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FAST VERIFIED COMPUTATION FOR THE SOLVENT
OF THE QUADRATIC MATRIX EQUATION*

SHINYA MIYAJIMAT

Abstract. Two fast algorithms for numerically computing an interval matrix containing the solvent of the quadratic matrix
equation AX?+BX +C = 0 with square matrices A, B, C and X are proposed. These algorithms require only cubic complexity,
verify the uniqueness of the contained solvent, and do not involve iterative process. Let X be a numerical approximation to
the solvent. The first and second algorithms are applicable when A and AX + B are nonsingular and numerically computed
eigenvector matrices of X7 and X +A~!B, and X7 and (Af( + B)~ ! A are not ill-conditioned, respectively. The first algorithm
moreover verifies the dominance and minimality of the contained solvent. Numerical results show efficiency of the algorithms.
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1. Introduction. Consider the following quadratic matrix equation:
(1.1) Q(X):=AX?*+ BX +C =0,

where A, B,C' € C™"*™ are given and X € C"*" is to be solved. A solution of (1.1) is called a solvent of
Q(X). The equation (1.1) arises in many applications such as multivariate rational expectations models [3],
noisy Wiener-Hopf problems for Markov chains [5] and quasi-birth death process [8]. The other application
is the solution of the quadratic eigenvalue problem

(1.2) Q\)x == (\V2A+AB+C)x =0,

where A € C is an eigenvalue and x € C™\ {0} is an eigenvector corresponding to A. The problem (1.2) arises
in the analysis of damped structural systems and vibration problems [8, 9]. If X, is a solvent of Q(X), it
then holds that

(1.3) Q(\) = —(AX, + B+ M)(X, — M,,),

where I, is the n x n identity matrix. Therefore, the eigenvalues of (1.2) are those of X, together with those
of the generalized eigenvalue problem

(1.4) — (AX, + B)z = Mz

The problem (1.4) has n eigenvalues if and only if A is nonsingular (see [4, Section 7.7.1], e.g.). Hence, (1.2)
has 2n eigenvalues if and only if A is nonsingular. Suppose A is nonsingular. Then, (1.2) has 2n eigenvalues,
all finite and can be ordered by their absolute values as

(1.5) Al > [A2] > > |Agnl.
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Let A(M) denote the spectrum of M € C™*™. A solvent Xp of Q(X) is called a dominant solvent if
AMXp) = {A1,..., A} and |Ay| > |Ant1]- A solvent Xy of Q(X) is called a minimal solvent if \(Xpr) =
{An+1,- s A2n} and |A,| > |An41]. Numerical algorithms for computing the solvents are extensively studied
(see [5, 8, 9, 11], e.g.).

The work presented in this paper addresses the problem of computing a verified solvent of Q(X), specif-
ically, numerically computing an interval matrix which is guaranteed to contain the solvent. The equation
(1.1) may be written as nonlinear systems in C"2, so that the verified computation of the solvent seems to
be possible by executing a known verification algorithm for nonlinear systems (e.g. [15, 17]). On the other
hand, this approach involves O(n%) operations, which is prohibitively large for large n. In order to reduce
the computational cost, Hashemi and Dehghan [6] have proposed two fast iterative verification algorithms.
They skillfully exploit the special structure of Q(X). These algorithms require only O(n?) operations per
iteration. The first and second algorithms are applicable when A and B are nonsingular, respectively. The
first algorithm moreover verifies the uniqueness of the contained solvent.

The purpose of this paper is to propose two algorithms for computing the verified solvent. These
algorithms also require only O(n?) operations, verify the uniqueness, and do not involve iterative process.
Let X be a numerical result for the solvent. The first and second algorithms are applicable when A and
AX + B are nonsingular and numerically computed eigenvector matrices of X7 and X + A~'B, and X7 and
(AX + B)~'A are not ill-conditioned, and do not assume but prove the nonsingularities of A and AX + B,
respectively. The first algorithm moreover verifies the dominance and minimality of the contained solvent.

This paper is organized as follows: Section 2 introduces notations and theories used in this paper.
Sections 3 and 4 propose the first and second algorithms, respectively. Section 5 reports numerical results.
Section 6 finally summarizes the result in this paper and highlights possible extension.

2. Preliminaries. For M € C"*", let M;;, M.; and A(M) be the (i,j) element, j-th column and
spectrum of M, respectively, |M| := (|M;;]), MT = (Mj;), ||M|lo := max; > 1Myj| and [[M||max =
max; j |M;;|. If M is nonsingular in particular, let M~7 := (M~1)T. For M, N € R™*", M < N means
M;; < Njj, Yi,j. For v € C", v; and diag(v) denote the i-th component of v and n x n diagonal matrix
whose (i,4) element is v; for ¢ = 1,...,n, respectively. For v,w € C" with ||w|s < 1 and M, N € C**"
with || N|lmax < 1, define ||v||,, := max;(Jv;|/(1 — |w;]|)) and | M||n = max; ;(|M;;|/(1 — |Nijl|)), respectively.
Let eps, realmin, I,, and ® be machine epsilon, the smallest positive normalized floating point number
(especially eps = 2752 and realmin = 271022 in [EEE 754 double precision), the n x n identity matrix
and the Kronecker product (see e.g., [10]), respectively, and e(™ :=[1,...,1]T € R™. Let o and ./ be the
pointwise multiplication and division, respectively. For C' € C"*™ and R € R™*™ with R > 0, (C, R) denotes
the interval matrix whose midpoint and radius are C' and R, respectively. For a Fréchet differentiable matrix
function F(X) where X € C™ ", denote the Fréchet derivative (see e.g., [7]) of F' at X applied to the
matrix H by F% (H). The notations fl(-) and fia(-) denote the results of floating point computations, where
all operations insides the parentheses are executed by ordinary floating point arithmetic in rounding to
nearest and towards +oo modes, respectively. The notations fl(-) and fl(-) denote rigorous upper and lower
bounds for the insides of the parentheses obtained by rounding mode controlled floating point computations,
respectively. Let F be the set of all floating point real numbers. For M € C™*™ and v € C"Q, define

M V1 Untl 0 Up(n-1)41
vec(M) := and mat(v):= | ,

M., R Up2
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respectively. We then have mat(vec(M)) = M, vec(mat(v)) = v and | M| n = |[vec(M)|yec(n) for N € C**"
with || N||lmax < 1. If v; # 0, Vi, then

(2.6) diag(v) 'vec(M) = vec(M./mat(v)).

