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THE HERMITIAN NULL-RANGE OF A MATRIX OVER A FINITE FIELD*
E. BALLICOf

7, uiv; be the Hermitian
form of F7;. Fix an nxn matrix M over F 2. In this paper, it is considered the case k = 0 of the set Numg (M) := {{(u, Mu) | u €
114‘;2, (u,u) = k}. When M has coefficients in Fy the paper studies the set Numy (M)q := {{u, Mu) | u € Fy, (u,u) = k} C Fq.
The set Numj (M) is the numerical range of M, previously introduced in a paper by Coons, Jenkins, Knowles, Luke, and
Rault (case g a prime p = 3 (mod 4)), and by the author (arbitrary ¢). In this paper, it is studied in details Numg(M) and
Numy (M)q when n = 2. If g is even, Numg(M)q is easily described for arbitrary n. If ¢ is odd, then either Numg(M)q = {0},

or Numg(M)q = Fq, or §(Numg(M)q) = (¢ +1)/2.

Abstract. Let g be a prime power. For u = (u1,...,un),v = (v1,...,0n) € IFZz, let (u,v) :=
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1. Introduction. Fix a prime p and a power ¢ of p. Up to field isomorphisms there is a unique field
Fy such that §(Fy) = ¢ ([10, Theorem 2.5]). Let e1,..., e, be the standard basis of F},. For all v,w € Fy,
say v = aje; +- - +ane, and w = byeg + - -+ + bye,, set (v,w) = > alb;. (-,-) is the standard Hermitian
form of F.. The set {u € F | (u,u) = 1} is an affine chart of the Hermitian variety of P"(Fg2) ([4, Ch. 5],
[6, Ch. 23]). Let M be an n x n matrix with coefficients in F,2. In [1], we made the following definition.
The numerical range Num(M) (or Num; (M)) of M is the set of all (u, Mu) with (u,u) = 1. C is a degree 2
Galois extension of R with the complex conjugation as the generator of the Galois group. F,2 is a degree 2
Galois extension of F, with the map ¢ — ¢7 as a generator of the Galois group. Hence, (, ) is the Hermitian
form associated to this Galois extension. Thus, the definition of Num(M) is a natural extension of the notion
of numerical range in linear algebra ([3], [7], [8], [L1]). This extension was introduced in [2] when ¢ is a prime
p =3 (mod 4). In this paper, we consider related subsets Numg(M) C Numg(M) C F .

As in [2] for any k € Fy set Cp(k) := {(a1,...,a,) € F}: | S adtt =k}, The set C,,(0) is a cone of
F7, and its proiectivization H, C P"~!(F;2) is the Hermitian variety of dimension n — 2 of P*~!(F,2) with
rank n. Set Cy,(0) := C,(0) \ {0}. Recall that (u,u) € Fy for all u € Fz. For any n x n matrix over Fg2 and
any k € Fy let Numy (M) (resp., Numg(M)) be the set of all a € F,2 such that there is u € C, (k) (resp.,
u € C/(0) and n > 2) with a = {u, Mu). We always have 0 € Numg(M), Numg(M) = Numg(M) U {0}
and quite often, but not always, we have 0 € Numg(M) (Propositions 2.8, 2.11, 2.12). For instance, we
have Numy (I, x,,) = {0} for all n > 2, where I,,x,, denote the unity n x n matrix. If n = 1, i.e., M is the
multiplication by a scalar m, we have Numy (M) = mk. There is an ambiguity if n = 1, because C7(0) = .
Hence, we do not define Numyj, for 1 x 1 matrices. We say that Numg (M) is the Hermitian null-range of the
matrix M.

We have Numy (M) = kNum, (M) for all k£ € F; (use Remark 2.2 to adapt the proof of [2, Lemma
2.3]). Thus, we know all numerical ranges of M if we know Num; (M) and Numg(M). The first part of
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this paper studies Numg(M). If n = 2 we prove several results concerning the set Numg (M) under different
assumptions on the eigenvalues and the eigenvectors of M. As a byproduct of our study of the case n = 2
we get the following result.

COROLLARY 1.1. Assume that M # cl,, xy, for some ¢ € Fp2. Then we have §(Numg(M)) > [(¢+1)/2].

See Propositions 2.8, 2.11 and 2.12 and Lemma 2.10 for the cases in which we describe Numg(M) and
Numg (M), not just we give lower bounds for their cardinality.

In the second part of this paper, we consider the following question. Fix k € F, and suppose that
all coefficient m;; of the matrix M are elements of F,. For any k € F, let Numy(M), be the set of all
a € Fy such that there is u € Fy with (u,u) = k and (u, Mu) = a. If n > 1, k = 0 and we also impose
that u # 0, then we get the definition of Numg(M),. Note that Numg (M), € Numg (M) NF, and that
Numg (M), € Numg(M) NF,. These inclusions are not always equalities (see Example 3.12). In this part,
there are huge differences between the case ¢ even and the case ¢ odd.

First assume that ¢ is even. For any matrix M we have Numg (M), # 0, either Numg(M), = {0} or
Numg(M)g 2 F;, and Numg (M), = {0} if and only if m;; +m;+mi;+m;; = 0 for all i # j (see Proposition
3.13 for a more general result).

Now assume that ¢ is odd. For any M € M, ,,(F,) either Numy(M), = {0}, or Numy(M), = Fy, or
f(Numo(M)q) = (¢ +1)/2 (Lemma 3.2). There is a difference between the case ¢ = 1 (mod 4) (in which
—1 is a square in Fy) and the case ¢ = —1 (mod 4) (in which —1 is a not square in F,;). For instance if
n=2and ¢ = —1 (mod 4), then Numg (M), = 0 (part (i) of Proposition 3.9). Now assume n =2 and ¢ = 1
(mod 4). By part (iii) of Proposition 3.9 we have:

L. If myz +ma1 # 0, then Numg (M), contains at least (¢ —1)/2 elements of F; and we give a condition
on maoy — mi1 and mig + me1 which gives Numg (M), = F,,.

2. Assume mia+mar = 0. If my; = mao, then Numg (M), = {kmq;} for all k € F, and 0 € Numg(M),.
If mi1 # mae, then #(Numy(M),) < (¢ +1)/2 for all k € F,, §(Numo(M),) = (¢ + 1)/2 and
0 ¢ Numg(M),.

