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LINEAR PRESERVERS OF HADAMARD MAJORIZATION*

SARA M. MOTLAGHIANT, ALl ARMANDNEJAD', AND FRANK J. HALL?

Abstract. Let M;, be the set of all n X n real matrices. A matrix D = [d;;] € M, with
nonnegative entries is called doubly stochastic if > 7 dix = > 1, d; =1 for all 1 < 4,5 < n. For
X,Y € M, it is said that X is Hadamard-majorized by Y, denoted by X <p Y, if there exists an
n X n doubly stochastic matrix D such that X = D oY. In this paper, some properties of <z on
M., are first obtained, and then, the (strong) linear preservers of <y on M,, are characterized. For
n > 3, it is shown that the strong linear preservers of Hadamard majorization on M,, are precisely
the invertible linear maps on M,, which preserve the set of matrices of term rank 1. An interesting
graph theoretic connection to the linear preservers of Hadamard majorization is exhibited. A number
of examples are also provided in the paper.
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1. Introduction and preliminaries. Majorization is one of the vital topics in
mathematics and statistics. It plays a basic role in matrix theory. For instance, the
classical majorization relation involving eigenvalues and singular values of matrices
produces many norm inequalities, see for example [1], [6] and [11I]. For X, Y € M,, ,,,
(the set of n x m real matrices), it is said that X is multivariate majorized by Y, if
there exists a doubly stochastic matrix D € M,, such that X = DY. In [9] and [10],
the authors obtained the following interesting theorems regarding the multivariate
majorization. In these results, J denotes the matrix of order n all of whose entries
are 1.

THEOREM 1.1. Let T : My, — M, be a linear map. Then T preserves
multivariate magjorization if and only if one of the following statements holds.

(i) There exist A1,..., Am € My m, such that T(X) = Z;nzl tr(z;)A;, where z; is
4t column of X and tr(z;) is the summation of all components of x;.

(ii) There exist R, S € M,, and permutation matriz P € M, such that T(X) =
PXR+JXS.
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We remark that an equivalent version of Theorem [[LT] was given in Theorem 2.5
of [2]. We also mention that in [3] the authors characterize (considering only row
stochastic matrices) the linear operators that strongly preserve matrix majorization,
a generalization of multivariate majorization.

THEOREM 1.2. Let T : My, p, = My, be a linear map. Then T strongly pre-
serves multivariate majorization if and only if there exist R, S € M, and permutation
matriz P € M, such that R(R + nS) is invertible and T(X) = PXR+ JXS .

Due to the important role of the Hadamard product in the space of matrices, in
this paper, we define a new kind of majorization which is obtained by the Hadamard
product and we find its linear preservers.

The following conventions will be fixed throughout the paper:

M, is the set of all n x n real matrices; F;; is the n x n matrix whose (i, j) entry
is one and all other entries are zero; Ny, is the set {1,..., k}; For index sets «, 8 C Ny,
Ala, 8] is the submatrix that lies in the rows of A indexed by « and the columns
indexed by 3; |a| is the cardinal number of a set a; X T is the transpose of a given
matrix X.

For X = [z5], Y = [yi;] € M, the Hadamard product (entry-wise product) of X
and Y is defined by:

X oY =7 = [z;], where z;; = x;;y;; forall 1 <i,j <n.

It is an interesting fact that M, via the Euclidean norm and the Hadamard product
forms a commutative Banach algebra.

DEFINITION 1.3. For XY € M,,, we say that X is Hadamard-majorized by Y,
denoted by X < Y, if there exists a doubly stochastic matrix D € M,, such that
X =DoY.

DEFINITION 1.4. Let T : M,, — M,, be a linear map. We say that T" preserves

(resp., strongly preserves) Hadamard magjorization if T(X) <y T(Y) whenever X <p
Y (resp., T(X) <g T(Y) if and only if X <z Y).