We cite Lemmas 2.1 to 2.3 and Corollary 2.5, which will be used hereafter.
LEMMA 2.1 (e.g., Golub and Van Loan [4]). If [|S|ec <1 for S € C"*", then I, — S is nonsingular.

LEMMA 2.2 (e.g., Horn and Johnson [10]). For any complex matrices K, L, M and N with compatible
sizes, it holds that (K @ L)(M @ N) = (KM ® LN) and vec(LMN) = (NT @ L)vec(M).

LeEMMA 2.3 (Minamihata [12]). Let S € C"*", f € C" and s := |S|e™. If ||s|loo < 1, then I, — S is
nonsingular and |(I, — S)7 || f| < |f] + || f]lss

REMARK 2.4. The proof of Lemma 2.3 can be found in [14, Section 2].

COROLLARY 2.5 (Miyajima [14]). Let S and s be as in Lemma 2.3 and F € C"*™. Assume ||s]|cc < 1
and define w := [||[F1llss - -, | Enlls]. Then, I, — S is nonsingular and |(I, — S)7||F| < |F| + sw?.

3. Verification algorithm when A is nonsingular. Let Q(X) be as in (1.1), and X be a numeri-
cally computed approximation to a solvent of @Q(X). Assume as the results of numerical generalized eigen-
decomposition, eigendecomposition and inversion, we have A 4,Ax,Va,Vx , W4, Wx € C"*™ with A4 and Ax
being diagonal such that (Af( + B)Vy = AV A4, XTVy ~ VxAx, WaAV4 = I, and WxVx ~ I,,. Define
SA = In—WAAVA, SX = In—Wva, TA = WA(AVAAA—(AX—FB)VA) and TX = Wx(VxAX —XTVX).
Provided that AV4 and Vx are not ill-conditioned, we can expect Sy =~ 0, Sx = 0, T4 ~ 0 and Tx ~ 0.
If [Salle < 1 and [|Sx|loc < 1, then Lemma 2.1 gives I,, — S4 and I, — Sx are nonsingular, respec-
tively, which implies the nonsingularities of A, V4, Wa, Vx and Wx. Then, define Us := (I, — Sa) T4,
Ux := (I, — Sx) 'Tx, Y := V' XV T and Y = V' XV T

We first consider computing an interval matrix containing a solvent X, of Q(X). The verification of the
uniqueness, dominance and minimality will be discussed later. We have Q(X) =0 < V1 'A1Q(x WV T —o.
From X = V, YV, it holds that

VAT QX)) = YVEVAY + VAT BV, Y + VAT OV T
Hence, (1.1) is equivalent to R(Y') = 0, where
RY) :=YVEIVAY + VPATIBVLAY + VAT OV T

Although R(Y') seems to be more complicated than Q(X), we can find its advantage when we consider its
Fréchet derivative. In fact, we have

(3.7) RY +H)=RY)+ V' (VaYV{ + AT 'B)VaH + HVEVAY + HVE V4 H,

which shows

(3.8) Ry (H) =V, (VaYV{ + A7 'B)VaH + HV{ V4Y.

This and ¥ = V' XV " give Rl (H) = Vi (X + A7'B)VaH + H(Vi ' XTVx)T. From this and

Vil X+ AT'B)Va=Aa— (A — VU X +ATB)Va) = Aa — VAT W Ty
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(3.9) = A — (WAAVA) 'Ta = Aa — Uy,
Vil XTVy = Ax — (Ax — V' XTVx) = Ax — V' Wi T
(3.10) =Ax — (WxVx) 'Tx = Ax — Ux,

we obtain

Ro(H)=(As—Ua)H + H(Ax — Ux)",

whereas Q'c (H) = (AX + BYH + AHX. We can expect that the coefficient matrices of R (H) are not too
far from diagonal, against that the coefficients AX + B, A and X of QIX (H) are dense in general. To exploit
the special structure of the coefficient matrices of R (H), we treat R(Y) = 0 instead of (1.1). Specifically,
we compute an interval matrix Y containing Y, € C**" such that R(Y.) = 0, and enclose X, by computing
a superset of {VAYV}; :Y €Y} Since X, = VAY*V;, the superset contains X,.

We now discuss the way for obtaining Y. If R’{,(H ) is invertible, we can define the Newton operator
NY)=Y - (R’{,)_l(R(Y)), and N(Y) =Y is a fixed point equation for Y. For computing Y, we thus
verify the invertibility of R (H) and inclusion {N(Y) : Y € (Y, K)} C (Y, K) for given K € R™*" with
K > 0. If these are true, Brouwer’s fixed point theorem implies Y, € (Y, K), which gives Y, = N(Y,) €
{N(Y):Y € (Y,K)}. Hence, an interval matrix including {N(Y):Y € (Y, K)} can be regarded as Y.

We verify the invertibility of R’{,(H ) by the following idea: From Lemma 2.2, R;? (H) can be represented
in terms of a matrix vector product as

VGC(R;;(H)) =Pvec(H), P:=1,0(As—Ua)+ (Ax —Ux)®I,.

Therefore, if P is nonsingular, R (H) is invertible. The nonsingularity of P can be verified with only O(n?)
operations by exploiting its special structure.

LEMMA 3.1. Let v, € C™ and X,Va,Vx, Wa, Wx € C™™ be given, Ay := diag(v), Ax := diag(u),
Sa, Sx, Ta and Tx be as the above, s5 = |SA|e("), sx = |SX|e(”), ta = \TA|6(”), tx = |Tx|6(n) and
D = ve™" 4 eMuT  Suppose Isallc < 1, [Isx|loc < 1 and |D| > 0, and define ug := ta + |[talls,Sa,
ux :=tx + ||tx|lsxSx and E = (uAe(")T +eMuk)./|D|. Then, A, Va, Wa, Vx and Wx are nonsingular.
If || E|lmax < 1, additionally, R, (H) is invertible for the above Rl (H) and Y.

v
Proof. Let P be as the above. We prove the nonsingularities of A, Va1, Wy, Vx, Wx and P. From
1Sallcc = lIsalloec < 1, ISxllec = lI$x|loc < 1 and Lemma 2.1, I, — S4 and I, — Sx are nonsingular,

which implies the nonsingularities of A, Va, Wa, Vx and Wx. Let Uy and Ux be as the above, A :=
I, As+Ax®I,and Q:=1, U, +Ux ® I,,. Since A4 and Ax are diagonal, so is A. The elements
Aq1,...,A 2,2 can be written as vy + i1, ..., Un + 1, -+, V1 + ln, - - -, Vn + lp, respectively. From this and
Dij = v; + pj, i,j = 1,...,n, we have mat([A11,...,Ap2,2]7) = D. This and |D| > 0 give Ay # 0, VE.
Thus, A is nonsingular, which shows

(3.11) P=A-Q=A(l,—A'Q).