See Propositions 3.9 and 3.13 for cases in which we describe Numg(M),.

2. Preliminaries. For any field K, set K* := K \ {0}. For any n x n matrix N = (n;;), ni; € Fge
for all 4,7, set NT = (nj;). For all u,v € Fy, we have (u, Nv) = (NTu,v). The matrix N is called unitary
if NTN = I, (or equivalently NNT = I,,«,,). Note that Numy(M) = Numy(UTMU) for every unitary
matrix U.

REMARK 2.1. Fix a prime p and let r be a power of p. Up to field isomorphisms there is a unique finite
field, F,., with r elements and F,, = {z € F,, | 2" = x}. The group F} is a cyclic group of order r — 1 and
Fr={zx €F,|2""1 =1} ([4, page 1], [10, Theorem 2.8], [12, Proposition 1.6]).

REMARK 2.2. Fix a € F7. Since ¢ + 1 is invertible in Fy, the polynomial t7t!l — ¢ and its derivative
(g + 1)t? have no common zero. Hence, the polynomial t9*! — g has ¢ + 1 distinct roots in F,. Fix any one
of them, b. Since a?~! =1 (Remark 2.1), we have b’ =1, Hence, b € FZQ (Remark 2.1). Thus, there are
exactly ¢ + 1 elements ¢ € F}, with ¢?™' = a.

REMARK 2.3. Let I be a finite field. If F has even characteristic, then for each a € F there is a unique
b € F with v> = a (e.g. because F* is a cyclic group with odd order by Remark 2.1). Now assume that F
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has odd characteristic. Each element of F is a sum of 2 squares of elements of F ([4, Lemma 5.1.4]). For
each ¢ € F* there are either 0 or 2 elements t € F with t2 = c. Hence, each non-empty fiber of the map
t — t2 from F* into F* has cardinality 2. Thus, F* has exactly (#(F) —1)/2 elements, which are squares (this
statement is the case d = 2 of [12, Ex. 1.7]). Obviously 0 is a square in F.

REMARK 2.4. If n > 2, then Numg(L,,x»,) = {0}, because C,,(0) # {0} for all n > 2.

LEMMA 2.5. Fizk € F,. We have a € Numy (M) (resp., a € Numg(M)) if and only if a? € Numy(MT)
(resp., a? € Numg(MT)). Thus, §(Numy(M)) = §(Numy, (M 1)) and §(Numg(M)) = #(Numg(MT)).

Proof. Fix u € Fy; and let M be an n x n matrix over Fy2. We have (u, Mu) = (MTu,u) = ((u, MTu))?.
Since [y, is a cyclic group of order (¢g+1)(¢g—1) and ¢ is coprime with (¢+1)(g—1), the map ¢ — 7 induces
a bijection IFy2 — g2, proving the lemma. ]

REMARK 2.6. Fix ¢,d € Fp2 and k € F,. For any n xn matrix M over F 2 we have Numy/(cl,, xr, +dM) =
ck + dNumy (M).

LEMMA 2.7. Assumen > 2 and that M = A® B (orthonormal decomposition) with A an x x x matriz, B
an (n—x) x (n—x) matriz and 0 < x < n. Then Numg(M) = Numg(A) + Numg(B) U UkeF;(k‘(Numl(A) -
Num; (B)). We have 0 € Numy(M) if and only if either x > 2 and 0 € Numg(A) or z < n — 2 and
0 € Numg(B) or there is a € Num;(A) with —a € Num; (B).

Proof. Take u = (v,w) € F}; with (u,u) =0, v € F, and w € F;™*. We have (u, Mu) = (v, Av) +
(v, Bv). We have (u,u) = (v,v) + (w,w), and hence, the assumption “(u,u) = 07 is equivalent to the
assumption “(w,w) = —(v,v)” (note that this is also true when ¢ is even). First assume (v,v) = 0. We
get (w,w) = 0, (v, Av) € Numg(A) and (w, Aw) € Numg(B) and so Numg(M) O Numg(A) + Numg(B).
Now assume k := (v,v) # 0. We get (u, Mu) = a + b with a € Numy(A) and b € Num_(B). Since
Numg (M) = zNum; (M) for all z # 0, we have Numy (M) = —Num_ (M) if & # 0. Hence, Numy(M) C
Numg(A) + Numg(B) U Ukew; kE(Numj (A) — Num;j (B)). The same proof gives the opposite inclusion. Since
u = 0 if and only if v = 0 and w = 0, we get that 0 € Numg (M) if and only if we came from a case with
k # 0 or with a case in which (v,v) = (w,w) = 0 and either v # 0 or w # 0. 0

PROPOSITION 2.8. Assume that M is unitarily equivalent to a diagonal matriz with c1,...,cx, k > 2,

different eigenvalues, ¢; € Fg2 for all i, and c; occurring with multiplicity m; > 0.

(a) Assume k > 3. If (ci —c1)/(cj — 1) € Fyy for all 1 <i < j <k, then Numo(M) = {t(ca — c1) }ter, -
In the other cases, we have Numg (M) = Fge.

(b) If k > 3, then 0 € Numg (M) if and only if either k >4 orn >4 orn =k =3 and (c3—c1)/(ca—c1) ¢
F?.

(¢c) If k =2 and n > 3, then Num((M) = {t(c2 — c1) }icr, -

(d) If k = n =2, then Numg(M) = {t(ca — c1) beers -

Proof. Note that ¢; —¢; € Fro for all 7 # j. Assume for the moment k£ > 3 and fix integers 4, j such
that 2 < j < i < k. Since Fp2 is a 2-dimensional F,-vector space, ¢; — ¢ and ¢; — c¢; are a basis of Fj2
over Fy (ie., (¢; —ec1)/(cj —c1) ¢ Fy) if and only if ¢; — ¢; and ¢; — ¢; are another basis of F,2. Hence,
(Ci — Cl)/(Cj — Cl) S IFZ -~ (Ci — Cj)/(Cl — Cj) € }FZ 4 (Cj — Cl)/(Cj — Cl) € FZ

By Remark 2.6, we reduce to the case ¢c; = 0. Fix a € Fg2.

