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SPECTRAL DYNAMICS OF GRAPH SEQUENCES GENERATED
BY SUBDIVISION AND TRIANGLE EXTENSION*

HAIYAN CHEN' AND FUJI ZHANGH

Abstract. For a graph G and a unary graph operation X, there is a graph sequence {Gj} generated by Go = G and
Gr+1 = X(Gy). Let Sp(Gy) denote the set of normalized Laplacian eigenvalues of Gj. The set of limit points of Uy~ Sp(G),
liminfg_, o Sp(Gg) and limsupy_, . Sp(Gk) are considered in this paper for graph sequences generated by two operations:
subdivision and triangle extension. It is obtained that the spectral dynamic of graph sequence generated by subdivision is
determined by a quadratic function, which is closely related to the the well-known logistic map; while that generated by
triangle extension is determined by a linear function. By using the knowledge of dynamic system, the spectral dynamics of
graph sequences generated by these two operations are characterized. For example, it is found that, for any initial non-trivial
graph G, chaos takes place in the spectral dynamics of iterated subdivision graphs, and the set of limit points is the entire
closed interval [0, 2].
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1. Introduction. Let X be a unary operation of graphs. Starting from any graph G, we may iterate
the operation X to obtain a graph sequence

X°@)=aG, XYG)=X(G), X*G)=X(X(Q@), ..., X*G)=XxX"Yq)), ...

Statistical physics motivated recent research on the limit behavior of some parameters related to graphs,
such as the number of spanning trees, the number of perfect matchings, Kirchhoff index, energy [27, 32-35].
The spectra of a graph is a fruitful topic in algebraic graph theory. The roots of characteristic polynomial
of adjacency, Laplacian and normalized Laplacian are called adjacency, Laplacian and normalized Laplacian
spectrum, respectively. Many papers and books have been published on spectra of graphs (see for example
[14, 15] and the references cited therein). The adjacency spectral dynamics of graph sequences were first
studied in [35] by Chen, Chen and one of the present authors, where the graph sequence in consideration is
generated by the graph operation of clique-inserting (or called para-line in [28]). It is showed in [35] that for
any initial r-regular graph G with r > 2, the set of limit points of the adjacency eigenvalues of all graphs in
the sequence is a fractal with the maximum r and the minimum —2, and that the fractal is independent of
the structure of the G as long as the degree r of GG is fixed. In view of the rich and colorful phenomena in
dynamical systems, one naturally wants to investigate spectral dynamics of graph sequences generated by
other unary operations. In this paper, we shall study the normalized Laplacian spectral dynamics of graph
sequences generated by subdivision and triangle extension, respectively. Now we first give the definitions of
subdivision and triangle extension.

*Received by the editors on July 3, 2017. Accepted for publication on November 24, 2017. Handling Editor: Sebastian M.
Cioaba.

TSchool of Sciences, Jimei University, Xiamen Fujian 361021, PR China (chey5@jmu.edu.cn). Supported by the National
Natural Science Foundation of China (grants no. 11771181 and no. 11571139) and the Natural Science Foundation of Fujian
Province, China (grant no. 2015J01017).

Hnstitute of Mathematics, Xiamen University, Xiamen Fujian 361005, PR, China (fjzhang@xmu.edu.cn). Supported by the
National Natural Science Foundation of China (grants no. 11771181 and no. 11471273).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 32, pp. 454-463, December 2017.

455 Spectral Dynamics of Graph Sequences Generated by Subdivision and Triangle Extension

Let G = (V, E) be a graph with vertex set V and edge set E.

The subdivision operation for an edge {u,v} € E is the deletion of {u,v} from G and the addition of two
edges {u,w} and {w, v} along with the new vertex w (so, the three edges {u,v}, {u,w} and {w,v} consist
of a triangle). The subdivision graph S(G) of G is the graph obtained from G by doing subdivision for every
edge of G.

The triangle extension operation for an edge {u,v} € E is the addition of two edges {u,w} and {w,v}
along with the new vertex w. The triangle extension graph R(G) of G is the graph obtained from G by
doing triangle extension for every edge of G.

Note that the only difference between S(G) and R(G) is whether we keep the original edges in G (for
triangle extension) or not (for subdivision). But we shall see that the normalized Laplacian spectral dynamics
of graph sequences generated by these two operations are very different. The set of limit points is the entire
internal [0, 2] for the subdivision, while the set of limit points is {0} for the triangle extension.

