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ON THE DISTANCE AND DISTANCE SIGNLESS LAPLACIAN EIGENVALUES
OF GRAPHS AND THE SMALLEST GERSGORIN DISC*

FOUZUL ATIK! AND PRATIMA PANIGRAHI'

Abstract. The distance matriz of a simple connected graph G is D(G) = (d;;), where d;; is the distance between the
ith and jth vertices of G. The distance signless Laplacian matriz of the graph G is Dg(G) = D(G) + Tr(G), where Tr(G)
is a diagonal matrix whose ith diagonal entry is the transmission of the vertex ¢ in G. In this paper, first, upper and lower
bounds for the spectral radius of a nonnegative matrix are constructed. Applying this result, upper and lower bounds for the
distance and distance signless Laplacian spectral radius of graphs are given, and the extremal graphs for these bounds are
obtained. Also, upper bounds for the modulus of all distance (respectively, distance signless Laplacian) eigenvalues other than
the distance (respectively, distance signless Laplacian) spectral radius of graphs are given. These bounds are probably first of
their kind as the authors do not find in the literature any bound for these eigenvalues. Finally, for some classes of graphs, it
is shown that all distance (respectively, distance signless Laplacian) eigenvalues other than the distance (respectively, distance
signless Laplacian) spectral radius lie in the smallest Ger§gorin disc of the distance (respectively, distance signless Laplacian)
matrix.
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1. Introduction. We consider an n-vertex simple connected graph G = (V, E), where V = {1,2,...,n}
is the vertex set and E is the edge set of the graph. The transmission tr(v) of a vertex v is the sum of the
distances from v to all other vertices in G. The graph G is said to be s-transmission regular if tr(v) = s
for every vertex v € V. We denote the maximum and minimum transmission of G by trme. and t7rm,n,
respectively, that is tr,,q, = rglea‘i( tr(v) and trp,, = irél‘r/l tr(v). A real square matrix is said to be nonnegative

(respectively, positive) if all of its entries are nonnegative (respectively, positive). A nonnegative matrix A is

B C
0 D ],whereBandD

are square matrices of order r and n — r, respectively, and 1 < r < n — 1. If the matrix is not reducible then

said to be reducible if there exists a permutation matrix P such that PTAP = [

it is called irreducible. The largest eigenvalue of a matrix A is called the spectral radius of the matrix and is
denoted by p(A). By the well known Perron-Frobenius theorem [18], for irreducible matrix A, the eigenvalue
p(A) is simple and having a positive eigenvector. The distance matriz D(G) of an n-vertex graph G is a
square matrix of order n, whose (7, j)th entry is equal to d;;, 4,7 = 1,2, ..., n, where d;; is the distance (length
of a shortest path) between the ith and jth vertices in G. We take Tr(G) as a diagonal matrix whose ith
diagonal entry is the transmission of the vertex ¢ € V. The distance signless Laplacian matriz of the graph
G, introduced in [2], is denoted by Dg(G) and is defined by Dg(G) = D(G) + Tr(G). The matrices D(G)
and Dg(G) both are symmetric, non-negative and irreducible. The largest eigenvalue of D(G) (respectively,
Dg(@G)), denoted by p(D(G)) (respectively, p(Dg(QG))), is called the distance spectral radius (respectively,
distance signless Laplacian spectral radius) of G. The eigenvalues and spectrum of D(G) (respectively,
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Dq(G)) are said to be the distance eigenvalues (respectively, distance signless Laplacian eigenvalues), in
short D-eigenvalues, and distance spectrum (respectively, distance signless Laplacian spectrum), in short
D-spectrum, of G, respectively.

