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OPTIMAL DUAL FUSION FRAMES FOR PROBABILISTIC ERASURES*

PATRICIA MARIELA MORILLAST

Abstract. For any fixed fusion frame, its optimal dual fusion frames for reconstruction is studied in case of erasures of
subspaces. It is considered that a probability distribution of erasure of subspaces is given and that a blind reconstruction
procedure is used, where the erased data are set to zero. It is proved that there are always optimal duals. Sufficient conditions
for the canonical dual fusion frame being either the unique optimal dual, a non-unique optimal dual, or a non optimal dual,
are obtained. The reconstruction error is analyzed, using the optimal duals in the probability model considered here and using
the optimal duals in a non-probability model.

Key words. Frames, Fusion frames, Dual fusion frames, Probabilistic erasures, Optimal dual fusion frames.

AMS subject classifications. 42C15, 15A60, 47N10, 94A12, 68M10.

1. Introduction. Fusion frames (or frames of subspaces) [3, 5] for a separable Hilbert space H are
collections of closed subspaces and weights. They are a generalization of frames [6, 13] and are applied in
distributed processing settings such as distributing sensing, parallel processing and packet encoding. In the
present paper we are interested in the application of fusion frames in the transmission of signals when some
of the transmitted information is lost. The signals will be vectors of a finite-dimensional Hilbert space.

Given a fusion frame for H, each element f € H is represented with packets of coefficients. In applica-
tions, some of these packets may be erased and it is necessary performing the reconstruction of f with the
available information. One approach to this problem is the study and the construction of optimal fusion
frames [1, 4, 14, 16, 17]. Here optimality is understood as to have yet a fusion frame or as to minimize certain
reconstruction error, after the erasure of subspaces. When the fusion frame used for the representation of
the elements of H is fixed, other approaches are needed. The concept of dual fusion frame introduced and
studied in [7, 8] allows us to analyze how to select optimal dual fusion frames, for this fixed fusion frame, in
order to perform the reconstruction.

In [8], the authors studied optimal dual fusion frames for a fixed fusion frame when a blind reconstruction
process is used. This is done in a similar way as in [9, 12] for frames and in [15] for projective reconstruction
systems. In real implementations the subspaces are generally erased with different probabilities. In the
present paper, we address this situation studying optimal dual fusion frames when a probability distribution
of erasure of subspaces is given. We consider a probability model in concordance with frames considered in
[10, 11], but using the Frobenius norm to define the errors as in [8, 15]. Some of the obtained results can be
viewed as analogous ones of those of [10] in the context of dual fusion frames and generalize results of [8] to
the probabilistic case.

The outline of the paper is as follows. In Section 2, we review fusion frames and dual fusion frames. In
Section 3, we state the mathematical model introduced in [8] for studying optimal dual fusion frames for a
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fixed fusion frame when a blind reconstruction process is used, considering each of the erased data equal to
zero. We introduce a modification to this model for studying the case in which a probability distribution
of erasure of subspaces is given. For the error defined by the fs-norm, called the mean squared error, both
models lead to the same optimal duals. In the rest of the paper, we consider the error defined by the £.-norm,
called the worst case error. We prove that there are always optimal duals. We also obtain easy verifiable
sufficient conditions that assure that the canonical dual fusion frame (the most studied and used dual so
far) is either the unique probability optimal dual, a non-unique probability optimal dual, or a non-optimal
probability dual. In Section 4, we investigate the convenience of using the probability model for determining
optimal duals instead of the non-probability model considered in [8], when the subspaces have not the same
probability of erasure.

2. Preliminaries. In this section, we recall the concepts of fusion frame [3, 5] (see also [2, Chapter
13]) and dual fusion frame [7, 8]. We refer to the mentioned works for more details. We begin introducing
some notations.

2.1. Notation. Let H, X be finite-dimensional Hilbert spaces over F = Ror F=C. If V C H is a
subspace, my denotes the orthogonal projection onto V. Let L(H, ) be the space of linear transformations
from H to K. Given T € L(H,K), we write R(T) and T* to denote the image and the adjoint of T,
respectively. If T' € L(#, K) is injective, then £ denotes the set of left inverses of T'.

The inner product and the norm in A will be denoted by (-,-) and || - ||, respectively. If T € L(H,K),
then || T|| denotes the Frobenius norm of T

In the sequel, m,n,d € N, and H will be a finite-dimensional Hilbert space over F of dimension d. For
p € NU{oo} let || - ||, denote the p-norm in F™.

For a set A, let x4 : A — {0, 1} be the characteristic function of A. We abbreviate x(q} = Xa-

2.2. Fusion frames. The representation of each f € H via fusion frames is given by projections onto
multidimensional subspaces.

DEFINITION 2.1. Let {W;}7, be a family of subspaces of H, and let {w;}"; be a family of weights,
ie,w; >0fori=1,...,m. Then {(W;,w;)}", is called a Bessel fusion sequence for H.

