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NEW PERTURBATION BOUNDS IN UNITARILY INVARIANT NORMS
FOR SUBUNITARY POLAR FACTORS*

LEI ZHUT, WEI-WEI XU%, HAO LIU$, AND LI-JUAN MAY

Abstract. Let A € C™*™ have generalized polar decomposition A = QH with @ subunitary and H positive
semidefinite. Absolute and relative perturbation bounds are derived for the subunitary polar factor @ in unitarily
invariant norms and in @-norms, that extend and improve existing bounds.
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1. Introduction. Let C™*" be the set of m x n complex matrices and C]**"™ C7**™ be the
sets of m X n complex matrices with ranks r, s, respectively. The n x n identity matrix is denoted
by I,, and the superscript * denotes the conjugate transpose. We denote by || - ||2, | - ||z and || - ||
the spectral norm, the Frobenius norm and any unitarily invariant norm, respectively. We denote by
AT the generalized inverse of matrix A. A unitarily invariant norm || - || is called a Q-norm if there
exists another unitarily invariant norm || - || such that [|Y]| = (|Y*Y|')2, which is denoted by || -||o.

Schatten norms are examples of Q-norms, see [2-5]. Let A € C"*™ and A = A+ E € CI"*" have
singular value decompositions

(1.1) A:U(Zl O)V*, A:ﬁ(zl 0)17*

and
Q=UV}, H=WSVy, Q=UVy, H=WVVy,

where U = (Ul,UQ), U = ([71,02) e cmxm Uy € Cmxr 01 eCm*s |V = (Vl,‘/Q), ‘7 = (‘71,‘72) €
Cr*n Ve C*7, Vi € C™*8, &y = diag(o,...,0.), X1 = diag(61,...,6s), 01 > -+ > o, > 0, and
o1 >--->05>0.

The generalized polar decomposition of A and A are defined by
(1.2) A=QH, A=CQH.
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The matrices Q and Q are called the (sub) unitary polar factors of A and A:; H and H are called
the Hermitian positive (semi) definite factors of A and A. The decompositions (1.2) are unique if
R(Q*) = R(H) and R(Q*) = R(H), where R(x) is the column space of a matrix (see [5]). The
generalized polar decomposition is often called the canonical polar decomposition (see for example
[Chapter 8, 9]) and @ is a partial isometry (another word for subunitary). Throughout the paper we
always assume that the generalized polar decompositions satisfy the conditions R(Q*) = R(H) and
R(0*) = R(H).

Perturbation bounds of subunitary polar factors of square and rectangular matrices have been
discussed in [1-7]. When both A and its perturbation A have rank r, the best bound in the Frobenius
norm in [2] is given by

10— Qllr < —2—||E|r.

Or + 0y

This bound however does not hold when A has rank r and A has rank s # r. It is shown in [1] that
in the latter case,

~ 1
1@ - @Qllr =< min{o,,ds}

When both A and its perturbation A have rank r, for any unitarily invariant norms in [5] the author
showed the following bound

1B P

~ 3
1.3 — < ——||E|.
(13) 1Q-Qll < =1l
For @Q-norm Li [5] presented the following result

1++3

or+ 0,

(1.4) 1Q = Qllq = 1E]lq-

Many results have been given to improve the perturbation bounds of subunitary polar factors. How-
ever, the unitarily invariant norm and @-norm bounds of perturbation with different ranks of sub-
unitary polar factors have never been considered so far. By this motivation, in this paper, we present
some new absolute and relative bounds in unitarily invariant norms and J-norm, respectively.

The rest of this paper is organized as follows. In Section 2, we give some lemmas, which are
useful to deduce our main results. In Section 3, we present perturbation upper bounds in unitarily
invariant norms and @-norm, respectively. In Section 4, the conclusion is drawn.

2. Some lemmas. In order to deduce our main results, some lemmas are needed.

LEMMA 2.1. [1] Let ¥y = diag(o1,...,0.), Y = diag(61,...,0s), where o1 > -+ > o >
0, 61 > -+ > 65 >0, and let S be a complex matriz of suitable dimensions. Then there exists a
unique solution X to the matrix equation 31X + X Y1 = S and moreover, for unitarily invariant
norm || - ||, we have

1
X1 < —|1S]l.
Os

oy +
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LEMMA 2.2. [5] Let B have the block form
Bio >
B = .
( Bao

IBII3 < 1B11llg) + [|Bi2ll3y + [ Barll3 + [ B22l3-

By
Bo,

Then

LEMMA 2.3. [8] Let Ajp € C™X™M Ay € C™iXm2 Ay € C™M2X" Ayg € C™2%"2, Then for
unitarily tnvariant norm we have
5l
Ago ’

