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ON THE CONSTRUCTION OF Q-CONTROLLABLE GRAPHS*

ZHENZHEN LOUT, QIONGXIANG HUANG', AND XUEYI HUANG'

Abstract. A connected graph is called @Q-controllable if its signless Laplacian eigenvalues are mutually distinct and main.
Two graphs G and H are said to be Q-cospectral if they share the same signless Laplacian spectrum. In this paper, infinite
families of @-controllable graphs are constructed, by using the operator of rooted product introduced by Godsil and McKay. In
the process, infinitely many non-isomorphic @Q-cospectral graphs are also constructed, especially, including those graphs whose
signless Laplacian eigenvalues are mutually distinct.
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1. Introduction. All graphs considered here are simple and undirected. For a graph G = (V(G), E(G))
of order n with vertex set V(G) = {1,2,...,n}, we denote by A(G) and D(G) = diag(dy,da,...,d,) the
adjacency matrix and diagonal degree matrix of G, respectively, where d; is the degree of the vertex i. Then
the matrix Q(G) = D(G) + A(G) is called the signless Laplacian matriz (Q-matriz for short) of the graph
G. Since Q(G) is positive semidefinite, all its eigenvalues are nonnegative. These eigenvalues are called the
signless Laplacian eigenvalues (Q-eigenvalues for short) of G. Let & > & > -+ > & > 0 be all the distinct
Q-eigenvalues of G with multiplicities mq,mo, ..., mg (Zle m; = n), respectively. The signless Laplacian
spectrum (Q-spectrum for short) of G is defined to be Specy (G) = {£", €5, ..., & }. Two graphs G and
H are called Q-cospectral if Specy (G) = Spec(H), and a graph G is said to be determined by its Q-spectrum
(DQS for short) if G = H whenever Specg (G) = Specg (H) for any graph H.

Given a graph G of order n and a graph H with root vertex u, the rooted product graph G o H is defined
as the graph obtained from G and H by taking one copy of G and n copies of H and identifying the vertex
v; of G with the vertex v in the i-th copy of H for every 1 < i < n (Godsil and McKay [5]). Let P, be the
path of order s. If we take H = Ps (s > 1), and the root vertex u = u; one of pendant vertices of H, then
the rooted product graph G o P; is shown in Fig. 1 (see Section 3).

A Q-eigenvalue of G is called a main Q-eigenvalue if it has an eigenvector x such that j7x # 0 (j is the
n x 1 all-ones vector), and a non-main Q-eigenvalue otherwise. Connected graphs whose Q-eigenvalues are
mutually distinct and main are called Q-controllable graphs. Throughout the paper, we denote by G? (resp.,
G?) the set of connected graphs (resp., with n vertices) whose eigenvalues are mutually distinct, and G9
(resp., G¢7) the set of Q-controllable graphs (resp., with n vertices).

For a graph G on n vertices with adjacency matrix A and diagonal degree matrix D, a universal adjacency
matriz associated with G is defined to be U = yaA+~vypD +~1l +;J, where I denotes the identity matrix,
J denotes the all-ones matrix, and y4 # 0, yp, yr and v are constants [6]. Note that U = Q(G) if we take
ya =vp =1 and v; = v; = 0. The name “Q-controllable graph” arised from the concept of U-controllable
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graph adopted by A. Farrugia and I. Sciriha [4]. In control theory, a standard system model determined by
the differential equation %(¢) = (yaA +vpD + v L +v5J)x(t) = Ux(t) + ju(t) (here the n x 1 vector x(t) is
called the state vector, with given x(0), and the scalar u(t) is the control input) is controllable if and only
if all eigenvalues of U are simple and main [4]. The applications of U-controllable graphs (especially, when
U = A) in specific control theory problems are considered in [2, 3, 10].

In [4], A. Farrugia and I. Sciriha also proved that each U-controllable graph has trivial automorphism
group. However, a graph with trivial automorphism group may not be U-controllable. So they asked which
classes of non-regular, asymmetric graphs are U-controllable graphs. In this paper, we give an answer to this
question for U = Q(G) by constructing some infinite families of @Q-controllable graphs. Concretely, given a
graph G in G9, the infinite families in GO are constructed from G by using the operation of rooted product
recursively, and the spectra of such graphs are also determined by that of G. By the way, we use this method
to construct some infinite families of non-isomorphic Q-cospectral graphs, especially, including the graphs
in G9. Moreover, the DQS-property of rooted product graphs is also considered.

2. Elementary observations. In this section, we list some basic results that will be useful in the
subsequent sections. First of all, we recursively define two sequences of polynomials {a¢(q) }1>0, {b:(¢) }+>0 C

Zq):

(2.1) ap(q) = -1, ai1(q)=1—¢q and a;(q) = (¢ —2)ar—1(q) — as—2(q) for t > 2.

(2.2) bo(q) = =1, bi(qg)=2-q and b(q) = (¢ —2)bi—1(q) — br—2(q) for t > 2.