The normalized Laplacian matrix is closely related to random walks on graphs and discrete geometric
analysis [4, 9, 24, 29-31]. Now many mathematical results have been obtained (see [5-7, 10-13, 19, 21, 22,
26], for example). By the way normalized Laplacian spectrum provided a powerful weapon in applications
such as machine learning, ratio cut partitioning and clustering, see for example [1, 17, 20, 25].

In this paper, all graphs are assumed to be simple and connected. Let G be a graph with vertex set
V(G) = {v1,v2,...,v,} and edge set E(G) = {e1,ea,...,em}. Its adjacency matrix is defined to be the
n x n matrix A(G) = (ai;), where a;; = 1 if v; is adjacent to v;; and a;; = 0, otherwise. Its incidence matrix
is defined to be the n x m matrix B(G) = (b;;), where b;; = 1 if v; is incident with e;; and b;; = 0, otherwise.
Let d; denote the degree of vertex v;, D(G) — A(G) is called the (combinatorial) Laplacian matrix of G,
where D(G) = diag(dy, da,...,dy,) is the degree diagonal matrix of G. The normalized Laplacian matrix of
G is defined as [14]:

L(G) = (I;j) = D(G)~Y2(D(G) — A(G))D(G)~/2, that is

1, if i=j;
lij=< —1/y/did;, if v; is adjacent to v;;
0, otherwise.

In the following, for simplicity, when we say eigenvalues and the characteristic polynomial of G, we
always mean eigenvalues and the characteristic polynomial of £(G). The following theorem gives some basic
properties of the spectrum of £(G). More related results can be seen in [2, 8, 14].

THEOREM 1.1. For a connected graph G, we have:

(i) all eigenvalues of L(G) lie in the interval [0, 2];

(ii) 0 is always an eigenvalue of L(G);

(iii) 2 is an eigenvalue of L(G) if and only if G is bipartite.

Given a graph G and a unary operation X, let Sp(X*(G)) denote the set of eigenvalues of X*(G),
k=0,1,2,... Let also

sp¥(G) = | Sp(x*(G))

k=0



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 32, pp. 454-463, December 2017.

H.Y. Chen and F.J. Zhang 456

denote the union of the eigenvalue sets of all graphs in the sequence {X k(G)}kZO. Then in this paper, on
the one hand, we concern the set of limit points of the set Sp*X (G), which is denoted by AX(G); on the other
hand, we concern the supremun and infimum limits of the sequence of sets Sp(X*(G)), that is,

h;I:LSUP Sp(Xk(G)) = m U SP(XZ(G))

k=11=k
hmlnfSp (xXk(@ U ﬂSp
k=11=k

These three sets A% (G), lim sup,,_, ., Sp(X*(G)) and liminf;_, . Sp(X*(Q)) can be very different. Note that
r € AX(G) if and only if there exists a point sequence {z\},z € Sp™(G) such that x; — z. Also note
that @ € limsup,_,., Sp(X*(Q)) if and only if there exists a subsequence {Sp(X*i(G))} of {Sp(X*(G))}
such that z € Sp(X* (@)) for all 4; and = € liminfy_,o, Sp(X*(G)) if and only if there exists some h > 0
such that = € Sp(X!(Q)) for all | > h. So, z € AX(G) may not be an eigenvalue of any graph in the graph
sequence {X*(G)}, while if z € limsup,_, . Sp(X*(Q)) or x € limsup,,_, . Sp(X*(G)), then  must be an
eigenvalue of infinite many graphs in this sequence.

The rest of the paper is organized as follows. In Section 2, we focus on the spectral dynamics of the graph
sequences {S*(G)} >0 generated by the subdivision S. We first use algebraic method to establish an explicit
relation between the characteristic polynomial of S(G) and that of G. Then by connecting this relation with
the well-known logistic map, we not only show that A®(G) = [0,2] for any initial non-trivial graph G, but
also give an explicit characteristic of limsupy_, .. Sp(S*(G)) and lim infj_, o, Sp(S*(G)) in terms of period
points of the logistic map. In Section 3, we give explicit results for the iterated-triangle-extension graph
sequences {R*(G)}>o for any initial graph G. In Section 4, as a conclusion, we first summarize the results
that we have obtained, then point out problems which need further study.

In this paper, we follow standard notation and terminology. The reader may refer to [3, 15] for graph
theory, and [16] for dynamical systems.

