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ON THE DISTANCE SIGNLESS LAPLACIAN SPECTRAL RADIUS
OF GRAPHS AND DIGRAPHS*

DAN LIf, GUOPING WANG#, AND JIXIANG MENGT

Abstract. Let n(G) denote the distance signless Laplacian spectral radius of a connected graph G. In this paper,
bounds for the distance signless Laplacian spectral radius of connected graphs are given, and the extremal graph with the
minimal distance signless Laplacian spectral radius among the graphs with given vertex connectivity and minimum degree
is determined. Furthermore, the digraph that minimizes the distance signless Laplacian spectral radius with given vertex
connectivity is characterized.
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1. Introduction. In this paper, we consider simple and connected graphs. Let G be a simple graph
with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). Let d; be the degree of the vertex v; in G for
i=1,...,n. Let A(G) = (aij)nxn be the (0,1)-adjacency matrix of G, where a;; = 1 if v;v; € E(G) and
a;; = 0 otherwise. Let A(G) = diag(ds, ..., dy) be the diagonal degree matrix. Then Q(G) = A(G) + A(G)
is the signless Laplacian matrix of G.

Let D(G) = (d;j)nxn be the distance matrix of a connected graph G, where d;; = dg(v;,v;) is defined

n
to be the length of shortest path between v; and v;. We call D; = > d;; the transmission of vertex v;
=1

(i = 1,2,...,n). The matrix D?(G) = Diag(Tr) + D(G) is the distance signless Laplacian matriz of G
(D®-matrix), where Diag(7Tr) is the diagonal matrix whose ith diagonal entry is D;. The matrix D?(G) is
nonnegative and irreducible when G is connected. The largest eigenvalue of D?(Q) is called distance signless
Laplacian spectral radius of the graph G.

The distance spectral radius of a connected graph has been studied extensively. Chen, Lin and Shu
[4] obtained sharp upper bounds on the distance spectral radius of a graph. Indulal [7] gave some bounds
for the distance spectral radius of graphs. Ili¢ [6] obtained the tree with given matching number that
minimizes the distance spectral radius. Bose, Nath and Paul [3] determined the unique graph with maximal
distance spectral radius in the class of graphs without a pendent vertex. Lin, Yang, Zhang and Shu [10]
characterized the extremal digraph with the minimal distance spectral radius among all digraphs with given
vertex connectivity and the extremal graph with the minimal distance spectral radius among all graphs with
given edge connectivity.

Aouchiche and Hansen [1] introduced the distance Laplacian and distance signless Laplacian spectra of
graphs, respectively. Lin and Lu [9] found a sharp lower bound as well as a sharp upper bound of the distance
signless Laplacian spectral radius in terms of the clique number. Furthermore, both extremal graphs are
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uniquely determined. Hong and You [5] obtained some sharp bounds on the distance signless Laplacigan
spectral radius of graphs. Xing and Zhou [11] gave the unique graphs with minimum distance and distance
signless Laplacian spectral radius among bicyclic graphs with fixed number of vertices. Xing, Zhou and
Li [12] determined the graphs with minimum distance signless Laplacian spectral radius among the trees,
unicyclic graphs, bipartite graphs, the connected graphs with fixed pendant vertices and fixed connectivity,
respectively.

In this paper, we obtain the bounds for the distance signless Laplacian spectral radius of graphs and
determine the extremal graph with the minimum distance signless Laplacian spectral radius among the
graphs with given vertex connectivity and minimum degree. Furthermore, we characterize the digraph that
minimizes the distance signless Laplacian spectral radius with given vertex connectivity.

2. Bounds on the distance signless Laplacian spectral radius of graphs. Let G be a graph.
We denote the distance signless Laplacian spectral radius of G by n(G). A graph G is transmission regular
if Dj =Dy =---=D,.

LEMMA 2.1. [5] Let G be a connected graph on n vertices. Then

Moreover, one of the equalities holds if and only if G is a transmission reqular graph.

2
n

s

Let G be a graph on n vertices. It was shown in [11] that n(G) > D; with equality if and only if

=1

n
D;)?. Then 24/ w > % 21 D;. Thus, the following result gives a
1=

G is transmission regular.

n
Note that > D? > 1(
i=1

better lower bound of n(G).