We will denote {W;}7, with W, {w;}/", with w and {(W;, w;)}*, with (W, w). If T € L(H,K), then

=1

we will write (TW,w) for {(TW;,w;)},.
Let W = {(fi)", : f; € W;} be the Hilbert space with ((f;)7™, (¢:)"1) = ey (fir i)
DEFINITION 2.2. Let (W, w) be a Bessel fusion sequence.
1. The synthesis operator of (W, w) is
Tww : W= H, Tww(fi)it, => wifi.
i=1
The analysis operator is

Tyw:H=W, Tyl = (wirw, ()il

2. (W, w) is called a fusion frame for H if span|J;~, W; = H, or equivalently, if R(Tw w) = H.
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3. (W, w) is a Riesz fusion basis if H is the direct sum of the W;.
4. If (W, w) is a fusion frame for #, the operator

Swaw =Twwlww: H>H, Sww(f)=TwwTiyvw(f)=> wimw,(f)
=1

is called the fusion frame operator of (W, w).

A fusion frame (W, w) is called an a-tight fusion frame if Sw w = aly. If Sw w = Iy we say that it is
a Parseval fusion frame.

2.3. Dual fusion frames. Next we recall the notion of dual fusion frame [7, §].

DEFINITION 2.3. Let (W, w) and (V,v) be two fusion frames for H. Then (V,v) is a dual fusion frame
of (W, w) if there exists a @ € L(W, V) such that

Ty QT3 v = I (2.1)

If we need to do an explicit reference to the linear transformation @, then we say that (V,v) is a @-dual
fusion frame of (W, w).

For J C {1,...,m}, we consider the selfadjoint operator

Myw W =W, Myw(fi)ir = (xs()f)j=1-
We simply write M if it is clear to which W we refer to. We abbreviate M;; w = M;w and My;; = M;.
DEFINITION 2.4. Let (W, w) and (V,v) be two Bessel fusion sequences for H and @ € L(W, V).

1. If QM; wW C M; vV for each j € {1,...,m}, Q is called block-diagonal.
2. If QM; wW = M; vV for each j € {1,...,m}, Q is called component preserving.

Observe that @ is block-diagonal if and only if QM; w = M, vQ for each j € {1,...,m}, or equivalently,
QMyw = M;vQ for each J C {1,...,m}. If Q is block-diagonal, then @Q* is block-diagonal. If, in
Definition 2.3, @ is block-diagonal (component preserving), then we say that (V,v) is a block-diagonal dual
fusion frame (component preserving dual fusion frame) of (W, w). In this paper, we restrict us to these
types of dual fusion frames.

If @ is block-diagonal, then the reconstruction formula following from (2.1) has the form
=Y vwQ;f, VfeH,
j=1

where Q; f == (QM, (7w, f)i%1); € Vj.

The following theorem characterizes the component preserving dual fusion frames of (W, w) in terms
of the left inverses of Ty . Given A € L(W,H) and v a collection of weights, we consider the subspaces

m

Vi = AMW, for each i = 1,...,m, and Qv : W = V, Qa v (f;)7) = (%AMi(fj)}”:l) .

THEOREM 2.5. [8] Let (W,w) be a fusion frame for H. Then (V,v) is a Q-component preserving
dual fusion frame of (W, w) if and only if V; = AM;W for each i € {1,...,m} and Q = Qa,, for some
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A € Ly . Moreover, any element of L1y is of the form Ty vQ where (V,v) is some Q-component
preserving dual fusion frame of (W, w).

By Theorem 2.5, (nglwW, v) is a Q 4 v-component preserving dual with A = S'gvlew’w and v a family
of arbitrary weights. We refer to this Q Sal  Tw ..v-dual fusion frame as the canonical dual with weights v.

3. Optimal dual fusion frames in a probability model. Let (W, w) be a fusion frame for H. In
applications an element f € H (e.g., a signal) is converted into the data vectors Tyy o f = (wimw, (f))i%;.
Sometimes some of the data vectors are lost or erased, and it is necessary to reconstruct f with the in-
formation at hand. Let J C {1,...,m} and suppose that the data vectors corresponding to the sub-
spaces {W;};je are lost. Considering each of the erased data equal to zero, the reconstruction then gives
Tv QM mp\JTW wf, where (V,v) is some @-dual of (W, w). So we need to find those dual fusion
frames of (W, w) that are in some sense optimal for this situation.

