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ON ONE-SIDED (B, C)-INVERSES OF ARBITRARY MATRICES*
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Abstract. In this article, one-sided (b, ¢)-inverses of arbitrary matrices as well as one-sided inverses along a (not necessarily
square) matrix, will be studied. In addition, the (b, c)-inverse and the inverse along an element will be also researched in the
context of rectangular matrices.
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1. Introduction and notation. Several generalized inverses have been studied in the literature. Re-
cently, two important outer inverses have been introduced: the inverse along an element (see [15]) and the
(b, ¢)-inverse (see [9]). In fact, these two generalized inverses encompass some of the most important outer
inverses such as the group inverse, the Drazin inverse and the Moore-Penrose inverse. Furthermore, in the
context of semigroups the left and right inverses along an element were defined in [25]; these notions extend
the inverse along an element. Similarly, in the frame of rings, left and right (b, ¢)-invertible elements were
introduced in [14]; these definitions extend both the (b, ¢)-inverse and the left and right inverses along an
element.

As it has been said, the aforementioned outer inverses and their extensions were defined in semigroups
or rings. However, observe that the set of n x m complex matrices is not a semigroup (unless n = m). The
main purpose of this article is to extend the above mentioned (one-sided) inverses as well as the (b, ¢)-inverse
and the inverse along an element to arbitrary matrices and to study their basic properties.

In Section 3, after having recalled the main notions considered in this article in Section 2, the one-
sided (b, c)-inverses and the left and right inverses along an element in the context of arbitrary matrices
will be thoroughly studied. In Sections 4 and 5, the (b,c)-inverse and the inverse along an element will
be introduced and studied in the same frame, respectively. In Section 6, it will be characterized when the
generalized inverses introduced in Sections 4 and 5 are inner inverses. In Section 7, the relationships among
the notions considered in Sections 4 and 5 and the outer inverse with prescribed range and null space will
be studied. In Section 8, the continuity and the differentiability of the notions introduced in Sections 4 and
5 will be considered. Finally, in Section 9, algorithms to compute the (b, ¢)-inverse in the matrix frame will
be given.

Before going on, the definition of several generalized inverses in the context of rings will be given. The
corresponding definitions for complex matrices can be obtained making obvious changes. Let R be a unitary
ring and a € R.
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(i) The element a is said to be group invertible, if there exists x € R such that axa = a, zax = z, and
ax = xa. This z is unique and it is denoted by a.

(ii) The element a is said to be Drazin invertible, if there exists x € R such that xax = z, xa = az, and
a"tlz = a”, for some n € N. This x is unique and it is denoted by a?. Note that when n = 1, the
group inverse is obtained (see [8]).

(iii) Let R have an involution. The element a is said to be Moore-Penrose invertible, if exists © € R such
that aza = a, rar = x, (ax)* = ax, and (za)* = wa. This = is unique and it is denoted by al (see
17)).

(iv) Let R have an involution and let m,n € R be invertible Hermitian elements in R. The element a € R
is said to be Moore-Penrose invertible with weights m,n, if there exists € R such that aza = a,
zax = x, (max)* = maz, (nza)* = nza. This x is unique and it is denoted by af, ,. In a ring R
with an involution, an element u € R is said to be positive, if there exists a Hermitian v € R such that
u=v%

(v) Let R have an involution. The element a is said to be core invertible (dual core invertible, respectively),
if there exists € R such that aza = a, 2R = aR and Rz = Ra™ (aza = a, zR = a*R and Rz = Ra,
respectively). This x is unique and it is denoted by a® (ag, respectively). (see [1, 19]).

To end this section, some notation is introduced. Let m,n € N and denote by C,,,, the set of m x n
complex matrices. The symbol C,, will stand for C,, ,,. Any vector of the space C" will be considered as a
column vector.

Moreover, I, will mean the identity matrix of order n, rk(A) the rank of A € C,, ,,, and when n = m,
tr(A) will stand for the trace of A. Related to a matrix A € C,, ,, there are two linear subspaces, the
column space and the null space, which are defined respectively by R(A) = {Ax : x € C*"} C C™ and
N(A) = {x e C": Ax = 0} C C". Given a linear mapping f : C* — C™, the subsets R(f) and N(f) are
defined in a similar way. In addition, the conjugate transpose of the matrix A will be denoted by A*. Two
basic equalities are N(A*) = R(A)+ and R(A*) = N(A)*, for A € C,, .

If M is a subspace of C", the symbol I) will stand for the identity linear transformation on M and Pi
for the orthogonal projector onto M. When N and M are two subspaces of C", Py will stand for the
idempotent whose range is M and whose null space is N.

Recall that given X € C,, ,,, Y € C,,,,, is an inner tnverse of X, if XY X = X. In addition, Y is said
to be an outer inverse of X, if YXY =Y. Next the outer inverse with prescribed range and null space will
be recalled.

Let A € C,,,, and consider subspaces 7 C C™ and 8§ C C" such that dimT = s < rk(A) and dim 8 =
n—s. Necessary and sufficient for the matrix A to have an outer inverse Z such that R(Z) = Tand N(Z) = §
is that A(T)@®8 = C™, in which case Z is unique and it is denoted by ASTQ)S (see for example [21, Lemma 1.1]).

2. The definition of the one-sided (D, E) inverses and their relationship with other inverses.
Firstly the definition of the (b, ¢)-inverse will be recalled (see [9, Definition 1.3]).

DEFINITION 2.1. Let 8 be a semigroup and consider a, b, ¢ € 8. The element y € § will be said to be

the (b, c)-inverse of a, if y € (b8y) N (ySc), b = yab, and ¢ = cay.

According to [9, Theorem 2.1], if the element y in Definition 2.1 exists, then it is unique. In this case,
this element will be denoted by all(®¢). As it was pointed out in [9], this inverse generalizes among others
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the standard inverse, the Drazin inverse, and the Moore-Penrose inverse. To learn more on this inverse, see
[5, 6, 9, 10, 13].

The inverse along an element was introduced in [15, Definition 4]. Next its definition will be recalled.

DEFINITION 2.2. Let 8§ be a semigroup. An element a € § is said to be invertible along d € § if there
exists y € 8 such that yad = d = day, y& C d8, and Sy C 8d.

According to [15, Theorem 6], if the element y € § in Definition 2.2 exists, then it is unique. This
element is denoted by all®. Tt is worth noting that according to [9, Proposition 6.1], the inverse along an
element is a particular case of the (b, c)-inverse, i.e., the (d, d)-inverse coincides with the inverse along d. To
learn more on this inverse, see [3, 4, 15, 16].

The outer inverses recalled in Definition 2.1 and Definition 2.2 encompass several generalized inverses,
as the following two theorems show.

THEOREM 2.3. ([15, Theorem 11]) Let 8 be a semigroup and let a € 8.
(i) If 8 has a unity, then a is invertible if and only if a is invertible along 1. In this case, a=! = all.
(ii) a is group invertible if and only if a is invertible along a. In this case, a¥ = alle.
) a is Drazin invertible if and only if a is invertible along a™ for some m € N. In this case, a
)

(iii
(iv) If 8 is a x-semigroup, a is Moore-Penrose invertible if and only if a is invertible along a*. In this case,
T = glla”
a' =al* .

m
D — glla™

THEOREM 2.4. Let R be a ring with an involution and a € R.

(i) ([19, Theorem 4.3]) If a is Moore-Penrose invertible, then a is core invertible (dual core invertible,
respectively) if and only if it is invertible along aa™ (a*a, respectively). In this case, the inverse along
aa* (a*a, respectively) coincides with a® (ag, respectively).

(i) ([4, Theorem 3.2]) If m,n € R are invertible and positive, then a is weighted Moore-Penrose invertible
with weights m and n if and only if a is invertible along n~'a*m. In this case, the inverse along

n~la*m coincides with ain n-
;

Recently, the inverse along an element and the (b, ¢)-inverse were extended by means of one-sided inverses.
Next follow the corresponding definitions. See [14, Definition 2.1] and [25, Definition 2.1].

DEFINITION 2.5. Let R be a ring and let b,c € R.

(i) An element a € R is said to be left (b, ¢)-invertible, if there exists y € R such that yab = b and Ry C Re.
In this case y, is called a left (b, ¢)-inverse of a.

(ii) An element a € R is right (b, c)-invertible, if there exists y € R such that cay = ¢ and yR C bR. In this
case, y is called a right (b, ¢)-inverse of a.

Recall that given a, b, ¢ elements in a ring R, according to [14, Corollary 3.7], a is (b, ¢)-invertible if and
only if it is both left and right (b, ¢)-invertible. When in Definition 2.5, b = ¢, the one-sided inverses along
an element are obtained.

DEFINITION 2.6. Let 8§ be a semigroup and d € §.

(i) An element a € 8 is left invertible along d, if there exists y € 8 such that yad = d and 8y C 8d. In this
case, y is called a left inverse of a along d.
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(ii) An element a € 8 is right invertible along d, if there exists y € 8 such that day = d and y8 C dS. In
this case, y is called a right inverse of a along d.

Recall that given a semigroup 8 and a,d € 8, according to [25, Corollary 2.5], a is invertible along d if
and only if a is left and right invertible along d.

Naturally, since all the inverses that have been considered in this section up to now have been defined
in semigroups and rings, they can not be applied to matrices, unless they are square. However, to extend
the aforementioned notions to arbitrary matrices, first it is necessary to recall the following facts. Let
U,V € Cp, . Thereis X € C,, (respectively Y € C,,) such that U = XV (respectively U = VY) if and only
it N(V)) C N(U) (respectively R(U) C R(V)). Now with these facts in mind, the notions in Definition 2.5
and Definition 2.6 can be extended to rectangular matrices.

DEFINITION 2.7. Let A€ C,, ,, and D, E € Cp, .

(i) The matrix A is said to be left (D, E)-invertible, if there exists C' € C,, ,, such that CAD = D and
N(E) C N(C). Any matrix C satisfying these conditions is said to be a left (D, E)-inverse of A.

(ii) The matrix A is said to be right (D, E)-invertible, if there exists B € C,, ,, such that FAB = E and
R(B) C R(D). Any matrix B satisfying these conditions is said to be a right (D, E)-inverse of A.

The proofs of the following results are straightforward and they are left to the reader.

REMARK 2.8. Let A € C,,,,, and D, E € C,, ,,. The following statements hold.

(i) The matrix A is left (D, E)-invertible (right (D, E)-invertible, respectively) with a left inverse C € C,,
(right inverse B € C,,,, respectively) if and only if A* is right (E*, D*)-invertible (left (E*,D*)-
invertible, respectively) and C* is a right (E*, D*)-inverse (B* is a left (E*, D*)-inverse, respectively)
of A*.

Consider D', E" € C,, 5, such that R(D’) = R(D) and N(E') = N(E).

(ii) The matrix A is left (D, E)-invertible (right (D, E)-invertible, respectively) if and only if it is left
(D', E')-invertible (right (D', E')-invertible, respectively). In addition, in this case, C' € C,, ,, is a left
(D, E)-inverse (right (D, E)-inverse, respectively) of A if and only if it is a left (D’, E')-inverse (right
(D', E')-inverse, respectively) of A.

When the matrices D, E € C,, ,, in Definition 2.7 coincide, the notions of left and right inverse along a
matrix can be introduced.

DEFINITION 2.9. Let A € C,, ,,, and D € C,, .