I a)l=10%

LEMMA 2.4. Let Ajp € C™>™M A5y € C™*"2 Ay € C™2*™ . Then for unitarily invariant

All
A21

A12
A22

A1z

norm || - || we have

0
2.1
2 H( Az

(2.2) An

)

-1 )

I

Aiz S A 0
Ay 0 - 0 A '
Proof. 1t is easy to see that

0 A12 o 0 A12 0 Inl o A12 0
Ay 0 [\ A 0 I,, 0 B 0 Ay

Let the SVDs of A2 and As; be
' 0 A
Zy

0 O
Z
2
where W = (W1, Wy), W = (W1, Wa), Z = (Z1,Z2), Z = (Z1, Z,) are unitary. Since

A, 0\ (Wi 0 r, o Z: 0
0 An )\ o W 0 T, 0
I, 0 Az 0 I, 0

2 (5w )00 ) (5w

taking a unitarily invariant norm in (2.4) yields

(2.3)

)|

Ay = WTZ* = (Wi, Ws) (
= erlzika

rh o

Aoy =Pz = () () )

= Wlf‘lzika

).
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A12 0 < A12 0
0 Aoy - 0 A;l '
Conversely,
A12 0 < A12 0
0 A - 0 Ay /|
Hence,

25 o)l )]

From (2.3) and (2.5), we can deduce

|Cae 5100 21005 48

which yields (2.1). Since

(
(2.6) A Ao _ A A 0 I, _ Az An
’ Aoy 0 Ao 0 In2 0 0 Ao

and by Lemma 2.3, we have

A An A 0
. > .
27 H( 0 A >H B H( 0 Ax )H

Combining (2.5) and (2.6) with (2.7) we obtain (2.2). O

9

)

3. Perturbation bounds. In this section, we will present perturbation bounds of subunitary
polar factors in unitarily invariant norms and in @-norm, respectively.

THEOREM 3.1. Let A € C"*" A € C™*™ have the singular value decompositions (1.1). Then,
for unitarily invariant norm, we have

~ 2 1

3.1 — < E
(3.1) 12-Qll < (25 + sy ) 151
and for the Q-norm, we have

2 3
~ 2 1 1

2 — < — + = FEllo.

32 1@~ Qlo < ((m&s) +03+53) 12l

Proof. Let E = A — A. By the singular value decompositions (1.1) it follows that
(3.3) E=U%V! U S V)"
By (3.3), we can obtain the following equalities

(3.4) UEV, = UjU S, — 2 ViV,
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(3.5) Uy E*Vy = S, ViVy — U UL S,

(3.6) Ui E*Va = S1V/' Vs,

(3.7) ViE Uy = =X, U; Us.

Combining (3.4) with (3.5), we have
(3.8) S (U0, — Vi) + (U, — ViV)E, = UFEV, — Vi E*U,.
It follows from Lemma 2.1 with X = U;U, — V;*V; and S = U EV; — V;*E*U; that

- - 2
|UzEV, — Vi E* U, | <

oy + 05 oy + 05

(3.9) IUF 0 = ViVa| < 1E]-

It follows from (3.3)—(3.7) that

SV — U UL S, S0 ViV )

U*EV = ( ({1* )E(Vl,Vg)
( —U3U % 0

(3.10) =

S ViV, 0
11 - < [|F]||.
(3.11) H< ElUf‘Uz)H_” I

Since
ie.,

and together with (3.11), we have

ViV 0 1

3.12 1 . S ga— ) 5[]

( ) H( 0 =UfU; )H - min{0r758}|| H

Since

U - VEVy — UrUy ViVs

3.13 1 —Q)(Vy,Va) = EREG 1
(3.13) (o5 )@@y (T Vi),
then

)

~ ViVi—UU, 0 0 VitVa
_ < -
-an< (5T (o
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together with (3.9), (3.12) and Lemma 2.4, we have (3.1). For Q-norm, it follows from (3.13) and
Lemma 2.2 that
(3.14) 1Q = QI% < Ve Vi = UL UL + Vi Valigy + 1T UL ).

From (3.8) and Lemma 2.1, we have

. . 2 2
* * 2 2
(3.15) Vi - 00l < (2 ) el

It follows from (3.6) and (3.7) that
ViVo=S7'UrE*Vy and UiU, = =XV E*Us.