THEOREM 2.2. Let G be a graph on n vertices. Then n(G) > 24/ w with equality if and only
if G is transmission reqular.

Proof. Let x = ﬁ(l, 1,...,1). Then n(G@) > /x(D?(G))*xT.

&
It

Note that ) 5
xD?(G) = %(1, 1,...,1)D?@G) = —= (D1, Dy, Dy).

We have .
x(D?(@))*xT = xD?(G)(xD?(G))T = % > D}

Thus, n(G) > 24/ Di+Di 4403

If G is transmission regular, then by Lemma 2.1, n(G) = 2D; = 2

@,
Il
_

S=
S

Conversely, if equality holds, then x is the eigenvector corresponding to 7(G), i.e., D9(G)xT = n(G)xT.

This implies that D; =n(G)/2 (i =1,2,...,n). d
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Let p(G) be the distance spectral radius of the graph G. If G is transmission regular, then p(G) = D;.
Thus, we have the following.

COROLLARY 2.3. Suppose that G is transmission reqular. Then n(G) = 2p(QG).

A graph G is regular if dy = -+ = d,,.

LEMMA 2.4. Let G be a connected graph with diameter d < 2. Then G is reqular if and only if G is
transmission reqular.

Proof. f d =1, then G 2 K,,. If d =2, then D; =d; +2(n—1—d;) = 2n — 2 — d;, from which we can

see that G is regular if and only if G is transmission regular. 0
The unit eigenvector x(G) = (21, 2,...,2,)T > 0 corresponding to n(G) is called the Perron vector of
DR(@).

THEOREM 2.5. Let G be a graph on n wvertices with mazimum degree Ay and second mazximum degree
Ay, Then n(G) > 4n — 4 — Ay — Ay with equality if and only if G is a regular graph with diameter d < 2.
Proof. Let x = (¥1,%2,...,7,)T be a Perron eigenvector of D?(G) such that z; = minj<x<, 7 and

XTj = minlgk;ﬂgn L.

From D®(G)x = n(G)x, we obtain that

n(G)z; = Dyx; + Z dixwyr > Di(w; + 75);
k=1 k#i

T](G):EJ = Djxj + Z djkl‘k Z Dj(.%l + éﬂj).
k=1,k#j
Note that

n
k=1,k#1

Dj= > dpp>dj+(n—-1-dj)2=2n—-2—dj;

k=1,k#£j
Then we can get that
(2.1) n(G)x; > (2n — 2 —d;)(z; + ;)
and
(2.2) n(G)z; > (2n —2 —d;)(x; + x;).

Therefore, by (2.1) and (2.2), we have
n(G)(x;i +x5) = (dn — 4 —di — dj) (i + 7;5) = (dn — 4 = Ay — Ag)(zi + ),
that is
U(G) 247’1—4—A1 —AQ.

If the equality holds, then we deduce that G is a regular graph with diameter d < 2 and all x; are equal. If
d =1, then G = K,,. If d = 2, then we get n(G)z; = 2(d; + (n — 1 — d;)2)z;, i.e., n(G) = 2(2n — 2 — d;),
which implies that G is a regular graph. Conversely, by Lemma 2.4, we can get that n(G) = 2(2n —2 — Ay)
if G is a regular graph with diameter d < 2. O
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THEOREM 2.6. Let G be a graph on n vertices with minimum degree §1 and second minimum degree ds.
Then n(G) < 2dn —d(d — 1) — 2 — (d — 1)(01 + 02) with equality if and only if G is a regular graph with
diameter d < 2.

Proof. Let x = (x1,22,...,2,)" be a Perron eigenvector of D?(G) such that z, = maxi<p<n Tk and

Ty = maxlgk;gsgn L.