(i) The matrix A is said to be left invertible along D, if there exists C € C,,, such that CAD = D and
N(D) € N(C). Any matrix C satisfying these conditions is said to be a left inverse of A along D.

(ii) The matrix A is said to be right invertible along D, if there exists B € C,, ,, such that DAB = D and
R(B) C R(D). Any matrix B satisfying these conditions is said to be a right inverse of A along D.

Note that similar results to the ones in Remark 2.8 for the case D = E € C,, ,, hold for left and right
invertible matrices along a matrix. The details are left to the reader.
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Recall that given a ring R and a,b,c € R, in [14, Definition 2.3] the left and right annihilator (b, c)-
inverses of the element a were introduced. However, in the case of matrices, as under the conditions of [14,
Proposition 2.5], these notions coincide with the ones in Definition 2.7.

3. Characterizations of the one-sided (D, F)-invertibility. Firstly, matrices that satisfy Defini-
tion 2.7 will be characterized.

THEOREM 3.1. Let A € Cy,,,, and D, E € C,, ,,. The following statements are equivalent.

Proof. Firstly, it will be proved that statement (i) implies statement (ii). Assume that there exists a
matrix B € C,, ,, such that EAB = E and R(B) C R(D). Recall that the latter condition is equivalent to
the fact that there exists M € C,, such that B = DM. Therefore, ¥ = FAB = EADM. In particular,
R(E) = R(EAD).

Suppose that statement (ii) holds. Thus, there exists X € C,, such that EADX = E. To prove statement
(i), it is enough to define B = DX.

Statements (ii), (iii), and (iv) are equivalent. In fact, since R(EAD) C R(E), statements (ii) and (iii)
are equivalent. In addition, since dimN(E) + rk(E) = n = dimN(EFAD) + rk(EAD), statements (iii) and
(iv) are equivalent.

Statements (i) and (v) are equivalent. In fact, according to what has been proved, if statement (i)
holds, then there is M € C,, such that E = EADM. In particular, R(I,, — ADM) C N(E). Since
x = ADMx + (x — ADMXx) for any x € C", statement (v) holds. On the other hand, statement (v) implies
statement (ii), since R(E) = E(C™) = E[R(AD) + N(F)] = R(EAD).

In this paragraph, it will be proved that statement (i) implies statement (vi). Assume that statement
(1) holds. Then there exists a matrix B € C,,_, such that E = EAB and R(B) C R(D). Since any y € C™
can be written as y = BAy + (y — BAy), the equality C™ = R(D) + N(FA) is obtained. To prove the rank
equality, according to statement (iii), rk(E) = rk(EAD) < rk(EFA) < rk(E).

Finally, it will be proved that statement (vi) implies statement (iii). In fact, if statement (vi) holds,
then
R(EA) = EA(C™) = EA(R(D) + N(FA)) =R(EAD).
Therefore, rk(E) = rk(EA) = rk(EAD). d
THEOREM 3.2. Let A € C,,,,, and D, E € C,, ,,. The following statements are equivalent.
(i)
(ii) N(D) =N(EAD).
(ifii) dimN(D) = dim N(EAD).
(iv) tk(D) =rk(FAD).

The matriz A is left (D, E)-invertible.
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(v) N(EFA)NR(D) =
(vi) R(AD) NN(F) =0 and k(D) = rk(AD).

Proof. Recall that according to Remark 2.8 (i), A is left-(D, E)-invertible if and only if A* is right
(E*, D*)-invertible. In addition, recall that N(X) = R(X*)+, R(X) = N(X*)*, and rk(X) = rk(X*) for
any matrix X. To conclude the proof, apply Theorem 3.1 to A*, E* and D*, use the above identities and
note that since N(FAD) C N(D), statements (ii) and (iii) are equivalent. In addition, note that since
dimN(D) + rk(D) = n = dimN(EFAD) + rk(FAD), statements (iii) and (iv) are equivalent. O

Next given D, E € C,y, p,, left and right (D, E)-invertible matrices will be characterized using a particular
map.

THEOREM 3.3. Let A€ C,,,, and D, E € C,, .. Let X be any subspace of C"* such that C" = N(E) & X.
Consider ¢ : R(D) — X the map defined by ¢(x) = Px n(p)(Ax), for x € R(D). The following statements
hold.

(i) The matriz A is left (D, E)-invertible if and only if ¢ is injective.

(ii) The matriz A is right (D, E)-invertible if and only if ¢ is surjective.

Proof. First statement (i) will be proved. Observe that N(¢) = R(D) N N(EA). Thus, according to
Theorem 3.2, N(¢) = 0 if and only if A is (D, E)-left invertible.

The assertion (ii) will be proved in this paragraph. Note that x € R(EAD) if and only if exists y € C"
such that

X = E[Px n(p)(ADy) + Px(g),x(ADy)].

Since E[Px gy (ADy) + Px(g),x(ADy)] = E(¢(Dy)), the equality R(EAD) = E(R(¢)) is obtained. In
addition, the linear mapping f : R(¢) — C™ given by f(x) = Ex is injective (because R(¢) C X and
X & N(E) = C"), therefore, dimR(¢) = dim E(R(¢)) = rk(EAD), and thus, ¢ is surjective (which is
equivalent to dim R(¢) = dim X) if and only if rk(FAD) = rk(F). However, according to Theorem 3.1, this
latter condition is equivalent to the fact that A is right (D, E)-invertible. |

In the following theorem matrices satisfying simultaneously Theorem 3.1 and Theorem 3.2 will be studied.

THEOREM 3.4. Let A € C,,,,, and D, E € C,, ,,. The following statements are equivalent.
(i) A is left and right (D, E)-invertible.
(ii) R(EAD) = R(E) and N(EAD) =N(D).
(iii) R(AD) ®N(E) = C" and rk(D) = rk(AD).
(iv) R(D)®N(EA) =C™ and rk(F) =rk(EA).
(v) The map ¢ : R(D) — X defined in Theorem 3.3 is bijective.

Furthermore, in this case, tk(E) = rk(D).

Proof. Apply Theorem 3.1, Theorem 3.2 and Theorem 3.3. Note also that rk(F) = rk(D). Actually,
this equality can be derived from the fact that n = rk(FAD) + dimN(EFAD) = rk(E) 4+ dim N(D). |

Next the left and right (D, E)-inverses of a matrix A satisfying Theorem 3.4 will be characterized.

PROPOSITION 3.5. Let A € C,, , and D, E € C,, ,, be such that A is both left and right (D, E)-invertible.
Then, there exist only one left (D, E)-inverse of A and only one right (D, E)-inverse of A. Moreover, these
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inverses coincide with the unique matriz R € C,, ,, satisfying
N(R)=N(E),  Ry=["'(y), Yy eR(AD),

where f: R(D) — R(AD) is the isomorphism defined by f(x) = Ax.

Proof. Consider C' € C,,,, a left (D, E)-inverse of A. Then, CAD = D and N(E) C N(C). Let
f:R(D) = R(AD) and g : R(AD) — R(D) be given by f(x) = Ax and g(y) = Cy. If x € R(D), then
gf(x) = CAx and x = Du for some u € C". From CAD = D, it is obtained that ¢gf(x) = x. In a similar
way, fg = Ix(ap) can be proved, and therefore, g = fL

In this paragraph, it will be proved that N(C) = N(F). Since N(E) C N(C) is already known, it is
enough to prove the opposite inclusion. Let x € N(C), by Theorem 3.4 (iii), x can be written as x = ADy+w,
where y € C" and w € N(E). Now, 0 = Cx = CADy + Cw = Dy because w € N(E) C N(C). Finally,
x=ADy+w=w € N(E).

Now consider B € C,, ,, a right (D, E)-inverse of A. In particular, EAB = E and R(B) C R(D). Let
x € N(E). Then, Bx € R(D)NN(EA) = 0 (Theorem 3.4 (iv)). Thus, N(E) C N(B). The inclusion
N(B) CN(E) is evident from EAB = E. Therefore, N(B) = N(E).

Let h: R(AD) — R(D) and k : R(D) — R(FE) defined by h(y) = By and k(y) = Ey. The mapping k is
an isomorphism because it is simple to prove in view of Theorem 3.4 that N(k) = 0. Furthermore, EAB = E
leads to kfh = k, and using that k is an isomorphism, fh = Ixap), i-e., h = f~ L, 0

Now the relationship between the notions given in Definition 2.9 will be studied. To this end, a charac-

terization of left invertibility along a matrix will be given.

THEOREM 3.6. Let A € C,,,,, and D € C,,, ,,. The following statements are equivalent.

(i) A is right invertible along D.
(ii) R(D) = R(DAD).
(iii) rk(D) =rk(DAD).
(iv) C* =N(D) @ R(AD).
(v) €™ =R(D) @ N(DA).

Proof. Suppose that statement (i) holds. Then, according to Theorem 3.1 applied to the case D = E,
statements (ii) and (iii) hold, rk(DA) = rk(D), C™ = N(D) + R(AD) and C™ = R(D) +N(DA). Now, since

= 1k(AD) + dim N(D) — dim[R(AD) N N(D)] = k(D) + dim N(D) — dim[R(AD) N N(D)],
R(AD) N"N(D) = 0 and statement (iv) holds.
Similarly, since
m = k(D) + dim N(DA) — dim[R(D) N N(DA)] = tk(DA) + dim N(DA) — dim[R(D) N N(DA)],
R(D) " N(DA) = 0 and statement (v) holds.

On the other hand, note that statement (ii) of this theorem (respectively (iii), (iv), (v)) implies statement
(ii) (respectively (iii), (iv), (v)) of Theorem 3.1 applied to the case D = E. For statement (v), note also that
since C™ = R(D) @ N(DA), the equality rk(D) = rk(DA) can be obtained. 0
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It is possible to obtain similar statements for right invertible elements along a matrix, however, as the
following theorem shows, left and right inverses along a matrix are equivalent notions.

THEOREM 3.7. Let A€ C,, , and D € Cy,, 5. The following statements are equivalent.

(i) A is right invertible along D.
(ii) A is left invertible along D.
(iii) N(D) =N(DAD).
(iv) dimN(D) = dimN(DAD).
(v) AD € C,, is group invertible and dimN(D) = dimN(AD).
(vi) DA € C,, is group invertible and rk(DA) = rk(D).
)

(vii) The map ¢ : R(D) — X defined in Theorem 3.3 for the case D = E is bijective.

Proof. According to Theorem 3.2 applied to the case D = E, statements (ii), (iii) and (iv) are equivalent.
In addition, note that statement (iv) is equivalent to Theorem 3.6 (iii). In particular, statements (i) and (ii)
are equivalent.

Suppose that statement (i) holds. Then according to Theorem 3.6 (iv), C* = N(D) & R(AD). Moreover,
according to Theorem 3.2 (v), tk(D) = rk(AD). However, the latter equality is equivalent to R(D) = R(AD),
which in turn is equivalent to N(D) = N(AD). In particular, C* = N(AD) & R(AD), i.e., AD is group
invertible, and dim N(D) = dim N(AD).

On the other hand, if statement (v) holds, then C™ = N(AD) & R(AD) and N(D) = N(AD) (N(AD) C
N(D)). Consequently, Theorem 3.6 (iv) holds.

The equivalence between statements (i) and (vi) can be proved by means of a similar argument, using
in particular Theorem 3.6 (v) and Theorem 3.1 (vi).

Since statements (i) and (ii) are equivalent, according to Theorem 3.4, statements (i) and (vii) are
equivalent. ]

In the following corollary, the left and the right inverses of a matrix A € C,, ,, that are left or right
invertible along D € C,, ,, will be presented.