(i) Assume k = 2. We reduced to the case ¢; = 0, and hence, ca—c; # 0. Let Vi (resp., Va) the eigenspace
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for the eigenvalue 0 (resp., ¢ — ¢1). Take u € Fg2 and write u = u; + ug with uy € V; and uy € V,. Since
(v,wy =0 for all v € V] and w € Vi, we have (u,u) = (u1,u1) + {us, us) and (u, Mu) = (ca — c¢1)(ua, us).
Since (ug, u2) € Fy, we get Numg(M) C {t(co —c1) }ter,. Since we may take as (uz, us) any a € F, (Remark
2.2) and then take u; with (u1,u1) = —a (Remark 2.2), we get Numg(M) = {t(c2 — c1) }er,. Ifn =2 we
have (u, Mu) = 0 if and only if ug = 0. Hence, it n = 2 we have (u,u) = 0 if and only if u; = uz = 0 and so
0 ¢ Numg(M). If n > 3, then m; > 2 for some i, and hence, 0 € Numg (M) (Remark 2.4).

(ii) Assume k > 3, ¢; = 0, and that ¢;/c; ¢ [}, for some 2 <4 < j <k, say ca/c3 ¢ F;. Up to a unitary
transformation we may assume that e; is an eigenvector of M with eigenvalue 0, e5 is an eigenvector of M
with eigenvalue ¢ € Fp2 \ {0} and e3 is an eigenvector of M with eigenvalue c3 € Fp2 \ Fyca. Since Fp2 is a
two-dimensional Fg-vector space and ¢z and c3 are Fy-linearly independent, there are uniquely determined
az,a3 € Fy such that a = azco + azc3. By Remark 2.2 there are u; € Fp2, ¢ = 2,3, such that uf“ = a,,
i =2,3. Take u; € Fy2 such that u'f'H = —ay — a3 (Remark 2.2) and set u := uje; + ugea + uzes. We have
(uu) =322 uf™ =0 and (u, Mu) = coul™ + cul™ = a. Hence, Numg(M) = F .

(iii) Assume k > 3 and that (c; —c1)/(c; —c1) € F}, for all 1 <4 < j < k. Note that {t(ca — c1)}ter, =
{t(ci—c1)}ter, foralli = 3,... k. Hence, z(c;—c1) € {t(ca—c1)}ier, forallz € Fpandallz = 1,..., k. Thus,
b1 (cp — ¢1) € {t(c2 — 1) bier, for all b € Fpz and all 2 = 1,..., k. By assumption there is an orthonormal
basis y;;, 1 <i <k, 1<j<m;, of Fr such that My;; = c;y;; for all 4, j. Take u € F such that (u,u) = 0.
Write u = Zle > 52y bijyij for some by € Fgz. We have (u,u) = 0 if and only if Zle it bgjﬂ =0. We
have (u, Mu) = Zle Z;nzl bg;rlci. Taking (u, Mu) — c1(u, u) we get Numg(M) C {t(c2 —c1)}er,. The case
n =k = 2 done in step (i) gives Numg(M) D {t(c2 — c1) }ser,, concluding the proof of part (a).

(iv) Now take k = n = 3. We need to check when 0 € Numg(M). We need to find u1, us, uz € Fy2 such
that (uy, ug,uz) # (0,0,0), ud ™ +ud™ +ud™ = 0 and c;ud T +epudt +ezudtt = 0. The previous conditions
are satisfied if and only if there is (ug,u3) # (0,0) such that (co — c1)ud™ + (e3 — c1)ud™ = 0. Since ud™
and ugﬂ are elements of Fy, c3 —c2 # 0 and co — ¢ # 0, this is possible if and only if (cs —c¢1)/(ca—c1) € Fy.

(v) Now assume k > 4. We may assume ¢; = 0 and that e; is an eigenvalue for ¢;, i = 1,..., k. If
u=(x1,...,%y,), then Mu and (u, Mu) depend only on za,...,z,, not on 1. If n > 4 take x; = 0 for all
i > 4. For any xs, 3,24 € Fg2 there is u; € Fg2 with u‘lﬁ'1 = —xg+1 —xg'H —xZH (Remark 2.2). Hence, it is

sufficient to find ug, ug, us with (ug, us,us) # (0,0,0) and Z?ZZ(Q- —¢1)ul™ = 0. Since the map Fr. — F

K2

defined by the formula ¢ — t97! is surjective (Remark 2.2), it is sufficient to find b; € Fy, 2 < i < 4, such
that (bg, b37 b4) 75 (0, 0, 0) and

4

(2.1) > (i = ca)bi =0.

=2

Since F 2 is a 2-dimensional vector space over Fy, (2.1) is equivalent to a homogenous linear system with 2
equations and 3 unknowns over Iy, and hence, it has a non-trivial solution.

(vi) Now assume k = 3 and n > 4. Without losing generality we may assume that the eigenspace of ¢;
contains e, e3. Use Remark 2.4. O

The case a = —1 of Remark 2.2 gives the following lemma.

LEMMA 2.9. Set © :={a € F, | a?' = —1}. Then §(©)=q+1 and © C Fr,.

We write M = (m;;).
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LEMMA 2.10. Assumen = 2, mi1 = may = Mas = 0 and mqs = 1.

L. If q is even, then Numg(M) = F,.
2. If q is odd, then #(Numg(M)) = (¢* —1)/2 and Numg (M) is the set of all zw with z € © and w € F}.

Proof. Take u = aej + bey such that (u,u) = 0, i.e., such that a?t! + p9T1 = 0. We have (u, Mu) =
(u,be1) = a?b. Note that a = 0 if and only if b = 0, and hence, 0 ¢ Numg(M). Let A be the set of all a?b
with a,b € F} and a?t! + b9 = 0. Take a%b € A. Since ab # 0 and a?t! 4 b?t! = 0, there is a unique
z € © such that b = az, but for a fixed a we may take any z € © and then set b := az. Varying a € F,
we get as a?t! all elements of Fy (Remark 2.2). Thus, A is the set of all products cz with ¢ € F; and
z € ©. Note that §(IF7) - 8(0©) = 4(F}2) by Lemma 2.9. Take c,c; € F and 2,2z, € © and assume cz = ¢;21.
Hence, 0120+ = 0712971 Gince 29+1 = 297! = —1, we get ¢?T! = 7™, Since ¢,¢; € F, we get ¢ = cf.
If ¢ is even, we get ¢ = ¢;. Hence, z = z;. Hence, if ¢q is even we get #(Numg(M)) = ¢*> — 1 and (since
0 ¢ Numg(M)), we get Numg(M) = F?,. Now assume that ¢ is odd. We get that either ¢ = ¢; or ¢ = —c1.
If ¢ = ¢1, then we get z = z;. Now assume ¢ = —c¢y, and hence, z = —z1. We get cz = (—c¢)(—z). In this
case the set of all ¢z, ¢ € F}; and z € © has cardinality (¢°> — 1)/2, and hence, #(Numy(M)) = (¢*> — 1)/2. O