Fix r € {1,...,m — 1}. Let P* := {J C {1,...,m} : |J| = r}. Noting that M; = Iy — M1 m}\J,
given a @-block diagonal dual fusion frame (V,v) of (W, w) we consider the general vector error

6(7’, (Wv W)v (Va V)> Q) = (HTV,VQMJT:;V,WH)JGP;”-

We define inductively:

o egp) (W, w) as the infimum of the set of the numbers |le(1, (W, w), (V,v),Q)]|, such that (V,v) is
a @-block diagonal dual fusion frame of (W, w),

o Dgp) (W, w) as the set of ((V,v),Q) where (V,v) is a Q-block diagonal dual fusion frame of (W, w)
and [le(1, (W, w), (V,v), Q) = ef” (W, w),

o o (W.w) = inf{[le(r, (W, w),(V.v), Q) : (V.¥).Q) € DY (W, w)},

o« DV(W.w) = {((V.V).Q) € DL (W.w) : [[e(r. (W, w). (V.v). Q)l, = e (W, w)},

in case each D (W, w) is non-empty. Each element of D) (W, w) will be called a general (r, p)-loss optimal
dual fusion frame of (W, w).

3.1. The probability model. Now we are going to suppose that the subspaces of the fusion frame
(W, w) can be lost or erased with non necessarily equal probability. We consider that the probability p;
of the erasure for the ith subspace for each ¢ = 1,...,m is given. These numbers define a probability
distribution of erasure of the subspaces, or equivalently, of the data vectors T{;v,w f = (wimw, (f))i, for each
f € H. Clearly we have >\ p; =1 and 0 < p; <1 for each i = 1,.

In order to define the mathematical model, we consider numbers ¢; for ¢ = 1,...,m such that there
exists a strictly increasing real function F' with ¢; = F'(p;) > 0 for i = 1,...,m. An advantage of introducing
these numbers is that we have ¢; > 0 for each ¢ = 1, ..., m whereas some of the probabilities p; can be equal
to zero. A more precise definition of the numbers ¢; in function of the probabilities p; can be given according
with the problem we are studying (see Example 4.5 and for the case of frames see [10, 11]).

We consider the selfadJomt operators M wiW =W, Ml w = ¢ M; w and J/\J\LW => J\Zw We

simply write M or M g if it is clear to which W we refer to.

i€J

Given a @-block diagonal dual fusion frame (V,v) of (W, w), we consider the probability vector error

e, (W, w),(V,v),Q) = (|Tv vQM, Ty ) sepr-
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We define inductively:

. €(1p) (W,w) as the infimum of the set of the numbers |[e(1, (W, w), (V,v),Q)]|, such that (V,v) is
a @-block diagonal dual fusion frame of (W, w),

° ﬁgp)(W, w) as the set of ((V,Vv), Q) where (V, V) is a Q-block diagonal dual fusion frame of (W, w)
and [[2(L, (W, w), (V,v), Q)ll, = & (W, w),

o &7(W,w) = inf{|[e(r, (W, w), (V.v),Q)], : (V. v),Q) € DI, (W, w)},

o« DP(W,w) = {((V,v),Q) € Dy (W, w) : [[&(r, (W, w), (V.v),Q), = &" (W, w)},

in case each D7 (W, w) is non-empty. Each element of D (W, w) will be called a probability (r,p)-loss
optimal dual fusion frame of (W, w).

3.2. Probability optimal dual fusion frames. Note that
M Ty o Tw wM; = w;M;.

Let A€ LOW,H). Then
IAM; Ty o |I* = a7 w? || AM; |- (3.2)

We also have

1S W v T e Mil| = w3 Sty 7w, |- (3.3)

For p = 2 we obtain the probability mean squared error ||e(r,(W,w),(V,v),Q)|l2. In this case, prob-

~

ability optimal duals coincide with general optimal duals, i.e., D (W,w) = DﬁQ)(W,W) for each r > 1.
Specifically, Theorem 5.1 in [8], with a similar proof, remains valid for probability (r,2)-loss optimal com-
ponent preserving dual fusion frames.

In what follows, we consider p = co. In this case, we obtain the probability worst-case error,

[etr, (W, w), (V,v), Q)lloc = max Ty vQMsw Ty wl-

In the sequel, we restrict us to component preserving dual fusion frames. Note that by [8, Remark 3.6],
we can always replace a block-diagonal dual fusion frame with a component preserving dual fusion frame
that has the same general (or probability) vector error.

Some important properties of the set ZS&OO)(W, w) are given in the following theorem.

THEOREM 3.1. Let (W, w) be a fusion frame for H. Then ﬁf(aoo)(W,w) is non-empty, compact and
convez for eachr=1,...,m — 1.

Proof. The map ||.|\y o : LOV,H) = R*, ||\, = maxsepp | AM Ty |, is a norm in LW, H).
To see this, let A € L(W,H) such that ||A||$;,)W = 0. So, Aﬁ]T{)kV’w = 0 for each J € P*. If r > 2,
let k, k" € {1,...,m}, k # K and J C {1,...,m} \ {k,k’'} such that |J'| = r — 1. We have AJ/M\kT{;V’W =
AMy Ty = —AM Ty . This shows that, AM; Ty, o, = rAM Ty ., and consequently, AM Ty, ,, = 0,
for each k € J and each J € P™. By (3.2) this implies that AM, = 0 for k& = 1,...,m, and thus
A=3%7" | AM; = 0. The other norm properties are immediate.