The distance eigenvalues of graphs have been studied by researchers for many years. In the literature,
very few graphs are there whose full distance spectrum are known. For early work, see Graham and Lovasz
[14], where they have discussed about the characteristic polynomial of distance matrix of a tree. Ruzieh and
Powers [29] found all the eigenvalues and eigenvectors of the distance matrix of path P, on n vertices. In
[13], Fowler et al. determined all the distance eigenvalues of cycle C,, with n vertices. Ili¢ [19] characterized
the distance spectrum of integral circulant graphs and calculated the D-spectrum of unitary Cayley graphs.
Lin et al. [22] characterized all connected graphs with least D-eigenvalue —2 and all connected graphs of
diameter 2 with exactly three distinct distance eigenvalues when distance spectral radius is not an integer.
In [4], Atik and Panigrahi found the distance spectrum of some distance regular graphs including the well
known Johnson graphs. Balaban et al. [5] proposed the use of distance spectral radius as a molecular
descriptor, while Gutman and Medeleanu [15] successfully used it to infer the extent of branching and model
boiling points of alkanes. The distance spectral radius is a useful molecular descriptor in QSPR modeling as
demonstrated by Consonni and Todeschini [8, 30]. In [36] and [37], Zhou and Trinajstic provided upper and
lower bounds for p(D(G)) in terms of the number of vertices, Wiener index and Zagreb index of G. Das [11]
determined upper and lower bounds for p(D(G)) of a connected bipartite graph and characterized graphs
for which these bounds are exact. Indulal [20] found sharp bounds on the distance spectral radius of graphs.
Some results on least distance eigenvalue of graphs can be found in [23, 35]). For more results related to
D-spectrum of graphs, readers may see the survey [1]. Also, very few results, mostly bounds on spectral
radius, are there for distance signless Laplacian matrix of graphs. For results on Dg(G), researchers may
follow [10, 17, 21, 32, 33].

Gersgorin disc theorem, which is stated in Section 5, is fundamental and widely used result on locating
the eigenvalues of square matrices. Varga’s nice book [31] surveys various applications and extensions of
this important theorem. Recently, Marsli and Hall [25] found an interesting result, which states that if
A is an eigenvalue of an n X n matrix A with geometric multiplicity k£, then A is in at least k of the n
Ger§gorin discs of A. Fiedler et al. [12] proved that for a triple of positive integers k, r, t with k <r <,
there is a ¢t X ¢t complex matrix A and an eigenvalue A of A such that A has geometric multiplicity k and
algebraic multiplicity ¢, and X is in precisely r GerSgorin discs of A. Marsli and Hall extended these results
in subsequent papers [24, 26, 27]. Bardny and Solymosi [6] showed that if the matrix entries are non-negative
and an eigenvalue has geometric multiplicity at least two, then this eigenvalue lies in a smaller disk.

In this paper, we find upper and lower bounds for the spectral radius of any nonnegative matrix.
Applying this result we find upper and lower bounds for the distance and distance signless Laplacian spectral
radius of graphs and characterize the graphs for which these bounds are extremal. Also, we give upper
bounds for the modulus of all distance (respectively, distance signless Laplacian) eigenvalues other than the
distance (respectively, distance signless Laplacian) spectral radius of graphs. These bounds are probably
first of their kind as we do not find in the literature any bound for these eigenvalues. For graphs satisfying
rmaz — trmin < n — 2 (respectively, 2trpae — 2trmin < n) we get that all distance (respectively, distance
signless Laplacian) eigenvalues other than the distance (respectively, distance signless Laplacian) spectral
radius lie in the smallest Ger§gorin disc of the distance (respectively, distance signless Laplacian) matrix.
We also give an example of a class of graphs with tr,,4; — trmin > n — 2 and whose distance matrix satisfy
the above property. In case of distance matrix or distance signless Laplacian matrix of a graph of order



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 34, pp. 191-204, May 2018.

AS

193  Distance and Distance Signless Laplacian Eigenvalues of Graphs and the Smallest GerSgorin Disc

n, if it happens that all the eigenvalues other than the spectral radius lie in the smallest GerSgorin disc
of that matrix, then it actually means that there are n — 1 eigenvalues, whatever may be their geometric
multiplicities, they lie in n — 1 GerSgorin disc of that matrix (see Figure 2 and Figure 3).

Next we state few known results which will be used in the sequel.

THEOREM 1.1. [18] Let A be a nonnegative square matriz. Suppose that there is a positive vector x and
a nonnegative real number \ such that either Az = \x or a7 A = XaT. Then X\ = p(A).

THEOREM 1.2. [18] Let A = (a;;) and B = (b;j) be nonnegative square matrices such that A > B (that
is a;; > bi;), then p(A) > p(B).

THEOREM 1.3. [16] Let A, B be nonnegative, irreducible square matriz such that A > B, then p(A) >
p(B).