By direct computation, as(q) = —¢* + 3¢ — 1, ba(q) = —¢? + 4¢q — 3, and so on. Clearly, a;(q) and b;(q) can
be viewed as an integral coefficient polynomial of ¢ with degree ¢, respectively. For any s > 1, we denote by

(23 fula) = 3 aela).

First we give the relation of a¢(q) and b:(q) for later use.

LEMMA 2.1. Fort > 2, we have
(2.4) ar(q) = (g — D)be—1(q) — br—2(q),
(2.5) q-bi(q) = (¢ — Dae(q) — ar-1(q).

Proof. First, we will show (2.4) by the way of induction. It is easy to verify that the result holds for
t = 2,3. Suppose that the result holds for ¢t < k, where k > 3. Then

ar-1(q) = (¢ — Vbr—2(q) — br—3(q) and ax(q) = (¢ — 1)br—1(q) — br—2(q).

For t = k + 1, then we have

ars1(q) = (¢ — 2)ar(q) — ar—1(q)
=(¢—2)[(¢ = 1)br—1(q) — br—2(q)] — [(g — 1)br—2(q) — br—3(q)]
=(q—1)[(q —2)br—1(q) — br—2(q)] — [(¢ — 2)bx—2(q) — bx—3(q)]
(¢—1)

Hence, (2.4) holds for any ¢ > 2.

Similarly, (2.5) holds. It completes the proof. a0
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Now we define two (s — 1) x s matrices C and D with respect to g¢:

1 2-¢ 1 0 - 0 0
1 2-¢ 1 - 0 0
0 1 2-¢ 0 0
C = . ,
0 0 0 0 29-q 1
00 0 0 1 1-g
[ 1 0 0 0 0 as—1(q) ]
1 0 0 0 as—2(q)
0 1 0 0 0 as—3(q)
D= z
000 0 0 0 asg)
000 0 1 0 as(q)
L0 0 0 O 0 1 ailg) |

Then we have the following result.
LEMMA 2.2. Let  be a column vector in R®. Then Cx =0 if and only if Dz = 0.

Proof. Let us define a matrix as below:

L =bi(q) —b2(q) —bs(q) -+ bs—3(qg) —bs—2(q)

0 1 —bi1(q) —b2(q) -+ —bs—alg) —bs—3(q)

0 0 L =bi(g) -+ —bss5(q) —bs-a(q)
P=|: S L]

0 0 0 0 e =bhi(g) —ba(g),

0 0 0 0o .- 1 —by(q)

L0 0 0 0 .- 0 1

where {b:(¢)}+>0 is defined in (2.2). Combining Lemma 2.1, one can directly verify that

100 0 -+ 0 0 (¢—1)bs—2(q)—bs—3(q)
0 1 0 0 0 (g—1)bs—3(q) —bs—a(q)
0 10 0 0 (q—1)bs—s(q) —bs—5(q)
PO=| 1 1 1 : =D,

000 0 - 0 (g—1)b2(q) —bi(q)

000 0 -+ 1 0 (¢g—1bi(g)—bolg)

L0 oo o0 --- 0 1 1—gq ]
and our result follows because P is invertible. O

The following lemma simplifies the expression of f4(q).
LEMMA 2.3. Let {ai(q)}+>0 and {bi(q)}i>0 be defined in (2.1) and (2.2). Then

—q-bi_(q) ifs=2k, k>1;

10 = aala) 4 ar(a) 4+ aag) = { A0 T B2
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Proof. First, we have fi(q) = ao(q) = =1 = —aj(q), fa(9) = ao(q) + a1(q) = —q = —¢ - bf(q) and
f3(q) = ao(q) + a1(q) + az2(q) = —(q¢ — 1)®> = —a?(q). Thus, the result holds for s = 1,2, 3.

Suppose that our result holds for s = 2k — 1,2k,2k + 1 (k > 1), i.e.,

(2.6) for-1(g) = ao(q) + a1(q) + -+ + azk-2(q) = —ai_1(q),
(2.7) far(q) = ao(q) + ar(q) + - - + ask—1(q) = —gbi_1(a),
(2.8) farr1(q) = ao(q) + ar(q) + - - - + ask(q) = —aj(q).

It needs to show that the result holds for s = 2k + 2,2k + 3, i.e.,

(2.9) For+2(q) = aolq) + ai(q) + -+ + azit1(q) = —q - b(a),
(2.10) fart3(q) = ao(q) + a1(q) + -+ - + azrs2(q) = —ai;1(q).