Some recent works on linear preservers of majorization can be found in [8] and
[12]. Notice that when n = 1 the relation <g is simply the equality relation. So
we may suppose that n > 2. Since the case n = 2 is different from the other cases
where n > 3, in this paper, first we find the (strong) linear preservers of <y on My
and then we find the strong linear preservers of <z on M,, with n > 3. Comparing
with a result of Beasley and Pullman [4], we also show the surprising result that for
n > 3, the strong linear preservers of Hadamard majorization on M,, are precisely
the invertible linear maps on M,, which preserve the set of matrices of term rank
1. For n > 3, we find conditions equivalent to a linear map preserving Hadamard
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majorization. Utilizing this result, we obtain a simplification for the strong linear
preservers. In addition, we exhibit an interesting graph theoretic connection to the
linear preservers of Hadamard majorization.

2. General properties and strong linear preservers of <y . In this section,
we first obtain some properties of Hadamard majorization and we present some linear
maps on M,, which preserve <g. For a matrix A € M,, and a permutation matrix
P eM,, it is said that A is dominated by P if Po A = A.

The following proposition gives some properties of Hadamard majorization on
M,,.

ProrosiTiON 2.1. If A, B,C, D € M, then the following statements hold:

(i) A<y A if and only if A is dominated by a permutation matriz.

(ii) A <y B and B <y A if and only if A = B and A is dominated by a permutation
matriz.

(iii) A <y B and B <g C do not always imply that A <g C when n > 2.

(iv) A(Bo C)D may not be equal to (ABD) o (ACD), but for permutation matrices
P,Q we have P(B o C)Q = (PBQ) o (PCQ).

Proof. (i) If A <y A, then there exists a doubly stochastic matrix D such that
A = D o A. This implies that d;; = 1 whenever a;; # 0, and hence, A is dominated
by a permutation matrix.

(1) If A<g B and B <y A, then a,; # 0 if and only if b;; # 0, and in this case,
d;j = 1. Therefore, A = B is dominated by a permutation matrix. By using (¢), the
converse is clear.

(i4i) For n > 2, with A = 5 J, B = 1J and C = J, we have A <y B and
B <y Chbhut A4y C.

(iv) It is easy to see. O

The following examples give some kinds of linear maps on M, that preserve
Hadamard majorization.

EXAMPLE 2.2. The linear map 7 : M,, — M,, defined by T(X) = X ' for all
X € M,,, strongly preserves Hadamard majorization.

ExamMpPLE 2.3. Let P,@Q € M,, be permutation matrices. The linear map T :
M,, —» M,, defined by T(X) = PXQ for all X € M,,, strongly preserves Hadamard

majorization.

ExamMpPLE 2.4. Let A € M,,. The linear map T : M,, — M,, defined by
T(X)= X o A for all X € M,,, preserves Hadamard majorization. Furthermore, T
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strongly preserves Hadamard majorization if and only of A has no zero entries (see

Theorem [Z10)).

Later we show that every T' : M,, — M,, which strongly preserves Hadamard
majorization is a composition of linear maps appearing in the three previous examples
(where A has no zero entries), but the following example shows that not every linear
map preserving Hadamard majorization is necessarily such a composition.

ExaMPLE 2.5. Let n > 2. The linear map T : M,, — M,, defined by

T11 - Tip T11 0
A = , VX €My,

Tnl " Tnn 0 T11

preserves Hadamard majorization but it is not a composition of linear maps appearing
in the three previous examples.

THEOREM 2.6. LetT : M,, — M, be a linear map. Then the following conditions
are equivalent:

(i) T(Epy) o T(Eys) =0 for every 1 < p,q,r,s < n with (p,q) # (r,s).
(ii) There exist a function f: N, x N, = N, x N,, and a matriz A € M,, such that
for every X = [z; ;] € M,

Tf,1) - T

Tf(n,1) " Tf(n,n)

where xy(; jy means Tpq if f(i,7) = (p,q).
Proof. For every 1 <p,q <mn,let I,; = {(i,7) : (T(Epq))ij # 0}.

(i) = (i1). From the assumption (4), it is clear that I, N I = 0, for all 1 <
p,q,7, s <n with (p,q) # (r,s). Let A =T(J) where J € M, is as before the matrix
whose all entries are 1. Define the function f : N, x N,, = N, x N,, by

| (i,5), otherwise.

