m) = ps if and only if there is a rank k element in S(In/m, p2). As a result, the value k can be any
value between the minimum value r determined by Algorithm 2.9 and the mazimum value rank (p) - m.
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