From (2.6)—(2.8), we get
(211) aze—1(q) = aj_1(¢) — ¢ bz _1(q) and ax(q) = q-bi1(q) — ai(q)-
Thus, from (2.8), (2.11) and Lemma 2.1, we have

ao(q) + ai1(q) + -+ + azk(q) + a2k+1(q)
= —ai(q) + az2rt1(q)

= —az(q) + (¢ — 2)azk(q) — azr-1(q)

=—a2(q)+ (¢—2)q-b}_1(q) — a2 ()] — [a3_1(q) —q - b3_1(q)]
=—(q—Dai(q) +qlg—1b7_,(q) —ai_,(q)

= —(q— )[br(q) + br—1(a)]* + a(q — 1)b7_,(q) — [br—1(q) + br—2(q)]?
=—(q—1)b2(q) — 2(q — 1)bk(q)be—1(q) + (gbr—1(q) + br—2(q)) - br(q)
= —(q = 1)bi(q) — bi(q) - [(q — 2)br—1(q) — br—2(q)]

= —(¢—1)b(q) — b7 (q)

= —q-bi(q).

It follows that (2.9) holds. Furthermore, by (2.8) and (2.9), we know that

(2.12) azr41(q) = aj(q) — q- b(q).

Then, from (2.9), (2.12) and Lemma 2.1, we get

ao(q) + ai(q) + -+ + azk42(q)

= —q-bi(q) + azkt2(q)

= —q-bp(q) + (¢ — 2)azk+1(q) — az(q)

=—q-b3(q) + (¢ —2)[a}(q) — ¢ b3(@)] — [q- b}_1(q) — a}(q)]

= —q(q—1)b3(q) + (¢ — 1)aj(q) — q - bj_,(q)

=—q(qg— 1)[(q—1)ak(qq)—ak71(q)]2 +(q— 1)“%(‘1) —q- [(q_l)ak—l(q(I)_ak—Z(Q)]Q
= g = 1)[#=REEDP 4 (g — 1)af (g) — g - [#EEEL

= t[=(¢— D} (@) = 2(q — Dart1(q)ar(q) + (qar(q) + ar-1(q)) - ax1(q)]
= 2[-(¢—Daj (@) — ars1(q) - [(a = 2)ar(q) — ar—1(q)]]

= ;=g = Dai; (@) — ai11(a)]

= _aiﬂ((I)'

It follows that (2.10) holds. We complete the proof. |
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3. The graphs with distinct Q-eigenvalues. Let G be a connected graph with vertex set V(G) =
{v1,v2,...,v,} and Ps = ujusg - - - us a path of length s—1. The rooted product graph of G and Ps, denoted by
Gs = GoP;s (s > 1), is the graph described in Fig. 1 with vertex set V(Gs) = {(vi,u;) |1 <i<n,1<j <s},

and edge set E(G,) = {(vi,u1) ~ (vj,w) | viv; € E(G)}U{(vs, ug) ~ (vi,up41) |1 <i<n, 1 <k<s—1}.
Cll V2 G Un)
we .

Gs=GoPs

FIGURE 1. The rooted product graph Gs=GoPs.

If we put V; = {(vs,u;) | 1 <i <n} for 1 <j <s, then V(Gy) = Vi UVaU---UV, is a partition, the

adjacency matrix of G5 can be written as the block matrix:

[AG) I, 0 -~ 0 0 071 W
I, 0o I, 0 0 0 Vs
0 I, 0 --- 0 O 0 V3
(3.13) A(Gy) = S : :
0 0 o --- o I, O Vs_a
0 o o --- I, 0 I, Vi1
. 0 0 0 0 I, 0] Vi

and the corresponding diagonal degree matrix of A(Gy) is D(Gy) = diag(D(G) + I,, 21,,,21,, ..., 21, 1,,).
Hence, we get the Q-matrix of G, as below:

Q@)+, I, 0 -~ 0 0 071 W

1, 21, I, 0 0 0 Vs

0 I, 2I, 0 0 0 V3

(3.14) Q(G,) = : : : R : : :
0 0 0 -2, I, 0 Vs_a
0 0 o --- I, 2I, I, Vs_1

0 0 0 - 0 I, I.| V.

LEMMA 3.1. Let Gy = G o P, with the Q-matriz in (3.14). 1If q is a Q-eigenvalue of G, with the
corresponding eigenvector

. T T ™7T

T=[x7,X5,..-,X;]",
where the entries of x; correspond to the vertices in Vi for t = 1,2,...,s, then £ = a(ﬂq&n + 1 is a Q-
eigenvalue of G associated with eigenvector X1, and x; = Z'*:Igggxl fort=2,3,...,s, where a;(q) is defined
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Proof. Since q is an eigenvalue of Qs = Q(és) with corresponding eigenvector X, we have ;X = ¢x. It
follows (3.15) and (3.16) from (3.14)

(315) (Q(G) —+ In)Xl —+ X9 = X1y,

X1 + 2X3 + X3 = gxa2,
Xa + 2x3 + X4 = X3,

(3.16)
Xs—3+2X5_ 0+ X571 = qXs—2,

Xs—2 +2X51 + X5 = gXs—1,
Xs—1 + Xs = qXs-

Note that (3.15) and (3.16) are equivalent to

(3.17) Q(G)x1 +x2 = (g — 1)xq,

X1 + X3 = (¢ — 2)x2,
Xo + x4 = (¢ — 2)X3,

(3.18) :
Xe—3 +Xe—1 = (¢ — 2)Xs_2,

Xs—2 + X5 = (q - Q)Xsfly
Xs—1 = (¢ — 1)xs.