Therefore, if [A™1Q| s < 1, Lemma 2.1 yields the nonsingularity of P. We hence prove ||A™1Q|| < 1. From
lIs4lloe < 1, |I5x]loo < 1 and Lemma 2.3, we have [Uale™ < |(I, — Sa)"!ta < ua and [Ux|e™ < uy. It
holds from these inequalities, |[A~'Q| = [A7[|Q, |[Aale™ = |v|, [Ax|e™ = |u|, mat([Arr, ..., Ap2,2]T) =
D, (2.6) and Lemma 2.2 that

IATIQLe™) = |AT|Qfvec(e™e™") < |ATY(I, @ [Ua| + [Ux| ® In)vec(e™e™")
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= A vec(|Uale™e™" 4 e (|Ux[e™)T)
(3.12) < |A_1|Vec(uAe(”)T + ™M) = vee(E),

which gives [|A~1Q|o = [|A~12/e)||oo < [[vec(E)|lsc = || Ellmax. This and | E|max < 1 show |A~1Qs <

1. |

We verify the inclusion {N(Y): Y € (Y, K)} C (Y, K) by computing a superset of {N(Y) : Y € (Y, K)}.
The superset can be computed by the following idea: The equality N(Y) = Y—(R’{,)’1 (R(Y)) is equivalent to
R (N(Y)) = Ro(Y)—R(Y). Therefore, {N(Y) : Y € (Y, K)} is the set of all solutions to the parameterized
Sylvester equation

(3.13) (Aa—Ua)Ny + Ny (Ax — Ux)" = RL(Y) = R(Y),

where Ny € C™*™ is unknown and Y € (Y, K) is the parameter, which can be represented as Pvec(Ny) =
vec(R. (Y) — R(Y)). Hence, the superset can be obtained by enclosing the solution set. The solution set
can be enclosed with only O(n?) operations by exploiting (3.11) and (3.12).

LEMMA 3.2. Under the conditions in Lemma 3.1, let K € R™™ with K > 0 be given, Q(X) be as
in (1.1), X, Va, Vx, Wa, Wx, sa, sx, D and E be as in Lemma 3.1, Y and N(Y) be as the above,
va = e /(e —54), vx = ™. /(e —5x), T > (I, + sav})|WaQX)WE|(L, + vxsk), L= (J +
K|VEVa|K)./|D| and M := L+ ||L||gE. Then, {N(Y):Y € (Y,K)} C (Y, M).

Proof. Let Sa, Sx, R(Y), Ry (H), P and Ny be as the above, and A and  be as in the proof of
Lemma 3.1. We prove (Y, M) includes the solution set of (3.13), i.e., |Y — Ny| < M holds for any Y &
<}~/,K>. From Lemma 3.1 or its proof, I, — Sa, I, — Sx, A, Va, Wa, Vx, Wx, A, I,- — A71Q and P are
nonsingular. Any Y € (Y, K) can be represented as Y = Y 4 Yp, where Yp € C"*" satisfies |Yp| < K.
This, vec(R}. (H)) = Pvec(H), Pvec(Ny) = vec(R: (Y) — R(Y)) and (3.11) yield

vec(Y — Ny) = vec(Y) — vec(Ny ) = vec(Y) — Pflvec(R%(Y) —R(Y))
= P! (Pvec(Y) — vec(Ry (Y —|—~Yp) — R({/)))
= (A(L,2 — A7'Q)) 'vec(R, (Y) — R, (Y) — RL(Rp) + R(Y))
(3.14) = (Ina — A7'Q) A Wvec(R(Y + Yp) — R (Yp)).

From (3.7) and (3.8) applied to Y :=Y and H :=Yp, R(Y +Yp) = R(Y) + RL(Yp) + YpVEV4Yp holds.
This, mat([A11, ..., Au2,2]T) = D, (2.6) and (3.14) give

(3.15) vee(Y — Ny) = (Ip2 — A7*Q) " tvec((R(Y) + YpVEVAYP)./D).
It follows from Y = Vi 1x Vs T that
RY) =V ' X2V T + VP AT BX VT v vitatove T
= Vi AT QX)VE T = (WaAVA) " WAQ(X)W (Wx Vi) ™H)T
(3.16) = (I, — S2) " WAQX)WE((I, — Sx)™H7T.

From [[|(Zn)allsas- s [(Tn)inllsal™ = vas (1Tn)allsxs o [Tn)mllsx]™ = vx,s [[salle < 1, sx oo < 1 and
Corollary 2.5, we have |(I, — Sa)~Y = |(I, — Sa) " I, < I, +savy and |(I,, — Sx) 7| < I, + sxv%. These
inequalities and (3.16) show

[ROY)| < [(Tn = S) " HIWaQX)WRII(Ln = Sx)
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(3.17) < (In + sav)|[WaAQX)WE (I, + sxvk)T < .

From this, |D| > 0, |Yp| < K, ||E|lmax < 1, (3.12), (3.15) and Lemma 2.3, we obtain

vee([Y — Ny|) < |(Lz — A1)~ vee((|R(Y)| + |Yp|| VX VallYr])./|D])
< (L2 — A7) Hvee(L) < vee(L) + Ivec(L)[l| a-1qen®) |A_IQ\6("2)
(3.18) < vec(L) + [[vec(L)||vec(pyvec(E) = vec(M),
which proves |}~/ — Ny| < M for any Yp, i.e., for any Y. ]

Lemmas 3.1 and 3.2 yield a theory for computing an interval matrix containing a solvent X, of Q(X).

THEOREM 3.3. Let X, V4 and Vx be as in Lemma 3.1, K and M be as in Lemma 3.2, and Mg, G € R™"*"™
be given. With all the assumptions in Lemma 3.1, suppose M < Mg < K and G > |Va|Ms|Vx|T. Then,
(X,G) contains the solvent X,.

REMARK 3.4. In practical executions of the algorithm, G' = fi(|Va|Ms|Vx|T).