From D%(G)x = 1(G)x, we obtain that

n
N(G)xs = Dexs+ Y daear < Dy(zs + 34);
k=1,k#s

NGz =Dz +  »  dap < Dyla, + ).

k=1 k£t
Note that
- -1
D, = Z dep <ds+2+---+d—14+dn—1-ds — (d —2)] :dn—%—l—ds(d—l).
k=1 k#s

Thus,

d(d—1)
(2.3) NGz < [dn — ———= — 1 —ds(d — 1)](xs + ).
Similarly, we can get that

d(d—1
2.0) n(@yre < lan— P 1y 1)+ ),

Therefore, by (2.3) and (2.4), we have
N(G)(zs + ) < [2dn —d(d—1) —2 — (d — 1)(ds + dp)](zs + 1),

from which we obtain that n(G) < 2dn —d(d —1) — 2 — (d — 1)(61 + 62).

If the equality holds, then all z; are equal, and hence, D?(G) has equal row sums. Therefore, G is
transmission regular. If d > 3, then by (2.3), we know that for each vertex v;, there is exactly one vertex v;
such that d;; = 2, and then d < 4. If the diameter of G is 3 and equality holds, then for a center vertex vy,
from D%(G)x = n(G)x and (2.3), written for the component 4, we have

N(G)rs = Dsxs + dsxs + (n — 1 — dg)2xs = 2(2n — 2 — ds)xs = 2(3n — 4 — 2d,)xs,

and thus, ds = n — 2, which implies that G = P4, but P, is not transmission regular, a contradiction.
Therefore, G is a regular graph with diameter d < 2. Conversely, by Lemma 2.4, we can get that n(G) =
2(2n — 2 — 07) if G is a regular graph with diameter d < 2. d

3. The minimal distance signless Laplacian spectral radius for graphs with given vertex
connectivity and minimum degree. The vertex connectivity of a graph G is the minimum number
of vertices, whose deletion results in a disconnected or a trivial graph. The join Gy + G2 of two graphs
G1(V1, Ey) and G2 (Va, E3) consists of the union G; UG5 of G and G5 and all edges joining Vi with V,. Let
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Gr.n be the class of all graphs of order n with vertex connectivity x(G) < k < n — 1 and minimum degree
0> k. Let Grsn = Ki + (K(;,kﬂ U Kn,g,l). Obviously, G 5n € Gk.n-

For fixed n and k, let g(n1,n2) = 2° — a12? — asx + ag, where a; = 4n+ny +ns —6, as = (ny +n)(20 —

13k) — 8(n3 +n?) — 12(nying + 1) — 5k2 + 16k, and ag = —2k> + (10 — 8ny — 8nq)k? + (—16 + 2615 + 26n; —
10n2 — 10n2 — 16n1n2)k — 4((n2 — 2)? + (n1 — 2)? + (n1 +n2)(2n1na + 1) + 2(3nyng + 1)).

LEMMA 3.1. n=n(Ky + (Kn, UK,,)) satisfies the equation

g(ny,na) =0.
Proof. Let x be the Perron vector of D@ (K}, + (K,, U K,,). It is clear that x can be written as
X= (T T Yy e Yy 2y 2) L
e
From D®(Kj + (K,, UK,,)x = nx, we have
nr = (2ny + 2ng + k — 2)x + ky + 2naz;
ny =n1x + (n1 + n2 + 2k — 2)y + naz;

nz =2nix + ky + (2n1 + 2ng + k — 2)z.

This shows that 7 is an eigenvalue of the matrix A, where

2n1+2n2+k—2 k QTLQ
A= ny n1+n2+2k72 %) 5
2n k 2n1 +2ns +k — 2
and det(Ix — A) = g(n1,ns) = 2® — a12% — asx + a3. This shows that the result is true. d

By Lemma 3.1 we can immediately get the following corollary.
COROLLARY 3.2. Spectral radius of Gy s.n 15 the largest root of the equation
2 — (5n — k — 6)2? — (—40% + (4k + 4n — 8)§ — nk — 8n? + 24n — 16)x + ((—12k + 8n + 16)4>
+ (12k? + 4kn — 8n? — 40k + 32)6 — 4k> — 2kn? — 8k? 4 54kn — 12n? — 56k + 4n — 24) = 0.
LEMMA 3.3. Ifng >mny > 2, then n(Ky + (K, U K,,)) > n(Kk + (Kny—1 U Kpyg1))-
Proof. Let h(A\) = gnyne(A) = gny—1.na41(A) = —4(n2 —n1 + DA+ 4(k(ne —n1 + 1) + (n2 — n1)(ne +
ny — 1) +2(ny — 1)). Then A\g =k + (na=ni)(motmi=1) | 2m=1) 5 the oot of the equation h(N\) = 0.