2. Spectral dynamics of iterated subdivision graphs. Let G be a graph with n vertices and m
edges, the characteristic polynomial of G will be denoted by ®(G, z), that is (G, z) = det(zI — L(G)). In
this section, we first give an explicit expression for the characteristic polynomials of S(G) in terms of that
of G. Then based on the expression, we study the spectral dynamics of graph sequence {S*(G)}x>o0.

For simplicity, £(G) is often written £ when the graph G is implied. This abbreviation applies to
A(G), B(G) and D(G) as well. We also write |M| for det(M). First note that

(G x) = ’xl D- 1/2(D A)D 1/2’7’ W+ D~ 12 oD~ 1/2’
(2.1) _ ‘Dl/Q‘ (@ = 1)1+ D14 ’D—1/2‘ =|(z - 1)I + D7 4],
and

(2.2) BBT = A+ D.

we also will use the following known result.

LEMMA 2.1. [18] Let N be a non-singular square matriz. Then

P Q| e onet
‘M N‘_|N||P QN M|
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Now we are ready to obtain the relation between ®(S(G);z) and ®(G;x).

THEOREM 2.2. Let G be a graph with n vertices and m edges. Then

®(S(G);z) = (_1)"(:”2; D™ (G 20(2 — 1),

Proof. By the definition of S(G), we have

A(S(G)) = ( ;T f ) and D(S(G)) = ( 10) 22” )

Thus,
. 0 DB
pesi@nas©) = (e 7).

So, by Lemma 2.1, (2.1) and (2.2), we have

| (@-1L, DB |_ . D 'BBT

sisieya) | © 0 P = e |- - 52
(- 1) |(@— 1)L, — W’

_E=D)E—nym (1 - 2(x —1)*)I,, + D~ 4]

2’ﬂ
:(—1)”(962; D™ b (G;2(1 = (x —1)?))
:(—1)”(902; D" (G202 —2). O

Let f(z) = 22(2 — ) and let f~1(2) = {li ,/Z*Tm} represent the pre-image of x under f, i.e.,
f(f~Y(z)) = z. Then from the above theorem, we can immediately derive the following result.

COROLLARY 2.3. Let G be a connected graph with n vertices and m(m > 0) edges. If Sp(G) =
{A, A2, .., A with 0 = A\ < Ag < -+ < g, then

1;1+ 2_2)‘7‘,1' =1,2,.. .,s} , if m>mn and G is non-bipartite;

14+4,/222i=1,2,..., s} , otherwise.

Proof. First note that m > n — 1 since G is connected and As = 2 if G is bipartite by Theorem 1.1 (iii).
Now if m = n — 1, then G is bipartite. In this case, the result can be checked directly from Theorem 2.2.
If m > n, from Theorem 2.2, we see that u is an eigenvalue of S(G) if and only if u € f~1()\;) for some
i€{1,2,...,s} or p=1. Since 1 € f~1()\,) if G is bipartite, we have the result. 0

Note that for any graph G, S(G) must be bipartite. So, to study the asymptotic properties of the
sequence {Sk(G)}kZO, without loss of generality, we may suppose that G itself is bipartite. Thus, by
Corollary 2.3, to obtain the set Sp(S*(G)) for general k, we only need to consider the backwards and
forwards iterations of the quadratic map

friax—22(2—2a).
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From Corollary 2.3, u is an eigenvalue of S¥(G) if and only if u € f=%(\;) for some i € {1,2,...,s}
where f=*(x) = f~1(f~**1(x)). Now we define the following affine transformation:

h:x%f
2

and consider the well studied logistic map with parameter b = 4:
g:x— 4dx(l —x).

Obviously, h is a homeomorphism. It is easy to check the fact that
ho f(z) = goh(z).

This fact indicates that g and f are topologically conjugate to each other via the homeomorphism h. Note
that for the logistic map g(x) = 4x(1 — z), the k-th iterated function g*(x) can be expressed explicitly as
follows [23]:

g*(z) = sin?(2* arcsin /).

So, we have
f¥a)=(htogoh)f(x) = h7t o gk oh(z) = 2sin*(2" arcsin v/z/2).

Hence, for any = € [0, 2], we have

(1 — ) + 2
(2.3) FE () = {25in2 (arccos(;kj) + l”) 1=0,1,...,2% — 1}.