PROPOSITION 2.11. Take n = 2 and assume that M has a unique eigenvalue, ¢, and that the associated
eigenspace is one-dimensional and generated by an eigenvector u with (u,u) # 0. We have 0 ¢ Numg(M).
If q is even, then Num(M) = Fr.. If q is odd, then #(Numg(M)) = (¢*> — 1)/2 and there is a matriz M,
unitarily equivalent to a multiple of M such that Numg (M) is the set of all zw with z € © and w € Fy.

Proof. Since n = 2 the characteristic polynomial f(t) € F,2[t] of M has degree 2. By assumption f(t)
has a unique root, c. If ¢ is odd, then the high school formula for the roots of a degree 2 polynomial gives
¢ € Fp2. The same holds for even ¢, because F, is perfect ([12, Ex. 1.1]) and, since p = 2, the monic
polynomial f(t) = t? + dit + dy has c as its only root if and only if f(t) = (t — ¢)? (e.g. ¢ is a root both of
f(t) and of f'(t) = 2t + dy = dy by [9, Theorem 1.68] and so d; = 0); see [4, pages 3-4] for the roots of an
arbitrary degree 2 polynomial over a finite field with even characteristic. Taking M — cllaxo instead of M
we reduce to the case ¢ = 0 (Remark 2.6). Take ¢t € Fj2 such that 77! = (u,u) (Remark 2.2). Using ¢t~'u
instead of u we reduce to the case (u,u) = 1. Hence, up to a unitary transformation we reduce to the case
u = e1. In this case, we have my; = mg; = 0. Since mgo is an eigenvalue of M, we have msyo = 0. Since eq
is not an eigenvector of M, we have mqy # 0. Take My := mile and apply Lemma 2.10 to M;. ]

ProrosITION 2.12. Take n = 2 and assume that M has two distinct eigenvalues c1,co € Fpe and
eigenvectors w; of ¢;, 1 <1 < 2, with (u;,u;) = 0 for all i. Then there is 0 € . such that Numg (M) =
{to}tGFq'

Proof. Each u; gives that 0 € Num(M). Since u; and us are a basis of Ff}z, (, ) is non-degenerate and
(us,u;) = 0 for all 4, we have e := (uy,us) # 0. Taking u; and us/e instead of u; and us we reduce to the
case e = 1. Note that (us,u1) = 1. Taking M — ¢1lox o instead of M we reduce to the case ¢; = 0, and hence,
c:=cy—c1 #0. Take a,b € F}, and set u := auy + buz. We have (u,u) = b%a + a?b. Hence, (u,u) = 0 if
and only if b%a + a%b = 0. We have (u, Mu) = (u, cbug) = a%bc. Set w := b/a. We have (u,u) = 0 if and
only if w? +w = 0. Since b # 0, we have w # 0 and so (u,u) = 0 if and only if w9~ + 1 = 0. We have
{(u, Mu) = a?"twe. By Remark 2.2 varying a € F; we get as a?t! an arbitrary element of F}. If ¢ is even,
w is an arbitrary element of F};, because w?~! = 1 and F; = {t € F, | t9~* = 1}, and hence, varying a and w
we get that Numg(M) = {tc}ier,. Now assume that ¢ is odd. In this case, w ¢ Fy, because wi™' = —1#1
(Remark 2.1). Take w; € Fp2 with wl™" = —1 (Remark 2.2). Since (w/w;)?"' = 1, we have w/w; € Fy.
Hence, varying w with w9~! =1 and a?*! with a € IE‘;;Q we get exactly ¢ — 1 elements of ]FZQ, all of them of
the form {to}er: with o = we. 0
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PROPOSITION 2.13. Take n =2 and assume mo1 # 0 and mys # 0. Then:
(i) §(Numg (M) > [(g +1)/2];
(ZZ) If (—mlg/mgl)q+1 7’5 1, then ﬂ(Num6(M)) Z q + 1.

Proof. Using M —mq11ax5 instead of M we reduce to the case mq; = 0 (Remark 2.6). Take u = ae; +bes.
We have (u,u) = a?t! + b9+ Mu = bmaje; + (amz + masb)es and (u, Mu) = a%bmay + b9 (amya + masb) =
a%bmar + blamia + maab?Tl. We take only the solutions obtained taking b = 1 and so a € ©, where O is
as in Lemma 2.9. To get the lemma we study the number of different values of the restriction to © of the
polynomial g(t) = mg1t9+mqat+may. This number is the number of different values of the restriction to © of
the polynomial f(t) = mo1t?+miat. Fix z,w € © and assume f(z) = f(w). Hence, f(z)zw = f(w)zw. Since
2w = —mgrz+migzw?. Set h,(t) = migzt? —migzt+mart—mo 2.
The polynomial h(t) has at most two zeroes in F,2, one of them being z. Hence, for each z € © there is
at most one w € O© with w # z and g(w) = g(z). Thus, #(Numg(M)) > [(q + 1)/2]. Assume the existence
of w # z with h,(w) = 0. Since z and w are the two roots of h_(t), we have mi2z%w = —ma; 2, i.e., (since

2 #0) migzw = —may. Since (zw)?t! =1 and (—1)71 =1 (even if ¢ is even), we get part (ii). O