For every 1 < p,q < n, let Jp, € M,, be the matrix whose (¢, j) entry is 1 if (4, j) € I,
and 0 otherwise. It is easy to see that T(E;;) = J;; o T(J), and hence, for X = [z;],



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 593-609, September 2016
http:/repository.uwyo.edu/ela

Linear Preservers of Hadamard Majorization 597

we have
T(X)=> 2 T(Ey) = Y ij(Jij o T(J))
i, 4,7
Tf(1,1) " Tr(l,n)
= injt}ij 0 A= OA,
" Lf(m,1) """ Lf(m,n)
as desired.

(#4) = (i). Assuming (i7), observe that for every 1 <4,j,k,1 <n, (T(Ek))ij # 0
if and only if f(i,j) = (k,l) and a;; # 0. Therefore, T'(Epq) o T'(Ers) = 0 for every
1 <p,q,r,s <nwith (p,q) # (r,s). 0

For X = [z;;],Y = [yi;] € My, by < X,Y > we mean the usual inner product on
M,, ie, < X,Y >= szzl TijYig-

THEOREM 2.7. Let n >3 and let T : M,, — M, be a linear map. If T preserves
Hadamard magjorization then there exist a function f : N, x N,, = N, x N, and a
matriz A € M, such that for every X = [z, ;] € M,

Tra) TEn)
T(X) = T R (2.1)

ZTf(n,1) " Tf(n,n)

where xy(; jy means xpq if f(i,5) = (p,q). Furthermore, T is invertible if and only if
f is bijective and A has no zero entry.

Proof. By Theorem [2.0] it is enough to show that T'(E,q) o T(E,s) = 0 for
every 1 < p,q,r, s < n with (p,q) # (r,s). Assume if possible that there exist some
(p,q) # (r,s) such that T(E,q) o T(E,s) # 0. By the use of Example 23] without loss
of generality, we may assume that < T(E,q), E11 >= A and < T'(E,s), E11 >= p for
some nonzero scalars A\, u € R. Since n > 3, there exists a doubly stochastic matrix
D € M, such that the (p, q) and the (r, s) entries of D are % and % respectively. Let
Y =3Ep — %E,«S and X = DoY. Therefore, X <y Y but T(X) Ax T(Y) which is
a contradiction. Moreover, it is clear that T is invertible if and only if f is bijective
and A has no zero entry. O

The following example shows that the condition n > 3 is necessary in the previous
theorem.

ExaMpPLE 2.8. The linear map T : My — M, defined by T< R > =
T21 22

( T11 + 22 T12 + T21

) , for all X € My, preserves Hadamard majorization but is
To1 + 212 T2 + 211
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not of the form (ZI]).

LEMMA 2.9. Let T : M, — M, be a linear map that preserves Hadamard
magjorization. Then the following statements hold:

(i) For every 1 <p,q <n, T(Epq) is dominated by a permutation matriz.
(ii) If n > 3, for every 1 < p,q,r,s < n withp # r and q # s, T(Epq) and T(E,s)
do not simultaneously have a monzero entry in any row and in any column.

Proof. (i) For every 1 < p,q < n, Epy <ug Epq, and hence, T(Epy) < T(Epq)-
This implies that T'(E,,) is dominated by a permutation matrix by Proposition 211

(ii) For arbitrary but fixed 1 < p,q,r,s <n with p # r and g # s, let A = [a;;] =
T(Ep) and B = [b;j] = T(E,s). We show that A and B do not simultaneously have
a nonzero entry in any row and in any column. If A = 0 or B = 0 there is nothing
to prove. Let A # 0. By the use of Example 23] without loss of generality, we may
assume that a;; # 0. We show that the first row and the first column of B are zero.
Assume if possible that b1; # 0 for some 1 < j < n. So a1; = 0 by Theorem
and Theorem 271 Let E = E,q + Ers. Since p # r and ¢ # s, E is dominated by
a permutation matrix, and hence, E <y E. So T(F) = A+ B <y T(E) = A+ B,
and hence, A + B is dominated by a permutation matrix which is a contradiction.
Consequently the first row of B is a zero row. Similarly, we can show that the first
column of B is a zero column. O

