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COMMUTATORS INVOLVING MATRIX FUNCTIONS*

OSMAN KAN'T AND SULEYMAN SOLAK?

Abstract. Some results are obtained for matrix commutators involving matrix exponentials ([eA, B] s [eA, eB]) and their
norms.
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1. Introduction. The commutator of two matrices A and B is defined as [A, B] = AB — BA and plays
an important role in many branches of mathematics, mathematical physics, quantum physics and quantum
chemistry. Most of the studies on matrix commutators have been focused on norm inequalities in recent
years [1, 2, 3, 4]. Bottcher and Wenzel obtained a nice inequality for A, B € M, (C)

(L.1) 1A Bl < V21 Allp 1Bllp

where ||.|| z stands for the Frobenius norm [1].

Matrix functions are used in many areas of linear algebra and arise in numerous applications in science
and engineering. Square root, polynomial, trigonometric functions, exponential and logarithm of matrices
are widely used in matrix theory. The matrix exponential is by far most studied matrix function. There are
many various ways in the literature to compute it. One of them is as follows:

A2 AS oo AS

for A € M, (C)[7].

Our motivation in the present study is to obtain some results concerning relations between [f(A), B],
[f(A), f(B)] and [A4, B], where f(x) stands for e, and to obtain inequalities for the Frobenius norms of
matrix commutators (1.1) such as

I (A), Bllp < cllAllz [IBllp and [[[f(A), f(B)]llp < kAl p Bl -

Let us give some easy properties of matrix commutators and matrix exponential before we present our
main results. For A, B € M, (C), we have

o [A+B,C] =[A,C]+[B,C]
o [AB,C] = A[B,C] +[A,C] B
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[A,BC] =[A,B]C + BI[A,C)]
[A%, B] = sA*~1[A, B], where [A,[A,B]] =0

e¥ = I, where 0 denotes zero matrix
edef = eAtB if AB= BA

edel =eBel if AB= BA
eP AP — p- 1 e P, where P is invertible

2. Main Results. In this section, we will present our results in two subsections.The results concerning
the relations between [eA, B], [eA, eB] and [A, B] will be presented in Section 2.1 and the results related to
norm inequalities will be presented in Section 2.2.

2.1. Properties of Commutators Involving Exponential Matrices. Let us start with an easy-
to-prove lemma which we will use in main results.

LEMMA 2.1. Let A be an arbitrary n-square matrixz. Then

s=1

Proof. We have [eA,B] = eAB — Be?. If we replace e by its Taylor expansion (1.2) in the right
hand-side of the equation, we get

A? As A? As
[eA,B]:<I+A++--~++~-->B—B<I+A++-~-++---),
2! s! 2! s!

2 s 2 s
[e?, B] = (B+AB+33+~-~+§,B+---> —(B+BA+B’;1'+ +BA—+ )

A? A? As As
[e",B] =AB—-BA+ —B-B—+-+—B—-B—+-,
2! 2! s! s!
A _ = [AS’B}
[e ’B] o ; sl
and this concludes the proof. ]

A nice corollary can be obtained for a special case of A.

COROLLARY 2.2. Let A be an n-square matriz satisfying [A, [A, B]] = 0. Then

[e?,B] = e* [A, B].

Proof. In the previous lemma it was shown that [eA, B] => [’417;3] . On the other hand, we know that

[A°%, B] = sA*~![A, B] when [A, [A, B]] = 0. Combining both results, we get

)

Zs/ﬁ L AB}

= A*71[A, B]
— (s=1! ’
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[eA, B] =e“[A,B],
and this concludes the proof. 0

THEOREM 2.3. Let A and B be complex n-square matrices. Then

Proof. As [eA, eB] = edeB — eBeA| replacing e and eP by their Taylor expansions (1.2) in the right
hand-side of the equation, we get

2 2 2 2
efel —eBeh = <I+A+§,+m> <I+B+];+~~> <I+B+Z+~-> (I+A+’;1,+m>

A?B — BA? . AB? - B2A  A?B% - B2A?

AB B, A _ _
ee” —e”e” = AB — BA + oY 51 + 5191
2 2 2 p2
AB_ BA_ (4%, B]  [AB%]  [4%B7]
elel meet = A Bl T T
A _B1 __ - [Aszt]
e = 2
s,t=1
and this concludes the proof. O

We can obtain nice corollaries related to this theorem by using some special A and B.

COROLLARY 2.4. Let A and B be n-square matrices such that A> =0, B> =0. Then
[eA,eB] =[A4, B].