THEOREM 1.4. [28] If A is a nonnegative matriz with mazimal eigenvalue A and row sums ri,ra, ..., Ty,
then

r<A<R,

where r = min; r; and R = max; r;. If A is irreducible, then equality can hold on both sides if and only if all
row sums of A are equal.

The following theorem is the well known Courant-Weyl inequalities.

THEOREM 1.5. [9] Let A, B be nxn Hermitian matrices and eigenvalues of them be in decreasing order.
Then,
)\J(A+B) S Al(A) + )\j_7;+1(B) fOT 1 S 7 S] S n,

and
)\J(A—l- B) > /\1(14) + >\j—i+n(B) fOT n>1>j52>1.

2. Spectral radius of nonnegative matrices. In this section, we develop some results on spectral
radius of nonnegative matrices. These results are used in the next section for finding bounds on distance
and distance signless Laplacian eigenvalues of graphs.

Consider a real square matrix A whose rows and columns are indexed by elements in X = {1,2,...,n}
and a partition 7 = {X;,Xs,...,X;n} of X. The characteristic matrix S = (s;;) of 7 is an n x m or-
der matrix such that s;; = 1 if ¢ € X; and 0 otherwise. We partition the matrix A according to 7 as

A A o Aim
A1 Az - Aogp
) ) ) .|, where each A;; is a submatrix (block) of A whose rows and columns are indexed
Aml Am2 T Amm
by elements of X; and X, respectively. If g;; denotes the average row sum of A;; then the matrix Q = (¢;;)
is called a quotient matriz of A. If the row sum of each block A;; is a constant then the partition 7 is called
equitable. The following is an well known result on equitable partition of a matrix.

THEOREM 2.1. [9] Let @ be a quotient matriz of any square matrix A corresponding to an equitable
partition. Then the spectrum of A contains the spectrum of Q.

The following result appears as Corollary 3.9.11 in [9].
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THEOREM 2.2. [9] Any divisor of a graph G has the indezx of G as an eigenvalue.

This result says that the adjacency spectral radius of a graph is same as the spectral radius of a quotient
matrix corresponding to any equitable partition of the adjacency matrix of the graph.

In Theorem 2.3 below, we give a relation between the spectral radius of any nonnegative square matrix
with that of its quotient matrices with respect to equitable partitions. A particular case of this theorem, that
is for nonnegative irreducible symmetric matrices, appears in [3]. More interestingly, this was conjectured
by You et al. [34].

THEOREM 2.3. The spectral radius of a nonnegative square matriz A is same as the spectral radius of a
quotient matriz of it corresponding to an equitable partition.

Proof. We consider two cases depending on A is irreducible or not. We take @ as a quotient matrix of
A corresponding to an equitable partition 7.

Case 1. Suppose the matrix A is irreducible. Then @ is also nonnegative and irreducible. By Perron-
Frobenius theorem the spectral radius p(Q) of @ is positive and having a positive eigenvector, say v, asso-
ciated with it. Then by Theorem 2.1 p(Q) is an eigenvalue of A. Also we get that Sv is an eigenvector of
A corresponding to the eigenvalue p(Q), where S is the characteristic matrix corresponding to the equitable
partition w. Since S is non-negative and every row of S has exactly one positive entry, the vector Sv is
positive. As ASv = p(Q)Sv, from Theorem 1.1 we get p(A) = p(Q).

Case 2. Now we consider that the matrix A is reducible. The quotient matrix @ is nonnegative but may
not be irreducible. If @ is irreducible then the proof is same as Case 1. Otherwise we we define a matrix
A = A+ eJ, where € > 0 and J is the all one square matrix of the order same as A. Then clearly A,
is nonnegative and irreducible. Let Q. be the quotient matrix of A. corresponding to the same equitable
partition 7. Then Q. = Q + €J’, where J' is the quotient matrix of .J corresponding to the same equitable
partition 7. By Case 1 we have p(A.) = p(Q.). Since eigenvalues and eigenvectors are continuous functions
of entries of the matrix, we get p(A.) — p(A) and p(Q.) — p(Q) as € — 0. Again p(Q.) = p(A.) — p(A)

when € — 0. So we have p(A4) = p(Q). d

NOTATION 2.1. For any nonnegative matrix of order n, r; denote the i-th row sum of the matrix,
i =1,2,...,n. We also denote the maximum and minimum row sum of the matrix by 7y and 7min,
respectively.