Now we are ready to give the set Sp(S*(Q)) explicitly for any k.
THEOREM 2.4. Let G be a bipartite graph with at least one edge. If Sp(G) = {A\1 =0, Aa,... As}, then

S 1 _ .
sp(st@) = {2Sin2 (arccos( Qkﬁ) * 2”) L 1=0,1,...,2" - 1} .
i=1

Proof. First by Corollary 2.3, u is an eigenvalue of S*(G) if and only if u € f=%()\;) for some i €
{1,2,...,s}. So, by (2.3), the result follows immediately. d

Now recalling that, for a function 1, a point = is called a period point of ¥ with period k if ¥*(z) = z.
It is known that the logistic map g(z) = 4z(1 — x) has exactly 2* period points with period k listed below:

{sinZQZ7r in? (4 Dm 1—0,1,...,2k1—1.}

o S TR

Since f and g are topologically conjugate to each other via the homeomorphism h, we deduce that f(x) =
22(2 — ) has exactly 2¥ period points with period k, and they are

{2sin22km1, gsin? LEUT g q gke1 1.}

Let P(f) denote the set of all period points of f, and let orbs(x) denote the orbit of  under f. Then we
have the following results about supremum limit and infimum limit of {Sp(S*(G))}r>o-
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THEOREM 2.5. Let G be a bipartite graph with at least one edge, and let Y = Sp(G)(P(f) and Z =
{Aorbs(X) C Sp(G)}. Then
(i) limsupy_,. Sp(S*(G)) = Usey Urzo f (V)

(“) liminfy o0 Sp(sk( )) = U/\eZ UZO 0 fﬁk( )

Proof. First for (i), given any A € Y and any k, we may suppose that f!(\) = \ for some positive integer
I. Then f(\) = A\,t =1,2,... That is, A € f~ tl( ),t = 1,2,... This implies that f=%(\) C f=#=%(\) C
Sp(StHE(@)) for all t = 1,2,..., so we have f~*(\) C limsup,_,., Sp(S*(G)). Hence,

U U £ € limsup Sp(S"(G))-
AEY k=0 k=00

Conversely, suppose = € limsup,_, . Sp(S*(G)). Then there exists a subsequence {S*(G)} such that
x € Sp(S*i(Q)) for each i. That is, z € f~%i(\,) for some g, € Sp(G). Since Sp(G) is a finite set, there
must be some k; # kj such that Ay, = )\k = ). Assume that k; < k;. Then from f*i(z) = f* (z) = X, we
deduce fFi=ki()\) = fk'_k (fFi(x)) = ( ) = A, which means ) is a period point of f and x € f~*i()).
Hence,

hmsupSp (e U U "

AEY k=0

Now we prove (i).
For (ii), suppose A € Z with the least period I. Then
orbyp(A) = {A, f1) = A, NN = Ms1 ) € Sp(G).
Hence, X\ belongs to each set below:
DE ) T ) SO0 ST ) T ),
This implies that, for any &, f=%()\) is contained in each set listed below:
FEO) SO0 ST ) IO ST ) TR ),

So, f78(\) C Sp(St*(@)), t = 0,1,2,... By the definition of infimum limit, we have

U fj F7E) € liminf Sp(S™(G))-

AEZ k=0

Conversely, suppose = € liminfy_,o, Sp(S*(G)), there exists an integer ¢ such that z € Sp(S*+(G)) for all
i > 1. This means that x € f~'=%()\;) for some \; € Sp(G). Since Sp(G) is a finite set, there must be some
i # j such that A; = A;. Without loss of generality, we assume A, Ao, ..., Aq are all distinct, but Ag11 = A1.
Since x € f~t7%()\;) for all i, that is, fi7¢(x) = \;, we have

A2 = f(A1), Az = f2(A1), -os Ag = FTH (), A = f100).

It follows that orbg(A1) C Sp(G) and = € f~*71(\;). Thus, we have

hmlnfSp (xXk(@ U Uf

AEZ k=0

Now the proof is completed. 0
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Recalling that 0 € Sp(G) for any graph G, at the same time 0 is a fixed point of f. So,0 € Y and 0 € Z,
thus by Theorem 2.5, we have

U r*0) lim inf Sp(C*(G)) C limsup Sp(CH(@)).
k=0

k—oc0

Furthermore, by (2.3), we have
I

f750) = {2sin2(2k), 1=0,1,...,2%" - 1}.

From this expression, it is easy to see that (J;—, f~*(0) is dense in [0,2]. So, we derive the following results
immediately.

THEOREM 2.6. Let G be a connected graph with at leat one edge. Then

(i) liminfy_, . Sp(S*(G)) = [0, 2];

(ii) Tansupy_,, Sp(SH(@)) = [0,2];
(iii) AS(G) = [0,2].
3. Spectral dynamics of iterated triangle extension graphs.