Since the set £ry is closed in L(W,H) under the usual norm and all norms in a finite-dimensional

Hilbert space are equivalent, £7. is a closed subset of L(W, ) under the norm ||. HSV)W Given By € £rg,
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By # 0, there exists an Ag in the non-empty compact set {4 € £ ||A||§,1V)W < HBOH%{I),W} where the

continuous map H||$V) w attains its minimum. So, ||A0||$V) w = Mmingce,. ||A||§,1V)W, and the set
: : Wow :

{A € Ly, : max |AM Ty || = L nin - max ||BJ\//_71-T\’;V,W} (3.4)

Sre  1<i<m
W, w

. . . ). o 0\ s
is non-empty and compact. Since £rz  is convex and ||||§,V)W is a convex map, the set (3.4) is convex.

Consequently, by Theorem 2.5, ZSYDO)(W7 w) is non-empty, compact and convex.

An inductive argument shows that ZS,QOO)(W, w) is non-empty compact and convex for each r > 2. 0

By Theorem 2.5, if (W, w) is a fusion frame for H then A is an element of the set (3.4) if and only if
the Q4 y-component preserving dual fusion frames with arbitrary vector of weights v, {(AM;W,v;)},, are
probability (1,00)-loss optimal component preserving dual fusion frames of (W, w). Using [8, Lemma 3.4]
we also have:

LEMMA 3.2. Let (W,w) be a fusion frame for H. Then nglew,w is the unique element of the set
(3.4) if and only if the canonical dual fusion frames (S;V{WW7 v), with arbitrary vector of weights v, are the
unique probability (1,00)-loss optimal component preserving dual fusion frames of (W, w).

The next theorem gives sufficient conditions that assure that the only probability (r,00)-loss optimal
component preserving dual fusion frames are the canonical ones.

THEOREM 3.3. Let (W,w) be a fusion frame for H, ¢ = max{qiwaS’;Vl’wWWi c 1€ {1,...,m}},
A ={ie{l,...,m}: qiwl-2||5‘7v17w7rwi|| =c}, Ao ={1,...,m}\ Ay and H; = span{;cy Wi, j = 1,2. If
HiNHe = {0} and {(W;, w;) }ien, is a Riesz fusion basis for Ha, then the only probability (r, 00)-loss optimal
component preserving dual fusion frames of (W, w) are the canonical ones (SG\},va v) with arbitrary vector
of weights v.

Proof. By Theorem 3.1 and Theorem 2.5, there exists A € £ such that

max [|AM; Ty | Berg;‘{;wlrgnigllBMsz,wlh

So,
— . —
ax [|AM Ty ol < max Sy o Tw.wMiTw,wll-

and then, by (3.2), (3.3) and hypothesis,

|AM;|| < ||S wTw wMll, Vi € Ay (3.5)

Since ATy ,, = ngl’wTw’wT{R,’w =TIy, Tww(A— S;Vl’wTw)w)* = 0. By hypothesis this implies that

Tw e May (A — St Tw ) f = 3 wil (A= St Tw )" )i = 0 (3.6)
1€A

for all f € H and ((A — S;&vawﬂw)*f)i = 0 for each ¢ € Ay and for each f € H, or equivalently,
My, (A= Sy o Tww)* =0, ie.,
AMy, = Sy W Tw wMa,. (3.7)
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Using
|AM;[|* = || S5y w Tw w Mi||* + [[(A — Sy Tww ) M|

+2Re(tr](A — Sq o Tw ow) Mi TRy w S )

(A = S o Tww) Mil|* + 2Re(tr[(A — S3y o Tw,w) MiTRy o S w]) <0 (3.8)
for all i € Ay. By (3.6), (A — Sy o Tw.w)Ma, Ty 4 = 0, 50
D tr[(A = S W ITwaw) MiTiy o S ) = tr[(A = S o Tw.w) Ma, Ty v S ]
1€EA
=0.
Thus, by (3.8), > e, (A= S§&7wTw7w)Mi||2 < 0, and consequently,
AM; = Sy W Tw wMi, Vi€ Ay

This jointly with (3.7) shows that A = S;V{WTW’W. Thus S;V{WTW’W is the unique element of the set (3.4),
and the conclusion follows from Lemma 3.2 and the inductive definition of probability (r, co0)-loss optimal
dual fusion frames. O

The following corollary can be deduced easily from Theorem 3.3.

COROLLARY 3.4. Let (W, w) be a fusion frame for H. If qiwiQHS\},l’wwWiH =c for eachi=1,...,m,
then the only probability (r,o00)-loss optimal component preserving dual fusion frames of (W,w) are the
canonical ones (ngl,wW, v) with arbitrary vector of weights v.

For tight fusion frames we have:

COROLLARY 3.5. Let (W,w) be an a-tight fusion frame for H. If qw?\/dim(W;) = ¢ for each i =
1,...,m, then the only probability (r,00)-loss optimal component preserving dual fusion frames of (W, w)
are the canonical ones (W, v) with arbitrary vector of weights v.