Let C and D be the two matrices defined in Section 2. Clearly, (3.18) is equivalent to Cx = 0. By Lemma
2.2, we get Dx = 0, that is,

100 0 -+ 0 0 as—1(9 X1
1 0 0 0 as—2(q) X2
0 1 0 0 0 as—3(q) X3
(3.19) Drx=| 1 @ @ : : =0
000 0 -~ 0 0 asq Xs_2
0o o0 0 - 1 az(q) Xs—1
000 0 -~ 0 1 afg Xs

We claim that as—1(q) # 0. Since otherwise, we have x; = 0 from (3.19), and then obtain x; = x5 =
x5 = 0 by (3.17) and (3.18). Thus, according to (3.19), we get

as— 2(‘1)
X9 =
x1 = —as—1(¢)Xs, @o— 1qu
_ X3 = =3y,
X2 = —as—2(¢)Xs, as— 1(q)
— X4 = As—4 Q)X
X3 = —as-3(q)Xs, 4= G 1( b
<
Xs—3 = —az(q)Xs, Xy g = a‘jfi%xh
Xs—2 = —a2(q)Xs, X, g = -2l o
S as—1(q) Y’
Xs—1 = —a1(q)Xs, x. — (2
.=

as—1(q)
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Returning x, = Zf%fgggxl into (3.17), we get

(3.20) QG)x; = <q 1 “”(q)) x| = < asl@) 1) X1.

as—1(q) as—1(q)

as (q)
as—1(q)

Hence, £ = + 1 is a Q-eigenvalue of G associated with eigenvector x;. 0

From Lemma 3.1, we know that each Q-eigenvalue ¢ of G satisfies the equation a, (¢)+(1—=8&as—1(¢) =0

for some Q-eigenvalue & of G. For this reason, let Specy(G) = {f{”l 22, Zlnd} be the Q-spectrum of
G. For §; € Specg (G), we define a polynomial of ¢ with degree s as below:
(3:21) pi (@) = as(q) + (1 = &)as-1(a).

Denote by qi14,92,i,--.,9s,: all the roots of pgs)(q) and put 5‘(@) = {q1,i,92,i,---,¢s,;} which we will use
frequently in what follows.

Suppose that g(z) and r(z) are real polynomials with real, simple, and disjoint, zeros, and that
deg(g(x)) > deg(r(x)). We say that the zeros of g(x) and r(z) interlace if each zero of r(z) lies between two
zeros of g(z), and there is at most one zero of r(x) between any two adjacent zeros of g(x).

LEMMA 3.2. (See [1], p. 249) Suppose that {gn(x)}n>0 is a sequence of polynomials defined by a three-
term recurrence relation of the form B
gn+2(2) = (¥ — ant1)gn+1(2) = Bngn(x) with go(z) =1, g1(x) =2 — av,

where a, € R and B, > 0 forn =0,1,2,.... Then, for n > 1, g,(x) has n real, distinct roots, and the roots
of gn(x) and gny1(x) interlace.

The following result due to G. Szego (see [9], p. 46, Theorem 3.3.4) guarantees all roots in S(&;) are real
and simple. Here we would like to rewrite the proof in detail for self-contained.

LEMMA 3.3. Suppose that {gn(x)}n>0 is a sequence of polynomials defined by a three-term recurrence
relation of the form -
(3.22) In+1(2) = (2 — a)gn(x) — gn-1(z) with go(z) =1, gi1(z) =2 —1,
where a € R. Let ¢ be an arbitrary real constant. Then the polynomial g,11(x) — cgn(x) has n + 1 distinct
real zeros.

Proof. The recurrence formula (3.22) is valid for n = 1 if we write g_1(z) = —1. By the recurrence

formula (3.22), we have

gn+1(2)gn (y]); - Zn(x)gnﬂ(y) = (@) + 2 (x)gnfl(y; - an(ff)gn(y) .

On replacing n by 0,1,2,...,n and adding, we obtain

gn+1(w)9n(ya): - zn(w)gnﬂ(y) _ ; 9i(2)g:(y).