In the below, we give upper and lower bounds for the spectral radius of a nonnegative matrix and find
out extremal matrices.

THEOREM 2.4. Let A = (a;j)nxn be a nonnegative square matric with rypm = rp and rmey = 74 for some
and q, 1 < <mn. Let S={1,2,...,n}, I = max {r; —as}, m = min {r; — a; § = max ay
pandg, 1 <pq< { } ies\{p}{ i — Qip} ies\{q}{ i — Qig}, o aip

andt = min aq. Then the spectral radius of A satisfies
i€S\{q}

< p(4) < app + 14+ /(1 - app2)2 + 4s(Tmin — app).

agqg + M+ \/(m — Qgq)? + 4 (Trmaz — Gqq)
2

Moreover, equality holds in the left side if 3 — aijqg = m and a,q =t for all i € S\ {q}, and in the right side
if ri —ayp =1 and ay, = s for all i € S\ {p}.

Proof. Without loss of generality, we assume that p = 1 (because otherwise we can permute the rows
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and columns of the matrix A). Then A can be partitioned in block form as

aiq E
2.1 A=
(2.1) L
where £ = (e;;) is an 1 x (n—1) matrix, B = (b;;) is an (n —1) x 1 matrix and C = (¢;;) is an
(n—1) x (n —1) square matrix. The row sum of F is 7, — aj;. Consider an (n — 1) x 1 matrix
By = (b;j)(n,l)xl whose all entries are s. If row sum of any row in C is less than [ then by adding

positive numbers to entries of that row we get a matrix C1 = (¢j;)(n—1)x(n—1) such that c;; > ¢;; for all 4, j

n—1
and > ¢;; =1 for all i. Let A; be the matrix as given below.
Jj=1

. ail E
2 o B,

If A, = (a;j)nm then agj > q;; for all 4,5 € S, that is A < A;. Then by Theorem 1.2 p(A) < p(A1). We
note that each block of A; has constant row sum. Then the corresponding quotient matrix for A; is

|11 Tmin — @11
Q1= ; .

S

Now A; is also nonnegative, so by Theorem 2.3 spectral radius of A; is same as the spectral radius of

QL Thus, P(Al) _ p(Ql) _ l+a11+\/(l—f111)22+4s(rmm—a11). So we have p(A) < l+a11+\/(l—a11)22+4s(rm,;n—a11).
Equivalently, by considering the matrix A in its original form we have
App + l+ \/(l — Clpp)2 + 43(r7rbi7z - app)

p(A) < 3 :

If r; —aip =l and a;, = s for all i € S\ {p} then we must have A = A; and so equality holds in the
above inequality.

Following the similar technique we get the lower bound for p(A4). We assume that ¢ = 1 and partition
the matrix A in block form as

(2.3) A= [““ El] ,

B/ O/
where row sum of the block matrix E’ is 7,4, — a11. Consider another matrix
El
2.4 A = |1
( ) 1 |:B£ Ci )

where all the entries of B] are t, and C] is obtained from C by reducing some positive entries of each row of
C whose row sum is grater than m so that C] is nonnegative and each row sum of C] is m. Then we have
A > A’. Also the quotient matrix for A} is

Q/ _ [CLM Tmazx 011}
1= .

t m

m+tai1+/(m—a11)2+4t(rmaz—a11)

By applying Theorem 1.2 and Theorem 2.3, we get p(A) > p(4)) = p(Q}) = 3

Hence, if the matrix is in its original form then we have

(gq + M + \/(m — Qgq)? + 4(Tmaz — aqq)
2 )

p(A) >
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and equality holds whenever r; — a;; = m and a;y =t for all i € S\ {¢}. O
4 3 1

REMARK 2.5. Consider the nonnegative matrix A = | 1 7 1 |. By applying Theorem 2.4 we get
2 35

that 8.449 < p(A) < 9.464. Whereas, Theorem 1.4 gives that 8 < p(A) < 10. Hence, one may find several
nonnegative matrices for which bounds given in Theorem 2.4 are sharper than those in Theorem 1.4.

3. Bounds on eigenvalues of the distance matrix. In this section, we first define a class of graphs
for which our upper bound for spectral radius of distance matrix of a graph will have extremal value.