Proof. This result is an immediate consequence of Theorem 2.3. Because A2 = 0, A™ =0 for n > 2 for
any square matrix, the Taylor expansion of e is equal to I + A. Thus,

[eA,eB} =edelP —eBet
[e*,eB] = (I +A)I+B)— (I+DB)(I+A)
[ed,eP] = AB— BA = [A, B].
COROLLARY 2.5. Let A and B be n-square matrices such that A> =1, B2 =1. Then

= [A, B]
[*,e?] =2 (25— )2t — I’

s=1

Proof. In this case, it is obvious that A™ = A, B™ = B for odd n and A™ = I, B™ = I for even n because
A? =T and B? = I. So, the proof can easily be concluded using the Taylor expansions of e and e”. 0

Our next two results are related to [eA, eB ], where A and B both commute with their commutator.
There are some studies related to exponential of matrices which commute with their commutator in the
literature. One of them is as follows.
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LEMMA 2.6. [6] If A, B € M,, (C) commute with their commutator, then

1
eAeB — oA+B+11A,B]

THEOREM 2.7. Let A and B be complex n-square matrices which commute with their commutator, then

(4, eB] = 26 A+Bsnﬂ1<LA;Eq>.

Proof. Let A and B commute with their commutator, then

1
eAeB — oA+B+1IA,B]

Since [A, B]=—[B, A], eBe? = eAtB=3AB],

1
oAB — oA+B+1[AB]

_1
eBeA — JA+B—1[A,B]

1 1
eAeB _ oBoA _ oA+B+1[AB] _ ,A+B—1[A.B]

It is clear that A + B commutes with +1 [A, B] because A and B commute with their commutator. So,

eA+BEL[AB] _ ,A+B +4[A,B]

A+B 3[AB] _ JA+B,—3[AB]

€ €

[eA,eB] =e

[eA,eB} _ A+B (6%[,473] B efé[A,B}> '

eT_e~ %

2 )

[A,B]

A A 5
Bl _ o~ 3[A,B] :

Since ez! can be written as sinh ( ) in view of sinh(x) =

[e4, eP] = 2e4+B sinh (@) .

THEOREM 2.8. Let the complex n-square matrices A, B commute with their commutator, Then

e Asr 1pt=1gr
ZZ T (A, B].
s,t=1r=0

Proof. We have
[A°,B"] = A" [A,B'] + [4°71, B'] A
= A1 [A,Bt] + (A572 [A,Bt] + [ASiQ,Bt] A) A
= ASU[A, B A° 4+ A2 [A, BY] A+ [4°2, BY] A2
If we continue reducing the power of A in the commutator, we get

oo s—1

[AS,Bt] _ Z ZA57T71 [A,Bt] AT
s,t=1r=0

On the other hand, we know that [A, BY] = t[A, B] B~ when B, [A, B]] = 0. So,

Ath iZtAsrlBt lAr[AB]

s,t=1r=0
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because of A and B commute with their commutator. Applying this equality to [eA, eB}, we get

> s—1 As—r—1pt=1gr
[e?,eP] = Z ZW [A, B].

s,t=1r=0

This concludes the proof. 0

2.2. Norm Inequalities. In this section we will present our results related to the norm inequalities of
A, B € M, (C) such as [|[f(A), Bll|lp < c||Allp [|Bllp and [|[f(A), f(B)lllp < k|| Al [|Bl|  in the cases where

their eigenvalues are real and complex numbers respectively.

LEMMA 2.9. Putzer’s Spectral Formula for 2 x 2 matrices.

o If the 2 X 2 matrix A has real distinct eigenvalues A1 and Az, then

e)\lt _ Aot
eAt — 6)\1t]_|_

T (A-\D).
A — Ao (4= Al)

o If the 2 x 2 matriz A has one double real eigenvalue A1, then
eAt = eMtT 4 et (A= \1I).

o If the 2 x 2 matriz A has complex eigenvalues A\; =Ay=a + ib, b > 0, then

at o3 bt
et = e cos(bt)I + e sin(bt) (A—al).

THEOREM 2.10. Let the 2 x 2 matriz A have real distinct eigenvalues N1 and Ay. Then the following

norm inequality holds, where ¢ = /2 ‘ (6;\13\;2 ) ‘

1le*, B]|| . < cllAllp 1Bl p-

Proof. Let the 2 x 2 matrix A have real distinct eigenvalues. Then

At Mt e)\lt_ Aot it 6/\1t— Aot
B| = "I+ ———(A-M\I))B-B 4 — (A -1
[6 ) } (6 + = ( 1)) <€ + = ( 1))
[eAt B] _€>\1t3+M(A_/\ I)B - eAltB+MB(A_/\ I)
ol A — Ao ! A — Ao !
e)\lt_e/\Qt
[e*",B] = ———— (A= MI)B - B(A—\I))
AL — A2
Alt )\zt
At eMt —e
Bl=——JA B
[6 ’ } )\1—A2 [ ) ]
e}\lt_e)\gt
H[eAt,B]HF: W ”[AvBMF'
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If we combine this with (1.1), we get

>\1t /\275
At e —-¢
, B <V2|— | |All# | B]| -
e, )l < V2| S =5 11 181
c
The proof can be concluded by setting ¢t = 1.
A eM — ere
e Bl < V3| S 1Al 151 :

c

THEOREM 2.11. Let the 2 x 2 matriz A have a double real eigenvalue A. Then the following norm
inequality holds, where ¢ = v/2¢e*.

e, B] || - < cllAll 1Bl -

Proof. We have
(e, B] = (eMI +teM (A— ) B— B (eMI +te (A — AI))
(e, B] = (eMB +te (A — \) B) — (eM'B +te (A — AI))
(e, B] =te* ((A—X)B — B(A— \))
[e?!, B] = te* [A, B]

[[e, B]|| - = € It1 1A, Blll -
If we combine this with (1.1), we get
1, B] || < V2 1t] [ Al o 1Bl -

c

The proof can be concluded by setting ¢ = 1.