Taking y — z, we get gl 11 (2)gn(z) — gnt1(z)gh(x) = 3.1 g2(x), which implies that

<gn+1<x>>’ 1 ()90 (@) = guni ()gh(2) S0 g2()

() 2@ =T ew Y
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By Lemma 3.2, we can assume that g,(z) = (x — v1)(z —v2) - (& — vy,), where v; # v; for ¢ # j. Then

g;%é;ﬂ) has v1,vs, ..., U, as its poles. Also, from (3.22) we see that g’g“’igx) is asymptotic to h(z) = x — « as

|z| = +o0. Therefore, gg%ﬁf) is strictly increasing from —oo to +00 on each of the intervals

(_007U1)7 (UlaU2)7 RS} (Un—lavn)a (Un,—FOO),

which implies g;+7(13(:2) and [(z) = ¢ have n + 1 real, distinct intersection because ¢ is a real constant. Hence,
the polynomial g,,4+1(x) — cgn(z) has n + 1 distinct real zeros. |

By applying Lemma 3.3 to the sequence of polynomials {—a.(g)}+>0, we have the following theorem.

THEOREM 3.4. Let {ai(q)}i>0 be a sequence of polynomials defined in (2.1). Then all the roots of

pgs) (q) = as(q) + (1 = &)as—1(q) are real and simple, where &; € Specg(G).

Theorem 3.4 implies that the polynomial p(-s)

i (q) has s distinct real roots. In order to give the corre-

sponding relation between the Q-spectra of G and Gs, we also need the following lemma.

LEMMA 3.5. Let qo be a root ofpgs)(q) =as(q) + (1 —=&)as—1(q), where s > 1 and &; € Specy(G). Then
asfl(qO) 7& 0.

Proof. By contradiction, we assume that as—1(qo) = 0. Then as(qo) = 0 because pz(-s) (go) = 0, and so
as—2(q0) = qoas—1(qo0) — as(go) = 0. Successively, we have as_3(qo) = -+ = a1(q0) = ao(qo) = 0, which is a
impossible because ag(gy) = —1. 0

LEMMA 3.6. For §; # {; € Specq(G), we have S(&) N S(&) = 0, where S(&) (resp., S(€;)) denotes the
set of roots of the polynomial p* (q) (resp., pjs)(q)) defined in (3.21).

3

Proof. By the way of contradiction, suppose that S(&) N S(&;) # 0, then p(-s)(q) and p§-8)(q) have a

?

common root ¢o for & # &;. Then 0 = p(s)( 0) — pg-s)(qo) = (& — &)as—1(qo). It follows that as_1(go) = 0.

1
However, we know that as_1(go) # 0 by Lemma 3.5, which is a contradiction. d

REMARK 3.7. In fact, Theorem 3.4, Lemma 3.5 and Lemma 3.6 always hold when ; and &; are arbitrary
real numbers.

Now we provide the corresponding relation of the @)-spectra between G and GS in the following theorem.

THEOREM 3. 1 Let Specg, (G = {&M, &, .., €} be the Q-spectrum of G, and S(&;) the set of roots of
the polynomzalp ( ) defined in (3 21). Then SpeCQ(G ) = m1S(€1)UmaS(E2)U- - -UmgS(Eq), where m;S(&;)
denotes the multiset obtained by the union of m; copies of S(&;), and S(&) N S(&) =0 for 1 <i#j <d.

Proof. For the graph G, denote by £¢(&;) = (Y1i,¥2i,- - -, Ym,i) the eigenspace corresponding to &; for
each i (1 <i<d). For each ¢,; € S(§;) (1 <r <s), we construct a vector

b(qm-) _ [1 as—2(qri) a1(qr,i) ao(gr,i)

? ‘7'371(‘11“,1') L a571(qr,i)’ ‘7'571((11“,1') ’
where {a;(¢r;)}+>0 is defined in (2.1) and as_1(gy;) # 0 by Lemma 3.5, and then set

T
Vi (@ri) = b(ari) ® Yii = { yh, sty T el T el T

where 1 < k < m;. Next we will verify that §1(¢r.),-.-,¥m, (¢ ) are linearly independent eigenvectors of
Q(G,) with respect to the eigenvalue g, ;. In fact, we know that a;(¢,:) = (gri — 2)ar—1(qri) — ar—2(gr,i)
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(t =2,...,s) with the initial condition ao¢(¢r;) = —1 and a1(¢r;) = 1 — gr;. Then ai(gr:) + 2a¢—1(gr:) +
at—2(qri) = qriat—1(qr), and so we get

at(qm)
As—1 (QT,i)

ar—1(gr,i) at—2(gr,i) ar—1(qr;:)

(3.23) Yki + Yki = Qr,i
As—1 (QT,i) As—1 (qr,z) asfl(qhi)

Yki +2

ki

fort =2,...,s, because as_1(¢r;) # 0 by Lemma 3.5. In particular, if we take ¢t = s, combining (3.20) and
(3.23), we obtain