20t = i+l = 1, we get —morw+misz

Proof of Corollary 1.1. By assumption there are ¢,j € {1,...,n} such that ¢ # j and either m;; # 0 or
mi; # mj;. Up to a permutation of the indices {1,...,n} (which is induced by a unitary transformation of
F,2), we may assume {4, j} = {1, 2}. First assume n = 2. Using M —m11lsx2 instead of M we reduce to the
case mi; = 0 (Remark 2.6). If mso; = 0, then we use either Proposition 2.8 (if M is unitarily equivalent to
a diagonal matrix) or Proposition 2.11 (if 0 is the unique eigenvalue of M with e; spanning its eigenspace).
If mo; = 0 we apply the last sentence to MT and use Lemma 2.5. Hence, we may assume that misma; # 0.
Apply Proposition 2.13. Now assume n > 2. Call A = (a;;) the 2 x 2 matrix with a;; = m;; for all4,j =1,2.
Take u = (z1,...,2,) with 2; = 0 for all ¢ > 2 and apply the case n = 2 to A. 0

3. Matrices with coefficients in F,. We always assume n > 2. We assume M = (m,;) with m;; € Fy
for all i,j. Take k € F, and u € F} with (u,u) = k and write u = Y | x;e; with x; € Fy for all i. Since
91 — 42 and so the condition (u,u) = k is equivalent to the degree 2 equation

%

x; € Fy, we have x

(3.2) ZmQ =k
=1

Since z! = x; for all 7, the condition (u, Mu) = a is equivalent to

(33) Z mijxi;vj = a.

4,j=1

REMARK 3.1. Fix any k € F,, any integer n > 2 and any n x n matrix M with coefficients in F,;. Every
element of F, is a sum of two squares of elements of F, (Remark 2.3). Hence, (3.2) has always a solution
(Y1,---,Yn) € Fy. Setting x; := y; in the left hand side of (3.3) we get Numy (M), # (. However, there are
a few cases with Numg(M), = 0 (part (i) of Proposition 3.9). We always have Numg (M), # 0 if ¢ is even
(part (a) of Proposition 3.13).

LEMMA 3.2. Take M € M, »(Fg).

(a) If q is even, then either Numo(M), = {0} or Numo(M), =F,.
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(b) Assume q odd and that neither Numg(M), = {0} nor Numo(M), = F,. Fiz a € Numy(M), \ {0}.
Then §(Numg(M),) = (¢ +1)/2 and Numo(M), is the union of 0 and all b € F; such that b/a is a square
in Fy.

Proof. Assume the existence of a € Numg(M), with a # 0. Take u € Fy such that (u,u) = 0 and
(u, Mu) = a. For any t € F} we have (tu,tu) = 0 and (tu, M (tu)) = t*a. Hence, Numq(M), \ {0} contains
all b € Fj such that b/a is a square in Fy. If ¢ is even, then every element of F, is a square (Remark 2.3)
and so Numg(M), = F,, proving part (a). Now assume ¢ odd. Since [ is a cyclic group of even order, Fy
has (¢ —1)/2 squares (Remark 2.3). Hence, Numg (M), \ {0} contains the set X, of all t?a, t € F;. Note
that §(X,) = (¢ —1)/2. Assume the existence of d € Numg(M), \ ({0} U%,). If , 8 € F; and « is a square,
B is a square if and only if a3 (or /8 = a3//?) is a square. Thus, Numg(M), \ ({0} UX,) contains a set,
Y4, of cardinality (¢ — 1)/2. Hence, Numg (M), = F,. |

REMARK 3.3. Take M € M, ,,(F,). By Lemma 3.2, if ¢ is even to describe Numg (M), we only need to
say if Numg(M), is 0 or F,. Now assume that ¢ is odd. Lemma 3.2 gives §(Numo(M),) € {0, (¢ + 1)/2,q}
and that if #(Numg(M),) = (¢ + 1)/2 to describe Numg (M), it is sufficient to find a single element of
Numg (M), \ {0}. For any g it is interesting to know if 0 € Numg(M),.

Set By, := {u € Fy | (u,u) = 0}. Let v}, : B,, = F, be the map defined by the formula v}, (u) = (u, Mu).

REMARK 3.4. Take another n x n matrix N = (n;;) € My, (Fy) with n;; = m;; for all ¢ and n;; +nj; =
m;; + my; for all ¢ # j. The systems given by (3.2) and (3.3) for M and for N are the same, and hence,
Numy (M), = Numg(N), for all k& and Numg(M), = Numgy(N),. As a matrix N we may always take a
triangular matrix. If ¢ is odd (i.e., if we may divide by 2 in our fields F, and F,2), then we may take as N
a symmetric matrix.

REMARK 3.5. For all ¢,d € F, we have Numg(cl,,xp, +dM), = dNumg (M), and Numg (L, ., +dM ), =
ck + dNumy (M),.

REMARK 3.6. Fix k,b € Fy, a € F;, and assume the existence of d € Fj such that b = kd?. The
map (z1,...,T,) — (dz1,...,dz,) shows that the system given by (3.2) and (3.3) has a solution if and
only the system given by (3.2) and (3.3) with b instead of k and ad? instead of a has a solution. Hence,
f(Numy (M)y) = $(Numy(M),). If g is even, for all k,b € F}, a € F, there is d € F} such that b = kd?
(Remark 2.3). Hence, if ¢ is even, then §(Numyg(M),) = §(Num;(M),) for all k € F; and a description of
Num; (M), gives a description of Numg (M), for all k£ # 0. Now assume ¢ odd. The multiplicative group F,
is cyclic of order ¢ — 1 (Remark 2.1). Since ¢ — 1 is even, the group ]FZ/(IF;)2 has cardinality 2, and hence,
to know all integers §(Numy(M),), k € F}, or to describe all Numy, (M),, k € F, it is sufficient to know it
for one k, which is a square in F; (e.g. for k£ = 1) and for one k, which is not a square in ;.

(a) Assume that ¢ is even. For any k € F, there is a unique ¢ € F, with ¢ = k (Remark 2.3). Hence,
(3.2) is equivalent to (>, z; +¢)* =0, i.e., to

(3.4) le =c.

Hence, the system given by (3.2) and (3.3) is equivalent to the system given by (3.3) and (3.4). Writing
Ty = Z?;ll x; + ¢ we translate the system given by (3.3) and (3.4) into a degree 2 polynomial in 1, ..., z,_1.
If k = a = 0, then this is a homogeneous polynomial of degree 2 in n — 1 variables, and hence, it has a
non-trivial solution if n — 1 > 3 ([4, Corollary 1], [12, Theorem 3.1]), proving the following result.
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COROLLARY 3.7. If M has coefficients in F,, q is even and n > 4, then 0 € Numg(M),.

