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NORM INEQUALITIES RELATED TO CLARKSON INEQUALITIES*

FADI ALRIMAWIT, OMAR HIRZALLAH! AND FUAD KITTANEH?!

Abstract. Let A and B be n X n matrices. It is shown that if p =2,4 < p < oo, or 2 < p < 4, and both A+ B, A— B
are positive semidefinite, then

P _ B|IP -1 P p) _ /2 _ _ P
A+ BIZ+ 1A - BIZ < 207 (1AL + I1BIE) - (2¢/2 = 2) |14ll, - 1B1,| "
and if p=2,4 <p < oo, or2<p<4, and both A, B are positive semidefinite, then
_ _ p
A+ BIZ+ 1A= BIE > 2 (AL + I1BIZ) + (217772 = 2277) ||+ BIl, - A - BI, |-

These inequalities are reversed if p =2, 1 < p < %, or % < p < 2, and both A+ B, A — B are positive semidefinite, and if

p=2,1<p< %, or % < p < 2, and both A, B are positive semidefinite, respectively. Commutative (or L) versions of these
inequalities are also considered.
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1. Introduction. Let M, (C) be the algebra of all n x n complex matrices. For a matrix A € M,,(C),
let 51(A), s2(A), ..., s,(A) denote the singular values of A, i.e., the eigenvalues of |A| = (A*A)'/2.

For 0 < p < oo and A € M, (C), define [|A]|, by

1/p
n

Al = | 3 sy

j=1
So, [IA]l, = (tr \A|p)1/p. For 1 < p < oo, this is the Schatten p-norm of A.
The celebrated Clarkson inequalities for scalars assert that if a,b € C, then
2(Jaf” + [bI") < |a + 0" +|a — 0" < 2"~ (|al” + [b]") (1.1)

for 2 < p < o0, and
227 (af” + 161) < la+b” + [a = 0" < 2(Jaf” + [b]") (1.2)

for 0 <p<2.

Generalizations of the inequalities (1.1) and (1.2) to matrices can be seen as follows (see, e.g., [8]): If
A, B € M,,(C), then

2 (A1 + 1BIZ) <114+ BIE + 14— BIZ <227 (Al + |BI7) (1.3)
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for 2 < p < o0, and
271 (A5 + 1 BID) < A+ BIE + |4 - BIb < 2 (4] + |1BII) (1.4)
for0<p<2.
The inequalities (1.3) and (1.4) play an important role in analysis, operator theory, and mathematical
physics (see, e.g., [8] and [13, p. 20]).

For generalizations of the Clarkson inequalities to several operators and unitarily invarient norms, we
refer to [1], [3], [4], [7], [10], [11], and [12].

2. Preliminary results. In this section, we introduce some basic refinements of the inequalities (1.1)
and (1.2). These refinements are the base of our results that are given in Sections 3 and 4. First, we start
with the following lemma.

LEMMA 2.1. Let x € [1,00).
(a) If 1 <r<oo, then (1+x)" >a"+2" —1.
(b) If 0<r <1, then (1+z)" <z"+2"—1.

Proof. We prove part (a), the proof of part (b) is similar. If » = 1, then the inequality becomes
equality, so suppose that r > 1 and let f(z) = (1 + 2)" — 2",z € [1,00). Then the derivative of f is

f(z)=r ((1 +z) 7 = :17’"’1) >0, z € (1,00). So, f is increasing on [1,00), and hence, f(z) > f(1) for
all € [1,00). The last inequality implies that (1 4+ x)" > a” 4+ 2" — 1, as required. d

Based on Lemma 2.1, we have the following result.
THEOREM 2.2. Let a,b € [0,00).
(b) If 1 <r < oo, then
a”"+b" <(a+b)" - (2" —2)min(a",b").
In particular,
a”"4+b" < (a+b)"

with equality if and only if a =0,b=0, or r = 1.
(b) If 0 <r <1, then
a"+b" > (a+b)" — (2" — 2)min(a”,d").

In particular,
a”"4+b" > (a+b)"
with equality if and only if a =0,b=0, or r = 1.

Proof. We prove part (a), the proof of part (b) is similar. The result is trivial if either a or b is zero, so
suppose that both a and b are non-zero. Let ¢ = max (a,b) and d = min (a,b) . Then § > 1 and by letting

(05 () 7

xr = § in Lemma 2.1(a), we have
and so,
(cHd)">c +d (2" —1)=c +d +d(2 —2). (2.5)
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Since c+d =a+band ¢"+d" = a" +b", the result follows from the inequality (2.5). Moreover, the equality
conditions follow from the fact that (2" — 2)min(a”,b") = 0 if and only if a = 0,b = 0, or » = 1. This
completes the proof of part (a). O

Based on Theorem 2.2, refinements of the Clarkson inequalities (1.1) and (1.2) can be seen in the next
theorem. Let ¢, (s,t) = (27/2 — 2) min(]s|”, |t|") for 0 < p < co and s,t € C.