THEOREM 2.10. Let T : M,, — M, be a linear map. If T strongly preserves
Hadamard majorization, then T is invertible

Proof. Assume that there exists a matrix X € M,, such that T(X) = 0. So
T(X)=T(0)=0=10T(0), and hence, T(X) <g T(0). Since T strongly preserves
Hadamard majorization, X <z 0, and hence, X = 0. O

The linear maps preserving or strongly preserving Hadamard majorization on My
are characterized in the following theorem.

THEOREM 2.11. LetT : My — My be a linear map. Then T preserves Hadamard
magjorization if and only if there exist aq, ...,as € R and permutation matric P € My
such that

Q1T11 + Q222 (3X12 + QqT21
Q5T12 + QT21 Q7X11 + Q822

T(X):P( ) VX € M,. (2.2)

Moreover, T strongly preserves Hadamard magjorization if and only if

a1ag — Qa7 75 0 75 Q306 — 0405, (23)
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Proof. First observe that for any 2 x 2 doubly stochastic matrix D, d1; = d22 and
dya = doy. If T is of the form (22), for every doubly stochastic matrix D € My and
for every X € My it is then easy to see that T(Do X) = (PD) oT(X), and hence, T
preserves Hadamard majorization.

Conversely, assume that T preserves Hadamard majorization. We show that
T(E11) o T(E12) = 0. Assume if possible that T'(E11) o T(F12) # 0. Without loss
of generality, we may assume that < T(FE11),E11 >= X and < T(E12), E11 >= p
for some nonzero scalars A\, € R. Consider the doubly stochastic matrix D =

1/3 2/3
9/3 1/3 Let Y = %EH — %E12 and X = DoY. Therefore X <g Y but

T(X) 4 T(Y) which is a contradiction. Similarly, we can show that T(Eq1) o
T(E21) = T(E9) o T(E12) = T(F22) o T(E21) = 0. By Lemma [Z9 for every 1 <
1,7 <2, T(E;j) is dominated by a permutation matrix. Since E11+ Eas < E11+ Fao
and Eio + Ea1 =g F12 + Eo1, T(E11) + T(Ea2) and T(E12) + T(Es;) are dominated
by some permutation matrices. Also it is easy to see that the linear maps X —

1 0 , X — 21 0 , X — w22 0 and X s [ 7% 0 do not preserve
0 w12 0 z21 0 zi12 0 w21

Hadamard majorization. By the above restrictions on T' we reach (Z2]). Furthermore,
by Theorem [2.I0] if T strongly preserves Hadamard majorization, then T is invertible.
Also observe that T is invertible if and only if (Z3)) holds. In this latter case, we have

- Brri1 + Bowaz Bariz + Baxor )
T-'(X)=P . VX €My,
<0 < Bsx12 + PBera1 Brrir + PBero: 2

(07 — — (o] « — — Q5
WhereﬂlzTga ﬂ2: 72757: 77aﬂ8:717 53:T6a ﬂ4: 54755: 5
Be = %, with v = ajag — azar and § = azag — asas. Hence, T-1 has the form
([Z2), so that T—! preserves Hadamard majorization. Therefore, T strongly preserves
Hadamard majorization. O

The following theorem characterizes the linear maps on M,, which strongly pre-
serve Hadamard majorization. In fact we show that these maps are compositions of
maps appearing in the three examples earlier in this section.

THEOREM 2.12. Letn > 3 and let T : M,, — M, be a linear map. Then T
strongly preserves Hadamard majorization if and only if there exist A € M,, with no
zero entry and permutation matrices P,Q € M, such that one of the following holds:

(i) T(X)=(PXQ)o A, for all X € M,,.
(ii) T(X) = (PXTQ)o A, for all X € M,,.