(3.24) Q(G)Yri + Yri + w

Yki = qriYki-
s—1 (Q'r,z)
Moreover, by the initial condition, we have

(3.25) a1(qri) + ao(qri) = @i - ao(qri)-

Therefore, from (3.14) and (3.23)—(3.25), we can verify that

[ QG +L, L, 0 - 0 07| YK
I, 2, I, -~ 0 0 @u1(gri) Y i
. 0 L 2L, - 0 0 || 2=y,
Q(Gs)yk(QT,i) = . . . .
0 0 0 - 2, I || ey
As—1 T,
0 0 0 In In M .
- 1 e @Y
Yki
as—2(qr,i)
Tﬁ(Zr,i)y’fi
as—3(Qqr,i .
asj(qv-,i)y’” .
=G, : = ¢riVk(qri)-
a (q7l) .
asil(qr,)i)ykl
L a:lilq(:;:,i)yki ]

Hence, y(gr,:) is an eigenvector of Q(és) with respect g, ; for each 1 < k < m;. Moreover, we see that
Y1(qri)s - - -, ¥m;(gr,i) are linearly independent because y1;, ..., ¥m,: are linearly independent.

By Theorem 3.4, we know that for each &;, the roots g1 ,...,qs: € S‘(fz) are real and distinct. Fur-
thermore, for any two distinct & and &;, we have S’(fl) N S(ﬁj) = () by Lemma 3.6, and so ¢,; # qu,; for
1 < r,u < s. Hence, the eigenvectors belonging to {yk(qm) [1<i<d1<r<s1<k< mi} are linearly
independent, and we have obtained Z?Zl sm; = sn = |V(G,)| such eigenvectors of Q(Gy). Therefore, the
Q-eigenvalue g, ; of G‘S has multiplicity exactly m; for 1 <:<dand 1 <r <s.

This completes the proof. 0

Recall that G2 (resp., G%) denotes the set of connected graphs (resp. with n vertices) whose Q-
eigenvalues are mutually distinct. We have the following result immediately.

COROLLARY 3.8. Let G be a graph of order n. If G has d (d < n) distinct Q-eigenvalues, then G, has
ezactly sd distinct Q-eigenvalues. In particular, G, € G, if G € GY.
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(a) G (b) Go P, (c) (GoP2)o Py

FIGURE 2. Graphs with distinct Q-eigenvalues.

In 1974, Harary and Schwenk in [7] posed an interesting problem: “Which graphs have distinct eigen-
values?” As we know there are few results on this problem after 1974. At the same time, there are few
results to answer the question “Which graphs have distinct Q-eigenvalues?”. The following remark provides
a method to construct infinite families of graphs with distinct Q-eigenvalues. Later, we will give a specific
example.

REMARK 3.9. Given a graph G € G9. By Corollary 3.8, we obtain an infinite family of graphs in G%,
ie., {GL |i >0}, which are recursively defined by G2 = G and G} = G~! o P, fori>1and s; > 1.

EXAMPLE 3.10. In Fig. 2(a), Specq(G) = {4.6412,2.7237,1.4108,1.00,0.2243} that is, G € G. By
Theorem 3.1, in Fig. 2(b,c), G} = Go Py, G3 = (G o P,) o Py are also in G9. In fact, by Remark 3.9, we can
construct an infinite family of graphs in G<, that is, {G; | i > 0}, which are recursively defined by égo =G
and G% = Gi-1 o P, for i >1and s; > 1.

4. Main @Q-eigenvalue and @Q-controllable graphs. Recall that connected graphs whose Q-
eigenvalues are mutually distinct and main are called Q-controllable graphs, and G9 (resp., G9 ) denotes
the set of @-controllable graphs (resp., with n vertices). In this section, we discuss the relation of main
Q-cigenvalues between G and Gy, and focus on showing that G, € ggj if G € G9 " is not bipartite.

Let {a¢(q)}1>0 and {b;(¢)}¢>0 be the two polynomial sequences defined in (2.1) and (2.2). Now we list
two results about these two polynomial sequences.

LEMMA 4.1. Let qp be a root of pl(.s)(q) = as(q) + (1 = &)as—1(q) and 0 # & € Specy(G). Then
bi—1(qo0) # 0 if s = 2k, and ar(qo) # 0 if s = 2k + 1.

Proof. If s = 2k, we shall show that by_1(qo) # 0. By contradiction, assume that by_1(go) = 0. Then

bi(q0) = (g0 — 2)br—1(q0) — br—2(q0) = —br—2(qo0),
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and so

ar+1(qo) = (qo — 1

ar+2(qo) =

ak+3((I0) =

as—2(qo) = azr—2(qo) = ar—2(q0)br—2(qo0),
as—1(q0) = azr-1(q0) = ar—1(q0)br—2(qo0)-

By Lemma 3.5, we know that as_1(go) # 0. Then we have ap_1(go) # 0 and br_2(qo) # 0. Note that
as(qo) + (1 = &)as—1(qo) = 0, combining this with Lemma 2.1, we get

i go—1— as—2(qo0) _ Go—1-— ar—2(g0) _ ¢ bk-1(q0) _ 0,
as—1(qo) ak-1(90)  ar—1(qo)
a contradiction. Thus, bx_1(qo) # 0.
Similarly, if s = 2k + 1 one can easily prove that ax(go) # 0, and our result follows. ]

By Lemma 4.1, we have the following theorem.