THEOREM 2.3. Let a,b € C. Then:
(a) For 2 < p < oo,

2(Jal” + [o]") + 2¢, (a,b) < fa+b" + |a = b” < 2" (|laf” + [b") — ¢, (a + b,a — ). (2.6)
(b) For 0 < p <2,

2P~ (|a|” 4+ ") — ¢y (a+b,a —b) < Ja+ b’ +]a—b" < 2(|al” + [b]”) + 2¢, (a,b) . (2.7)
Proof. We prove part (a), the proof of part (b) is similar. We have

la+b" +la—b" = (la+b")P/? + (|la — b*)"/
< (la+ b + (Ja—b*)?/? = (2/> —2)min(Ja + b’ ,|a — b]")  (by Theorem 2.2 (a))
= (2]a]* +2[b]*)"* = ¢, (a+b,a = b)

2 2\ P/2
al”+ b
=2P <||2||> —cp(a+ba—0b). (2.8)

The convexity of the function f (t) = t?/2 on [0, c0) implies that

(2.9)

p/2
<|a|2 + |b|2> B (it (4 9 O e L
2 - 2 N 2

Now, the second inequality in (2.6) follows from the inequalities (2.8) and (2.9). On the other hand, the
first inequality in (2.6) follows from the second inequality in (2.6) by replacing a and b by 2 and %32,

respectively. 0

Based on Theorem 2.3, the equality conditions of the inequalities (1.1) and (1.2) are given in the following
result.

COROLLARY 2.4. Let a,be€ C, and let 0 < p < oo. Then:
(a) |a+b" +|a—b|” = 2P (|a|” + b|") if and only if a =1b, a = —b, or p= 2.
(b) |a+ 0" + |a—b" =2(|a]’ + |b") if and only if a=0,b=0, or p=2.

Proof. We prove parts (a) and (b) when 2 < p < oo. The proof of parts (a) and (b) when 0 < p < 2'is
similar. So, suppose that 2 < p < co.

(a) (=) If [a+b]" + |a—b" = 2P71(|al’ + |b|"), then the second inequality in (2.6) implies that
¢p(a+b,a—1b) =0, and so (2?/2 —2) min(|a + b|”, |a — b|”) = 0, which implies that a = b, a = —b, or p = 2.

(<) If b=a, b= —a, or p = 2, then by direct computations it can be seen that |a + b|" + |a — b|" =
2771 (|al? + |b|?), as required.
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(b) (=) If la+b]" + |a—b]" = 2(Ja’ + |b|]"), then it follows from the first inequality in (2.6) that
¢p (a,b) = 0, and so (27/2 — 2) min(|a|”, |b|”) = 0, which implies that @ = 0, b= 0, or p = 2.

(<) If a = 0,b = 0, or p = 2, then by direct computations it can be seen that |a + b’ + |a — b’ =
2(|a|” + |b[?), as required. O

3. Clarkson-type inequalities for the Schatten p-norms. In this section, we give refinements of
the inequalities (1.3) and (1.4) under additional conditions. These refinements are based on the following
lemma (see e.g., [2] and [5]), which can be considered as a matrix version of Hanner’s inequality [9]. Our
new inequalities may be useful in the geometry of certain Banach spaces, regarding the uniform convexity
and smoothness of these spaces.

Though we confine our discussion to matrices regarded as operators on a finite-dimensional Hilbert space,
by slight modifications the inequalities in this section can be extended to operators on an infinite-dimensional
Hilbert space.

LEMMA 3.1. Let A, B € M,,(C). Then:
(a)

p
1A+ Bl + [[A = B, < (IAll, + |1BIl,)” + ‘HAIIP - 1Bl

holds if p=2,4<p<oo, or 2<p<4, and both A+ B, A — B are positive semidefinite.
(b)

p

A+ Bl +1lA = Bl = (1Al +1BIl,)" + ‘HAIIP - B,

holds if p=2,1<p< §7 or % <p<2, and both A+ B, A — B are positive semidefinite.

Based on Theorem 2.3 and Lemma 3.1, our new refinements of the inequalities (1.3) and (1.4) can be

seen in the following result.
THEOREM 3.2. Let A, B € M,,(C). Then:

(a)

|4+ B+ 14~ BIE <27 (AL +1BIE) - @2~ 2[4l - 181,[  (310)
holds if p=2,4<p<o0, or2<p<4, and both A+ B, A — B are positive semidefinite.
(b)
|4+ B+ 14~ BIL > 27 (412 +1BIE) - @/ ~2)[l4l, - 181,[” (311)

holds if p=2,1<p< %, or % <p<2, and both A+ B, A — B are positive semidefinite.