2
Proof. By hypothesis, in?”S\;vl,wﬂ'Wi = %dim(Wi)l/2 = £ for each i = 1,...,m, so the proof
follows from the previous corollary. |

The next two propositions can be used to know whether a given fusion frame has not the canonical
duals as the unique (1, 00)-loss optimal component preserving dual fusion frames. They are converses of
Theorem 3.3.

PROPOSITION 3.6. Let (W, w) be a fusion frame for H. Letc, Aj and H;, j = 1,2, as in Theorem 3.3. If
the only probability (1, 00)-loss optimal component preserving dual fusion frames of (W, w) are the canonical
ones (ngl’wW,v) with arbitrary vector of weights v, then {(W;, w;)}ica, s a Riesz fusion basis for Ha.

Proof. We first note that the Bessel sequence {(W;, w;)}ica, is not a Riesz fusion basis for Hy if and
only if the corresponding analysis operator has more than one inverse.

Therefore, if {(W;,w;)}iea, is not a Riesz fusion basis for Ho there exists R € L(W,H) such that
RM,; = 0 for each i € Ay, RMy, # 0 and RMa, Ty = 0. If L €R, ngl’wTwyw +tR € £y, and, by (3.2)
and (3.3),

1(Sww T ,w + LR) M Ty o || = qi0? (| 7w,

=cC
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for each i € Ay, and if |¢| is small enough, then

I(SW wTww + tR)YMi Ty o || < qiw? | Sy wmwil| + [ RMi Ty o || < ¢

for each i € Ay. This shows that S’;Vl’wTw,w + tR with ¢ # 0 and |¢| small enough is an element of the set
(3.4), which, by Lemma 3.2, contradicts the hypothesis. Thus, {(W;, w;)}ica, is a Riesz fusion basis for Hy.0

PROPOSITION 3.7. Let (W, w) be a fusion frame for H. Let ¢, A; and H;, j = 1,2, as in Theorem 3.3.
Suppose that there evists Ay C Ay such that {(Wi,wi)}iea; is a Riesz fusion basis for Hy. If the only
probability (1,00)-loss optimal component preserving dual fusion frames of (W, w) are the canonical ones
(S;VI}WW,V) with arbitrary vector of weights v, then Hi NHq = {0}.

Proof. Suppose that H1 NHa # {0}. This implies that there exists A7 C A} and (f;)7; € Mayua, W
such that f; # 0 for each j € AY and Tw w(f;)72; = 0.

Let {eii}icr, be an orthonormal basis for W; for each ¢ = 1,...,m. Then, by hypothesis,
{Sg&,wei,l}ieA’l’,leLi is linearly independent. Hence, by [6, Theorem 6.5.1], there exists f € H such that
(f, Sw weit) = —(fi,eir) for cach i € A{ and I € L;.

Let R € L(W,H), given by R(g;)jL; = ((9;)jL1, (f;)j21) f for each (g;)7L; € W. We have RMy(g;)72, =
{9k, fr) f if k€ AY U Ao and RMy(g;)72, = 0 if k ¢ A7 U Ay, We have R* - H — W, R*g = (g, f)(f;)7%;-

Since Tw wR* = 0, then S;VI’WTW,W +iR € Ly, for each t € R.
If k¢ AY UAs, , by (3.2) and (3.3),

2 2

(S s Tw o + ER)YMi Ty |I* = g7 wi | Sy mw||* = .

Taking into account that {{(x;(i)ei )2 }ier, }j=, is an orthonormal basis for W, if k € AY,

(T wSwow BME) = Y D Ty wSwiw BMi O (Dei )11, (G (D)eia, )iy)

j=11,€L,;
= Z (RMp(xk (i)ei )ity Wi S wen i)
lELy
= Wg Z (e, fu) £ S\R/l,wek,ﬂ
leLy
= —wp 3 [(frrena)? = —wpllfil> < 0.
leLy

Hence, by (3.2) and (3.3), if ¢ > 0 is small enough,
(S T e +ER) My Ty o 1> = GRuitl| S g mows | +42 G2} || RMy | +2tqF wi Re(tr( Ty Syt o RMy)) < €2
for each k € AY, and

(S Tww + tR) M Ty || < artw}l|Sw o, || + tarws| | RMy || <

for each k € As.
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This shows that S;VI’WTW’W is not the only element of the set (3.4) and, by Lemma 3.2, the canonical
dual fusion frames (S‘}},WW, v) with any vector of weights v are not the only probability (1, 00)-loss optimal
component preserving dual fusion frame of (W, w). This contradicts the hypothesis, consequently, HiNHg =

{0} O

The following three theorems describe classes of fusion frames for which the canonical duals are optimal
but not the unique ones or are not optimal.