COROLLARY 3.8. Let A € C,,,,, and D € C,, ,, such that A is left or right invertible along D. Then,
there exists only one left inverse of A along D and only one right inverse of A along D. Moreover, these
inverses coincide with the matriz R € C,, ,, satisfying

N(R)=N(D),  Ry=f"'(y), Vy € R(AD),
where f: R(D) — R(AD) is given by f(x) = Ax.
Proof. Apply Theorem 3.7 and Proposition 3.5. 0

Now the existence of left and right (D, E)-inverses will be studied. To this end, the sets of left and right
(D, E)-invertible matrices will be characterized. First of all some notation will be given.

Consider D, E € C,, ,. Let ((Cn,m)ye?p‘tE and (C,, )

matrices, respectively, i.e.,

ID,E

right D€ the sets of left and right (D, E)-invertible

(Crm)iiy” = {A € Cpp  A'is left (D, E)-invertible},
(Cmm)”D’E ={A e C,  : Aisright (D, E)-invertible}.

right
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D

When D = E € C,, ,,, the sets of left and right invertible matrices along D, ((Cn,m)ye[;t and (Cn,m)m‘ght

respectively, are introduced.

(Crn)iie = (Com) P = {A € Cp i+ Als left invertible along D},

(Cn’m)ﬂiDght = ((Cmm)ﬂg}ft) ={A € C,,, : A is right invertible along D}.

Next conditions under which the sets (C,, ;) ile[;’tE and ((Cn,m)ﬂg’h]f are nonempty will be given.

THEOREM 3.9. Let D, E € C,, ,,. The following statements are equivalent.

() (Com)leys” #0
(i) rk(D) < rk(E).
(iii) dimN(F) < dimN(D).
(iv) dimN(E) + k(D) < n.

Proof. Here, it will be proved that statement (i) implies statement (ii). Suppose that there exist A €
Cp,m and C € C,, 5, such that C is a left (D, E)-inverse of A. In particular, CAD = D and N(E) C N(C).
Thus, rk(D) <rk(C) and dimN(E) < dimN(C). As a result, rk(D) < rk(C) < rk(E).

Suppose that statement (ii) holds. Let r = rk(F) and s = rk(D). Let X = [x1---x,] € C, and
Y = [y1---ym] € Cp, be two nonsingular matrices such that the last n — r columns of X span N(E) and
the first s columns of ¥ span R(D). Define

I; 0

0 0

A=X .
0 0 '

}Y‘leCn,m and czy[ I, 0 }X—lecm
If x € N(E), then x = Y1 | o;x; for some scalars a;. Since s = rk(D) < rk(E) = r, the vector
v =100 ap1---ay]T € C"* can be defined (the superscript 7 means the transposition). Hence,
x = X [9], and thus, Cx = 0. If y € R(D), then exists w € C*® such that y = Y [§] (because the first s
columns of Y span R(D)). Now, it is trivial to prove C Ay =y, which implies CAD = D since y € R(D) is
arbitrary. Hence, (i) holds.

The remaining equivalences are clear. ]

THEOREM 3.10. Let A € Cy,,, and D, E € C,, ,,. The following statements are equivalent.

() (Com).ighe # 0.
) tk(E) <1k(D).
(iii) dimN(D) < dimN(E).
) n < dimN(E) + rk(D).
Proof. Recall that according to Remark 2.8 (ii), A is right (D, E)-invertible if and only if A* € C,
is left (E*, D*)-invertible (E*, D* € C,, ,,,). Consequently, statement (i) is equivalent to ((Cm,n)HE*’D* #0,

left
which in turn is equivalent to rk(E*) < rk(D*). However, the latter inequality coincides with statement (ii).

The remaining equivalences are clear. ]

Next the case of the left and right inverses along a matrix will be considered.

COROLLARY 3.11. Let D € Cpy . Then, (Con)lery = (Con)liops # 0.

Proof. Apply Theorem 3.7 and Theorem 3.9 or Theorem 3.10 for D = E. a0



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 32, pp. 391-422, November 2017.
Julio Benitez, Enrico Boasso, and Hongwei Jin 400

Next the results in Corollary 3.11 will be extended to the case AimN(E) + k(D) =n (D, E € Cy, ).
Note that this condition is equivalent to rk(D) = rk(E), which in turn is equivalent to dim N(D) = dim N(E),
which is also equivalent to dim N(D) + rk(FE) = n.

COROLLARY 3.12. Let D, E € C,, ,,. The following statements are equivalent.
(i) tk(E) =rk(D).
.. D,E D.E
(i) (Com)icyi” # 0 and (Cpm) ighe # 9.
D,E D,E
(i) (Com)icss” = (Com)ighe # 9

Proof. To prove the equivalence between statements (i) and (ii), apply Theorem 3.9 and Theorem 3.10.

ID,E

right - According to Theorem 3.1 (iii), rk(D) =

Suppose that statement (i) holds and consider A € (C,, 1)
rk(EAD). Thus, dimN(D) = dimN(EFAD). Consequently, according to Theorem 3.2 (iii), A € ((Cnvm)yf;f.

A similar argument, using in particular that dim N(D) = dim N(E), proves that ((Cnm)}‘f}f - ((Cnym)HD’E

right *
On the other hand, if statement (iii) holds, then consider A € (Cn’m)ig’f = (Cmm)ﬂg’,f. According to
Theorem 3.1 and Theorem 3.2, rk(E) = rk(EAD) and N(D) = N(EAD). Therefore, dimN(D) + rk(F) =
n. a

Now the case rk(D) # rk(E) will be presented.
COROLLARY 3.13. Let D,E € C,, ,, such that tk(D) # rk(E). Then, the following statements hold.

(i) If k(D) < 1k(E), then (Cpm)ieyi” # 0 and (Com) 23l = 0.

;M right
(ii) If k(E) < tk(D), then (Cpm)lints # 0 and (Cpm)lir” = 0.
Proof. Apply Theorem 3.9 and Theorem 3.10. ]
N ions of th Crm)12-E Crm)'2E will be given. Bef i d
ext representations of the sets ( nﬂ’ﬂ)left and ( nﬂn)m'ght will be given. Before, some notation needs

to be introduced.

Let D,E € C,,,, and consider A € (Cn,m)”D’E. Then, the set of all left (D, E)-inverses of A will

left
be denoted by J(A)llg’tE. Similarly, when A € (Cn’m)HD’E J(A)”D’E will stand for the set of all right

right’ right
(D, E)-inverses of A.

In the following theorems representations of (Cmm)ye?c;E, (Cn,m)ﬂg’ft, J(A)ye?c;E and J(A)ﬂg}g will be
given.

THEOREM 3.14. Let D, E € Cpy, be such that (Crm)jiy” # 0. Let s = k(D) < tk(E) = r. Then

(i) Ae (Cn,m)l‘le?c’tE if and only if there exist two nonsingular matrices X € C,, and Y € C,, such that

s Al *
(31) A=X r—s 0 * Y_l,
n—r 0 *

where the last n — r columns of X are a basis of N(E), the first s columns of Y are a basis of R(D),
and Ay is nonsingular.
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(ii) Under the conditions in statement (i), C € J(A)luej?;E if and only if

s A_l * 0
2 =Y ! X

Proof. Assume that A € (C,, ) yeDf’tE. Let X € C, be any nonsingular matrix such that the last n — r

columns span N(E). Let Y € C,, be any nonsingular matrix such that the first s columns span R(D). Let
us decompose the matrix A as follows:

S m—s
. r B,y * -1
59 aex [P e

Observe that if y; is the i-th column of Y, then Ay; € R(AD) for ¢ = 1,...,s, because the first s columns
of Y span R(D). From (3.3), it is obtained that By = 0, because R(AD) N N(E) = 0 (Theorem 3.2 (vi)).

Let X be the subspace spanned by the first r columns of X (this subspace satisfies X & N(E) = C").
It is evident that the matrix of the linear mapping ¢ : R(D) — X defined in Theorem 3.3 with respect to
the considered basis of R(D) and X is By. By Theorem 3.3 (i), ¢ is injective, thus, X can be decomposed as
X = ¢(R(D)) & X1, and without loss of generality, the first r columns of X can be rearranged so that the
first s are a basis of ¢(R(D)). In this way, the decomposition written in the statement (i) is obtained.

Assume that A € C,, ,,, is decomposed as in (3.1). As in the previous paragraph, let X be the subspace
spanned by the first r columns of X and consider the mapping ¢ : R(D) — X defined in Theorem 3.3.
The first s columns of Y is a basis of R(D) and the first r columns of X is a basis of X. The matrix of ¢
with respect to the aforementioned basis is [‘%1 ] Since A; is nonsingular, the mapping ¢ is injective, and
according to Theorem 3.3 (i), A is left (D, E)-invertible.

Now, it will be proved statement (ii). Let y; be the j-th column of Y and x; be the -th column of X.

Assume that C € C,, ,, is a left (D, E)-inverse of A. Let us decompose C as

E Cy Cy (s -1
4 =Y X .
(34) e=Y . [04 G5 C ]

Since y; = Y[ ], where {e1,...,es} is the standard basis of C*%, from (3.1) and (3.4), it is obtained that
CAy; =Y [(Cjﬁizﬂ for any j =1,...,s. From CAD = D, it follows that C;A;e; = e; and CyA;e; = 0,

for any j =1,...,s. Therefore, C; = A;l and Cy = 0. Having in mind that the last n — r columns of X is
a basis of N(F) and N(E) C N(C), the decomposition (3.4) yields that C3 and Cg are zero matrices.

Assume that C is written as in (3.2). The following two relations will be proved: CAD = D and
N(E) € N(C). To prove that CAD = D, it is enough to check that CAy; =y, for j = 1,...,s (because
R(D) is spanned by yi,...,ys), and this trivially follows from (3.1), (3.2), and y,; = Y [ ]. To prove that
N(E) C N(C), it is enough to prove that Cx; = 0 for i =r +1,...,n (because N(F) is spanned by the last
n — r columns of X). This is trivial in view of (3.2). |
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THEOREM 3.15. Let D, E € C,,, ,, be such that (Cn,m)ﬂg}g # (. Let r =rk(FE) <rk(D) =s. Then

(i) Ae (Cn,m)ﬂg}g if and only if there exist two nonsingular matrices X € C,, and 'Y € C,,, such that

(3.5) A=x" L I 2
n—r * *

where the last n — r columns of X are a basis of N(E), the first s columns of Y are a basis of R(D),
and As is nonsingular.

(ii) Under the conditions in statement (i), B € J(A)HD’E

right if and only if

s—r * *
(3.6) B=Y = At 0 [ XL

m—s 0 0

Proof. Assume that A € ((Cn,7m)ﬂ5]’f5.

columns span N(E) and let X be the subspace spanned by the first  columns of X. The mapping ¢: R(D) —
X defined in Theorem 3.3 is surjective, and therefore, s = dim R(D) = dim N(¢) + dim X = dim N(¢) + . In
Theorem 3.3, it was proved that N(¢) = R(D) N N(EA). Let Y € C,;, be any nonsingular matrix such that
the first s — r columns of Y are a basis of R(D) N N(EA) and the first s columns of Y are a basis of R(D).
Decompose

Let X € C,, be any nonsingular matrix such that the last n —r

s—r r m—s
T A1 Ag A3

-1
n—r A4 A5 A6 Y

A=X
Let y; be the j-th column of Y. For j =1,...,s —r, it is obtained that EAy; = 0, because the first s —r
columns of ¥ belong to N(EA), in other words, Ay; € N(E), and thus, A; is a zero matrix. The matrix of
¢ with respect to the considered basis of R(D) and X is [A; Az] = [0 Ag]. Since ¢ : R(D) — X is surjective,
r =dimX = rk[0 Ag] = rk(Az). By recalling that As is an r X r matrix, A is nonsingular.