Proof. First assume that T strongly preserves Hadamard majorization. By Theo-
rem[2.I0, T is invertible and then by Theorem 2.7l there exist a bijection f : N, xN,, —
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N, xN,,, and a matrix A € M,, with no zero entry such that for every X = [x; ;] € M,,,

Tfay) ot Tfn)
T(X)= . o A.
LTfn,1) " Tf(nn)

First we show that for every 1 < k < n there exists 1 < i, < n such that

{f(k,1),..., f(k,n)} ={(ir,1),..., (ik,n)}, or (2.4)
{f(ka 1)7 AR f(ka n)} = {(Lik)v ) (n, ik)}a (2'5)
and also there exists 1 < jr < n such that
{f(]-ak)a-~.af(na k)}: {(17jk)a-~-a(najk)}a or (26)
{f(]-a k)a ceey f(nv k)} = {(jka 1)7 ) (]kvn)} (27)

Let 1 < p,q,7,s < n. Since T and T—! preserve Hadamard majorization, Lemma
29 (ii) implies that the first or the second components of (p,¢) and (r,s) are equal
if and only if the first or the second components of f(p,q) and f(r,s) are equal. So
the first or the second components of f(k,1) and f(k,2) are equal. Without loss of
generality, say that their first components are equal (so that their second components
are different since f is a bijection). We also know that for 3 <m <mn, f(k,m) has a
common component with each of f(k,1) and f(k,2), which then clearly must be the
first component. So for every 1 < m < n, the first components of f(k,1) and f(k, m)
are the same, and we obtain (24]). On the other hand, if the second components of
f(k,1) and f(k,2) are equal, we similarly obtain (Z3). In a corresponding way, by
considering the pairs (1, k) and (2, k) we reach (28] or (Z71).

Now, we consider two cases.

Case 1. Assume that (Z4) holds for & = 1. We show that in this case, for
all 1 < k < n, 4) and (Z8) hold. For every 2 < k < n, {(1,1),...,(1,n)} N
{(k,1),...,(k,n)} = 0 and hence {(i1,1),...,(i1,n)} N {f(k,1),..., f(k,n)} = 0.
Then the only possibility for {f(k,1),..., f(k,n)} is [Z4), and hence there exists
1 < < nsuch that {f(k,1),..., f(k,n)} = {(ix,1),..., (ix,n)}.

Also, {(1,1),...,(1,n)}n{(1,k), ..., (n,k)} = {(1,k)} which implies that {(i1,1),
oo (i) N {f(1,k),..., f(n,k)} has one element. Then the only possibility for
{f(1,k),..., f(n,k)} is (20), and hence there exists 1 < ji < nsuch that {f(1,k),...,
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fin,k)} = {(1,4k),.--,(n,jx)}. Let P and @ be the permutation matrices corre-
sponding to the maps k +— i, and k — ji respectively. It is easy to see that (i)
holds.

Case 2. Assume that (23) holds for k = 1. With a similar argument as for Case
1, we may obtain (ii).

Conversely, if T satisfies (i) or (i7), it is easy to see that T strongly preserves
Hadamard majorization. O

The term rank of a matrix A is the smallest number of lines (a line is either a
row or a column) which contain all the nonzero entries of A. The following result is
due to Beasley and Pullman.

ProposITION 2.13. [, Corollary 3.1.2] Suppose that T is an invertible operator
on M,. Then T preserves the set of matrices of term rank 1 if and only if T is one
of or a composition of some of the following operators.

(G X—XT.
(i) X — PXQ for some fixed but arbitrary permutation matrices in M,,.
(iii) X — X oA for some fized but arbitrary matriz A € M, with all nonzero entries.

In view of Theorem .12 and Proposition 2.13] we obtain the following surprising
connection.

THEOREM 2.14. Letn > 3 and let T : M,, — M, be a linear map. Then
T strongly preserves Hadamard majorization if and only if T is invertible and T
preserves the set of matrices of term rank 1.