THEOREM 3.8. Let (W, w) be a fusion frame for H that is not a Riesz fusion basis. Let ¢, A;j and H;,
j=1,2, as in Theorem 3.3. If {(W;,w;) }icn, 18 a Riesz fusion basis for Hi, Ay # 0 and HiNHz = {0}, then
the canonical dual fusion frames (S;V{WW,V) with arbitrary vector of weights v are probability (1, 00)-loss
optimal component preserving dual fusion frames of (W, w) but not the unique ones.

Proof. Let A € Lry, . Since ATy, = Sw WTwwTiww = I Tww(A = Sy o Tww)® = 0. By
hypothesis this implies that ((A — S;VlwawM)*f)i = 0 for each 7 € Ay and for each f € H, or equivalently,
My, (A= Sy Tww) =0, ie.,

AMy, = S} W Tw wMay, . (3.9)

By (3.2), (3.9) and (3.3),

M.T* > M.T* — AU .
jmax [|AM;Tyy || 2 max [ AM;Tyy || = max giw; || AM;|

—1 —1
= max il Sy TwwMill = max giwill Sy o TwwMill

= 12‘%};@ ||S\7\/'1,WTWaWMiT\y;V,W || .

Hence, Sy o, Tw.w is an element of the set (3.4).

Since (W, w) is not a Riesz fusion basis, there exists A € Lrg, , such that A # ngl’wTw’w. By (3.9),
AMy, # S Tw wMa,.

Fort € R, t #0, Sy o Tw.w + t(A = S Tw.w) € L1, - By (3.2), (3.9) and (3.3),

maix [|[Sy o T w + 1A = Sy o T w) M Ty o || =

, and if [¢] > 0 is small enough, then

max 9w wTw.w + t(A = S5 Tw w)IMiTry o || < c.
1€N2

Consequently, if |¢| > 0 is small enough, SQV{WTW,W +t(A— ngl,wTww) is another element of the set (3.4).

Now the conclusion follows from Lemma 3.2. O
THEOREM 3.9. Let (W, w) be a fusion frame for H that is not a Riesz fusion basis. Let ¢, A1, As and
M;, 7 =1,2 as in Theorem 3.3. If |A1| = 1 and {(W;,w;)}ica, s a Riesz fusion basis for Ha, then none
of the canonical dual fusion frames (S‘}}’WW,V) with any vector of weights v is a probability (1,00)-loss

optimal component preserving dual fusion frames of (W, w).

Proof. Without loss of generality suppose that A1 = {1} and Ay = {2,...,m}. Let P: W — Tyy  (H)
be the orthogonal projection onto Ty ., (H).
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Let B € L(W,H) such that B(g;)*y = ¢1 if (¢:)7, € (Iw — P)MiW and B(g;)*, = 0 if (g;)>, €
((Iyy — P)M;W)*. Let R := B(Iyy — P).
Suppose that (Iyy — P)MW = {0}, i.e., MiW C Ty o, (H). Let (f;)i2; € W such that Tw w(fi)iX; =

0. By the previous inclusion there exists f € H such that Mi(fi)j2; = Ty f. Consequently, 0 =
(Tw,w( )1, [) = ((fi)it1, Tv wf) = (f1, f1). Then fi = 0. Therefore, 0 = Tw w(fi)iZ, = Yitowifi.
Since {(W;, w;) }ica, is a Riesz fusion basis for Ha, this implies that f; = 0 for each ¢ = 1,..., m. Taking into
account the previous reasoning and that (W, w) is not a Riesz fusion basis for H, there exists (f;)7, € W
such that (Iyy — P)M;(f;)™, # 0, and hence, R # 0.

Since RT3y v =0, Sy wTw,w +tR € £, for each t € R.

Let {e;1}ier, be an orthonormal basis for W;, for each i = 1,...,m. Then, {{(x;(i)ei )% bier, }j2q is
an orthonormal basis for WW. Since

(T wSwowBM1) = Y D (TS BM1 (G (1)1, )71, Oy (8 e, )i

J=11l;€L;

=) (T wSw wBMi (1 (i)ei )1y, (x1(i)en) iy )
lely

= Ty wSwwerss (xa(D)er)ey)
lely

= (Spiwernwiern) =wi Y [|Sherl? >0,
leL, lely

using (3.2) and (3.3), if ¢ < 0 and |¢| is small enough,
(S wTw e + RV Ty |12 = wiat || (S o Tw w + tR) My |

= wiq | Sw o Tw.wMi|* + *wig? | RM || + 2wigi tRe(tr(Ty o Sw o RM1)) < ¢

and ||(S‘7Vl7wTw,w + tR)‘M\iTv*v,wH < wiqi||S§V17wTw7wMi|| + \t|||R]\//ET{,"VW|| < ¢ for each i € As.