na—ni+1 na—ni+1

By Lemma 2.1, we know that n(Kj + (K,, UK,,)) > 2(na+n; —1)+2k and n(Ky+ (Kp,—1UKp,11)) >
2(ng +n1 — 1) +2k. And,

- 1) 2 —1
Unp 41y — 14 k) — Ao = 2ng +my — 1) 4 k— 2=z dm =1 2m = 1)

71277114*1 n27n1+1
— —1 — 1)—-2 2
(S L S O S (n2+n1_1)+(" )(no —ny+1) —2ny + >0,
ne —nig+1 no —ni+1

Thus, (K + (Kn, UKy,)) > Ao and n( Ky + (Kn,—1 U Ky,41)) > Ao. Since h(A) is a decreasing function of
)\7 Ini,ng ()‘) _gn171,n2+1()‘> < 0 for A > )‘07 which yields n(Kk+(Kn1 Uan)) > n(Kk+(Kn171UKn2+1))' a
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LEMMA 3.4. [11] Let G be a connected graph with u,v € V(G) and wv ¢ E(G). Then n(G) > n(G+uv).

THEOREM 3.5. Among all the connected graphs of order n with connectivity at most k and minimum
degree §, Gy, 5.n uniquely minimizes the distance signless Laplacian spectral radius.

Proof. The case k = n — 1 is trivial, and so we assume that k <n — 2. Let G be a graph in G;,,, with
the minimum distance signless Laplacian spectral radius, and S be a k-vertex cut of G. Now we verify the
following two claims.

CrLAM 1. G — S consists exactly of two components.

Suppose to the contrary that G — S contains G1, G2 and G3. Then there must be u € G and v € G3
such that uv ¢ E(G). Thus, by Lemma 3.4, n(G) > n(G + wv) while G + wv € G ,,. This contradiction
shows that G — S = G, U Gs.

CLAIM 2. G; and GIV(G;)US] (i =1,2) are all complete graphs.

If there is wv ¢ E(G;), then G+uwv € Gy ,. By Lemma 3.4, n(G) > n(G +uv), a contradiction. Similarly,
G[V(G;) U S] is also a complete graphs.

By the above argument we can determine that G & Ky +(K,,, UK,,). Since § > k, we have n; > d—k+1.
If ny > § — k + 2, without loss of generality, we suppose ns > ny, then n(G) > n(Kg + (Kn,—1 U Knyt1))
while Kj, + (K,,—1 U Kpy+1) € Gk by Lemma 3.3. This contradiction shows that ny = 6 — k + 1 and
ng =n—0 —1, that is, G = Gy, s.n- 0

Let C(n, k) be the set of connected graphs with n vertices and connectivity k, where 1 < k < n —2, then
the following result can be obtained immediately.

COROLLARY 3.6. [12] Let G € C(n,k),where 1 <k <n—2. Then, n(G) > n(Kx+ (K1 UK, __1)) with
equality if and only if G = Ki + (K1 U K\ —g—1)-

4. The minimal distance signless Laplacian spectral radius for digraphs with given vertex
connectivity. Similar to undirected graph, we use D(G) = (d;j)nxn and DQ(B) = Diag(Tr) + D(a) to
denote the distance matriz and distance signless Laplacian matriz of G, respectively, where d;; = dz (vs, v5)
denote the length of shortest dipath from v; to v; in 8 and Diag(7Tr) is the diagonal matrix with D;. Clearly,
the matrix DQ(a) is irreducible when @ is strongly connected. The eigenvalue of DQ(a) with the largest
modulus is the distance signless Laplacian spectral radius of 8, denoted by n(G). For a strongly connected
digraph = (V(a),E(ag
The wvertex connectivity of G, denoted by k(G), is the minimum number of vertices whose deletion yields
the resulting digraph non-strongly connected. In this section, we characterize the digraph that minimizes

)), a set of vertices S C V(@) is a vertex cut if G — S is not strongly connected.

the distance signless Laplacian spectral radius with given vertex connectivity.