Proof of Theorem 3.3. Let Y, R(Y), Y and N(Y) be as the above. From Lemmas 3.1 and 3.2, and
M < Mg < K, we have {N(Y):Y € (Y,K)} C (Y, M) C (Y, Ms) C (Y, K). Hence, the Brouwer theorem
implies (Y, K) contains a solution Y, to N(Y) = Y, i.e.,, R(Y) = 0, which shows Y, = N(Y.) € {N(Y) :
Y € (Y,K)} C (Y, Ms). We can thus put Y = (Y, Mg). Thus, X = VaYVE, G > |Va|Mg|Vx|T and a
center-radius interval arithmetic evaluation (e.g., [1]) yield

X, =VaY V{§ e {VaY VL Y € Y} C(VaY VY, |ValMs|Vx|T) C(X,G). T

In the practical executions, we need to determine K and Mg such that K > 0 and M < Mg < K. These
matrices can be determined by:

LEMMA 3.5. Under the conditions of Lemma 3.1, let V4, Vx, D and E be as in Lemma 3.1, K, J and
M be as in Lemma 3.2, Mg be as in Theorem 3.3, My € F™"*™ and o,n € F be given, and Lo := J./| D).
If J >0, in(aed) = (14 9)(aeb) for a,b € F, where @ € {+,*} and |§| < eps, My > Lo + || Lo||eF,
[(Mo| V' ValMo)./J |lmax < o <1/(4(1 + eps)®),

2(1 + eps)? o< 1+ /1 —40(1 + eps)®
1+ +/1—40(1+eps)s — 7= 20(1 + eps)*
K =nMy and Mg = fia((1 4+ on?) M), then K >0 and M < Mg < K.

Proof. We first prove M < Mg. Let L be as in Lemma 3.2. From J > 0, K = nMy and o >
|(Mo|VEVAIMp)./ T || max, We have

(3.19)

)

J+ K|VEVAIK = J + 0?Mo|VEVAIMy = J + 0*(Mo|VEEVA| Mo)./J o J
< J + 0 |(Mo|VE ValMo)./ Jllmaxd < (14 on?)J,

so L < (1 +on?)Lo. Thus, My > Lo + || Lo|| g E and Mg = fia((1 + on?)My) give
M < (1+09*)(Lo + [ Lol pE) < (L +0n*) Mo < fa((1+ on?)Mo) = Ms.
We next prove K > 0 and Mg < K. The assumption regarding to fla(-) shows

Mg = (14 84)(1 4 63)(1 + on*(1 + 61)(1 4 62)) My, where |5;| < eps, i =1,...,4,
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(1 + eps)?(1 + on?(1 + eps)?) < n. The inequality J > 0 implies My > 0. These discussions, 7 > 1 and
K =nMj give K > 0 and Mg < (1 + eps)?(1 + on?(1 + eps)?) My < nMy = K. 0

which yields Mg < (1 + eps)?(1 + on?(1 + eps)?)My. From o < 1/(4(1 + eps)®) and (3.19), we have

REMARK 3.6. In the proposed algorithm, K and Mg are “determined” based on Lemma 3.5, but M and
K are not “numerically computed”, and only Mg is computed. Note that K > 0 and M < Mg < K are still
valid even in this case, and computing Mg is sufficient for enclosing the solvent based on Theorem 3.3. The
algorithm in Section 4 is designed similarly.

The uniqueness of the contained solvent can be verified by the following idea: Let (X' ,G) contain the
solvent, and X, and X,., and X; and Xs be the solvents and arbitrarily matrices contained in (X, G),
respectively. We prove the invertibility of Q'; (H) and use N'(X) := X —(Q;) "' (Q(X)). Observe N(X,) =
X, and N (X.i) = X.w. We derive a function S(X7, Xo) satisfying vec(N (X1)—N(X2)) = S(X1, Xo)vec(X1—
X3), and prove ||S(X1, X2)||eo < 1, VX5, X5 € (X, G), which gives ||S(X., X.x)||oo < 1. The uniqueness can
be shown from ||S(X., Xss)lloo < 1, since

[vee(Xy — Xus)lloo = lIvec(N (Xs) = N (X)) lloo = IS(Xs, X ) vee(Xy — X lloo
< IS(Xs, X lool[vee(Xu = Xoa) oo
so that (1 — ||S(X«, Xux)|loo) [[vec(Xu — Xus)|loo < 0, which implies X, = X,... We establish Theorem 3.7 for
verifying the uniqueness based on this idea.

THEOREM 3.7. Under the conditions in Lemma 3.1, let X, Va, Vx, Wa, Wx, sa, sx, D and E be as

in Lemma 3.1, and G € R™"™ with G > 0 be given. Define
w = [WAA|Ge™ + ||[WAA|Ge™|, 54, WP = |Wx|e™ + |[|[Wx|e™)]|sx5x,

w® = [WaAl™ 4 [[[Wadle®™ | 50, w® = [Wx|GTe™ + [[[Wx|GTe™|| sx,
Fi=(wDuw®" £ w®uw®") /|D|, and Z:=|Va|(F + | F|eE)|Vx|”.
If (X, G) contains the solvent and || Z||max < 1, then the contained solvent is unique.

Proof. Let A4 and Ax be as in Lemma 3.1, A and ) be as in the proof of Lemma 3.1, and Ua, Ux, P,
X1, X2, N(X) and S(X1, X2) be as the above. We prove the invertibility of Q¢ (H), derive S(X1, X2), and
show [|S(X1, X2)|lee < 1, VX1, X5 € (X,G). We have Q5 (H) = (AX + B)H + AHX, which can be written
as

vec(Qy (H)) = Qvec(H), Q:=1,® (AX+B) +XT® A.

From Lemma 3.1 or its proof, I, — Sa, I, — Sx, A, Va, Vx, A, I,> — A7'Q and P are nonsingular. The
equalities (3.9) and (3.10), and Lemma 2.2 yield

Q= Vx @AVA) (L, @V ' (X + AT B)Va+ V' XTVx @ L) (Vi ' @ Vi )
=(Vx ®@AVA) (L, @ (Aa —Ua) + (Ax —Ux) @ L) (V' @ V)
(3.20) = (Vx @ AVA)P(Vit @ V).
From this and the nonsingularity of P, Q is nonsingular, so that Q/)Z’ (H) is invertible.