DEeFINITION 3.1. A simple connected graph G on n vertices is said to be distinguished vertex deleted
regular graph (DVDR) if there exist a vertex v in G such that degg(v) =n — 1 and G — v is regular graph.
The vertex v is said to be a distinguished vertex of the DVDR graph G.

We note that complete graphs, star graphs, and wheel graphs are some trivial examples of this class of
graphs. Some non-trivial DVDR graphs are shown in Figure 1. In the following, we give a representation of
DVDR graphs in terms of almost transmission regular graphs.

DEFINITION 3.2. A simple connected graph G is called almost transmission reqular if each vertex of G
except one vertex v has the same transmission. We say this vertex v also a distinguished vertex of the graph.

LEMMA 3.3. Let G be a simple connected graph of order n different from a complete graph. Then G is
a DVDR graph if and only if G is almost transmission reqular graph with transmission of the distinguished
vertex is n — 1.

Proof. Suppose G is a DVDR graph with distinguished vertex v and degree of each vertex in G — v is
k (#n—2). Then tr(v) =n—1and tr(u) = k +2(n — k — 1) for every u in V(G) \ {v}. Thus, we get
that G is an almost transmission regular graph. Conversely, suppose that in an n-vertex graph G there
exists a vertex v € V(G) such that tr(v) = n — 1 and each vertex in V(G) \ {v} has transmission s. Then
for any u € V(G) \ {v} we have degg(u) + 2(n — 1 — degg(u)) = s. Thus, degg(u) = 2(n — 1) — s for all
u € V(G)\ {v}. That is degree of every vertex in G —v is 2(n —1) —s — 1. Hence, G is a DVDR graph with
distinguished vertex v. ]

G, G, G3
FIGURE 1. Some examples of DVDR graphs.

Next we present a theorem which gives upper and lower bounds for the distance spectral radius of a
graph.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 34, pp. 191-204, May 2018.

197  Distance and Distance Signless Laplacian Eigenvalues of Graphs and the Smallest GerSgorin Disc

THEOREM 3.4. Let G be a simple connected graph and uy and us be vertices in G such that tr(uy) = trpin

and tr(us) = trpaes. Let my = max {tr(v) — d(ui,v)} and mg = min tr(v) — d(ug,v)}. Then the
(u2) 1 UGV(G)\M{ (v) = d(u1,v)} 2 vEV(G)\ug{ (v) — d(uz,v)}

distance spectral radius satisfies

ma + /M2 + 47 max my 4+ \/m3 + 4trmine(ur
/s < (D(@)) < TEV I Wrinel),

where e(uq) is the eccentricity of the vertex uy. Moreover, equality holds on right side if and only if the graph
is a DVDR graph and equality holds on left side if and only if the graph is a complete graph.

Proof. Recall that distance matrix of a graph is nonnegative and for this matrix the parameters in
Theorem 2.4 are given by app, = 0, | = M1, Tmin = trmin, S = e(u1). Hence, from the upper bound of
Theorem 2.4, we get

(35) p(D(G)) < MV Hrmine]

Suppose equality holds in (3.5). Since we are applying Theorem 2.4 taking A = D(G), we get that
p(D(@G)) is same as the spectral radius of the matrix A;. The matrix D(G) as well as A; are nonnegative
and irreducible. So by Theorem 1.3 we must have D(G) = A; and then B = By and C = (. As all the
entries of B; are equal to e(uy), B = By is possible only when e(u;) = 1. That is u; is adjacent to all other
vertices of the graph. Again C' = C implies that tr(v) =my + 1 for all v € V(G) \ uy. If my # n — 2, then
by Lemma 3.3 G is a DVDR graph and if m; = n — 2, then G is a complete graph, which is also a DVDR
graph. Again if G is a DVDR graph then obviously equality holds in (3.5).