Let D, denote the set of strongly connected digraphs with order n and vertex connectivity 5(8) =k.
—
If k=n—1, then D,, ,,—1 = {K,}. Thus, we only need to discuss the cases 1 <k <n — 2.

Let CT{ VG—; denote the digraph obtained from two disjoint digraphs CT; , C?g with vertex set V(CTI uv CT;)
and arc set E = E(Gy)U E((Tg)) U {(u,v), (v,u)|u € V(CT;),U € V(CT;)} Let 1 <k <n—2 and KF*,
denote the digraphs I?k \V/ (f()g u f()n_k_s) U E1, where Eq = {(u,v)|u € V(?s),v € V(f()n_k_s)}. Let
Knr = { ﬁ/’fs|1 < s <mn-—s—1} A digraph is a minimizing digraph of D, ) if € D, and

(@) = min{n(G)[G € Dy}
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Let J,xp be the a x b matrix whose entries are all equal to 1, I,, be the n x n unit matrix and A(a) be
the arc set of digraph 8

LEMMA 4.1. [2] Let 2 be an %bitmry strongly connected digraph with vertex connectivity k. Suppose
that S is a k-vertex cut of G and Gy, ...,Gs are the strongly connected components of G — S. Then there
exists an ordering of G1,...,Gg such that, for 1 <i <s andv € V(G;), every tail of v in Gy,...,G;.

LEMMA 4.2. [8] Let G be a strongly connected digraph with u,v € V(ﬁ) and uv ¢ A(a) Then
77(8) > 77(8 + uv).

_%
By Lemma 4.1, we know that there exists a strongly connected component of 8 — S, say (G1, such that
no vertex of V(G1) has in-neighbors in G — S — Gy. Let Gi' = G — S — (1. Next, we construct a new
) ) — — —

dlgrapgﬁ by adding to G any legal arcs from 8[VéG1)] to 8[V(G U 8[V(G’1’)] or any legal arcs from

[V(G1')] to 8[V(G1/)] that were not present in G'. Obviously, ﬁ is also k-connected and H € KF* .

Therefore, by Lemma 4.2, we have the digraphs which achieve the minimum distance signless Laplacian
spectral radius among all digraphs in D,, ;, must be in Iy, .

k,s

THEOREM 4.3. The digraph E}’;_ll is the minimizing digraph among all digraphs in 2”_5. Furthermore,

if 8 € Dy, i, then n(a) > 37" — 24 1EvnT4On—8k—7 W with equality if and only zfa = Zk’l

n—1-
— =
and S be a k-vertex cut of 8 Suppose that G1, Go

(with |V(671>)| =ny and |[V(G1)| = n2 = n — k —nq, respectively) are two strongly connected components of
— S and with arcs By = {ujus € Eluy € V(G1),uz € V(Ga)}. Clearly, 1 <ny <n—k — 1. Let D?(G)

Proof. Let 8 be an arbitrary digraph in Zk’s

n—s

be the distance signless Laplacian matrix of G. Then
Jn1><711 + (n72)In1 Jn1><k Jnl Xno
DQ(a) = Jkxn, Jexk +(n—2)1y Jkxns
2Jn2><n1 Jn2><k: anxnz +(n+n1 _2)In1
and

Ppogy = Mo = DG = (A —n+2)" =200 —n —ny + 271 (N),

)‘_n_n1+2 —k —N9
where f(\) = —nq A—n—k+2 —ng
—2n, -k A—n—ng—ng+2
Thus,
PDQ(8) =A=n+2)"TFI N —n—ny +2)"27 A2 £ (k= 2n — 20y —ng + 4)\
+n(k +n1+n2) + (k+n—no)ny +n? +n? —4n — 2k — 4ng — 2ny + 4]
=A=n+2)"* N —n—ng +2)"2 A2 4 (=3n —ny +4)N
+2kny + 2n 4 2nf — 6n — 2ny +4].
Obviously,
37n_2+n1+\/(k+n2)2+8n1n2 > n—9
2 2
and
k 2438
oy mtVEr)? t8une