Then
(|2 1 2 TETT 2 1 2
(3.16) [Vi'Vallg < §\|EHQ and [|U3UL[lg < ;HE”Q
Hence, we can obtain (3.2) from (3.14)—(3.16). This completes the proof. 0

REMARK 3.1. When 7 = s, (3.1) reduces to

|@Qns( 2_ 1 )nmu

o+ 6, min{o., .}

which is the existing bound in [4]. This means that the bounds in Theorem 3.1 extend the ones in [4].
The following example illustrates that (1.3) and (1.4) can not hold when A € C**™, A € C"*" 1 # .

ExAMPLE 3.1. Let A = ( %1 8 ) € C¥? and A = < %1 0 ) € C3*%, where 0 < € < 2,
€

setting || - || by || - || 7, then

3 ~ 3e ~
A—A|p = 1=Q -
A Ale = S <1=1Q-Qlr
and 2 2 2 2
< +)/1—AIIF—< +>6<1—IIQ—QIIF7
o1+ € o1 o1 +e€ o1

which implies (1.3) and (1.4) can not hold. Also, for Q-norm, (1.6) can not hold when A € C™*", A e
Comr #s.Set || -l by [ - ||, then

1++3

o1+ €

<1=]Q-Qllr,

~ 14 v3)e
1A - 4l = LYY

o1+ €
which implies (1.6) can not hold.

In the following, we will present another kind of perturbation bounds which depend on the rela-
tive perturbations ATE, ATE and EAT.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 34, pp. 231-239, May 2018.

237 New Perturbation Bounds in Unitarily Invariant Norms for Subunitary Polar Factors

THEOREM 3.2. Let A € C"*™ A € C™ " have the singular value decompositions (1.1). Then,
for unitarily invariant norm, we have

~ 5’1 = g1
3.17 —Q < (1+ —— | |ATE| + ——||ATE|| + |EAT
) 12-Qll < (14 2 ) IATE] + 2 ATE] + |EAT]

and for the Q-norm, we have

2

(51| ATE[ @ + 01| ATE||g)?
(UT +58)2

(3.18) 10 = Qllg < < + | BATG + II/FE|2Q>

Proof. By the singular value decompositions (1.1) it follows that
(3.19) A=Un,Vy, At =nsTur, A=U0,5, V) AT = s oy.
It follows from (3.19) that
(3.20) VS UT OV — WV = ATE.
From (3.20), we have
(3.21) UrU S — S ViV = 5, Vi ATEV;,

similarly, we have

(3.22) SV — U ULS, = S5, Vi ATEV,,
(3.23) ViVy =V ATEV,,
(3.24) —U3U, = Us EATU,.

Combining (3.21) with (3.22) gives
(3.25) (UFU, — Vi), + S0 (USTU, — Vi) = 51 Vi ATEV, — (VFATEV)* S,
It follows from (3.23)—(3.25) and Lemma 2.1 that

o1||ATE| + 6, ATE)|

(3.26) |UF 0y — ViV < rE
(3.27) IViVall < IATE],
(3.28) 15U < IEAT]).

From (3.13) and (3.26)—(3.28), we have (3.17). For Q-norm, it follows that

(3.29) 1Q = QI < 1Ty Ty = ViVAlIG + Vi Valig + 1T UL ;-
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Combining (3.26)—(3.29) yields (3.18). 0

REMARK 3.2. The bounds (3.17) and (3.18) only depend on the relative perturbations AT E, ATE
and EAT. The following example shows that the bound (3.17) can be sharper than the bound (3.1).

0.05 0.05

.0
0 0 . A simple calculation yields
0

1 0 0 1
EXAMPLE 3.2. Let A = 0 0 O and A = 0
0 0 2 0 2.05

that by Bound (3.1) we get

1Q — QI < 3.6404;
by bound (3.17), we get

1Q — Q| < 3.1278.

REMARK 3.3. It is easy to check that in Theorem 3.1

1
2 1 9 2 1 1 2
E > _ E
<O’r + 05 * min{ar,&s}) 1Ele = ((Ur _|_5S> + o2 + 5?) 1Elq

and in Theorem 3.2

01 ~ 01
1+ —— | |ATE A'E EAT
(14555 ) 140 Elg + -2 1A'Elo + B 4lq

2

(61| ATE )@ + o1 [ ATE||@)*
(UT + 55)2

+ | BATIG + | ATE|G

Hence, by using @-norms, we can derive sharper bounds than the bounds by using general unitary
invariant norms.

4. Conclusions. In this paper, we consider refined perturbation upper bounds of subunitary
polar factors in unitarily invariant norm and in @-norm, respectively, which extend some existing
results. We present the absolute perturbation bounds in unitarily invariant norm and in @-norm,
respectively and the corresponding relative perturbation bounds are given.
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