The equality N'(X) = X — (Q:) 1 (Q(X)) gives Q- (NV(X)) = Q. (X) — Q(X). From this, the equality
vec(Q's (V(X))) = Qvec(N (X)) and the nonsingularity of Q, we obtain

(3.21) vee(N(X)) = Q 'vec(Q: (X) — Q(X)).
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As mentioned in [6, Proof of Theorem 3.1], it follows that
1 1
QX)) — Q(X2) = <2A(X1 + Xo) + B) (X1 — Xo) + §A(X1 — Xo) (X1 + Xo),

which gives

1

[\V]

(3.22) vee(Q(X1) — Q(X,)) = <In ® (;A(Xl + X))+ B) X+ X)) e A> vee(X — Xo).

From (3.21), (3.22), Q= I, ® (AX + B) + X7 ® A and vec(Q'y (X1) — Q¢ (X2)) = Qvec(X1 — X3), it holds
that

vec(N(X1) = N(X2))
= Q 'vec(Q: (X1) — Q' (X2) — (Q(X1) — Q(X2)))

1
—Q! (Q <[ ® ( A(X) 4 X) +B> + 5 (X + Xo)" ®A>> vec(X; — X3)
- 1 T
—Q! <In ® A (X — 5(X1 + X5 ) + ( —5 (X1 +X2)) ®A> vee(X; — Xo).
Thus, S(X71, X3) is derived such that

S(X1,Xp) =Q7? <In ® A (X - %(X1 +X2)) + (X - %(X1 +X2))T ®A> .

Since X1, X5 € ()~(, G), X7 and X can be represented as X; = X +7T;and Xo = X + I's, respectively,
where I'1, Ty € C™*™ satisfy |I'1| < G and |[T'z| < G. This representation, (3.20) and Lemma 2.2 yield

S(X1,X2) =—(Vx @ Va)P (V! @ (AVA) ™) (In ® %A(Fl +T)= (T + )" ® A)

1
2
1
(3.23) =—(Vx @ V4)P~ <V ® = (AVA) YA, +T9) + §V§1 T +T)" @ (AVA)lA) ,
so that
1
IS(X1, X2)| < ([Vx| @ [Va]) [P (IV;?II ® gl(AVA)’lAI(IFll +[T2])
1. _
# VO + Ira)” @ [(ava) )

(3.24) < (Vx| @ [Val)IPH(IVi | @ [(AVA) M AIG + [V G @ [(AVA) 1 A)).
From [|sallec < 1, ||$x]lec < 1 and Lemma 2.3, we have

[(AVA)LA|Ge™ = |(I,, — Sa) "' WaA|Ge™ < |(I,, — Sa) " H|WaA|Ge™ < w),

Vi 'e™ = [(I, — Sx) ' Wx|e™ < |(I, — Sx)7!|[Wx|e™ < w®,
[(AVA) LA™ = |(I, — Sa) "W Ale™ < |(I, — Sa) 7 H|Wadle™ < w®),
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Vi GTe™ = |(I, — Sx) 7' Wx|GTel™ < |(I, — Sx)H[Wx|GTe™ < w®.
These inequalities, (3.11), (3.12), (3.24), || E|/max < 1 and Lemma 2.3 show

1S(X1, X2)[e™) < (Vx| @ [Val)| (I, — AT'Q) P ATY (Ve @ [(AVa) L AlG

HVUGT @ |(AVA) L Al vec(e™e™)

= (Vx| ® [VaD)|(Tn — A7) TH|AT vec(|(AVA) T A|Ge™ ([Vi He™)T

+(AVA) T Ale™ (Vg HGTem)T)
< (Vx| @ |VaD|(I, — A—lg)—l\|A—1|Vec(w<1>w<2>T +w®p®)
(Vx| @ [VaD[(Ln Q) vec(F)
(Vx| @ [Val)(vec(F ) +[lvec(F) || a-1gje) AT Q"))
(Vx| @ [Val)(vec(F) + |[vec(F)||vee(z)vec(£))
(Vx| @ [Val)vec(F + ||[F|| g E) = vec(Z),

IN A

(3.25)

which gives ||S(X1, X2)|leo = H|S(X1,X2)|e("2)||oo < ||[vec(Z)]loo = || Z]lmax- This and || Z||max < 1 show
||S(X1,X2)||Do<1,VX1,XQE <X,G> O

We finally discuss verifying the dominance of the contained solvent. The verification of the minimality
can be achieved completely analogously. Let Aq,..., A9, be as in (1.5), <X,G) contain the solvent X,,
i, .. vt} = M=(Xe + A7IB)) and {pf, ..., 15} == M(Xs). From (1.3), {\1,...,Aan} = {vF,..., v} U
{3, ..., 15} holds. Therefore, if min; || > max; ||, then M(X.) = {A1,..., A} and |Ay| > |Anya], Lee, X
is the dominant solvent. We hence check min; |u}| > max; [v}|, which is possible with only O(n?) operations
by reusing previously obtained matrices.

THEOREM 3.8. Under the conditions in Lemma 5.1, let v, pu, X, Va, Vx, Wa, Wx, sa, Sx, ua
and ux be as in Lemma 3.1, and G be as in Theorem 3.7. Define rx = ux + |Wx|GT|Vx|e™ +
I[Wx|GT | Vx|e™ ||lsysx and 74 = ua + |[Wa|G|Vale®™ + [|Wa|G|Vale"™ ||, 54. If (X,G) contains the
solvent X, and min; (Ju;| — (rx)i) > max;(|v;| + (ra)i), then X, is the dominant solvent.

Proof. Let A1,..., A\, be as in (1.5), Ag and Ax be as in Lemma 3.1, and Sx, Ua, Ux, {vf,...,vi}
and {p3,..., 45} be as the above. We prove min; |u}| > max; || by estimating lower and upper bounds for

min; |pf| and max; |vf|, respectively. Lemma 3.1 or its proof show I,, — Sx, A, V4 and Vx are nonsingular,
and |Ux|e™ < ux. Since X, € (X,G), X, can be written as X, = X +T', where I' € C"*" satisfies |T'| < G.