Assume that A € C,, ,, is decomposed as in (3.5). As in the previous paragraph, let X be the subspace
spanned by the first r columns of X. The matrix of the mapping ¢ : R(D) — X with respect to the considered
basis is

s—r T

r [0 Ay ]

Since the rank of this latter matrix is r (because As € C,. is nonsingular) and dim X = r, the mapping ¢ is

surjective. According to Theorem 3.3 (ii), A € (Cn’m)ﬂg’ﬁ.

Assume that B € C,, , is a right (D, E)-inverse of A. Decompose

s—r B1 B2
B=Y - B; By | XL
m—s B5 B6



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 32, pp. 391-422, November 2017.

403 On One-Sided (B, C')-Inverses of Arbitrary Matrices

By R(B) C R(D), it is obtained that Bx € R(D) for any x € C". Therefore,

By Bs
Y | By By |: X1 :| S fR(D), A (X17X2) eC"xC".
X
B: Bg

Recall that the first s columns of Y span R(D), and thus, Bsx; + Bgxa = 0, for all (x1,x3) € C" x C"™ ",
which implies that Bs and Bg are zero matrices. The equality FAB = E is equivalent to R(AB—1,,) C N(E).
But

By Bs
AB—In:X[S z‘}kz *} By By | X '-XX'=X AzBi—Ir A2*B4 -1
0 0

Therefore, X [42Bs—Ir A2Ba][¥1] € N(E), for all (x1,x3) € C" x C""". Recall that the last n — r columns
of X span N(E), which implies that A3Bs = I,. and By = 0.

Assume that B € C,y, 5, is written as in (3.6). It will be proved now that R(B) C R(D). If x € C", then

* *
Bx=Y | AT' 0 | X 'xeR(D),
0 0

because the first s columns of Y belong to R(D). Now it will be proved that EAB = B. Since

* *
A7V 0 XlXXlX{O O]Xl,

ABInX{
* %
0 0

0 A2 *:|

* *

it is obtained that E(AB — I,,)x = 0 for any x € C™ because the last n — r columns of X belong to N(E).
Thus, R(AB — I,,) € N(E), which is equivalent to EAB = E. O

Next the situation tk(E) = k(D) will be studied, Le., when (Com)l 7" = (Com)!2i5 # 0 (D,E €
Cpn,n). Compare with Proposition 3.5.
COROLLARY 3.16. Let D, E € C,, ,, be such that tk(E) = rk(D) = r. Let X € C,, be any nonsingular

matriz such that its last n —r columns span N(E) and Y € C,, be any nonsingular matriz such that its first
r columns span R(D). If A € C,, p, is written as

A=x " {Al * ]Yl,
m—r * %

then A € (Cn’m)lue[;’tE = (Cn’m)ﬂg;f if and only if Ay is nonsingular. Furthermore, under this equivalence,

the unique left and the unique right (D, E)-inverse of A is

AT 0T ooy
P[4 0]

Proof. Let X be the subspace spanned by the first  columns of X. The matrix of the mapping
¢ : R(D) = X defined in Theorem 3.3 with respect to the considered basis is A;. Therefore, according
to Theorem 3.4, the matrix A; is nonsingular if and only if A is left and right (D, E)-invertible. The proof
of Theorem 3.14 (ii) shows that the unique left and right (D, E)-inverse of A has the form of the statement
of this corollary. O
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REMARK 3.17. Let D, E € Cp,y, be such that tk(E) = rk(D) and let A € (Crm)iir” = (Com)iions.
Let C" = N(F) @ X be any decomposition. From Corollary 3.16, the unique left and right (D, E)-inverse of
A, say R, satisfies

N(R)=N(E), Ry=¢ '(y), VyeX.

Next the case of left and right inverses along a fixed matrix will be considered.

COROLLARY 3.18. Let D € Cy,, and r = 1k(D). Let X € C,, be any nonsingular matriz such that its

last n — r columns span N(D) and Y € C,, be any nonsingular matriz such that its first v columns span
R(D). If A € Cy, , is written as

A:X|:A1 *:|Y_17 AlEC’I‘7
* *

then A € (Cn,m)y&?t = ((Cn,m)ﬂght if and only if Ay is nonsingular. Furthermore, under this equivalence,

the unique left and the unique right inverse of A along D is

Y{ A0 ]Xl.

0 0
Proof. Apply Corollary 3.11 and Corollary 3.16. O
In the following theorem, the sets J(A)}L?C;EE and J(A)D,iDg;f will be represented using the Moore-Penrose
inverse.

THEOREM 3.19. Let D, E € C,, ,,. The following statements hold.

(i) If A € (Cr)'2E then

right’

JA)IPE — (D [(EAD)'E + (I, — (EAD)'EAD) 7] : Z € C,,}.

right
(it) If A€ (Cpum)iii”, then

9(4)|2F = {[D(EAD)" + Z(I,, — EAD(EAD))| E: Z € C,,}

Proof. Consider A € (Cmm)ﬂiDg}g. If B € C,,,, satisfies EAB = E and R(B) C R(D), then according to

the proof of Theorem 3.1, there exists a matrix M such that B = DM and FADM = E. Notice that the
general solution of the equation FADX = F is
X = (EAD)'E + (I, — (EAD)'EAD)Z,

where Z € C,,, is arbitrary (see [17, Theorem 2]). Hence, M = (EAD)'E+(I,, — (EAD)'EAD)Z, for some
Z € C,, . Therefore, B = D(EAD)'E + D(I,, — (EAD)'EAD)Z. Thus,

3(A)P-E c {D(EAD)'E + D(I,, — (EAD)'EAD)Z : Z € C,.,,}.

right

To prove the opposite inclusion, let Z € C,, ,, be arbitrary and consider

Y =D [(EAD)'E + (I, — (EAD)'EAD)Z] .
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It is evident that R(Y) C R(D). Furthermore, according to Theorem 3.1 (ii), R(F) = R(FAD). Now
EAY = EAD [(EAD)'E + (I, — (EAD)'EAD)Z] = EAD(EAD)'E = E.

In fact, if e is any column of E, then e € R(E) = R(EAD) and since EAD(EAD)' is the orthogonal
projection onto R(EAD), EAD(EAD)te = e.

To prove statement (ii), apply Remark 2.8 (i) and what has been proved. d
Let D,E € Cy, . If A € Cpy py, is left (vespectively right) (D, E)-invertible, the case in which J(A)}L?;E
|D,E

(respectively J(A),; ;) is a singleton will be studied.

THEOREM 3.20. Let A € Cy,,, and D, E € C,, ,,. The following statements are equivalent.

(i) The matriz A has a unique left (D, E)-inverse.
(ii) The matriz A has a unique right (D, E)-inverse.
(iii) rk(D) =rk(F) =rk(EAD).
Furthermore, in this case, J(A)lue?p%E = J(A)ﬂiz}g = {D(EAD)'E}.
Proof. Note that according to Theorem 3.2 (iv) and Theorem 3.14 (ii), statement (i) and statement
(iii) are equivalent. To prove the equivalence between statements (ii) and (iii), apply Theorem 3.1 (iii) and
Theorem 3.15 (ii).

Now, according to Proposition 3.5, the unique left and the unique right (D, E)-inverse of A coincide. To
conclude the proof, notice that according to Theorem 3.19, D(EAD)'E € U(A)ilef;’tE N J(A)ﬂiDg;f. d

Due to Theorem 3.20, another representation of the left and the right inverses along a matrix can be
given.

COROLLARY 3.21. Let A€ C,, ,, and D € Cy,, .. The matriz A is left or right invertible along D if and
only if tk(D) = rk(DAD). Moreover, in this case, the unique left inverse of A along D and the unique right
inverse of A along D coincide with the matriz D(DAD)'D.

Proof. Apply Theorem 3.7, Corollary 3.8 and Theorem 3.20. |

It is known that a nonzero matrix can be expressed as the product of a matrix of full column rank and
a matrix of full row rank. This factorization is known as a full-rank factorization and these factorizations
turn out to be a powerful tool in the study of generalized inverses. Recall that given H € C,, ,, such that
rk(H) = r > 0, the matrix H is said to have a full rank factorization, if there exist F' € C,, , and G € C,,
such that H = FG. Such a factorization always exists but it is not unique ([18, Theorem 2]). Moreover,
F'F = I, = GG' ([18, Theorem 1]). Note in particular that rk(F) = rk(G) = rk(H). To learn more results
on this topic, see [2, 18]. In the following theorem, given D, E € C,, ,,, matrices A € C,, ,, that are left or

right (D, E)-invertible will be characterized using a full rank factorization. In addition, the sets J(A)}L?;E

and J(A)ﬂg’h]f will be represented using a full rank factorization and the Moore-Penrose inverse.

THEOREM 3.22. Let A € C,,,, and D, E € C,, ,,. Consider D = D1Dy and E = E1E> two full rank
factorizations of D and E, respectively.



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 32, pp. 391-422, November 2017.
Julio Benitez, Enrico Boasso, and Hongwei Jin 406

(i) The matriz A has a right (D, E)-inverse if and only if rk(Es) = rk(E2AD+). In addition,

JA)PE = (D) [(BsAD1) By + (I, — (B2ADy) E2AD)Y] Y € C, ),

right

where r = 1k(D).
(ii) The matriz A has a left (D, E)-inverse if and only if tk(D1) = rk(EyAD1). Moreover,

I = {[D1(B2AD1) + Y (I, — (B2 ADy ) (B2 AD1))| Bz 1Y € Crni},

where s = rk(E).

Proof. Let r = rk(D) and s = rk(E). According to [18, Theorem 1], Dng =1, EgEg =1, DiD, =1,
and EIEl = I,. In addition, since

rk(EAD) = rk(E1 Ey AD, Dy) < tk(E,AD,y) < rk(El Ey E; ADy D, DY) < rk(EAD),

tk(EAD) = rk(E2AD1). According to Theorem 3.1 (iii), A has a right (D, E)-inverse if and only if rk(Fs) =
rk(E) = rk(EFAD) = rk(E2AD»).

Let A € (Cpm)liiy and consider B € 3(A)\ 27 e, EAB = E and R(B) C R(D). Since EyE2AB =
E1 E5, multiplying by EI on the left hand side of this equation, EsAB = Es. In addition, since R(B) C
R(D), there exists M € C,, such that B = DM. Therefore, EsAD,(D2M) = E5, and according to [17,
Theorem 2], there exists Y € C,,, such that DoM = (EyAD1)VEy + [I, — (E2AD1)(E2AD1)] Y. Thus,

B =DM = DyD>;M implies

B = D; [(E2AD:) By + (I — (E2AD:) B2 AD,) Y.