If k and/or a are arbitrary the system given by (3.3) and (3.4) is equivalent to find a solution in F~!
of a certain polynomial in Fy[z1,...,2,—1] with degree at most 2. We only fix ¢ € F,, but not a. Call
f(z1,...,2n—1) the left hand side of (3.3) obtaining substituting z, = —x1 —--- — z, + ¢. Numy (M), is
described by the image of the map Fg’l — F, associated to the polynomial f(z1,...,z,—1) with deg(f) < 2.
We claim that if f is not a constant polynomial, then the image of f has cardinality at least ¢/2. Indeed,
if deg(f) = 1, then f induces a surjective map Fg’l — F,. Now assume deg(f) = 2. For any map
h:F, — F, induced by a degree 2 polynomial a fiber of h has cardinality at most 2. Hence, §(h(F,)) > ¢/2.
Hence, #(f(F2~')) > q/2. See part (i) of Proposition 3.9 for a case with f = 0, Numg(M), = {0} and
Numg (M), = 0.

(b) Assume that ¢ is odd. Taking a = k = 0, we get that (3.2) and (3.3) are a system of two degree 2
homogeneous equations. Chevalley-Warning theorem ([12, Theorem 3.1]) gives the following corollary.

COROLLARY 3.8. If M has coefficients in Fy, q is odd and n > 5, then 0 € Numg(M),.

The left hand side of (3.2) is a non-degenerate quadratic form 8 € Fy[zq,...,z,]. If n = 25 § is
characterized in [4, Table 5.1] with m = n (because all the coefficients, 1, appearing on the left hand side of
(3.2) are squares in F,): it is a hyperbolic quadric if either s is even or ¢ =1 (mod 4) and s is odd, while it
is elliptic if s is odd and ¢ = —1 (mod 4).

Now we consider the case n = 2 for an arbitrary q.

PROPOSITION 3.9. Assume n = 2 and let N = (n;;) be the 2 x 2-matriz with n11 = Mmi1, N = Mag,
na1 = 0 and n12 = miz + ma1. We have Numg(M), = Numg(N), and Numg(M), = Numy(N), for all
kel,.

(i) If g= —1 (mod 4), then Numg(M), = 0.

(ii) Assume that q is even. If mos+miz+mar+may # 0, then Numg(M), = Fy and f(Numy (M),) > ¢/2
or all k € F*. If mog + myo + ma1 + myy = 0, then Numg (M), = {0}; for any fized k € F* either
q 0 q q
Numg (M), = Fq or §(Numy(M),) = 1. If mis + mo1 = 0 and ma1 # mag, then Numg(M), = F, for all
keF;.
(i11) Assume ¢ =1 (mod 4).

(i4-1) If mig + may # 0, then Numg(M), contains at least (q — 1)/2 elements of F;,. Take e € Fy such
that € = —1; if (m1a+ma1)® # (maz—ma1)? and (—mi1+maz+e(miz+moar))/(—mi1+ma —e(mia+mar))
is not a square in Fy, then Numy(M), = F,.

(i1i-2) Assume mia + mo1 = 0. If mi1 = mao, then Numy (M), = {kmi1} for all k € F, and 0 €
Numg(M),. If myy # maa, then §(Numy(M),) < (¢ +1)/2 for all k € F,, §(Numo(M),) = (¢ +1)/2 and
f(Numg (M)q) = (¢ - 1)/2.

Proof. We have Numy,(N), = Numy (M), and Num{(N), = Numg(M), by Remark 3.4.

Take u = x1e; + xgez with (u,u) = k and (u, Mu) = a. Hence, we get the system given by (3.2) and
(3.3). If q is even, then instead of (3.2) we may use (3.4) with ¢® = k.

(a) Assume for the moment ¢ = —1 (mod 4). Thus, ¢ is odd and (—1)(~1/2 = —1 in Z. Since [y is a
cyclic group of order ¢ — 1, we get that —1 is not a square in F;. Hence, (3.2) for k = 0 has only the solution
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1 =22 = 0.

(b) Now assume that ¢ is even. Take k = 0 in (3.4). We have z1 + 2o = 0 if and only if z; = .
When x1 = z9, (3.3) is equivalent to (maa + mi2 + ma1 + mi1)x? = a. If magy + miz + may + my = 0,
then we get a = 0 and so Numg (M), = {0}; taking z1 = x5 = 1 we get Numg(M), = {0}. Now assume
Mag + Mig +mo1 +mq1 # 0. If a = 0, we get 1 = 0 and so z2 = 0, and hence, 0 ¢ Numg(M)q. Now
assume a # 0. There is a unique b € [} such that b? = a/(maa + M1z + ma1 + my1) (Remark 2.3). Taking
Ty =22 = b we get a € Numg(M),.

Now we fix k& € F; and write ¢® = k with ¢ € F} (Remark 2.3). We have x5 = x; + ¢ by (3.4).
Substituting this equation in (3.3) we get an equation f(z1) = a with deg(f) < 2. The coefficient of 2% in f
is m11 +mag +maoga +mor. If mig +mag +mag +mor # 0, then §(f(F,)) > g/2, because #(f1(t)) < 2 for all
t € Fy. If mip +mi2 +ma2 +ma1 = 0, then either f has degree 1 and so it induces a bijection F, — F, or it
is a constant, « (we allow the case o = 0), and hence, Numy (M), = {a}. Now assume mqz + mo; = 0 and
my1 # mao. Take k = 2. Substituting (3.4), i.e., 75 = x1+cin (3.3) we get (my1+ma2)x2+c(mii+mas) = a.
Since m11 4+ mog # 0 and every element of F is square (Remark 2.3), we get Numy (M), = F, for all k.

(c) Now assume that ¢ = 1 (mod 4). Since ¢ = 1 (mod 4), then (¢ — 1)/2 € N. Since Fy is a cyclic
group of order ¢ — 1, there is e € F with e? = —1. We have e # —e and t> = —1 with t € F, if and only if

t € {—e,e}. First take k = 0, and hence, z; = tzy with t> = —1, i.e., t € {e, —e}. Assume for the moment
mi2 + mi2 # 0. Hence, there is g € {e, —e} such that —mj; + g(miz + mo1) + mag # 0. Take z1 = gzs.
Since g2 = —1, we have 22 + 22 = 0 and (3.3) is transformed into (—m1; + g(mi2 + ma1) + maa)23 = a.