For the lower bound of p(D(G)) the parameters in Theorem 2.4 are given by agq =0, m = ma, Tmes =
trmaz, t = 1. Hence, by the lower bound of Theorem 2.4, we get

(36) o(D(@)) > Tt Wi

Suppose inequality (3.6) becomes equality. That is p(D(G)) is same as the spectral radius of the matrix
A} in equation (2.4). Then by Theorem 1.3 we must have D(G) = A}. So we get B’ = B, and then ug is
adjacent to all other vertices of the graph. Since tr(us) = trmaz, G must be a complete graph. Conversely,
if G is a complete graph then obviously equality holds in (3.6). d

In the next two theorems, we give upper bounds for modulus of the distance eigenvalues of a graph other
than the distance spectral radius. In the literature, we do not find any bound for these eigenvalues.

THEOREM 3.5. Let G be a simple connected graph and A be any eigenvalue of D(G) other than the
distance spectral radius. Then the eigenvalue \ satisfies

Al < trimas —n+ 2.

Moreover, equality holds for all X simultaneously if and only G is a complete graph.

Proof. We can write the distance matrix as D(G) = A 4+ B, where A is the matrix whose all diagonal
entries are zero and all other entries are one and B is a non-negative symmetric matrix.

For the matrix A we have A\j(A) =n—1and A\;(A) = —1for j =2,3,...,n. The maximum row sum of
the matrix B is trye. — n + 1.
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Now applying Theorem 1.5, we get for j € {2,3,...,n},
(3.7) Ai(D(G)) = Aj(B+A) < M(B) + Aj(A).

As B is a nonnegative matrix so we have A\ (B) < tryqe —n+ 1. Hence, putting the value of A;(A4) in (3.7),
we get for j € {2,3,...,n},

(3.8) A(D(G)) < trmas — 1.
Again by applying Theorem 1.5, we get for j € {2,3,...,n},

(3.9 Ai(D(Q)) =X (A+ B) > X\(A) + A(B) = =14 A\ (B).
For the matrix B we have

(3.10) Mo(B)| € M (B) < trmas —n+ 1
(3.11) = A(B) > ~(trmae — 1+ 1).

From (3.9) and (3.11), we get for j € {2,3,...,n},

(3.12) Xi(D(G)) > —(trmaz —n+ 2).
Hence, from (3.8) and (3.12), the distance eigenvalue A satisfies
(3.13) Al < trmaz —n + 2.

Suppose that equality holds in (3.13) for all A, that is |A\;(D(G))| = trmes —n+2forall j =2,3,...,n. If
for some j, 2 < j < n, A; is positive, then we get contradiction from (3.8) because tr.,q. —n+2 can not be
smaller or equal to t7pmae — n. Thus, we get A\;j(D(G)) = —(trmax —n +2) for all j =2,3,...,n. Then the
graph G has only two distinct distance eigenvalues, and hence, G is a complete graph.

Conversely, assume that G is a complete graph. Then for the graph G, |X\;(D(G))| = | — 1| =1 for all
j=2,3,...,n. Also in this case, tryee = n — 1. S0 trmae — 7+ 2 = 1 and equality holds in (3.13) for all
such distance eigenvalues. ]

THEOREM 3.6. Let G be a simple connected graph and A be any eigenvalue of D(G) other than the
distance spectral radius. Then \ satisfies

1=n+2++/(m1 —n+2)2+4({trmm —n+ 1)(e(ur) — 1)
2

where the parameters are the same as given in Theorem 3.4. Moreover, equality holds for all A simultaneously

if and only if G a is complete graph.

<D +1,

Proof. We follow the same steps up to inequality (3.10) of Theorem 3.5. Then, by the upper bound of
Theorem 2.4, we get

M(B) < m1—n+2++/(m1 —n+2)2+4trmi, —n+ 1)(e(ur) — 1)
1(B) < 5 -

Hence, in equations (3.7) and (3.10), replacing the upper bound of A;(B) by this new upper bound, we get
the desired bound of A\;(D(G)) for j € {2,3,...,n}.

By the similar argument as in the previous theorem, we get that equality holds for all X if and only if
the graph G is a complete graph. 0
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4. Bounds on eigenvalues of the distance signless Laplacian matrix. The result below is an
application of Theorem 2.4 and its proof technique is analogous to that of Theorem 3.4.