REMARK 2.15. In [B], the authors investigated the so-called PO, PSO, PSRO,
and PSCO properties of matrices. They proved that if T strongly preserves PO,
PSO, PSRO or PSCO then T preserves the set of matrices of term rank 1, [5]
Lemma 2.4]. Consequently, if T strongly preserves PO, PSO, PSRO, or PSCO,
then T strongly preserves Hadamard majorization.

3. Linear preservers of Hadamard majorization . In this section, we find
the linear maps on M, preserving Hadamard majorization.

LEMMA 3.1. Letn > 3 and let T : M,, - M,, be a linear map. If T satisfies the
conditions

1. T(Ex) o T(Epq) =0 for every 1 < k,l,p,q < n with (k,1) # (p,q),
2. T(J) is a (0,1)-matriz,

then T(X oY) =T(X)oT(Y) for all X,Y € M,,.
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Proof. Since T(J) is a (0,1)-matrix, by using (1), it is clear that T'(F;;) is a
(0,1)-matrix, and hence, T(E;;) o T(E;;) = T(Ey) for all 1 < 4,5 < n. Then,
T(XoY) =T, xiEij o 3 ;v By) = TS, ; vy Biy) = 305 5 vijvi T(Eij) =
i viT(Eij) o2, iy T(Eij) =T(X)oT(Y). O

With the use of Lemma 3] we obtain the following result, which is of the inde-
pendent interest.

THEOREM 3.2. Letn >3 and let T : M,, — M, be a linear map. If T preserves
Hadamard magjorization, then T(X o Y)oT(J) =T(X)oT(Y) for all X, Y € M,,.

Proof. Let A = [a;;] = T'(J) and B = [b;j], where b;; = i if a;; # 0, and 0
otherwise. Consider the linear map S : M,, - M,, defined by S(X) = T'(X) o B.
Note that by the use of [(ZI)), T(X) = S(X) o A for all X € M,,. Also it is clear
that S(J) is a (0, 1)-matrix. Since T preserves Hadamard majorization, S preserves
Hadamard majorization. By Theorem and Theorem [27] S satisfies condition (1)
of Lemma B and hence, S(X oY) = S(X) o S(Y) for all X,Y € M,,. Therefore
S(XoY)oAoA = S(X)oAoS(Y)oA, which implies that T'(X oY )oA = T(X)oT(Y).O

LEMMA 3.3. For every r,s € Ny, let m,s be the smallest integer such that every
r X s submatriz of every doubly stochastic matriz D € M, is an r X s submatriz of a
doubly stochastic matriz D' € My, .. Then

r+s, ifr+s<n;
Mmrs = .
n, ifr+s>n.

Proof. From the definition of m,s, it is clear that m,s < n. Without loss of
generality, we may consider the upper left r X s submatrices of n x n doubly stochas-
tic matrices. Put m = m,s and let the doubly stochastic matrices D and D’ be
partitioned as

A Bl ! A Cl
D= M,, D = M,,,
( By Bs ) © ( Cy C ) ©

where A is r x s. Let A be the sum of the entries of A. So, the sum of the entries of
C1 and the sum of the entries of Cy are r — A and s — A, respectively. Hence, the sum
of entries of C'5 is m —r — s + A. Since Cj3 is a block of a doubly stochastic matrix,
m—+ XA > 1+ s. Now, we consider two cases:

Case 1. Let r < n — s. Here we consider the doubly stochastic matrix D

1,
where A = 0 and By = [I, 0], i.e., D = 0 (I 0) . So, in this case, A
By Bs
can be taken to be 0, and hence, m > r + s. But for every r x s submatrix A
of an n x n doubly stochastic matrix D, we can form the doubly stochastic matrix
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A diag(a, ..., ap) ) s
. € M, s, where each a; =1 -3 7_; a;; and
( dlag(617"'768) AT > ’ g=1

each 8; =1 — 2;1 ai;. So, m < r+ s, and thus, m =r +s.