We get that Numg(M ), contains the set A, , of all a € [y such that a/(—mi1 + mas + g(mia + ma1)) is a
square. Since (¢ — 1)/2 elements of F} are squares (Remark 2.3), we get the first part of (iiil). Now assume
the conditions of the second part of (iiil). If a, 8 € IF} are squares, then a8 and o/ = af3/B? are squares.
Hence, if a,y € F}, and « is a square, then 7 is a square < a7 is a square < o/~ is a square. Hence, A, _,
is well-defined, A, —y C Numg(N)g and A, _g N A, 4 = 0. Thus, Numy(N), = F,,.

Now assume mj2 + mo; = 0. We have Numg (M), = Numg(N), and Numy (M), = Numg(N),, where
N = (n;j) is the diagonal matrix with ni11 = mq1 and noe = mos. If mi1 = Mmoo, then N = my1lsyo, and
hence, Numy, (N), = {kma1} for all k € F, and 0 € Num{(N),, because v/(e, 1) = 0. Now assume mq1 # mao.
We fix k € Fy, but not a. Subtracting mi; times (3.2) from (3.3) we get (maog2 — mq1)x3 = a — kmq;. Since
mag 7# may and (¢ +1)/2 elements of Fy are squares, we get that §(Numy(N),) < (¢+1)/2 (we only get the
inequality <, because for a given b € F,, we are not sure that the equation 22 +b?> = k has a solution). If
k =0, we may always take z; = eb and so #(Numg(N),) = (¢ + 1)/2. We have 0 ¢ Numg(N),, because we
first get 5 = 0 and then x; = 0. 0

The case k # 0 of step (c) of the proof of Proposition 3.9 proves the following observation.

REMARK 3.10. Assume n =2, ¢ =1 (mod 4) and mia + mo1 = 0. If mq1 = maga, then Numy (M), =
{kmq1} for all k € Fy. If myy # mag, then §(Numyg(M),) < (¢ +1)/2 for all k € I},

COROLLARY 3.11. Assume n > 2, ¢ =1 (mod 4) and fix an n X n-matric M = (m;;) with coefficients
n Fy.

(1) Assume m;j +mj; = 0 for all 4,5 with 1 <i < j < n and m;; = myy for all i. Then Numy(M), =
{kma1} for all k € F, and 0 € Numg(M),.

(i3) If M is not as in (i), then Numq(M), contains at least (¢ —1)/2 elements of Fy.
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Proof. Let N be the n x n-matrix with ny; = my; for all 4, n;; = 0 for all ¢ < 7 and ny; = my; + my;
for all i < j. We have Numy (M), = Numy(N), and Numg(M), = Numg(N), by Remark 3.4. Take M as
in part (i). We have N = mq11,,x,. Hence, Numy (M), = {kmi1} for all k € F,. We have 0 € Numy(N ),

because the equation z% + 3 = 0 has a non-trivial solution, e.g. (e,1) with e = —1. Now assume that M
is not as in (i). Hence, either there are ¢ < j with m;; + m;; # 0 or there is ¢ > 1 with m;; # my1. In the
former (resp., latter) case, we use part (iiil) (resp., (iii2)) of Proposition 3.9. |

EXAMPLE 3.12. We always have Numy (M), C Numy(M) N F, and Num,(M), € Numg(M) N F,,
but often these inclusions are strict ones. In the examples, we take n = 2. Take M = Iyx2. We have
0 € Numg(M) by Remark 2.4. If g = —1 (mod 4), then 0 ¢ Numg (M), by part (i) of Proposition 3.9. Now
take n = 2 and A = (a;;) with a11 = a1 = a12 = 0 and agp = 1. We have Numg(A) NFy; = Numy(A4) = F,
(part (d) of Proposition 2.8). If ¢ = —1 (mod 4) we have Numg(A), = {0} (part (i) of Proposition 3.9). If
g =1 (mod 4) we have §(Numy(A),) = (¢ — 1)/2 (part (iii2) of Proposition 3.9).

PROPOSITION 3.13. Assume n > 2 and g even and fix an n X n-matric M = (m;;) with coefficients in
F,.

(a) We have Numg(M)g # 0 and either 0 € Numg (M), or Numg(M), 2 F;.
(b) We have Numgy(M), = {0} if and only if mi; +mi; +mj; +m;; =0 for all i < j.

(¢) Assume Numg(M), # {0}. If n =2, (resp., n = 3, resp., n > 4), then Numgy(M), = F; (resp.,
Numg (M), 2 F;, resp., Numg(M), = F,).

Proof. Part (a) follows from the case n = 2, which is true by part (ii) of Proposition 3.9.

The “only if” part of part (b) follows from part (a) and the case n = 2, which is true by part (ii) of
Proposition 3.9.

Now assume n > 3 and my; + mg; + mj; +my; = 0 for all 4 < j. Take u = Z?zl xie;, v; € Fy. For
i =1,...,n, the coefficient of 2? in (u, Mu) is m;;. If 1 < i < j < n the coefficient of z;xj in (u, Mu)
is m;; + mj;. Now assume (u,u) = 0, i.e., &, = x1 + -+ ,_1. Note that 22 = 23 +--- +22_,. Fix
i € {1,...,n—1}. After this substitution the coefficient of z2 in (u, Mu) is mi; + Mpy + Mip + Mp; = 0.
Fix 1 <i < j <n—1. After the substitution x,, = 21 + --- + x,_1 the coefficient of z;z; in (u, Mu) is
Myj +Mji +Mpi +Min + My +mjp. By assumption we have my; +mj; = My +myjj, Mpg +Min = My + M
and mp; +mj, = mjj +mpn. Hence, myj +my; +mpi + Mep + Mpj +mjn = 2my; + 2my; + 2my, = 0. Part
(a) gives Numg (M), = {0}.

The case n = 2 of part (c) is true by part (ii) of Proposition 3.9. Part (c) for n = 3 follows from part
(a). Part (c) for n > 4 follows from part (a) and Corollary 3.7. d

LEMMA 3.14. For every k € Fy, q odd, and any a1 € Fy, az € Fy there are x1,22 € Fy such that
a12? + agxd = k.