THEOREM 4.1. Let G be a simple connected graph with uy and us be two vertices in G such that tr(uy) =
trmin and t = trmae- Letly = 2t —d(uq, dly = i 2t —d(ug,v)}. Th
Tmin and tr(ug) = tr et Iy 1)6513213(\u1{ r(v) —d(ug,v)} and ls UE&I(lg)l\M{ r(v) —d(ug,v)} en
the distance signless Laplacian spectral radius satisfies

l2 + trmaw + \/(l2 - trnLaa:)Q + 4tr77aaw
2

l t min Iy —t min 2 4t min
< p(Do(C)) < 1+ trmin + /(I 27" )2+ 4tr e(ul)'

Moreover, equality holds on right side if and only if the graph is DVDR graph and equality holds on left side
if and only if the graph is a complete graph.

In the following, we give upper and lower bounds to distance signless Laplacian eigenvalues other than
the distance signless Laplacian spectral radius of graphs. This result is analogous to Theorem 3.5, but proof
technique is slightly different.

THEOREM 4.2. Let G be a simple connected graph and A be any eigenvalue of Dg(G) other than the
distance signless Laplacian spectral radius. Then A satisfies

max{(2trmin — 2trmaz + 1 — 2),0} <X < 2100 — N

Moreover, equality holds on both sides for all A simultaneously if G is a complete graph.

Proof. We partition the distance signless Laplacian matrix as Dg(G) = A+ B, where A is the matrix
whose all diagonal entries are tr,,;, and all other entries are equal to one, and B is a non-negative symmetric
matrix.

For the matrix A we have A\1(A) = try, +n — 1 and A\j(A) = trp, — 1 for j = 2,3,...,n. Then
maximum row sum of the matrix B is 27,02 — tTmin — 1 + 1.

Now applying Theorem 1.5, we get for j € {2,3,...,n},
(4.14) A(Do(G)) = A (B + 4) < \(B) + A(A).

As B is a nonnegative matrix, we get A1 (B) < 27,00 — t7min — 1+ 1. Hence, putting the value of \;(A) in
(4.14) we get, for j € {2,3,...,n},

(4.15) \j(Dg(G)) < 2trmes — n.

Applying Theorem 1.5 we get, for j € {2,3,...,n},

(4.16) A(Do(G)) = Xj(A+ B) > X\j(A) + M(B) = trmin — 1 + A (B).
For the matrix B, we have

(4.17) [IAn(B)] < M (B) < 2trmae — trmin —n+ 1
(4.18) = M (B) > —(2trmaz — trmin — n + 1).

From (4.16) and (4.18), we get, for j € {2,3,...,n},

(4.19) )\J(DQ(G)) > QtTmin — QtTmaw +n—-2.
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Again distance signless Laplacian matrix is a nonnegative diagonally dominant symmetric matrix, so all of
its eigenvalues are nonnegative. Hence, from (4.15) and (4.19), the distance signless Laplacian eigenvalue A

satisfies
(4.20) maxq{ (2trmin — 2trmaz + 1 —2),0} <A < 200 — N
If G is a complete graph then obviously both the inequalities in (4.20) become equality. 0

Our next result is analogous to Theorem 3.6 and proof technique is also similar to its proof.

THEOREM 4.3. Let G be a simple connected graph and X\ be any eigenvalue of Dg(G) other than the
distance signless Laplacian spectral radius. Then A satisfies

max{(trmin — 1 —5),0} <A <trpmm—14+5,

where

1 — trmin —n+ 2+ \/(ll — trmin — 1+ 2)2 + 4(trmin —n 4+ 1)(e(ug) — 1)

2 )
and the parameters in S are the same as defined in Theorem J.1. Moreover, equality holds on both sides for
all X simultaneously if G is a complete graph.

S =

5. Distance and distance signless Laplacian eigenvalues and the GerSgorin discs. The fol-
lowing well known GerSgorin disc theorem guarantees that eigenvalues of a square matrix are contained in
some easily computed discs.

THEOREM 5.1. (Gersgorin) Let A = [a;;] € My, Ri(A) =37, laijl, i=1,2,....,n, and consider the n
Gersgorin discs
{zeC:|z—ay| <R;(A)}, i=1,2,...,n.

Then the eigenvalues of A are in the union of Gersgorin discs
n
G(A) = U{z € C:|z—ay| < Ri(A)}.
i=1

Furthermore, if the union of k of the n discs that comprise G(A) forms a set G(A) that is disjoint from the
remaining n — k discs, then G(A) contains exactly k eigenvalues of A, counted according to their algebraic
multiplicities.