Now suppose that B € C,,, has this form. Observe that B = D;Z for some matrix Z. Thus,
B = DyDy,D}Z = DD} Z implies that R(B) C R(D). In addition,
EAB = E\E2AD; [(E2AD:) By + (I, — (E2AD1) B2 AD:) Y| = E1E2AD: (E2ADy ) Es.
Since I‘k(EQADl) = I‘k(EQ) and :R(EQADl) g R(EQ), :R(EQADl) = fR(Eg) Therefore, EQADl(E2AD1)T =
PR(EQADl) = PR(Eg)v which implies EQADl(EQADl)TEQ = EQ. Thus, FEAB = E1E2 =FE. In particular,
B eyl

To prove statement (ii), apply Remark 2.8 (i) and what has been proved. |

Next two particular cases will be derived from Theorem 3.22.

COROLLARY 3.23. Let D, E € C,, ,, and consider D = D1 Dy and E = E1Ey two full rank factorizations
of D and E, respectively. The matriv A € Cy, ., is left and right (D, E)-invertible if and only if rk(E>) =
rk(D;) = rk(E2AD1). Moreover, in this case,

D,E D,E _
HAiei” = I(A)ighe = {D1(B2AD1) ™' Ea}.

Proof. The first statement can be derived from Theorem 3.22.

Note that rk(D) = rk(Dy), rk(E) = rk(E2) and rk(EFAD) = rk(F2ADy) (see the proof of Theorem 3.22).

Then, according to Theorem 3.20, ﬁ(A)ngp;E = J(A)ﬂiDg;f is a singleton. In addition, Theorem 3.22 implies
D1(EsADy) By € (A7 09D Thus, 9(4)10:F = 3(A)I7F = (D1 (B, AD) Ez}. However, since

I‘k(EQ) =r= rk(Dl) and (EgADl)T € C, is such that I'k(EQAD1> =r, (E‘QAl)l)T = (EQADl)_l. 0
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To end this section, the case of left and right inverses along a matrix will be presented.

COROLLARY 3.24. Let D € C,, ,, and consider D = DD a full rank factorizations of D. The matrix
A € C, ., is left or right invertible along D if and only if tk(D1) = rk(D2AD1). Moreover, in this case, the
unique left inverse of A along D and the unique right inverse of A along D coincide with D1(DyAD1)~ ! Ds.

Proof. Apply Theorem 3.7 and Corollary 3.23. ]

4. The (D, E)-inverse of arbitrary matrices. First of all the (b, c)-inverse will be extended to
rectangular matrices. Compare with Definition 2.1 and recall the observation before Definition 2.7.

DEFINITION 4.1. Let A € C,, ,, and D, E € C,, 5,. The matrix A is said to be (D, E)- invertible, if there
exists a matrix X € C,, ,, such that XAD = D, EAX = E, R(X) C R(D), and N(E) C N(X).

Under the same conditions as in Definition 4.1, note that R(X) C R(D) (respectively N(E) C N(X)) is
equivalent to R(X) = R(D) (respectively N(E) = N(X)). In the following theorem, it will be proved that
the (D, E)-inverse of a matrix A is unique, if it exists.

THEOREM 4.2. Let A € Cy,,,, and D, E € C,, ,,. The following statements are equivalent.

(i) The (D, E)-inverse of the matriz A exists.
(ii) The matriz A is both left and right (D, E)-invertible.

Furthermore, in this case, the (D, E)-inverse of the matriz A is unique.

Proof. It is enough to prove that statement (ii) implies statement (i). To this end, apply Proposition 3.5.
Proposition 3.5 also proves that there is only one (D, E')-inverse of A, when it exists. ]

According to Theorem 4.2, if the matrix A € C,,,, has a (D, E)-inverse (D, E € C,, ), then it will
be denoted by Al(P-E)  In addition, note that according to Definition 2.5 and [14, Corollary 3.7], when
the matrices A, D and F are square, Definition 4.1 reduces to the (b,c)-inverse ([9, Definition 1.3], i.e.,
Definition 2.1). In the following remark some basic results on this inverse that can be derived from what
has been proved in Sections 2 and 3 will be collected.

REMARK 4.3. Let D, E € C,, ,, and consider A € C,, ,.

(i) The matrix A is (D, E)-invertible if and only if A* € C,,, is (E*, D*)-invertible (E*, D* € C,, ).
Moreover, in this case, (A*)I(E"D") = (AIP-E))* - Apply Theorem 4.2 and Remark 2.8 (i)-(ii).

(ii) Let D', E' € C,,., be such that R(D) = R(D’) and N(E) = N(E"). Necessary and sufficient for Al(P-%)
to exist is that Al(P"E") exists. Furthermore, in this case, All(P"E) = All(D.E), Apply Theorem 4.2
and Remark 2.8 (iii)-(iv).

(iii) Theorem 3.4 and Theorem 3.20 characterize a matrix A such that Al(P-F) exists.

(iv) When A is (D, E)-invertible, AI(P-) can be represented as in Proposition 3.5, Corollary 3.16 and
Remark 3.17.

Although some results have been presented in connection to left and right (D, E)-inverses (D, E € C,, ),
they deserve to be considered again for the (D, E)-inverse. Recall that according to [9, Remark 2.4] (see
also [9, Theorem 2.2]), when the matrices A, D, E are square, A is (D, E)-invertible if and only if rk(D) =
tk(EAD) = rk(FE). In the following theorem, this result will be extended to arbitrary matrices.
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THEOREM 4.4. Let A € Cy,,,, and D, E € C,, ,,. The following statements are equivalent.
(i) The (D, E)-inverse of A exists.
(ii) rk(D) = rk(E) = rk(EAD).
Furthermore, in this case, Al(P?-P) = D(EAD)'E.
Proof. Apply Theorem 4.2, Proposition 3.5 and Theorem 3.20. 0

Now a corollary will be derived from Theorem 4.4.

COROLLARY 4.5. Let A € C,, ., and D, E € C,, ., be such that AI'P-F) exists. Thenrk(AD) = rk(EA) =
rk(E) = rk(D).
Proof. Apply Theorem 4.4 and Theorem 3.4. O

REMARK 4.6. Let A € C,,,,, and D, E € C,,, ,,. Note that the condition in Corollary 4.5 does not imply
that All(PF) exists. In fact, consider

0 1 1 0
A_[l O} and D—E—{O O]'

Since EAD = 0 and rk(D) = rk(E) = 1, according to Theorem 4.4, Al(P-E) does not exist. However,
rk(AD) =1 and rk(EA) = 1.

In the following theorem the (D, F)-inverse will be characterized using full rank factorizations.

THEOREM 4.7. Let D, E € C,,, and consider D = D1Dy and E = E1Ey two full rank factorizations
of D and E, respectively. The matric A € C,, , is (D, E)-invertible if and only if rk(Es) = rk(Dq) =
rk(E2ADy). Moreover, in this case, AlD.E) — Dy (EyADy) "1 Es.

Proof. Apply Theorem 4.2 and Corollary 3.23. O

In the following corollaries two particular cases will be derived from Theorem 4.7.

COROLLARY 4.8. Let A€ Cy, o, and D, E € C,, ,,, be such that AllPE) exists. The following statements
hold.

(i) If the columns of D are linearly independent, then AI(P-F) = D(AD)~1.
(ii) If the rows of E are linearly independent, then AI(P:F) = (EA)~'E.

Proof. If D has full column rank, then D = DI, is a full rank factorization of D. Since AllP-E) exists,
according to Theorem 4.4, rk(E) = rk(D). Consequently, F has full column rank and E = ET, is a full rank
factorization of E. Then, according to Theorem 4.7, Al(P-E) = D(AD)~1.

Apply a similar argument to prove statement (ii), using in particular the full rank factorizations E = I,, E
and D = I,,D and Theorem 4.7. 0

COROLLARY 4.9. Let A € C,,,,, and D, E € C,,,, be such that rk(D) = rk(E) = 1. If D = d1dj and
E =eje; (di,e1 € Cpy 1, do, e € Cp 1) are full rank factorizations of D and E, respectively, then All(D.E)
exists if and only if e5Ady # 0. Moreover, in this case,

1

AlD.B)
e§Ad1

*
d1e2.
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Proof. According to Theorem 4.7, the matrix A is (D, E)-invertible if and only if rk(d;) = rk(e}) =
rk(e5Ad;). Therefore, AI(P-E) exists if and only if rk(e3Ad;) = 1. But observe that ejAd; is an scalar.
Thus, the first part of the theorem has been proved. The expression of Al(P-E) also follows from Theo-
rem 4.7. |

Next an application of Theorem 4.7 will lead to representations of several generalized inverses in terms
of a full rank representation. The explicit expression for A is attributed to C.C. MacDufee by Ben-Israel
and Greville in [2]. Ben-Israel and Greville report that around 1959, MacDufee was the first to point out
that a full-rank factorization of A leads to the mentioned formula.

COROLLARY 4.10. Let A € C,, and consider a full rank factorization A = FG. Then, the following
statements hold.

(i) At = G*(F*AG*)~1F*.
(i) A is group invertible if and only if GF is nonsingular; in this case, A% = F(GF)72G (see [7]).
(iii) A is core invertible if and only if GF is nonsingular; in this case, A2 = F(GF) 'FT. The same
equivalent condition holds for the dual core invertibility of A; in this case, Ag = GT(GF)™'G.
(iv) AMN = N 'G*(F*MAN~'G*)"YF*M, where M and N are nonsingular and positive.

Proof. Observe that A* = G*F* is a full rank factorization of A*.

Recall that according to [9, p. 1912], A is Moore-Penrose invertible if and only if A is (A*, A*)-invertible,
and in this case, AT = Al(4"4") Now apply Theorem 4.7 with D = F = A* = G*F*.

According to [9, p. 1910], A is group invertible if and only if A is (A, A)-invertible, and in this case,
A#* = AlAA) - According to Theorem 4.7, A is group invertible if and only if rk(G) = rk(F) = rk(GFGF).
Thus, if r = rk(A), then GF € C, is invertible. To prove the formula representing A%, apply Theorem 4.7
with D =F = A = FG.

Recall that according to [1, p. 684], A is core invertible if and only if it is group invertible. Thus,
according to what has been proved, the first part of statement (iii) holds. In addition, according to [19,
Theorem 4.4] (i), necessary and sufficient for A to be core invertible is that A is (A, A*)-invertible, and in this
case, A% = Al(4A7) Now, apply Theorem 4.7 with D = A = FG and F = A* = G*F*. Observe however
first that if 7 = rk(A), then F*F € C, is such that tk(F*F) = rk(F) = r, and recall that (F*F)~'F* = F'f
([18, Theorem 1]). Then,

A® = AlAAY) — p(P*FPQF) F* = F(GF) Y (F*F)"'F* = F(GF)~'Ft.

Note that A is dual core invertible if and only if A* is core invertible and Ay = [(A*)®]*. Thus, the
second part of statement (iii) can be derived from what has been proved and

Ag = [(G*(F* &) M (G)N = G (GR) G

According to [4, Theorem 3.2], A is weighted Moore-Penrose invertible with weights M and N if and
only if A is invertible along N~'A*M. In addition, according to [9, Definition 6.1], this is equivalent to
the fact that A is (N~1A*M, N~'A* M)-invertible. Now apply Theorem 4.7 with D = E = N~1A*M and
consider the full rank factorization N=1A*M = (N~-1G*)(F*M). 0

To end this section, the set of all matrices A € C,, ,,, such that they are (D, E)-invertible will be studied
(D, E € C,,5,). First some notation needs to be introduced.
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Given D, E € C,, ,,, let (Cﬂg,’@E denote the set of all matrices A € C,, ,, such that the (D, E)-inverse of
A exists, i.e.,
CQP,,;E = {A € Cpm : AIDE) exists} .