Ie, B] ||z < V2e2 1Al 7 1Bl - 0

C

THEOREM 2.12. Let A, B € M5 (C) and A have complex eigenvalues \y =Ay=a + ib, b > 0. Then the
sin(b)
b

following norm inequality holds, where ¢ = v/2e®

e, B[l < ellAllz 1B -

Proof. Let the 2 x 2 matrix A have complex eigenvalues \j=Xo=a + b, b > 0. Then

at o3 at o3
[eAt, B] = (e“t cos(bt)I + ¥bn(bt) (A - aI)> B-B <e“t cos(bt)I + ¥bn(bt) (A— aI)> ,
at o3 at 3
[eAt, B] = e cos(bt) B + ¥bn(bt) (A —al) B — Be™ cos(bt) — %B (A—al),
e sin(bt e sin(bt
[, B] = % (A—al),B] = % (4, 8],
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[ [ < [
If we combine this with (1.1), we get
ot | Sin(bt)
e, Bl < vEer |20 a1 51

~—_——

The proof can be concluded by setting ¢ = 1.
sin(b
164,31 < Ve |50 a1 0
\—,_/

c

THEOREM 2.13. Let the 2 x 2 matrices A and B have real distinct eigenvalues. Then the following norm
inequality holds

I Te*, e®]]lp < K IAllFI1Bllp

I

Ns and 1’s are eigenvalues of A and B respectively.

where k = f‘(e)\ll i;) (e/ﬂ_euz) 7

H1— 2
Proof. We have

At JAat H18 __ ,M28
At _Bs __ At € € 18 € €
ee” = e I+A—/\II><6“ I+ —(B- 1[).
( )\1 — )\2 ( ) M1 — U2 ( a )
Let GA;\I;G;Z =z and % =y, where x and y are real numbers. Then we get

eAteBs = hittms LMty (B 1) + ez (A — M) + a2y (A— MI) (B - l),
eBseAt = hittms Lo (A - \T) + ety (B — pnd) + 2y (B — ) (A — M),
(e, eP*] = 2y (A— M) (B — 1) — (B — 1) (A= MI)),
[e4, 5] = ay [(A — \I), (B — D)) = oy [A, B],
[[e, €% ]|l > = eyl II[A, Bl -
If we combine this with (1.1), we get

e, e ]|l < V2Iayl |l | Bll

At JAat H1S __ o128
At _Bs e e e e
Jeem < V2| (S ) (=) e 181

2

k

The proof can be concluded by setting s, = 1.

e, |u<¢\( )(ﬁ_iﬁbAme- 0

k
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THEOREM 2.14. Let the 2 x 2 matrices A and B have real double eigenvalues, A and u, respectively.
Then the following norm inequality holds

1Te*, €®]]lp < KAl I1Bllp .

where k = \/2e*H,
Proof. According to the hypothesis we have
eAtePs = (eMI +teM (A — NI)) (eI + set* (B — ul)),
eAeBs = AU 4 eMTHS (B — ) + teMT1s (A — A1) 4 ste’TH (A — X)) (B — ul),
eBseAt = oM 4 el TA (A — \T) 4 seP* M (B — ul) + stets™ (B — ul) (A — ),
[eAt, ] = eteBs — eBseAt — spertHis (A — NI) (B — pul) — (B — ul) (A — \I)),
[, eB5] = ste?trs (A — \I), (B — pl)],
[eAt, eBs] _ Ste)\tJrMS [A, B] ,
e, ]| 7 = Istl X |I[A, B -

If we combine this with (1.1) we get,

I

[[e, 5]l o < V277 |st| | Al |1 B -

k

The proof follows by setting s,¢ = 1.
AP < V2erH Al g |Bl g - u|
[[e* "1 < V2 21|l 1B
k

THEOREM 2.15. Let the 2 x 2 matrices A and B have complex eigenvalues Ay = o=a + ib, b > 0 and
w1 =pz=c+1id, d > 0, respectively. Then, the following norm inequality holds

1, €]l p < k1Al 1Bllp

where k = \/2e4t¢

sin(b) sin(d) ‘
bd :

Proof. Expressing e* and e?* using Putzer’s Spectral Formula for 2 x 2 matrices with complex eigen-

AteBs _ eBseAt

values and then computing e as in the previous theorems, the result follows. 0
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