THEOREM 4.1. For & € Specg(G), let 5’(@) be the set of roots of the polynomial pgs)(q) defined in
(5.21). Then we have
(1) If & is a main Q-eigenvalue and & # 0, then all the Q-eigenvalues of Gy in S(&) are non-zero and
main.
(2) If &; is a non-main Q-eigenvalue, then all the Q-eigenvalues of G, in S’(fi) are non-main.

Proof. Suppose that &; is a main @Q-eigenvalue of G. By Theorem 3.1, we know that each element
of S(&) is a Q-eigenvalue of G,. For each ¢,;, € S(&) (1 < r < s), we know that ¢,; is a root of

pgs) (q) = as(q) + (1 — &)as—1(q), and from (2.1), we have

() rmr s | =& if sis even,
pi(0) = as(0) + (1 = &)as—1(0) = { & if s is odd.

Thus, we conclude that ¢, ; # 0 for 1 <r < s since §; # 0. Let y; be an eigenvector of Q(G) with respect
to &; such that jZy; # 0. Then, according to the proof of Theorem 3.1, we know that

¥ (qri) = T as—2(qri) T ai(qri) T _ao(gri) T T
YWri) = | Vi a0(an0Yi 0 aasi(gn0) Y2 aai(gri) i
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is an eigenvector of Q(G) with respect to ¢,.;, and from (2.3) we have

T
Jzny(qr,z) = [jgv.]Za s 7.]2] |: sz7 Z:%EZ:::;Y%K RN ajii%;:,Z)y?’ ajf(lq(;:)l)y,{ }

— (1+a52(qr,i) NI a1(qr,i) n ao(qr,i) )(erLyi)

as—l(Qr,i) as—l(Qr,i) as—l(%",i)
s 1(qrs) +as—2(qrs) + -+ a1(qri) + ao(Gri) .1
= (nyi)
as—l(Qr,i)
Is(ari) .
)
asfl<qhi)

Since 0 # &; € Specy(G) and g ; is a root of pis) (q¢). Then by_1(qr;) # 0 for s = 2k and ag(g,;) # 0 for
s = 2k+1 by Lemma 4.1. By Lemma 2.3 and ¢,.; # 0, we have f;(q,.;) # 0, and consequently j2, y(g;) # 0.
Hence, ¢,; is a main Q-eigenvalue of G,. Thus, (1) follows.

Now suppose that ¢; is a non-main @-eigenvalue of G. For each ¢, ; € S (&) (1 <r <s), we assume that

x = [xI,xT,... x|, xT]T is an eigenvector of Q(G‘S) corresponding to ¢,; as in Lemma 3.1. By Lemma
3.1, x; is an eigenvector of Q(G) with respect to & and x; = Zs%éqq”%xl for t = 2,3,...,s. Since & is
non-main, we have jZx; = 0, and so jL % = 0. Thus, (2) follows.

This completes the proof. 0

Recall that G is a connected graph throughout this paper. It is known that 0 is a Q-eigenvalue of G if
and only if G is bipartite. Now we give the main result of this section.

THEOREM 4.2. If G € Qf?* s mot a bipartite graph, then G, € ggj.

Proof. By Corollary 3.8, all the Q-eigenvalues of G, are simple, i.e., Gy € Gsp. Since G is not a bipartite
graph, all the Q-eigenvalues of G is non-zero. Combining this with G' € G% ", by Lemma 4.1 we may conclude
that all the ()-eigenvalues of G; are also main, and so G € G},,. The result follows. d

In fact, if G € GY " is not a bipartite graph, then G, € ggj is also not a bipartite graph. The following
remark provides a method to construct infinite families of graphs in G@ . Later, we will give a specific
example.

REMARK 4.2. Given a graph G € Q,?* which is not bipartite. By Theorem 4.2, we have obtained
an infinite family of graphs in G9, ie., {Gi | i > 0}, which are recursively defined by G = G and
G'@ = G’?_l oP;, fori>1ands; >1.

1

EXAMPLE 4.3. In Fig. 3(a),

Speco(G) = {6.2422, 3.5496, 2.6524, 2.0000, 1.0855, 0.4703}

and G € QGQ* is not a bipartite graph. By Theorem 4.2, in Fig. 3(b,c), Gl=GoP, G2 = (GoPy)o Py
are also in G9. In fact, by Remark 4.2, we can construct an infinite family of graphs in G2, that is,
{G?s | i > 0}, which are recursively defined by égo =G and @; = C;’;_}l oP;, fori>1ands; > 1.

5. Construction of non-isomorphic Q-cospectral graphs in G¢. Theorem 3.1 and Corollary 3.8
provide us a good method to construct the classes of graphs in G9, respectively. In this section, we give
some examples. Additionally, the DQS-property of G, is also considered here.
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(a) G b)) Gl=GoP, () B2=(GoP)oP,

FI1GURE 3. Construction of large graphs in Ge.