HEOREM 4.11. Let D, e Chn- ecessary and suffictent for Cp 18 that r =r .
T 4.11. Let D,E € Cp. N d sufficient for CN0E £ 0 is that 1k(E k(D

; ; ID,E _ ID,E _ ID,E
Moreover, in this case, Crm = (Com)icrr = (Com) pight -

Proof. Apply Theorem 4.2 and Corollary 3.12. ]

Observe that Corollary 3.16 gives an explicit representation of CLIL{DT,;E.

5. Invertible matrices along a fixed matrix. Now the case D = E will be considered. Compare
with Definition 2.2 and recall the observation before Definition 2.7.

DEFINITION 5.1. Let A € C,,,,, and D € C,, ,,. The matrix A is said to be invertible along the matriz
D, if there exists a matrix X € C,, ,, such that XAD = D = DAX, R(X) C R(D), and N(D) C N(X).

According to Theorem 4.2, if the inverse of the matrix A € C,, ,,, along the matrix D € C,, ,, exists, then
it is unique and it will be denoted by AllP. In addition, when A and D are square matrices, since according
to [9, Proposition 6.1], the inverse of A along D coincides with the (D, D)-inverse of A, Definition 5.1 reduces
to the notion of the inverse along an element in a ring of square matrices ([15, Definition 4], i.e., Definition
2.2). Moreover, under the same conditions as in Definition 5.1, note that R(X) C R(D) (respectively
N(D) € N(X)) is equivalent to R(X) = R(D) (respectively N(D) = N(X)). Now characterizations of the
inverse along a matrix will be given.

THEOREM 5.2. Let A € C,, ,,, and D € C,,,,. The following statements are equivalent.

(i) The matriz A is left invertible along D.
(ii) The matriz A is right invertible along D.
(iii) The matriz A is invertible along D.

Proof. Apply Theorem 4.2 and Theorem 3.7. ]

In the following remark, several results on this inverse that can be derived from what has been proved
in Sections 2, 3 and 4 will be collected.

REMARK 5.3. Let D € C,,,,, and consider A € C,, ..

(i) Aisinvertible along D if and only if A* is invertible along D*. Moreover, in this case, (4*)IIP" = (AlP)*,
Apply Remark 4.3 (i) to the case E = D.

(ii) Let D’ € Cy,.n be such that R(D) = R(D’) and N(D) = N(D’). Necessary and sufficient for AllP to
exist is that A" exists. Furthermore, in this case, AIP?" = AP, Apply Remark 4.3 (ii) to the case
E=D.

(iii) Theorem 3.6 and Theorem 3.7 characterize matrices A such that AI” exists. Compare Theorem 3.7
(v)-(vi) with [15, Theorem 7] and [16, Theorem 2.1].

(iv) When A is invertible along D, AP can be represented as in Corollary 3.8 and Corollary 3.18.
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(v) According to Remark 3.17 applied to the case D = E, another representation of AP when it exists,
is the following. In the decomposition C" = N(D) & X, it holds that

N(AIPY =N(D) and APy =¢~(y), y € X,

where ¢ : R(D) — X is the map of Theorem 3.3.
(vi) According to Corollary 4.5 applied to the case D = E, if AIP exists, then rk(AD) = rk(DA) = rk(D).

Some results, however, deserve to be presented separately.
COROLLARY 5.4. Let A€ Cy,,, and D € C,, ,,. The following statements are equivalent.
(i) A is invertible along D.
(ii) rk(D) =rk(DAD).
Furthermore, in this case, AP = D(DAD)'D.
Proof. Apply Theorem 4.4 for the case D = E. O

COROLLARY 5.5. Let D € C,, ,, and consider D = D1Dsy a full rank factorization of D. The matriz
A € C,m is invertible along D if and only if vk(Dy) = rk(DyAD;). Moreover, in this case, AP =
Dl(DQADl)ilDQ.

Proof. Apply Theorem 4.7 for the case D = E. ]
COROLLARY 5.6. Let A€ Cy,,, and D € C,, .

(i) Suppose that the columns of D are linearly independent. A is invertible along D if and only if AD € C,
is nonsingular. Moreover, in this case, AIP = D(AD)~".

(ii) Suppose that the rows of D are linearly independent. A is invertible along D if and only if DA € C,,
is invertible. Moreover, in this case, AP = (DA)™ID.

Proof. Suppose that the columns of D are linearly independent. According to Theorem 5.2 and Theo-
rem 3.7 (v), the characterization of the inverse of A along D holds. To prove the formula that represents
AP apply Corollary 4.8 (i).

To prove statement (ii), apply a similar argument to the one used to prove statement (i), using in
particular Theorem 3.7 (vi) and Corollary 4.8 (ii). 0

COROLLARY 5.7. Let A € Cp,p, and D € C,y, p,. Iftk(D) = 1, then AP exists if and only if tr(AD) # 0.
Moreover, in this case,

1
AP = ——__p.
tr(AD)
Proof. Let D = didj; (d; € C,,1 and dg € C,, 1) be a full rank factorization of D, According to
Corollary 4.9 applied to the case D = E, d5Ad; = tr(d;Ad;) = tr(Ad,d35) = tr(AD). |

Let (Clllﬁ)n stand for the set of all matrices A € C,, 1, such that A is invertible along D, i.e., (Clrll{:,)n ={A4¢e
Crom AllP exists}. The following corollary proves that the set under consideration is nonempty.

COROLLARY 5.8. Let D € C,, ,,. Then, (Cl‘%Dm # 0.
Proof. Apply Theorem 5.2, Corollary 3.11 and Corollary 3.18. O

Observe that Corollary 3.18 gives an explicit representation of Cﬂlj,jm.
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6. Outer and inner inverses. In the following theorem it will be proved that the notion introduced
in Definition 4.1 is an outer inverse.

THEOREM 6.1. Let A € C,,,, and D,E € C,,,,. If A is (D, E)-invertible, then AlP-E) 4 an outer
inverse of A.

Proof. According to Definition 4.1, since R(AI(P-E)) C R(D), there exists M € C,, such that All(P-F) =
DM. Thus, Al(P-E) AAID.E) — AlP-E) ADM = DM = Al(D-E), 0

COROLLARY 6.2. Let A€ C, p, and D € C,, ,,. If A is invertible along D, then AP s an outer inverse
of A.

Given A € C,, ,, and D, E € C,, ,, such that AlP:E) exists, according to Corollary 3.18 and Theorem 4.4,
rk(AlPE)y = k(D) = 1k(E) < rk(A).

In particular, when A, D and E are square matrices, All(P-E) is nonsingular if and only if D or E are
nonsingular. In addition, if AIl(”-%) is nonsingular, then A is nonsingular. However, if A is nonsingular and
D, E are such that Al(P-F) exists, then it may be happen that D, E, or Al(P-E) are singular. For example,
take
10
A=1 d D=FE= .
2 an |: 0 0 :|

According to Theorem 4.4, Al(P-E) exists (A“(D’E) = D). However, it is possible to characterize when
tk(A) = rk(D). This characterization is linked with the following observation: Al(P-F) is always an outer
inverse of A, but it is not necessarily an inner inverse of A. To prove this characterization some preparation
is needed first.

THEOREM 6.3. Let A € C,,,, and D, E € C,y,,, be such that AlDP-E) egists. Then, the following state-

ments hold.

(i) R(D) @ N(A) = N(AAIPE) A — A).
(i) rk(A) = rk(D) +rk(AAND-E) A — A).
(iii) R(A) +N(E) = C" and R(A) "N(E) = R(AAIDP-E) 4 — A).
Proof. The inclusion N(A) € N(AAIP-E)A — A) is evident. The equality AIP-F)AD = D leads to
R(D) € N(AAIPE) A — A). If x € R(D)NN(A), then there exists u € C” such that x = Du, and therefore,
x = Du = AlP:-E) ADu = All(P:E) Ax = 0. Thus, R(D) ® N(A) C N(AAIP-E) 4 — A).

In order to prove the opposite inclusion, take y € N(AAIP-E)A — A). Now, A(AIPP) Ay —y) =0
and the decomposition y = (y — Al(P:F) Ay) + AIP-E) Ay proves that N(AAIPE) A — A) C R(D) & N(A)
(because R(AIP-E)y = R(D)).

Statement (ii) follows from statement (i).

According to Remark 4.3 (i), (A*)II(E"P") exists, so that, according to statement (i) applied to A*, D*
and E*, N(A*) NR(E*) = 0. Then,

[R(A) +N(E)* = R(A)FNN(E)L = N(A*) NR(E*) = 0.

Therefore, R(A)+N(E) = C". The inclusion R(AANIPE) A—A) C R(A)NN(E) follows from EAAIPE) = .
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According to statement (ii), Theorem 4.4 and

dim(R(A) N N(E)) = dim R(A) + dim N(E) — dim(R(A) + N(E))
= rk(A) +n — k(D) — n = rk(AAIPE) 4 — A),

R(AAIPE) A — A) and R(A) N N(E) have the same dimension. Therefore, both subspaces are equal. d

The following corollary characterizes when All(P-F) is an inner inverse of A.

COROLLARY 6.4. Let A € Cp,, and D, E € C,, 5, be such that AlP-E) erists.  Then, the following
statements are equivalent.

(i) AAIPE) A = A,
(ii) rk(A) =rk(D).
(iii) R(D) ®N(A) =C™.
) R(A) & N(E) =C".
Proof. Apply Theorem 6.3. ]

(iv

If Corollary 6.4 is applied for D = E, then it is possible to characterize when the inverse along an
element is an inner inverse.

Let AeC,,, and D, E € C,, ,,. Since AlP:E) i an outer inverse, if it exists, AIl(P-E) 4 and AAID-E)
are idempotents. Now some properties of these idempotents will be studied.
THEOREM 6.5. Let A€ C,, ,, and D, E € C,, , be such that AlD-E) epists.

(1) AIPE) A and AAIP-E) are idempotents, R(AIP-E) A) = R(D), R(AAIP-E)) = R(AD) and rk(D) =
tk(AAIPE)) = yk(ANPE) A) = rk(E).

(ii) N(AAIP-E)Y = N(E) and N(AIP-E) A) = N(FA).
(iii) N(ANPE) A) = N(A) if and only if AIP-E) s an inner inverse of A.
) = R(A) if and only if AIP-E) js an inner inverse of A.

(v) AAIP-E) s an orthogonal projector if and only if R(AD) = R(E*).
(vi) ANPE) A is an orthogonal projector if and only if R((EA)*) = R(D).
Proof. Since Al(P-E) ig an outer inverse (Theorem 6.1), AllP-E) A and AAIP-E) are idempotents and
R(AIDE) A) = R(AIP-E)Y Moreover, since R(AIPE)) = R(D), according to Theorem 4.4,

)

(ivs R(AANDE)
)
)

rk(E) = rk(D) = rk(AIP-E)) = rk(AlP-E) ),

In addition, according to Remark 4.3 (i) and what has been proved, rk(E) = rk(E*) = rk((Al(P-F))* 4*) =
tk(AAIP-E))  Moreover,
R(AD) = R(AAIP-E) AD) € R(AAIP-E)y,

However, since according to Corollary 4.5, tk(AD) = rk(D) = rk(AAIP-E)) and R(AAIPE)) = R(AD).

Since AlP:E) is an outer inverse, N(AAIP-E)) = N(AIP:E)) = N(E). Note that since EA =
EAAIDPE) A N(AIP-E) A) € N(EA). However, since according to Corollary 4.5, tk(EA) = rk(D) =
tk(AIPE) A) dim N(AIPE) A) = dim N(EA). Therefore, N(AI(P-E) A) = N(EA).