2 2
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Thus,

3n n1 ++/(k+mn2)%2 +8nin

77(8)2*—24' 1 \/( 2) 1n2
2 2

Since ng = n — k — ny, we can assume that

3n ny ++/—7n3 + (6n — 8k)n, +n?
W(@) = flm) = 20—y T B B,
and
9*(f(n1)) 3 (—8k + 61 — 14n1)? 3 7 <0
d(n1) 8(—8kny +n2 4 6nny — Tn2)%  2\/—8kny + n? +6nn, — Tn

For fixed n and k, we can assume that n > k42 since in case n = k+2 there is only one value of n; under

2
consideration. Since % < 0, the function f(n1) is a convex function with respect to n;. Combining

fny) >0for 1 <ny <n—k—1, we know that the minimal value of n(a) must be taken at either n; =1
oratn; =n—k—1. Let g(z) = =722 + (6n — 8k)x + n?, then 8 = g(1) = (n + 7)(n — 1) — 8k > 0 and
a=gn—k—1)=(k—3)2+8(n—2)>0. Then

n—k—Q;—\/&—\/B:;(n_k_Q)(l n+k >

fin—k—-1)—f1)= T Va+ B

If f(n—k—1)— f(1) <0, then we can get that

{ Va+VB<n+k,
Va—VB<-—n+k+2

By the above inequalities, we have o < (k + 1)? which reduces to n < k + 1, a contradiction. Thus,

Fin—k—1) = f(1) > 0, ie., n(RETT) > n(KEL) and 9(G) > n(KEY,) = 32 — 9 4 LEvVATEGn=8k—T

with equality if and only if 8 ~ Kkl ]

n—1-

Acknowledgment. The authors are grateful to the anonymous referees for their valuable comments
and helpful suggestions, which have considerably improved the presentation of this paper. This work was
supported by NSFC (no. 11531011 and no. 11461071) and NSFXJ (no. 2015KL019).

REFERENCES

[1] M. Aouchiche and P. Hansen. Two Laplacians for the distance matrix of a graph. Linear Algebra and its Applications,
439:21-33, 2013.

[2] J. Bondy and U. Murty. Graph Theory with Applications. Macmillan, London, 1976.

[3] S.S. Bose, M. Nath, and S. Paul. On the maximal distance spectral radius of graphs without a pendent vertex. Linear
Algebra and its Applications, 438:4260—4278, 2013.

[4] Y. Chen, H. Lin, and J. Shu. Sharp upper bounds on the distance spectral radius of a graph. Linear Algebra and its
Applications, 439:2659-2666, 2013.

(5] W. Hong and L. You. Some sharp bounds on the distance signless Laplacian spectral radius of graphs. Mathematics, 2013.

[6] A. Ili¢. Distance spetral radius of trees with given matching number. Discrete Applied Mathematics, 158:1799-1806, 2010.

[7] G. Indulal. Sharp bounds on the distance spectral radius and the distance energy of graphs. Linear Algebra and its
Applications, 430:106-113, 2009.

[8] D. Li, G.P. Wang, and J.X. Meng. Some results on the distance and distance signless Laplacian spectral radius of graphs
and digraphs. Applied Mathematics and Computation, 293:218-225, 2017.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 32, pp. 438-446, December 2017.

Dan Li, Guoping Wang, and Jixiang Meng 446

[9] H. Lin and X. Lu. Bounds on the distance signless laplacian spectral radius in terms of clique number. Linear Multilinear
Algebra, 63(9):1750-1759, 2015.

[10] H. Lin, W. Yang, H. Zhang, and J. Shu. The distance spectral radius of digraphs with given connectivity. Discrete
Mathematics, 312:1849-1856, 2012.

[11] R. Xing, B. Zhou, and J. Li. On the distance signless laplacian spectral radius of graphs. Linear Multilinear Algebra,
62(10):1377-1387, 2014.

[12] R. Xing and B. Zhou. On the distance and distance signless Laplacian spectral radii of bicyclic graphs. Linear Algebra
and its Applications, 439:3955-3963, 2013.