This shows that kS"},l’WTV\QW is not an element of the set (3.4). By Lemma 3.2, we conclude that none
of the canonical dual fusion frames (S;VI}WW,V) with any vector of weights v is a probability (1, c0)-loss
optimal component preserving dual fusion frame of (W, w). ]

THEOREM 3.10. Let (W, w) be a fusion frame for H that is not a Riesz fusion basis. Let c, A; and H;,
Jj=1,2, as in Theorem 5.5. If {(Wi,wi)}ien, is a Riesz fusion basis for Hi and there exists (f;)7L, € W
such that f; # 0 for each j € Ay and Tw w(f;)72; = 0, then none of the canonical dual fusion frames
(S;VIAWW7V) with any vector of weights v is a probability (1,00)-loss optimal component preserving dual
fusion frames of (W, w).

Proof. The proof is similar to that of Proposition 3.7, so we only sketch it. Let {e;;}icr, be an or-
thonormal basis for W; for each i = 1,...,m. Then there exists f € H such that (f, nglweiﬁ = —(fi,ei1)
for each i € Ay and [ € L;.

Let R € LOW,H), given by R(g;)jL, = ((9;)7L1, (fj)L1)f for each (g;)7; € W. Since Tw wR* = 0,
then SQV{WTW’W +tR € ST\‘FV.W for each t € R.
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If ke A, tr(T{;V’wS;Vl’WRMk) = —wg||fe]|*> < 0. Hence, if t > 0 is small enough, H(S;vl,wTW,w +
13]%)]/\4\;3”2 < ¢? for each k € A; and ||(S\7\,1,WTW,W +tR)]/\éf\k|| < cfor each k € Ay. This shows that S o, Tw,w
is not an element of the set (3.4). By Lemma 3.2, this says that none of the canonical dual fusion frames
(S;V{WW,V) with any vector of weights v is a probability (1,00)-loss optimal component preserving dual
fusion frames of (W, w). |

4. Probability optimal duals in relation with general optimal duals. A greater probability p;,
and then a greater number ¢;, implies that the subspace W; is more probable of being erased. In this section,
we analyze situations in which if the subspaces with greater probabilities are erased, then the actual error
for the probability optimal dual is less than or equal to the error for the general optimal dual. This shows
the convenience of using probability optimal dual fusion frames to obtain a better reconstruction in these
situations.

PROPOSITION 4.1. Let ((V,¥),Q) € D™ (W, w) and (V,v),Q) € DI*)(W,w). If ¢ < q and
HTV,vQMiTv*v,WH < ||TV)VQM1T\*;V,WH for each i =2,...,m, then ||T\77GQM1T‘*N’W|| < ||TV’VQM1T\*;V7WH.

Proof. By the definitions of Dgoo)(W, w) and ﬁgm) (W, w),

~ qi ~ . qi
1T QM Ty wll < max - lITg oQMiTw = pdbl e o [PV T

< pin max [[BMiTw |l = max [Ty Q@MiTy ol = 1Ty Q@M Ty wll

PROPOSITION 4.2. Let ((\7,9),@) € ﬁ§°°)(W,w) and (V,v) be a Q-component preserving dual fusion
frame of (W, w) . If ¢; < q1 and ¢i||Tv vQM Ty || < @1l Tv vQM Ty o || for each i = 2,...,m, then
1T @M1 Ty || < TV v QM Ty I If we also have (V,v),Q) ¢ DI (W, w), then | Tg cQMi Ty
< | Tv v QM Tyy |-

Proof. By the definition of ZS;OC)(W, w),

0Ty @M Ty wll < max 4Ty s@M T W[ = | min

|| BMT
ETwwlgggnqu iTw wll

< max g||Tv vQM; Ty | = a1l Tv vQMi Tyy |,
1<i<m ’ 5

and hence, ||Tg v@MlT{ikv,wH <Tv Q@M Ty |- I ((V,v),Q) ¢ 73%00) (W, w), the above second inequal-
ity is strict and then [Ty sQM1 Ty |l < |Tv v QM1 Ty |- 0

The following corollary follows immediately from Proposition 4.2.

COROLLARY 4.3. Let ((V,¥),Q) € :/5§°°)(W,w) and (V,v) be a Q-component preserving dual fusion
frame of (W, w). If ¢ < q1 and |[Tv vQMi TRy || = - - = [TV QM TRy ||, then

179 c@M Tyl < 1Ty v QM Ty .
Moreover, if we also have ((V,v),Q) ¢ ﬁioo)(W,W), then

1Ty @M Ty wll < | Tv v QM TRy ||
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PROPOSITION 4.4. Let (V,¥),Q) € DI*)(W,w) and (V,v),Q) € D\*)(W,w)\ D™ (W, w). If

—

g1 > qo =+ = @y and ||T\77QQM1T‘*N’W|| =...= ||T{,7VQMmT{,‘V’w||, then
175 sQM Ty o || < |1 TvvQ@Mi Ty |-

Proof. We have

179 eQ@M Ty wll < 1T sQ@MaTiy woll = -+ = T gQMon Ty (4.10)
4il|Tg g@M Ty |l < max gi| Ty vQMiTiy I, Vi € {1,...,m}, (4.11)

and
Iy QM Ty | < max [T sQMTy o, Vi € {1,....m}. (4.12)

By (4.10) and (4.12), ¢;[|Tv vQM: Ty o || < @l T GQMZ’T{;V,WH for each i = 2,...,m. Therefore, by (4.11),
maxi<i;<m QiHTV,VQMiT{R/',w” = quTV,VQMlT\»;V,w” and hence, ||T\770Q\M1T‘*V,W|| < HTV,VQMlT{;V,w”' O

Now we present two illustrative examples.