Naturally, N(4) € N(AIP-E)A). Since dimN(AIP-E)A) = m — tk(AIPE)A) = m — k(D) and
dimN(A) = m — rk(A), N(A) = N(AIP-E) A) if and only if rk(A) = rk(D). Now apply Corollary 6.4.
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Note that Al(P-F) is an inner inverse of A if and only if (AI(P-F))* is an inner inverse of A*. Now,
according to statement (iii), this is equivalent to N((AI(P:F))* A*) = N(A*), which in turn is equivalent to
R(AAIDPE)y = R(A).

Observe that AAIP-E) is an orthogonal projector if and only if

R(AD) = R(AAIPE)y = N(AAIP-ENL — N(E)L = R(E*).

The proof of statement (vi) follows Remark 4.3 (i) and statement (v). 0

By particularizing D = E in Theorem 6.5, the case of the inverses along a fixed matrix can be obtained.

Given A € C,, such that A is group invertible, according to [1] and [19], AA® and AgA are orthogonal
projectors. In the next corollaries, similar properties for several generalized inverses will be characterized
using Theorem 6.5. Note that the following identities hold: R(XY) = R(X) and R(XX™*) = R(X), where
Y is a nonsingular matrix and X is any matrix. In addition, recall that a matrix A € C,, is said to be EP,
if AAT = ATA. Tt is well known that this condition is equivalent to R(A) = R(A*).

COROLLARY 6.6. Consider A € C,, a group invertible matriz. The following statements are equivalent.
(i) A®A is an orthogonal projector.
(il) AAg is an orthogonal projector.
(iii) A is EP.
Proof. According to Theorem 2.4 (i) and Theorem 6.5 (vi), A® A is an orthogonal projector if and only
if R((AA*A)*) = R(AA*). However, R(AA*) = R(A) and R((AA*A)*) = R(A*AA*) = R(A*A) = R(A*).
The proof of the equivalence of the statements (ii) and (iii) is similar. |

COROLLARY 6.7. Let A € C,, and consider M, N € C,, nonsingular and positive. The following state-
ments hold.

(i) AAR/[)N is an orthogonal projector if and only if R(A) = R(MA).
(i) A;rw’NA is an orthogonal projector if and only if R(A*) = R(N~LA*).

Proof. According to Theorem 2.4 (i) and Theorem 6.5 (v), AAM n is an orthogonal projector if and
only if RLAN~LA*M) = R((N~1A*M)*). This last condition is equivalent to R(AN ~1A*) = R(M A). Since
N is nonsingular and positive, there exists a Hermitian and nonsingular matrix @ such that N~ = Q2.
Define R = AQ. Then, AN~'A* = RR*, and thus,

R(ANTIA*) = R(RR*) = R(R) = R(AQ) = R(A).

Similarly, according to Theorem 2.4 (ii) and Theorem 6.5 (vi), A}L\LNA is an orthogonal projector if and
only if R(N"TA*MA)*) = R(N~LA*M). This equality is equivalent to R(A*MA) = R(N~1A*). Since M
is nonsingular and positive, there exists a Hermitian and nonsingular matrix P such that M = P2. Then
A*MA = A*P*PA = (PA)*PA, and thus,

R(A*MA) = R((PA)*PA) = R((PA)*) = R(A*P*) = R(A*). O

7. The outer inverse with prescribed range and null space. Firstly, the relationship between the
outer inverse with prescribed range and null space and the (D, E)-inverse will be considered (D, E € C,, ,,).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 32, pp. 391-422, November 2017.

415 On One-Sided (B, C')-Inverses of Arbitrary Matrices

THEOREM 7.1. Let A € Cy,,,, and D, E € C,, ,,. The following statements are equivalent.
(i) The matriz A is (D, E)-invertible.

(ii) The outer inverse Ag()D)7N(E) exists.

Furthermore, in this case, Al(P-E) = Ag()D) N(E)"

Proof. Suppose that statement (i) holds and let H = Al(P-F), Then, according to Theorem 6.1, H =
HAH. In addition, according to Definition 4.1, N(H) = N(E) and R(H) = R(D). In particular, Ag?()D) N(E)

exists and Agf()D)W(E) =H.

Now suppose that statement (ii) holds and let L = Ag?()D) n(w)- o particular, R(L) € R(D) and
N(E) CN(L). Since L is an outer inverse of A and R(L) = R(D), it is not difficult to prove that LAD = D.
In addition, since ALx — x € N(L) = N(E), for all x € C*, EAL = E. Therefore, L = Al(P-E), d

COROLLARY 7.2. Let A€ Cy,,, and D € C,,, ,. The following statements are equivalent.

(i) The matriz A is invertible along D.
(ii) The outer inverse Agf()D)W(D) exists.

Furthermore, in this case, AP = Ag()D)J\I(D)'

Proof. Apply Theorem 7.1 to the case D = E. O

Due to Theorem 7.1, the properties of the outer inverse with prescribed range and null space can be
easily proved for the (D, E)-inverse (D,E € C,,,). Here only some of the most well known result are
considered. Other results and the case of the inverse along a fixed matrix, i.e., when D = F, are left to the
reader.

COROLLARY 7.3. Let A € Cp, 1y, and D, E € Cypy . AlP-E) s the unique matriz X that satisfies the
following equations:

XAX =X, AX = Pr(ap),N(E)> XA = Pr(p)N(EA)-

Proof. Apply Theorem 7.1 and [24, Theorem 1]. Note that, if T = R(D) and § = N(E), then A(T) =
R(AD) and (A*(81))+ = N(EA). O

COROLLARY 7.4. Let A € C,,,, and D, E € C,,,,. Suppose that there exists G € C,, , such that
R(G) = R(D) and N(G) = N(E). If AlP-E) exists, then AG € C,,, and GA € C,, are group invertible and

AlP-E) = GAG)* = (GA)*G = [GA |»)] 'G.
Proof. Apply Theorem 7.1, [21, Theorem 2.1] and [21, Theorem 2.3]. O

COROLLARY 7.5. Let A € C,,,,, and D, E € C,,,,. Suppose that there ezists G € C,, , such that
R(G) = R(D) and N(G) = N(E). If AlP-E) exists, then

AlDE) — 1im (GA — e1,,)'G = lim G(AG — eI,,) .
e—0 e—0
Proof. Apply Theorem 7.1 and [21, Theorem 2.4]. d

COROLLARY 7.6. Let A € Cp,, and D, E € Cy, . Suppose that there exists G € C,, , such that
R(G) = R(D) and N(G) = N(E). If AIP-E) exists, then

AlPE) = / exp[-G(GAG)*GAlG(GAG)*G dt.
0
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Proof. Apply Theorem 7.1 and [23, Theorem 2.2]. 0

COROLLARY 7.7. Let A € Cp,, and D, E € C,, .. Suppose that there exists G € C,, , such that
R(G) = R(D) and N(G) = N(E). If AlP-E) egists and the nonzero spectrum of GA lies in the open left
half plane, then

AlD.E) _ / exp(GANG dt.
0

Proof. Apply Theorem 7.1 and [22]. O

8. Continuity and differentiability. First of all note that if A € C, ,,, and D, EF € C,, ;, are such that
AlPE) exists and D', E' € C,,,, are such that D = DD'D and E = EE'FE, then according to Definition
4.1, DD'AIDE) — AlDE) (hecause R(AIPE)) C R(D)) and AlPE) = AIP-E)E'E. The last identity
can be easily derived from the fact that there exists a matrix N € C,, such that Al(P-®) = NE (because
N(E) C N(AIDE)Y),

In order to characterize the continuity of the (D, E)-inverse, a technical lemma is needed.

LEmMA 8.1. Let A,B € C,,,, and D,E,F,G € C,,,, be such that AIDP-E) gnd BIFG) erist.  Let
D' E',F'" and G’ € C,, 1, be such that D =DD'D, E=EE'E, F = FF'F and G = GG'G. Then

BIFG) _ AND.B) _ BIFG) (GG — E'E)(I, — AAIP-E)) 4 BIFG) (4 — B)AlD.E)
+ (I, — BIFS) BY(FF' — DD") Al(P-E),

Proof. Since DD’ AI(P-E) = Al(D:E) and BIFG)BF = F, then

BIFEG) BAIDE) _ AIDE) — (1 — BIFG) gy ppy AIP-E)
= [(I,, — B”(F’G)B)FF’ — (I — BH(FvG)B)DD/]AH(D,E)
= (I,, — BIFOBY(FF' — DD AlP:E),

In addition, since BIF:G) = BIF-G)G'G and EAAIPE) = E

BIFG) _ BIFEG) g AID.E) — BIFG) G/ q(1,, — AAIP-E))
= BIFSG'q(1, — AAIP-E)Y _ B E(I, — AAIP-E))]
= BIFG'G — B'E)(1, — AAIP-B)),

Thus,

BIEG) _ AlD.E) — BIRG)(G'G — E'E)(I,, — AAIP-E)y 4 BIFG) g AI(D.E)
+ (I, — B”(F*G)B)(FF’ _ DD')AII(D,E) _ BI(F.G) g AI(D,E)
= BIFS)Y(G'G — E'E)(I, — AAIP-E)y 4 BIFG) (4 — By AIP-E)
+ (I, — BIES) BY(FF' — DD AIP-E)

Next a result regarding the continuity of the (D, E)-inverse will be presented.

THEOREM 8.2. Let A€ Cy,, and D, E € C,, , be such that AlDE) eqists and consider (Ag)gen C Cnm
and (Dg)ken, (Ex)ken C Cpn such that AQ(D’“’E’“) exists for each k € N. Let D', E' € C,, ,, and (D},)en,
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(EL)ken C Cpom be such that D = DD'D, E = EE'E, Dy, = DD} Dy, and Ey, = EyE} Ey, for each k € N.
Suppose that (Ax)ken, (DeD})ken and (E,Ey)ken converge to A, DD’ and E'E, respectively. Then, the
following statements are equivalent.

(1) (AQ(D"’E’“))%N converges to Al(PF),
(ii) The sequence (AQ(D""E’”“))%N is bounded.

Proof. Apply Lemma 8.1. O

If the Moore-Penrose inverse is used, then a more general result can be presented.

THEOREM 8.3. Let A€ Cy,, and D, E € C,, 5, be such that AID-E) erists and consider (Ar)ken C Cpom
and (Di)ken, (Ex)ken C Cpyn such that AQ(D’“’E’“) exists for each k € N. Suppose that (Ax)ren converges
to A, (Dy)ren converges to D, and (Ey)gen converges to E. Then, the following statements are equivalent.

(i) (A‘,l(Dk’E’“))keN converges to Al(PE),

AQ(D’“’E’“)

ii) The sequence ken C Con.p s bounded and the sequences DI ken and El keN converge to
, k k

D' and E', respectively.

Proof. Suppose that (AQ(D""E"))%N converges to Al(P-F) Then, the sequence (AL‘(D"’E’“)A;C);CGN con-
verges to All(P:F) A, Consequently,

lim tr(A) PP Ay = tr(AlPF) 4),

k—o0

Since AlP-E) ig an outer inverse (Theorem 6.1), AlP-E) A is an idempotent. Thus,
tr(AIPE) 4) = rk(AIPE) A) = rk(AIDP-E)y,

Similarly, tr(AQ(D’E)A) = rk(AQ(D’E)), for k£ € N. As a result, for sufficiently large k € N, rk(AQ(D’E)) =
tk(AIP-E)) . However, according to Theorem 4.4

rk(Dy) = rk(Ey) = rk(AlPF)) = rk(Al(P2)) = 1k (D) = rk(E).