Case 2. Let r > n — s. Here we consider the doubly stochastic matrix D where

0 In s

By =[l,_s0]",ie, D= ( * ) ( 0 ) . So, in this case, A can be taken
Bs B3

to be r — (n — s), and hence, m +r —n+s>r+sorm >n. Thus, m =n. O

The following examples give some kinds of linear maps T : M,, — M,, that
preserve Hadamard majorization where m < n. In each of these examples, it is
easy to see that the conditions (1) and (2) of Lemma B hold, so that we have
T(XoY)=T(X)oT(Y) for all X, Y € M,,.

ExaMpPLE 3.4. Let Py, ..., P, be permutation matrices such that P, +---+ P, =
J. For every 1 < i <n the linear map S : M,, — M,, defined by

SX)=zuP1i+ - +zinP,, YXeEM,, or
S(X)=z1,Pi+ - +an P, VX €M,

preserves Hadamard majorization. Here, if D is doubly stochastic, then S(D) is
doubly stochastic and we have S(D o X) = S(D) o S(X).

ExAMPLE 3.5. Let a, 8 C N,, and || = r,|3] = s. The linear map T : M,, - M,,

defined by T(X) = ( X[‘;’ﬂ]
tion. Here, if D is doubly stochastic, then D[«, 5] can be extended to a doubly

stochastic D’ € M,, and hence T'(D) o T(X) = D' o T(X).

8 > for all X € M,,, preserves Hadamard majoriza-

ExXAMPLE 3.6. Let a,8 C N, |a] = r,|8] = s and m < n. Then the linear
Xa, 4]
0
Hadamard majorization if and only if r +s < m. If r + s < m, by Case 1 in the
proof of Lemma B3] if D is doubly stochastic, then Dla, ] can be extended to a
doubly stochastic D" € M,,, and hence T(D) o T(X) = D’ o T(X). Then T preserves
Hadamard majorization. Lemma also can be used to show that if T preserves

map T : M,, = M,, defined by T(X) = ( 8 > for all X € M,,, preserves

Hadamard majorization, then r 4+ s < m.

EXAMPLE 3.7. Let a,8 C N,, and |a| = r,|5] = s. If (r+s) < m < n, the

S(X)[a,8] 0 ) for all X ¢ M
0 0 mny

preserves Hadamard majorization where S is the linear map introducing in Example

linear map T : M,, — M,,, defined by T'(X) = <
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B4l Note that T is the composition of the linear maps in Examples [3.4] and

ExAMPLE 3.8. Let m, n and k be positive integers such that mk < n. Let
Pi,..., P, € M,,, be permutation matrices such that P, o P; = 0, for every 1 < i <
7 < n. The linear map T : M,, — M,,,; defined by

Tig Pt 2, P .. Ty P
T(x) = acij,T P, xy; P xijkfl.Pk_l vXeM,
Tijo Po xijP3 ... Zij, P1
where 1 < i <nand 1l < j; < --- < jir < n, preserves Hadamard majorization.

Here, if D is doubly stochastic, then T(D) can be extended to a doubly stochastic
D’ € M, and hence T(D)oT(X) = D'oT(X). In fact for every permutation matrix
P € M, there exists permutation matrix @ € M, such that T(PoX) = QoT(X).

In the following theorem we exhibit a large class of linear maps which preserve
Hadamard majorization.

THEOREM 3.9. Let my,...,my be some positive integers. Putn =mq+---+myg
and for every 1 < j <k, let T; : M, — M,,. be a linear map appearing in Examples

20, [37 or[38 Let P,Q € M, be permutation matrices and A € M,. Then the
linear map T : M, — M,, defined by

T>(X)
T(X) = (P ) Q)od, VXM,

0 T (X)
preserves Hadamard magjorization.

Proof. Let X <gy Y. Then there exist doubly stochastic matrices D; € M,
such that T;(X) = D; o T;(Y), for every 1 < j < k. With D' = D1 & --- @ Dy, we
have

T(X)=[P(D1oTh(Y)® - ®DroTr(Y))Q]o A
=[P(D'o[i(Y)® - & Te(Y))Q] o A
= (PD'Q)oT(Y).
Therefore, T(X) < T(Y), and hence, T' preserves Hadamard majorization. 0

THEOREM 3.10. (Birkhoff’s theorem) The set of the n x n doubly stochastic
matrices is a convex set with its extreme points the set of n X n permutation matrices.
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By a generalized permutation matriz we mean a square matrix with exactly one
nonzero entry in every row and in every column.