We first show min; |pf| > ming (|| — (rx)i). Since AV XIVx) = {uf,...,u5}, we consider
MV XTVy) instead. From X, = X + T and (3.10), we have
V' XIVy =V (X +T)"Vy = Ax + T,

where 'y := V);lI‘TVX — Ux. This and the Gershgorin circle theorem give )\(Vng*TVX) C Ui, (i +
(Tx)iis (ITx|e™); — |(Tx)s]), whose superset is Ui, (i, (ITx]e™);). From |Uxl|e™ < ux, |T| G
[Isxlloo < 1 and Lemma 2.3, we have

IDx|e™ < [(In — Sx) " Wx|[T|"|Vx|e™ + |Ux|e™
< (I, = Sx) " HWx|GT|Vx|e™ + ux < rx,

so that ], (i, (rx):) also contains A(Vi ' XTVx) = {uf,...,us}. Hence, min, |p}| > min,(|ps] — (rx):)
follows.
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We next prove max; [vf| < max;(|v;] + (r4);). Since NV (X, + ATIB)Va) = {—v},...,—v}}, we
consider \(V; ' (X.+A"'B)Vy) instead. Similarly to the previous paragraph, we have V; (X, +A"'B)V =
Ay + T4, where I'y = VA_IFVA — Uy, and \FA|6(") < 74, so that U?:l (vi, (ra);) contains )\(VA_I(X* +
ATIB)Vy4) = {—vf,...,—v}}. Therefore, max; |v}| < max;(|v;| + (ra);) is true. The proved inequalities and
min; (|p;| — (rx):) > max;(|v;| + (ra):) give min; |pf| > max; |vf|. d

COROLLARY 3.9. Under the conditions in Lemma 3.1, let v, pu, X, G, X., r4 and rx be defined similarly
to Theorem 8.8. If (X,G) > X, and max;(|u;|+ (rx);) < min;(|v;] — (ra):), then X, is the minimal solvent.
Proof. From the proof of Theorem 3.8, we have max; |pf| < max;(|u;|+(rx);) and min; |vf| > min, (|v;]|—
(ra)i) for {vy,..., vt} and {uj,..., n’} defined above. These inequalities and max; (|p;|+(rx)i) < min;(|v;|—
(ra)i) prove max; |pf| < min; |vF]. |

Based on the established theories, we propose:

ALGORITHM 1. This algorithm computes X and G such that (X,G) > X,. The nonsingularity of A,

uniqueness and dominance (or minimality) are moreover proved if successful.

Step 1. Compute X via a known algorithm. Calculate A4 and V4 by numerical generalized eigende-
composition (AX' + B)Vy ~ AVaA,. Compute Ax and Vx by numerical eigendecomposition
XTVy ~ VxAx. Calculate W and Wy such that W4 = fi((AV4)~") and Wx = fi(V!), re-
spectively.

Step 2. Compute fl(s4). If fi(|[sallo) > 1, terminate with failure.

Step 3. Compute fl(sx). If fi(||sx||sc) > 1, terminate with failure.

Step 4. Compute fi(|D]). If min, ; fi(|D;;]|) = 0, terminate with failure.

Step 5. Compute fi(E). If (|| E||max) > 1, terminate with failure.

Step 6. Compute J such that J = (I, + sa0})|WaQ(X)WE|(I, + vxsk)). If J;; < /realmin for
i,j € {1,...,n}, update J such that J;; = v/realmin.

Step 7. Compute My such that My = fi(Lg + || Lo||gE). If (Mop)i; < vrealmin, update My such that
(My)ij = v/realmin.

Step 8. Compute o such that o = f(||(Mo|VEVa|Mg)./J||max). If ¢ < v/realmin, update o such that
o = vrealmin. If fi(o(1 + eps)®) > 1/4, which means o < 1/(4(1 + eps)®) cannot be verified,
terminate with failure.

Step 9. Compute 7 such that n = fi(2(1 + eps)?/(1 + /1 —4o(1+eps)s)). If n > HA((1 +
V/1—40(1 + eps)8)/(20(1 + eps)?)), terminate with failure.

Step 10. Compute Mg = fla ((1+ on?)Mp). Then, Y, € (Y, Ms) holds.

Step 11. Compute G such that G = fi(|Va|Mg|Vx|T). Then, X, € (X,G) follows.

Step 12. Compute fI(Z). If fi(]| Z||max) < 1, then X, is unique in (X, G).

Step 13. Compute fl(min;(|pi| — (rx):)) and fA(max; (|vi] + (ra))). If f(min; (|p:| — (rx):)) > fA(max; (|v;] +
(ra)i)), then X, is the dominant solvent. Terminate.

Step 14. Compute fl(max; (|| + (rx):)) and f(min;(Jvz] — (r4):)). If A(max; (|| + (rx):)) < A(min; (|v;] —
(ra)i)), then X, is the minimal solvent. Terminate.

REMARK 3.10. The inequalities min; ;(Mp);; > vrealmin, o > y/realmin and 7 > 1 show underflow
does not occur during the computation of Mg, so that fla(-) satisfies the condition in Lemma 3.5 during
this computation.

The following proposition clarifies the complexity of Algorithm 1:
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PROPOSITION 3.11. Algorithm 1 has a cost of O(n®) operations.

Proof. The costs for the generalized eigendecomposition, eigendecomposition and inversion are O(n?).
All the other matrix-matrix operations (multiplications, additions or pointwise divisions) involve n x n
matrices, so their cost is again O(n?). The cost for all the remaining operations is negligible, which finishes
the proof. 0

4. Verification algorithm when AX + B is nonsingular. When A is singular or nearly singular,
the condition |[sallec < 1 in Lemma 3.1 does not follow, so that Algorithm 1 fails. Therefore, we need
an alternative approach in this case. The algorithm proposed in this section is applicable even when A is
singular, but requires the nonsingularity of AX + B, where X is defined as in Section 3.

Let Ax, Vx, Wx, Sx and T'x be as in Section 3, AV, ~ (Af( + B)V A4 and Wy = ((AX + B)V4)~ !
be numerical generalized eigendecomposition and inversion, respectively. Define Sy := I,, — W4 (AX + B)V4
and Ty := WA ((AX + B)VaAa — AVa). If |Salloo < 1 and ||Sx|lec < 1, then I,, — S4, I,, — Sx, AX + B,
Va, Wa, Vx and Wx are nonsingular. Then, define Uy, Ux, Y and Y similarly to Section 3.