Therefore, according to [20], (D;L)keN converges to D' and (E;DkeN to Ef. The remaining part of statement
(ii) is evident.

If statement (ii) holds, then apply Theorem 8.2 with D’ = D and E’ = E, k € N. 0

If Theorem 8.3 is applied for the case D = FE, then the case of the inverse along a matrix can be obtained.

Now the differentiability will be studied.

THEOREM 8.4. Let J C R be an open set and consider ty € J. Let functions A : J — C,,,, and D,
& :J — Cyyp be such that A(t) is (D(t), E(t))-invertible, for any t € J, and A, D and & are differentiable
at to. Suppose that f :J — Cprn, f(t) = A®)IPOEWD) s o bounded function in J and that the functions
D, &€ have local constant rank in J. Then, the function f is differentiable at tg and

f'(to) = A(to)IPt)£E) [G/(20) € (t) + G(t0) € (t0)] [In — A(to)A(to) (D)€ (k)
+ [In — A(to)H(D(t")’g(m))ﬂ(to)} (D' (to)F(to) + @(to)ff/(to)].A(to)”(D(tO)’S(tO))
+A(to)H(D(to),g(to))A/(tO)A(to)\|(D(t0)78(t0)),

where F, G: J — Cy,m are the functions F(t) = (D(t))T and G(t) = (E(¢))T.
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Proof. Observe that according to Lemma 8.1, for any t € J,
f(t) — f(tO) :A(t)“('D(t)vg(t)) [S(t)Tg(t) _ e(to)TS(to)] [In _A(tO)A(tO)H('D(to)vg(to))
+ []n ,A(t)\I(D(t)’S(t))A(t)] [D(t)@(t)* _ D(to)ﬂ(to)f] A(tO)H(D(tO)»E(tO))
+A(t)\|('D(t)7€(t)) [A(to) _A(t)]A(tO)H(D(to)vE(to)).

Now, according to [20], the functions F, G : J — C,,pn, F(t) = (D(¢))" and G(¢t) = (€(¢))T are continuous.
Consequently, according to Theorem 8.3,

Alto) — At , ,
tlggﬂ(t)u(@(t),e(t»[ (2[ X O g (1) 12 (0).E00)) . g (10) 1D 10)-EC0D) g7 (10) A1) I (0)-E00))

In addition, according to [12], the functions &, § : J — C,, ,,, are also differentiable. Thus,
lim .A(t)H((D(t)’S(t)) [8(t)T8(t) - E(to)fg(to)]
t—to t—to

A(to)l\(D(to),S(to)) [9’(t0)8(t0) + S(to)r‘l’(to)] []n _ A(to)ﬂ(to)|\(D(t0):5(to)) .

[In _A(to)ﬂ(to)H(D(to):g(to))} —

Similarly,

[ D)D) — D(to)D(to)]
t—to

[In - A(to)”(D(to)’g(to))ﬂ(to)} [D'(to)F(to) + D(to)F (to)] Alto)Pe)le)) o

lim [In - A(t)“(D(t)*g(“)A(t)]

t—to

Alto)|(P(t0)E o)) —

The differentiability of the inverse along a matrix can be studied if Theorem 8.4 is applied for the case
D=FE.

9. Explicit computations. In this section, some explicit algorithms to compute Al(P-F) will be given.

THEOREM 9.1. Let A € C,,,,,, D,E € Cy, ,, 7 = k(D) and s = rk(E). If {vi,...,v,} is a basis of
R(D) and {w1,...,Wn_s} is a basis of N(E), then the following statements are equivalent:

(i) AIPE) egists.

(ii) The matriz X = [Avy -+ Av, W1 -+ W,_g| is nonsingular.

In this case, Al(P-E) — Vi v, 0 - O][Avy -+ Av, Wy -0 W] 7L,

Proof. If statement (i) holds, then according to Theorem 4.4, rk(D) = rk(F). Let X; = [Avy --- Av,]
and Xy = [wy --- Wy_,]. Observe that n—r = rk(Xs) because {w;};]" is a basis. According to Theorem 4.2
and Theorem 3.4, rk(X) = rk(X7) + rk(X3) (because R(AD)NN(E) = 0). Since {Av;}7_; span R(AD) and
r =rk(D) = rk(AD) = dim R(AD), the vectors {Av;}7_; are linearly independent, and thus, r = rk(X7).
Therefore, n = rk(X) and by recalling that X € C,,, the nonsingularity of X is obtained.

Suppose that statement (ii) holds. Since the matrix in statement (ii) must be square, k(D) =r = s =

rk(E). In addition, since the matrix in statement (ii) is invertible, rk(AD) = rk(D) and R(AD)®N(E) = C™.

Consequently, according to Theorem 3.4 and Theorem 4.2, Al(P-F) exists.

Now let v € R(D) and let x € C" be such that v = Dx. According to Definition 4.1, AI(P:F) Ay =
AlP-E) ADx = Dx = v. In addition, AI(P-P)w = 0 for any w € N(E). Therefore,

AH(D7E)[AV1 AV W o W =[vi - v, 0 .- 0. O
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The following m-file that can be executed in Matlab or in Octave shows how Theorem 9.1 can be used

to compute AlP-E)

function J = pseudo(A,D,E)
[n m] = size(A);
r = rank(D); s = rank(E);
El = null(E); % An orthonormal basis of N(E)
D1 = orth(D); % An orthonormal basis of R(D)
aux = [AxD1 E1];
if not(r==s)
disp(’There does not exist the pseudoinverse’)
disp(’because rank(D) is not equal to rank(E)’)
else
if det(aux)==0
disp(’There does not exist the pseudoinverse’)
disp(’because the matrix of Th. 9.1 is singular’)
else
J=[D1 zeros(n,n-r)]*inv(aux);
end
end

THEOREM 9.2. Let A € Cy,,, and D, E € C,, ,, be such that AIDE) erists. Let r = rk(D) = 1k(E) =

tk(EAD). Let P € C,, and Q € C,, be two nonsingular matrices such that PEADQ = [IOT 8]. Then

(9.7) PE = [)0(] and ~ DQ=1[Y 0],

where X € C,.,,, Y € C,,, . Furthermore, AlDE) —y X

Proof. Write P and Q as P = [ 1] and Q = [Q1 Qa], where Py € Cp i, Py € Cri—pyms Q1 € Cyr o and
QQ € (Cn,nfr. Now

Py P.EADQ, P,EADQ,

P2:| EAD[Q1 Q2] = P,EADQ, P,EADQ, |’

I, 0
0 0

| =prapo - |

which implies PEADQ>; =0, P,EADQ, =0 and P,EADQ@Q5 = 0. Therefore,
P,EADQ = P,EAD|Q, Q2] = [READQ, P,EADQ>] = 0.

The nonsingularity of @ leads to PEFAD = 0. In a similar way, FADQ2 = 0.

Since rk(D) = rk(F) = rk(EAD), the equalities R(E) = R(EAD) and N(D) = N(EAD) are obtained.
In addition, since EADQ2 = 0 and N(EAD) = N(D), it can be deduced that DQs = 0. Since (FAD)*Py =
(P,EAD)* = 0, any column of Py belongs to N((EAD)*) = R(EAD)* = R(E)*+ = N(E*), and therefore,
E*Py =0,ie, LE=0. Y = D@, and X = P,E, then (9.7) holds.

Now it will be proved that Y X satisfies Definition 4.1. First, observe that XAY = PLEADQ, = I,.
Now, by (9.7)
YXADQ =YXA[Y 0] = [YXAY 0] =[Y 0] = DQ,
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and the nonsingularity of @ leads to YXAD = D. Similarly,

PEAY X = [)5] AY X = [XAOYX] = ﬁﬂ = PE,

and thus, EAYX = E. Since YX = D@ X, the inclusion R(YX) C R(D) can be obtained. In addition,
since YX =Y P, E, it can be deduced N(E) C N(Y X). 0

REMARK 9.3. Observe that it is possible to use either the Gaussian elimination method or the singular
value decomposition of EAD to determine P and Q. Let r = rk(EAD).

(i) By using the Gauss-Jordan elimination, there exist an elementary row operation matrix P € C,, ,, and

an elementary column operation matrix @ € C,, ,,, such that PEADQ = [IOT 8}.

(ii) Let EAD = USV™ be the singular value decomposition of EAD, where S = @0, ¥ = diag(o1,...,0)-
Hence, U*EADV = % & 0, which implies

EY2q 1, ) U*EADV(S V@1, ,) = [ IO’“ 8 ] .

Let P=(2"Y2@ 1, . )U*and Q = V(™2 @1,_,). It is easy to see that P and Q are nonsingular.

Theorem 9.2 and Remark 9.3 (i) yield an elimination method to compute AllP-E) “wwhich is presented
now.

ALGORITHM 9.4. Compute All(P-E)
Input: A€ C, ., D, E € C,, ,, with 1k(D) =rk(E) = rk(FAD) =r.
Output: Al(P-E),

1. Execute elementary row operations on the first m rows of the block matrix

EAD E
o[ 4]

to get

2. Execute elementary column operations on the first m columns of the block matrix G to get
I. 0 X
Gy= 1|0 O 0
Y o] 0
3. AlD:E) =y X,

Theorem 9.2 and Remark 9.3 (ii) yield a more stable numerical method based on the SVD to compute
AllP-E) “which is shown now.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 32, pp. 391-422, November 2017.

421 On One-Sided (B, C')-Inverses of Arbitrary Matrices

ALGORITHM 9.5. Compute Al(P-F)

Input: A€ C, ,, D, E € C,,,, with rk(D) =rk(E) =1k(EAD) =r.
Output: Al(P:E)

Compute the SVD of EAD, i.e., EAD =USV™.
T=S1:r1:7),M=T""?a1I, ., N=T?aI,_,.

. P=MU*,Q=VN.

. X =PE, Y = DQ.
. AlD.E) =YQ:m,1:7r)-X(1:7r,1:n).

U W N

The following m~file shows how Theorem 9.2 and the SVD can be used to compute All(P-E)
function J = pseudo(A,D,E)
[n m] = size(A); r = rank(D); s = rank(E); t = rank(E*A*D);
if not(r==s)
disp(’There does not exist the pseudoinverse’)
disp(’because rank(D) is not equal to rank(E)’)
else
if not(s==t)
disp(’There does not exist the pseudoinverse’)
disp(’because rank(D)=rank(E) but not equal to rank(EAD)’)
else
[US V] = svd(ExA*D); T = S(1:r,1:1)
M = [T"(-1/2) zeros(r,m-r); zeros(m-r,r) eye(m-r)];

N = [T"(-1/2) zeros(r,n-r); zeros(n-r,r) eye(n-r)];
P =MxU’; Q = VxN; X = PxE; Y = Dx(Q;
J=Y{1:m,1:r)*X(1:r,1:n);

end

end

Acknowledgements. The authors wish to express their indebtedness to the referees, for their obser-

vations and suggestions led to an improvement of the presentation of this work.

Added at the end of the revision. Throughout the elaboration of the present article, the source of
the definitions of the notions of left and right (b, ¢)-invertible elements in rings was the work [14]. However,
at the end of the revision the authors discovered the article [11] in which the same definitions were given in

the context of semigroups.
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