THEOREM 3.1. Let G be a graph with n vertices and m edges. Then

20 — 3

B(R(G);z) = (x — 1)™" ( )n O(G:2z).

Proof. By the definition of R(G), we have

Thus,

D@ @) = (gt 20,
2

So, by Lemma 2.1, (2.1) and (2.2) again, we have

(@~ 1) (@~ DI, + 5D A~ Z(fﬂf
=(z—1)"|(x =1, + %D‘lA _ W’
:(x_j# |(4(z = 1) = 1)1, + (2(z — 1) — 1)D ' 4|

=(z—-1)m" (T) |(2(x — 1) + 1)L, + D' 4

—(z— 1) (2”54_ 3)n ®(G;2x). O
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From Theorem 3.1, we immediately have the following results.

THEOREM 3.2. Let G be a connected graph with n vertices and m(m > 0) edges. If Sp(G) = {A1, Aa,
SAst with 0= X1 < Ay < -+ < Ag, then

0,%,.... 22U {3}, ifm=n—1
Sp(R(G)) = 0,%2 2ty U}, ifme=my
O,%,..., 52’1,)‘—25 {17 if m > n.

COROLLARY 3.3. Let G be a connected graph with n vertices and m edges. If m > n and Sp(G) = {\ =
0,2, ..., As}, then

A A 1 3
k _ 2 s .
Sp(R (G)){072k’72"3}U{2'L’2'L+1’ZO,17,]€_1}

THEOREM 3.4. Let G be a connected graph with at least one edge. Then
(i) liminfj_,oe Sp(R*(G)) = limsup,,_, ., Sp(R*(G)) = {0, -, 57+, i =0,1,... };
(i) AT(G) ={0}.

Proof. By the definition of the triangle extension operation, for any & > 3, the number of edges of R¥(G)
is greater than the number of its vertices, so the results follow directly from Corollary 3.3. 0

4. Concluding remarks. From the above results, we see that the spectral dynamics of graph sequences
generated by the subdivision and the triangle extension are very different. For the triangle extension, the
dynamic properties are determined by linear function f(z) = §. While for the subdivision, the dynamic
properties are determined by quadratic function f(z) = 22(2 — x), which is topologically conjugate to the
logistic map g(x) = 4x(1 — x) via the homeomorphism h(z) = 5. Since g(x) = 4x(1 — z) is chaotic on the
interval [0,1], f(x) = 22(2 — x) is chaotic on the interval [0,2]. So, although A®(G) = [0,2] is independent
of the initial graph G; limsup,_, . Sp(S*(G)) and liminfy_,o, Sp(S*(G)) are indeed depend on the initial
graph G. Thus, the first problem pops up:

PROBLEM 1. Characterize lim infj_,, Sp(S*(G@)) and lim sup,,_, .. Sp(S¥(G)) for some special graphs G,
such as the complete graph, the complete bipartite graph, etc.

Furthermore, by the relation between the spectra of the adjacency matrix and the normalized Laplacian
matrix of a regular graph, the result obtained in [35] for the adjacency matrix can be translated in terms of
the normalized Laplacian matrix as follows:

Let G be an r-regular graph with r > 2, and let C' denote the clique-inserting. Then the dynamic
properties of {C*(G)} are determined by quadratic function

f'(x) = (r42)x — ra?,

which is topologically conjugate to the logistic map ¢'(x) = (r 4+ 2)z(1 — ) via the homeomorphism h'(x) =
. Since g'(z) is chaotic on a Cantor set, f'(x) is chaotic on a Cantor set. More clearly, we have the
following results:

(i) the set of the limit points of the normalized Laplacian eigenvalues of all graphs in the sequence
generated by clique-inserting is a fractal independent of the structure of G as long as the degree of G is
fixed. Moreover, the minimum of the limit points is 0, while the maximum is T+2
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(i)
limsup Sp(C*(@) = (J J F~*N U £+
ko0 AEY k=0 k=0

and

liminf Sp(C*(G)) = |J U 70 U Q.

AEZ k=0 k=0
where Y = Sp(G) (P(f') and Z = {Xorbs (X)) C Sp(G)}.

Note that g(x) and ¢'(x) are logistic maps with parameter b = 4 and b > 4, respectively. Now we have
the second problem.

PROBLEM 2. If there exists some graph sequence such that its spectral dynamic is determined by the
logistic map with parameter b < 4.
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suggestions. These suggestions help us to improve the presentation of the paper dramatically.
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