Proof. If k = 0, then take 21 = x5 = 0. Now assume k # 0. The equation a12% + ax3 — k% = 0 is the
equation of a smooth conic C' C P2(Fq), because for odd ¢ and non-zero ay,as, k the partial derivatives of
a17? + agzr3 — ka? have only (0,0,0) as their common zero. We have #(C) = ¢ + 1 ([4, Part (i) of Theorem
5.2.6]) and at most two of its points are contained in the line L C P?(F,) with 3 = 0 as its equation. If
(bl 1 by : bg) eC \ C' N L, then bg 7’5 0 and a1(b1/b3)2 + ag(bl/bg)Z = k. O
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PropPOSITION 3.15. Fix c € IE‘,’; and set M := cll,xn.
(i) If q is even, then Numj(cl,xn)q = {0} for all n > 2 and #(v/}, " (0)) = ¢" L.

(ii) Assume that q is odd. We have Numg(cl,xyn), = {0} if eithern >3 orn =2 and ¢ =1 (mod 4),
while Numg(clywn)g =0 if ¢ = —1 (mod 4). Ifn = 2s+ 1 is odd, then 8(vh,H(0) = ¢, If n = 2s with
either s even or ¢ = 1 (mod 4), then ﬁ(l/jvffl(O)) =¢> P4 ¢°* — ¢t Ifn = 2s with s odd and ¢ = —1
(mod 4), then §(vy; ' (0) = ¢** ' —¢" +¢*".

Proof. We obviously have (u, cl,xnu) = 0 for any v € Fy with (u,u) = 0. Thus, the only problem is
if there is u € Fy, u # 0, with (u,u) = 0 and to compute the cardinality of the set of all such u. Write
u=>, x;e; with x; € Fy. First assume that ¢ is even. In this case, the condition (u,u) = 0 is equivalent to
(3.4) with ¢ = 0 and it has a non-trivial solution for all n > 2; moreover the set (u,u) = 0 is the hyperplane
r1 + - +z, = 0 of Fy, and hence, it has cardinality ¢"~ 1. Now assume that ¢ is odd. In this case, (3.2)
with k = 0 is the equation of a certain quadric hypersurface Q@ C P"~1(F,) and 0 € Numg(cl, <), if and
only if Q(F,) # 0, while (since we are working in the vector space Iy, instead of the associated projective
space) #(v/y;(0)) = 1+ (¢ — 1)#(Q). The quadric @ has always full rank, and hence, @ # 0 if n —1 > 2. The

integer £(Q) is computed in [4, Table 5.1 and Theorem 5.2.6]. O
PROPOSITION 3.16. Assume ¢ = —1 (mod 4) and n > 3. Then Numg (M), # 0.

Proof. 1t is sufficient to do the case n = 3. Just use that x? + 23 + 3 = 0 has a solution # (0,0, 0) in ]Fg
by Lemma 3.14 (since ¢ is odd, it has exactly ¢* solutions in Fg, because the associated conic @ C P?(F,)
has cardinality ¢ + 1 ([4, Part (i) of Theorem 5.2.6])). o

The assumption “g =1 (mod 4) if n =27 in the next result is necessary by part (i) of Proposition 3.9.

PROPOSITION 3.17. Assume q odd. If n =2 assume ¢ =1 (mod 4). Let M = (my;) be an n x n matriz
such that m;j+mj; = 0 for all i # j, mi1 # maa and my; = mag for alli > 2. Then §(Numg(M),) = (¢+1)/2
and Numg (M) 4\ {0} is the set of all a € F}; such that —a/(maz —ma1) is a square. We have 0 € Numg (M),
if and only if either n >4 orn =3 and ¢ =1 (mod 4).

Proof. By Remark 3.4, it is sufficient to do the case in which M is a diagonal matrix. The case n = 2 is
true by part (iii2) of Proposition 3.9. Now assume n > 3. Taking the difference of (3.3) with (3.2) multiplied
by m11 we get (mag—ma1)(z3+---+22) = a, while (3.2) gives 22 = —(23+ - -+22). Thus, if —a/(maz—m11)
is not a square, then a ¢ Numy(M),. If —a/(me2 —m11) is a square, then we take z; = 0 for ¢ > 3, take
x3 and x3 such that (mag —my1) (23 + 22) = a (Lemma 3.17) and then take z; with 22 = —a/(mag — m11).
Now take a = 0. If n > 4 we take z; = 0, z; = 0 for all j > 4 and find (z2,23,24) € F3 \ {(0,0,0)} such
that 22 + 22 + 22 = 0 (take 23 = 1 and use Lemma 3.14 with a; = az = 1 and k = —1). Now assume a = 0
and n = 3. We proved that we need to have 23 + 23 = 0, and hence, we need to have z; = 0. There is
(z2,23) € F2\{(0,0)} with 23+ 23 = 0 if and only if —1 is a square in Fy, i.e., if and only if ¢ = 1 (mod 4).0

LEMMA 3.18. Let r be a prime power. Let f € F.[t1,t2] be a polynomial of degree at most 2 with f not
a constant. Then [ assumes at least [1/2] values over F,.

Proof. Let ¢ : F2 — T, be the map induced by f. Since deg(f) < 2 and f is not constant, for each
a € F,, ¢~ 1(a) is an affine conic and in particular §(¢~1(a)) < 2r. Hence, §(6(F?)) > [r/2]. 0

PROPOSITION 3.19. Assume g odd and n > 3. Let M = (m;;) be an n x n matriz over Fy such that
there isi € {1,...,n} with m;; +mj; =0 for at least 2 indices j # i (say j1 and j2) and either mj, ;, # My
OT Myjyj, 7 Mg O My, s + My, 7 0. Then §(Numy(M),) > (¢ +1)/2 for all k € F,.
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Proof. We reduce to the case n = 3 and mgs+ma3 = m3; +my3 = 0 and either mq; # mgss or may # M3
or miz +moy # 0. By Remark 3.4 we may assume that mgs = mo3 = mgz; = my3 = 0. Taking the difference
between (3.3) and mg3 times (3.3) we get

(may — m33)33§ + (ma2 + mar)z122 + (M22 — m33)x§ =a— kmas.

Solve for a and apply Lemma 3.18. O
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