Proof. We prove part (a), the proof of part (b) is similar. If p = 2, then the result is trivial. So, suppose
that 4 <p < oo (or 2 < p < 4, and both A+ B, A — B are positive semidefinite). Then
P
A+ By + 1A= Bly < (IAll, + | B]l,)" +

<27t (Al + 1BIE) = e (141, + 181, 141, ~ 1B],) by (2.6):

1All, = 1Bl

(by Lemma 3.1(a))

But

. p
¢ (41l + 1Bl 141, = 1B],) = /2 = 2)min ((JAlL, + I1B1,) "

p

i, - 11,|")

= (22 -2) |4l - |BIl,
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This proves the inequality (3.10). d
An immediate consequences of Theorem 3.2 are the following two corollaries.
COROLLARY 3.3. Let A, B € M,,(C). Then:
(a)

P
|4+ BIL+ 14 - BIL =2 (Al + IBI) + (272 = 2277) [|A+ BIl, - |4 - BJ,|  (3.12)

holds if p=2,4<p< o0, or 2<p<4, and both A, B are positive semidefinite.

(b)
|4+ BIE+ 4= BIE < 2 (AL + I1BIE) + (2772 - 2277)

p
lA+Bll, - A= Bl (3.13)

Y 4 4 iy . .
holds if p=2,1<p< 3, or 3 <p<2, and both A, B are positive semidefinite.

3
Proof. The inequalities (3.12) and (3.13) follows from the inequalities (3.10) and (3.11) by replacing A
and B by AL2B and #, respectively. ]

COROLLARY 3.4. Let A, B € M, (C).

(a) If 4<p<ooor2<p<4, and both A+ B, A— B are positive semidefinite such that ||A + B||g +
14— BIL =21 (JAIL + 1BIZ). then ||A],, = 1Bl

(b) If 4 <p <ocor2<p<4,andboth A, B are positive semidefinite such that || A + B|[; +||A - BJ|, =
2 (IAIL + BI). then |14 + B, = | A~ Bl

(c) If 1<p<3or3<p<2 andboth A+ B,A— B are positive semidefinite such that || A+ By +
|4 = BIb =201 (J AL+ |BIE), then |A], = 1Bl

(d) If 1<p<3ori<p<2 andboth A, B are positive semidefinite such that || A + Bl +||A - B, =
2 (JAI + 1BIZ). then (14 + Bll, = | A Bl

It should be mentioned here that Hanner’s inequality for any functions f,g € L, (see, e.g., [5]) states
that

P
L+ gllp + 1 = gl2 < (U1, + gl ) + |11, = lgll ) (3.14)
for 2 < p < co. The inequality reverses for 1 < p < 2.

Also Clarkson’s inequalities for L, functions assert that (see, e.g., [6])
2 (1715 + g2} < 1S+ gltt + 17 = gl < 27 (7115 + g1l (3.15)
for 2 < p < co. The inequalities reverse for 1 < p < 2.
We can give refinements of the inequalities (3.15) depending on Theorem 2.3 and the inequality (3.14).
THEOREM 3.5. Let f,g € L,. Then
1S+ gllp + 15 = gllp < 2272 (1712 + gll2) = @72 = 2) 11, — g,

p

(3.16)

and
N 3 P
1 + gl + 17 = gllp = 2 (I + gl ) + @772 = 2277) |1 + gll, = IS = g1l | (3.17)
for 2 < p < oco. The inequalities reverse for 1 < p < 2.
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Proof. In the case when 2 < p < oo, the proof of the inequality (3.16) is similar to the proof of part (a)
of Theorem 3.2, and the inequality (3.17) follows from the inequality (3.16) by replacing f and g by %

and % , Tespectively. O

4. Other related inequalities. In this section, we give further upper and lower bounds for |4 + B Hz +
|A— B HZ by dropping some of the conditions given in Theorem 3.2 that are imposed on the values of p and
on the matrices A and B. Based on Theorem 2.3, we start with the following result.

THEOREM 4.1. Let A, B € M, (C).