The distance matrix D(G) of a simple connected graph G is real symmetric and having diagonal entries
all zero. Thus, all the GerSgorin discs of D(G) are concentric circles with center at zero and radius of
the discs are the transmissions of the vertices of G (see Figure 2). So, according to Theorem 5.1 all the
eigenvalues of D(G) are contained in the circle having center at zero and radius 7,4, of G. Again all the
GerSgorin discs for distance signless Laplacian matrix of a graph are circles passing through the origin with
centers on the real axis and radius of the discs are the transmissions of the vertices of the graphs (see Figure
3).

The following result is immediate from Theorem 3.5.

THEOREM 5.2. If G is a simple connected graph satisfying trmaez —trmin < n—2, then all the eigenvalues
of D(G), other than the distance spectral radius, lie in the smallest Gersgorin disc.
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FIGURE 2. Gersgorin discs for distance matriz of a graph.

FIGURE 3. Gersgorin discs for distance signless Laplacian matriz of a graph.

For any nonnegative square matrix A we denote property P as below.

P: All eigenvalues of the matrix A other than the spectral radius lie inside the smallest Ger§gorin disc
of A.

Next we give an example of a graph, namely the path P,,n > 5, for which tryqz — trmin > n — 2 and
nz—n

its distance matrix satisfies the property P. The path P, on n vertices is a graph in which try.. = "=
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2 2 . . :
and 7y, = 7 or ;1 according as n is even or odd. Then for P, with n > 5, trpyee — trmin > n — 2. In

[29], Ruzieh and Powers have found all the distance eigenvalues of P,, which are given below.

THEOREM 5.3. [29] The distance eigenvalues d;, i = 1,2,...,n, of the path P, withn > 2 are as follows.

1. dy =1/(cosh @ — 1), where 0 is the positive solution of tanh(6/2) tanh(nd/2) = 1/n.
2. d; =1/(cos@—1), where (a) 0 is the one of the [(n—1)/2] solutions of tanh(0/2) tanh(nf/2) = —1/n
in the interval (0,7), or (b) 6 = (2m — 1)w/n form=1,2,...,[n/2].

One sees that d; is the distance spectral radius of P, and other distance eigenvalues are given by
1/(cos@—1), where 6 lies in the interval [Z W] We note that f(0) = 1/(cosf—1) is a strictly increasing

n’

function and f(#) < 0in [T, @] So among all distance eigenvalues of P,,, other than the spectral radius,

f(m/n) is the smallest one. As all of them are negative so the eigenvalue f(7w/n) have maximum modulus.
Now

2 4 6 8
1—cos(m/n)=1- [1 7T il n il }

- n22l + n44!  nb6! + n88l

2 w4 ° 8
B <n22! a n44!) + (n66! a n88!) e

2 e
7 o2 T 2and
1 m2(n?—1) 7*(n?®-1)
T n2-1 2n? 24n4
> for n > 5.

n? —

n?—1

2
T < 7 for n > 5. Therefore, distance

Thus, we get 1_Cosl(ﬂ/n) < "24_1 for n > 5. Hence, |COS(W}n)_1| <
matrix of the path P,, n > 5, satisfies the property P.

Next we get that property P also holds true for distance signless Laplacian matrix of some classes of
graphs. The result below is immediate from Theorem 4.2.

THEOREM 5.4. If G is a simple connected graph satisfying 2tr ez — 2trmin < n, then all the eigenvalues
of Do(G), other than the distance signless Laplacian spectral radius, lie in the smallest Gersgorin disc.

Property P obviously holds true for distance and distance signless Laplacian matrix of transmission
regular graphs. Based on the above discussions we leave the following questions for further research.

PRrROBLEM 5.1. Whether property P holds true for distance matrix of an arbitrary graph?

PROBLEM 5.2. Whether property P holds true for distance signless Laplacian matrix of an arbitrary
graph?

We notice that distance matrix of an n-vertex connected graph is symmetric, and its diagonal entries
are all zero and non-diagonal entries vary from 1 to n — 1.

PROBLEM 5.3. There are many examples of symmetric n X n square matrices with diagonal entries all
zero and non-diagonal entries vary from 1 to n — 1, which do not satisfy property . What are all such
matrices satisfying property P?
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