We first consider computing an interval matrix containing the solvent X, , and then discuss the verifica-
tion of the uniqueness. We have Q(X) =0 < V' (AX + B)"'Q(X)Vy " = 0. Therefore, (1.1) is equivalent
to R(Y') =0, where

R(Y) =V (AX + B) PAVAYVEVAY + VY AX + B) 'BVAY + VY (AX + B) "'V T,

From

R(YY +H)=RY)+ VY (AX + B) Y (AVAYVE + B)VaH
(4.26) +VIYAX + B) P AVAHVEVAY + VY(AX 4 B) P AVAHVI V4 H,
we have

Ry (H) = VY (AX 4+ B) Y (AVAYVE + B)VaH + VY (AX + B) L AVAHVE VLY,
so that Ry (H) = H + ((AX + B)Va) 'AV4H (V' XTVx)". This, (AX + B)Va) "' AVa = Ay — Ux and
(3.10) show R’?(H) =H+ (As —Ua)H(Ax — Ux)T.
LEMMA 4.1. Letv, pu, X, Va, Vx, Wa, Wx, Aa and Ax be defined similarly to Lemma 3.1, and S4 and
T4 be as the above. Define Sx, Tx, sa, sx, ta and tx similarly to Lemma 3.1, and D := eMem™ 4 vt
Suppose ||salloo < 1, |Sxllec < 1 and |D| > 0, and define ug and ux similarly to Lemma 5.1, and E :=

(ualp|T + (Jv| + ua)uk)./|D|. Then, AX + B, Va, Wa, Vx and Wx are nonsingular. If | E||lmax < 1,
additionally, R (H) is invertible for Ry (H) and Y defined above.

Proof. The inequalities ||salloc < 1, |[sx|loc < 1 and |D| > 0 show the nonsingularities of AX + B,
Va, Wa, Vx, Wx and A := I, ® I, + Ax ® A4. Since Vec(R%(H)) = Pvec(H), where P := I, ® I, +
(Ax — Ux) ® (Aa — Uy), we prove the nonsingularity of P. We have P = A(I,,2 — A71Q), where Q :=
Ax ®@Us+Ux @ (Aa — Ua). The estimation analogous to (3.12) yields

AT < |ATH(Ax] @ [Ua] + [Ux| © (|Aa] + [Ua]))vec(el™e™)
= |A vec(|Uale™ (|Ax[e™)T + (|A4le™ + [Uale™)(|Ux[e™)T)
< A vec(ualulT + (1v] + ua)uk) = vee(E).

This and ||E||max < 1 prove the nonsingularity of P. 0
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LEMMA 4.2. Under the conditions in Lemma 4.1, let Va4, Vx, Wa, sa, D, Y and E be as in Lemma 4.1,
N(Y), K, va and J be similar to those in Lemma 3.2, L := (J + (I, + sav})|[WaAVA|K|VEVA|K)./|D|
and M := L+ ||L||gE. Then, {N(Y):Y € (Y,K)} C (Y, M).

Proof. Let Sa, Ua, Ux, R(Y) and R} (H) be as the above, X, Ay and Ax be as in Lemma 4.1, A and
Q be as in the proof of Lemma 4.1, Yp be as in the proof of Lemma 3.2, and Ny be the solution of the
parameterized Stein equation

Ny + (AA — UA)Ny(AX — Ux)T = R;;(Y) — R(Y),

where Y € (Y, K) is the parameter. We prove |Y — Ny| < M, VY € (Y, K). From Lemma 4.1 or its proof,
I, — Sa, AX + B, V4, A, and I,2 — A~1Q are nonsingular. Similarly to (3.14), we have

(4.27) vee(Y — Ny) = (I,» — A7'Q) "' A7 vec(R(Y + Yp) — R% (Yp)).
From (4.26) and V*(AX + B)~! = (I,, — Sa)~'Wa, it holds that
(4.28) R(Y +Yp) =R(Y) + Ry (Yp) + (I — Sa) ' WaAVAYPV{ VaYp.

Analogously to (3.17), |(I, — Sa)~"| < I, + sav’} and |R(Y)| < J follow. These inequalities, (4.27), (4.28)
and the estimation analogous to (3.18) show vec(|Y — Ny|) < vec(M), VY € (Y, K), ie., |Y — Ny| < M,
VY € (Y, K). u|

THEOREM 4.3. Let X be as in Lemma /.1, K and M be as in Lemma 4.2, and Mg and G be similar

to those in Theorem 3.3. With all the assumptions in Lemma 4.1, suppose M < Mg < K and G >
|Va|Ms|Vx|T. Then, (X,G) contains the solvent X,.

Proof. The discussion similar to the proof of Theorem 3.3 shows the result. ]

LEMMA 4.4. Under the conditions in Lemma /.1, let V4, Vx, W and s4 be as in Lemma /.1, K, va, J
and M be as in Lemma 4.2, Mg be as in Theorem 4.3, and My, o and n be defined similarly to Lemma 3.5.
If J >0, |(In + savE) [WAAVA| Mo|VEVA| M)/ T ||lmax < 0 < 1/(4(1 + eps)®), and Aa(-), Mo, n, K, and

Mg satisfy the conditions in Lemma 3.5, then K >0 and M < Mg < K.
Proof. The discussion analogous to the proof of Lemma 3.5 proves the result. O

THEOREM 4.5. Under the conditions in Lemma J.1, let X be as in Lemma /.1, and G and Z be defined
sitmilarly to Theorem 3.7. If (X, G) contains the solvent and ||Z]||max < 1, then the contained solvent is
unique.

Proof. Let X1, X5 and S(X3, X2) be as in Section 3, Q, I’y and I's be as in the proof of Theorem 3.7,
Va and Vx be as in Lemma 4.1, and P be as in the proof of Lemma 4.1. We prove the nonsingularity of
Q and [|S(X1, X2)|loo < |Z]lmax, VX1, X2 € (X, G). From Lemma 4.1 or its proof, AX + B, V4, Vx and P
are nonsingular. Analogously to (3.20), we have Q = (Vx ® (AX + B)V4)P(Vi¢! ® V1), which shows the
nonsingularity of Q and Q' = (Vx @ Va)P~' (V! ® ((AX + B)Va)~1). This and the derivation analogous
to (3.23) give

S(X1,Xs) = —(Vx @ Va)P! (v);l ® %((Af( + B)VA) YA, + 1)
+ %Vgl (P +Ts)" @ (AX + B)VA)‘1A> :

This and the estimations analogous to (3.24) and (3.25) prove ||S(X1, X2)|loo < | Z]|max, VX1, X2 € (X, G).0
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REMARK 4.6. As mentioned in Section 1, (1.2) has 2n eigenvalues if and only if A is nonsingular.
Therefore, we cannot discuss the dominant and minimal solvents when A is singular. Since this section
takes the case when A is singular into account, we do not mention the verification of the dominance and
minimality.

From the established theories, we propose:

ALGORITHM 2. This algorithm computes X and G such that (X, G) 3 X,. The nonsingularity of AX + B

and uniqueness are moreover proved if successful.