(a) If 2<p < oo, then

|+ BIL+ |14 = B < 257272 (Al + 1BI2) — ney(su(A+ B)osa(A=B)  (4.18)
and
|4+ BIE + A= BIE = 22772 (AL + | BI) +n22 /2, (sn(4), 50 (B)). (4.19)
(b) If 1 <p <2, then
|A+BIL+ 14— BIp = 257272 (AL + |1BI?) = ney(su(A+ B)osa(A=B))  (4.20)
and
|+ BIE+ 14— BIL < 22772 (A + | BIL) +n2® /2, (su(4), 50 (B)). (4:21)

Proof. We prove part (a), the proof of part (b) is similar.
Since ncy(sp (A + B),s,(A — B)) < ¢, (||A + B, [l4- B||p)7 we have
|4+ BIE+ |4 = B+ ney(su(A+ B), 5u(A— B)
<A+ B+ |A-BIL+c, (14 + Bl |14 BI,)
p/2 p/2
= (1a+BI)" + (14-BI2)" +c (I4+ BI,. 14 - B,)
9 2\ P/2
< <||A+B||p+ ||AfB||p) (by Theorem 2.2 (a))
< op/2-1 (||A + B, + A4~ B||§) (by the convexity of f(t) = t*/2 on [0, 0))
< op/2-1 <2p_1 <||A||£ + HB||§)> (by the second inequality in (1.3))
= 29272 (|lA)lp + | BI) -

This proves the inequality (4.18). The inequality (4.19) follows from the inequality (4.18) by replacing A
and B by ALZB and A_TB, respectively. 0

To complete our work, we need the following lemma (see [2]).

LEMMA 4.2. Let A, B € M,,(C). Then:

(a) 5 (14+ B +14-BI}) <A+ (o= 1) |BI? for 2<p< oo,
(b) 3 (14+BIZ+ 1A= BIP) = A2+ (- 1) IBI} for 1<p<2.
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Other related upper and lower bounds for [|A + BJ|} +[|A — B} are given in the following result.
THEOREM 4.3. Let A, B € M, (C).
(a) If 2<p< oo, then
p p -1 p 2 p
1A+ BIZ + 114 - B <227 (JAIL + (0~ D72 |BIE) — nep(sa(A + B), su(A ~ B)).
(b) If 1 <p <2, then
p p —1 p 2 p
|4+ Bl + A= BIE = 207 (AL + (p = D2 | BIE) = nep(sn(A + B),su(A— B)).
Proof. We prove part (a), the proof of part (b) is similar. We have
IA+ B}, + [|A = B[}, + ncp(sn(A+ B), sn(A - B))
2\ P/2 2\ P/2
<(l4+BI3)" +(14-BIZ)" +e(lA+Bl,.IA- Bl,)
<(1a+BI+14-B2)"  @®yTh 2.2
< (14 +BI;+ 14~ BI}) (by Theorem 2.2 ()
2 2\ \?/?
< (2 (141 + @ - v 18I3)) (by Lemma 4.2 (a))
2 2 2\ P/2
=22 (A2 + (- D) IBI)
<ort (||AHZ +(p—1)P/? HB||§) (by the convexity of f(t) = tP/% on [0, c0)),
as required. O
REFERENCES
[1] K.M.R. Audenaert and F. Kittaneh. Problems and conjectures in matrix and operator inequalities. Banach Center Publ.,
112:15-31, 2017.
[2] K. Ball, E. Carlen, and E.H. Lieb. Sharp uniform convexity and smoothness inequalities for trace norms. Invent. Math.,
115:463-482, 1994.
[3] R. Bhatia and J. Holbrook. On the Clarkson-McCarthy inequalities. Math. Ann., 281:7-12, 1988.
[4] R. Bhatia and F. Kittaneh. Clarkson inequalities with several operators. Bull. Lond. Math. Soc., 36:820-832, 2004.
[5] E. Carlen and E.H. Lieb. Some Matrix rearrangement inequalities. Ann. Mat. Pura Appl., 185:315-324, 2006.
[6] J.A. Clarkson. Uniform Convex Spaces. Trans. Amer. Math. Soc., 40:396-414, 1936.
[7] C. Conde and M.S. Moslehian. Norm inequalities related to p-Schatten class. Linear Algebra Appl., 498:441-449, 2016.
[8] T. Fack and H. Kosaki. Generalized s-numbers of 7-measurable operators. Pacific J. Math., 123:269-300, 1986.
[9] O. Hanner. On the uniform convexity of L, and l,. Ark. Mat., 3:239-244, 1956.
[10] O. Hirzallah and F. Kittaneh. Non-commutative Clarkson inequalities for unitarily invariant norms. Pacific J. Math.,
202:363-369, 2002.
[11] O. Hirzallah and F. Kittaneh. Non-commutative Clarkson inequalities for n-tuples of operators. Integral Equations
Operator Theory, 60:369-379, 2008.
1 . Kissin. On Clarkson-McCarthy inequalities for n-tuples of operators. Proc. Amer. Math. Soc., 135: 3-2495, 2007.
2] E. Kissin. On Clark McCarthy i lities f les of P A Math. S 135:2483-2495, 2007
[13] B. Simon. Trace Ideals and their Applications. Cambridge University Press, Cambridge, 1979.