EXAMPLE 4.5. Consider the subspaces of R®, W; = {(1,0,0)}* and Wy = {(0,1,0)}* and arbitrary
weigths w; > 0 and wy > 0. Then (W, w) is a fusion frame for R? with ngl’wW = W. This fusion frame
was considered in [8, Example 6.3]. Tt is easy to see that ||Sy/ o 7w |2 = 25 + ﬁ fori=1,2.

El ’LUi 'LUl ’u)2

Suppose that 0 < ps < p; < land 5 := % > g This implies that % <p1 <2—v2and V2-1 < py < %

Let ¢4 = ap1, g2 = aps for certain o > 0.

21 a—1 o 21 a—1 . . o wi+(witw3)?
We have, qiwil|Sw wmw: | = qw3|Sw 7w, if and only if g = Tty Consequently,
2_ —_ 2__ p— p—
wi = w3 (#?-D+y/Q 622_);2(2 F)A-28%) By [8, Example 6.3], (W,v) is a general (1,00)-loss optimal

Q-component preserving dual fusion frame of (W, w), where Q : W — V, Q((0, 2, z3), (y1,0,y3)) =

(& (0.2 5 ) & (0,42 ) Since wy # wa, then Q # Ques v 404 Twv@ # T Qs v
So, by Proposition 4.4,

1Tw v Qs T e M Tw |l < [Tw v @M Ty o ||

2 2
Indeed, ||TW!VQS\7VIWTW,W,VM1T{;V,WH2 =1+ (ﬁ) and ||Tw QM1 T3y |1 = 5.

EXAMPLE 4.6. Let % = R3, W, = {(1,0,0)}*, Wy = {(0,1,0)}*, Wy = {(0,0, 1)}*, wy > 0, wy > 0

. . 1
and w3z > 0. Then (W,w) is a fusion frame for R3, Sww (@1, 72,23) = wgﬁwg, w’;‘szg’ wfffw% and
SwwW =W.

Set w; = wy = wy = w. By Corollary 3.4 (with ¢ = ¢ = g2 = 1), since w2||S§V1w7rW1H =
w2||S\7vl,w7TW2|| = w2||S\7vl,w7TW3||, the only general (r,00)-loss optimal component preserving dual fusion

frames of (W, w) are the canonical ones (W, v) with arbitrary vector of weights v.

By Theorem 3.10, if g1 > g2 and ¢; > g3, then none of the canonical dual fusion frames (W, v) with any
vector of weights v is a probability (1, co)-loss optimal component preserving dual fusion frames of (W, w).
By Corollary 4.3, if ((V,¥),Q) € DEOO)(WJU) then ||T\7)VQM1T\*;V,M|| < ”TWNQS;\,{MTW,W,leT{ikV,w”' We
can see this explicitly as follows.
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For ¢1 > 0, g2 > 0 and g3 > 0, the unique element in the set (3.4) is given by

1 Q3Y1 + /221 \/B3T2 + /122 \/@2T3 + \/q1Y3
A((Oaanx?))a(y1707y3)7(21az250)) = <\/> ) ) ) .
w Va2 + /a3 Va1 ++/q3 VvV + /a2

We have AM;W = W; for each i = 1,2,3 and
QA,V((O7 x2, I?))a (y17 Oa 93)7 (Z17 22, O))

1 <1 <0 Va3%2 V@23 1, Vs 0 Vays 1, Vau Va1 z2 0))

U1

VO VG O R v VRt VG T aR T v R B VT VG

With this A we obtain that (W,v) is the unique (up to weights) probability (r,cc0)-loss optimal Q4 v-
component preserving dual fusion frame of (W, w). It is easy to see that ||TwanS\7vl Tor o w M1 T3 2 12 = %

w

* 2 q. q
and [|Tw vQav M Ty ol* = atvmr + vatvar:

If the numbers ¢; for i = 1,2,3, are not all equal, A # nglew,w. If ¢ > ¢ and ¢1 > g3,
then [|[Tw vQavM Ty ,|I° < "TW,\'QS;‘,lm,Tw,w,leT\tv,w”2' Moreover, if ¢ > g2 > ¢3, then W; and
W, are more probable of being erased than W3, and since "TW’VQS;V{WTw.,w,vM{L?}Tv*v,w||2 = % and

91142

* 2 : -
T~ QavMunTw.ul” = 7777 + atver + wartvar 1t follows

1Tw v Qav Mg 2y Ty |1 < ”TW,VQS;vl,wTWYW,vM{LQ}T\*?V,w”2'
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