Step 1. Similar to that in Algorithm 1 except the following: Compute A 4 and V4 by numerical generalized
eigendecomposition AVy ~ (AX + B)V4A 4. Calculate Wy such that Wy = fi(((AX + B)Va)™h).

Steps 2 to 7. Similar to those in Algorithm 1.

Step 8. Similar to that in Algorithm 1 except the following: Compute o such that o = A(||((I, +
54V53)[WaAVA|Mo|VEVa|Mo)./ T ||max)-

Steps 9 to 12. Similar to those in Algorithm 1. Terminate.

PROPOSITION 4.7. Algorithm 2 has a cost of O(n®) operations.

Proof. The discussion similar to the proof of Proposition 3.11 shows the result. 0

5. Numerical results. We used a computer with Intel Core 2.60GHz CPU, 8.00GB RAM and MAT-
LAB R2012a with Intel Math Kernel Library and IEEE 754 double precision. In this environment, fla (-)
satisfies the condition in Lemma 3.5 except the cases of underflow and overflow. We denote compared
algorithms as follows:

HD1: Algorithm 4 in [6], where the nonsingularity of A and uniqueness are verified,

HD2: the iteration (5.1) in [6], where the nonsingularity of B is verified,

M1: Algorithm 1, where the nonsingularity of A, uniqueness, dominance and minimality are verified, and
M2: Algorithm 2, where the nonsingularity of AX + B and uniqueness are verified.

In all the algorithms, the numerical eigendecompositon and generalized eigendecompositon, and inversion
were executed by the MATLAB commands eig and \, respectively. In HD1 and HD2, interval matrices
containing inverse matrices were computed by the INTLAB [16] routine verifylss, and the maximum
numbers of the iterations were set to 30. In HD1, M1 and M2, we computed X via the iteration (26) in [8]
with stopping criterion (30) in [8]. The maximum number of the iteration was set to 30. Although Newton
method with exact line search [8, 9] is also applicable, the iteration (26) was faster in the sense of actual
CPU times, and gave X with Q(X) having approximately equal oo-norm. See http://web.cc.iwate-u.ac.
jp/~miyajima/QME.zip for details of the implementations, where the MATLAB codes of the iteration (26)
and compared algorithms (denoted by B26.m, HD1.m, HD2.m, M1.m and M2.m) are uploaded. To the author’s
best knowledge, the implementations of HD1 and HD2 by the authors of [6] are not available. Therefore, we
implemented them by ourselves.

Let (X ,G) > X,. To assess the qualities of the enclosures, define the maximum radius as max; ; G;;. The
algorithm HD1, M1 and M2 proved the uniqueness for the problems in which they succeeded. In Example 1,
M1 moreover proved the minimality for all the problems. The compared algorithms failed for some problems.
The reasons for the failure of HD1 in Examples 1 and 2 are it did not succeed after 30 iterations, and NaN
and Inf were included in ﬂ(f( + A7!B), respectively. That of HD2 is it did not succeed after 30 iterations.


http://web.cc.iwate-u.ac.jp/~miyajima/QME.zip
http://web.cc.iwate-u.ac.jp/~miyajima/QME.zip
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That of M1 is NaN and Inf were included in Wy4.

Example 1. In this example, we observe the maximum radii and CPU times for various n. Consider
(1.1), where A = I,,,

20
—10

—10

30 —10

15
-5

30
—10

—10 —10
20

-5
15

This problem arises in a damped mass-spring system [8] and is treated also in [6, Section 6]. Table 1 reports
the obtained radii and CPU times (sec) for various n. The actual iteration numbers of HD1 were one when
n = 500,600, 700, two when n = 800, and four when n = 900. We see from Table 1 that M1 and M2 were
faster than HD1.

n HD1 HD2 M1 M2 HD1 HD2 M1 M2

500 4.3¢-12 failed 4.3e-12 4.3e-12 | 1.1e+1 failed 2.8e+0 2.8e+0
600 | 4.9¢-12 failed 6.4e-12 5.2e-12 | 2.0e+1 failed 5.7e4+0 5.6e+0
700 6.1e-12 failed 5.7e-12 5.7e-12 | 3.1e+1 failed 1.0e+1 1.0e+1
800 7.9e-12 failed 6.8e-12 7.0e-12 | 1.2e+2 failed 1.6e+1 1.6e+1
900 1.1e-11 failed 7.4e-12 7.4e-12 | 3.6e+2 failed 2.5e+1 2.5e+1
1000 | failed failed 8.6e-12 8.6e—12 | failed failed 3.7e+1 3.8e+1

TABLE 1

Obtained radii (left part) and CPU times (sec) (right part) in Ezample 1.

REMARK 5.1. When we compared the algorithms through [11, Example 4.1], which also treats the case
where A is nonsingular, we observed the tendency analogous to Example 1. More specifically, M1 and M2
were faster than HD1, and the radii were comparable.

Example 2. In this example, we observe behavior of the algorithms when A is singular. Consider (1.1),
where

0 0.05 0.055 0.08 0.1 ] -1 001 0.02 001 O

0 O 0 0 0 0o -1 0 0 0
A=1]0 02 0 0 0 |, B= 0 004 -1 0 0 1,

0 0 0.22 0 0 0 0 008 -1 0

0 O 0 032 04 0 0 0 004 -1

0.1 0.04 0.025 0.01 0O
04 0 0 0 O
0.16 0 0 0
0
0

C= 0
0 0 0.1 0
0 0 0 0.04

This problem arises in a quasi-birth death process [8] and is treated also in [6, Section 6]. Table 2 displays
the similar quantities to Table 1. The actual iteration number of HD2 was 21. Predictably, HD2 and M2
succeeded, whereas HD1 and M1 failed.
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Verified Solvent of the Quadratic Matrix Equation

HD1 HD2 M1 M2 HD1 HD2 M1 M2
failed 2.2e-16 failed 1.1e-13 | failed 1.9¢e-2 failed 1.5e-2
TABLE 2

Obtained radii (left part) and CPU times (sec) (right part) in Ezample 2.

6. Conclusion. In this paper, we proposed Algorithms 1 and 2, and reported the numerical results. By

exploiting the theory in [13, Section 2.2], modification of these algorithms adopting block diagonalization [2]
instead of the generalized eigendecomposition and/or eigendecomposition will be possible. This modification

will be effective when V4 and/or Vx are singular or ill-conditioned.

(1]
(2]

(3]
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