THEOREM 5.1. Let G and H be two Q-cospectral graphs of order n. Then we have:
(1) G, and H, are Q-cospectral for any s > 2.

(2) G, and H, are isomorphic if and only if G and H are isomorphic.

Proof. Let &1,&s,...,&, be the common Q-eigenvalues (not necessarily different from each other) of G
and H. By Theorem 3.1, SpecQ(G‘s) =8(6)US(E&)U---US(E,) = SpecQ(ﬁs), where S(¢&;) is the root set
of pgs)(q) =as(q) + (1 —&)as—1(q). Thus, (1) follows, and (2) is an immediate result by the construction of
G, and H,. O

ExampLE 5.1. In Fig. 4, the graphs G and H are a pair of Q-cospectral graphs and Specy(G) =
Specq (H) = {6.3723,3.0000,2.0000%,0.6722}. If s = 2, by Theorem 5.1, we obtain that G = Go P, and
13121 = H o P, are (Q-cospectral but not isomorphic. Actually,

Specg(GY) = Specg (A1) = {7.5255,4.3028, 3.41422, 2.3620, 0.8468, 0.6972, 0.5858, 0.2658}.

In fact, for any s > 1, G, and H, are Q-cospectral and not isomorphic. By Theorem 5.1, we can get
infinitely many pairs of non-isomorphic @-cospectral graphs, i.e., G; and H;_, which are recursively defined
by GO =G, H) =H,and G, =G} o Py, H. = H:"! o P, fori>1ands; > 1.

1 -1

ExXaMPLE 5.2. In Fig. 5, the graphs G and H are a pair of @Q-cospectral graphs which belong to Q%
ie.,

Specq (G) = Specy (H) = {4.7757,3.5892, 2.2763, 2.0000, 1.0000, 0.3588, 0.0000 }

If s = 3, by Theorem 5.1, we obtain that G = Go P3 and H} = H o Py are Q-cospectral but non-isomorphic.
6.0363 4.9587 3.9132 3.7321 3.2470 3.0684 3.0

We also verify that Spec,(G3) = Speco (H3) = ¢ 2.4113 2.3182 2.0839 2.0000 1.5550 1.1923 1.0
0.3281 0.3122 0.2791 0.2679 0.1981 0.0981 0.0

In fact, for any s > 1, G, and H, are Q-cospectral and not isomorphic. By Theorem 5.1, we can get infinitely
many pairs of non-isomorphic Q-cospectral graphs belong to G%, i.e., Géi and Hii, which are recursively defined by
G =G, H) =H,and G, =G. ' oP,,, H.. = H."' o P, fori > 1 and s; > 1.

1 1

Now, we give the following results about the DQS-problem.
THEOREM 5.2. If G, is DQ@QS, then G is DQ@S.
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FIGURE 4. A pair of Q-cospectral graphs.

FIGURE 5. A pair of Q-cospectral graphs.

Proof. Let H be any graph such that Specg (H) = Specg (G). By Theorem 5.1(1) we obtain Spec, (H,) =
SpecQ(Gs), and so H, = G because G is DQS. Hence, H = G by Theorem 5.1(2). 0

Conversely, if G is DQS, we ask whether G (s > 2) is also DQS? In [8], M. Mirzakhah and D. Kiani
have shown that the sun graph is DQS, that is, if G = C,,(the cycle of order n) and s = 2, then Gy =CpoP,
is DQS.

In the following theorem, we give the DQS-property of G,.

THEOREM 5.3. Let G = Go P, and Hy = H o P, (s > 1) be two Q-cospectral graphs. Then G, =~ H, if
G is D@S.

Proof. Since G’S =G o P, and FIS = H o P, are Q-cospectral, we claim that G and H are Q-cospectral.
In fact, by the way of contradiction, suppose that Spec,(G) # Specg(H). Let Specg(G) = {&1,&2, .-+, &n}
and Specg (H) = {£1,85, ..., &, }. Then there exists §; € Specg(G) such that §; # £ for 1 < j <n. Let S(§;)
be the root set of p'* (¢) = as(q) — &ias_1(q) and 5‘(5;) the root set of pgs)(q) = as(q) — &as—1(q). For each
1 <j < n, as Lemma 3.6 and Remark 3.7, we may conclude that S(&;) N S(£;) = 0 because §; # £;. Thus,
from Theorem 3.1 we know that Specq, (Gs) # Specg(Hs) = S(£1) U S(&) U---US(E;,), which contracts our
assumption. Therefore, G = H because G is DQS, and so G = H;.

This completes the proof. 0

Finally, we propose a conjecture.

CONJECTURE 1. If G € G2 (with no zero eigenwvalue) is DQS, then G (€ GL ) is DQS for any s > 2.
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