THEOREM 3.11. Letn > 3 and let T : M,, — M, be a linear map. Then T
preserves Hadamard majorization if and only if T satisfies the following conditions:

1. T(Ew) o T(Epg) =0 for every 1 < k,l,p,q < n with (k,1) # (p,q),
2. For every permutation matric P € M, there exists a (0,1)-matric Z € M,
such that Z o T(J) =0 and T(P) + Z is a generalized permutation matriz.
Proof. Let A = [a;;] = T(J) and B = [b;;], where b;; = %j, if a;; # 0 and 0
otherwise. As in the proof of Theorem B.2] we consider the linear map S : M,, — M,
defined by S(X) = T(X) o B. As before we have that S(J) is a (0, 1)-matrix.

First assume that T preserves Hadamard majorization, and hence, S preserves
Hadamard majorization. Then by Theorem and Theorem 27 (1) holds for both
T and S. To prove (2), let P € M,, be a permutation matrix. Since Po J <y J,
S(PolJ) <y S(J) and then S(Po J) = D o S(J) for some doubly stochastic matrix
D. By Lemma 31l S(P)o S(J) = Do S(J). Now, S(P) is a (0, 1)-matrix, which by
Proposition 2:1lis dominated by a permutation matrix, and hence, up to permutation
equivalence, S(P) = I} ®0 for some 0 < k < n. Therefore, (I $0)o S(J) = Do S(J),
and this implies that D = I;; ® D’ and (0@ D’) o S(J) = 0, for some doubly stochastic
matrix D’ € M,,_;. So there exists a permutation matrix ) € M,,_ such that
(0@ Q)oS(J)=0. Now, we have [S(P) — (I ® Q)] o S(J)=0. Put Z = (I[; Q) —
S(P) = (08Q), and then Z+S(P) is a permutation matrix and ZoS(J) = 0. We have
ZoT(J)=ZoS(J)oA =0and Z4+T(P) = (06Q)+S(P)oA = diag(ais, ..., ark)HQ.

Conversely, assume that T satisfies (1) and (2). It is clear that S satisfies (1), and
hence, by Theorem 26 T'(X) = S(X) o A for all X € M,, and then it is enough to
show that S preserves Hadamard majorization. By (2), for every permutation matrix
P € M, there exists a (0, 1)-matrix Z € M,, such that ZoT(J) =0 and T(P) + Z is
a generalized permutation matrix. By the use of (1) we have ZoT(P) = 0, and hence,
S(P)+ Z is a permutation matrix. By Lemma B we have S(X oY) = S(X)o S(Y)
for all X, Y € M,,. Let X <g Y. Then there exists a doubly stochastic matrix D
such that X = D oY, and hence, S(X) = S(D) o S(Y). By Birkhoff’s theorem,
D = Zle A P; for some permutation matrices Pi,..., P, € M,, and some positive
numbers Aq,...,A\r € R such that Zle Ai = 1. For every 1 < i < k, there exists
Z; € M,, such that Z; 0o A = 0 and S(F;) + Z; is a permutation matrix. So D’ =
Zle Xi(S(P;)+ Z;) is a doubly stochastic matrix. Therefore, S(X) = S(D)oS(Y) =
S(Zle AiP) o S(Y) = (Zle XNi(S(B) + Z;)) o S(Y) = D' o S(Y), and hence, S
preserves Hadamard majorization. 00
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In the following result, P(n) is the set of all n x n permutation matrices.

COROLLARY 3.12. Letn > 3 and let T : M,, — M, be a linear map. Then T
strongly preserves Hadamard majorization if and only if T is invertible and T satisfies
the following conditions:

1. T(Ew) o T(Epg) =0 for every 1 < k,l,p,q < n with (k,1) # (p,q).
2. For every permutation matrix P € M,, T(P) is a generalized permutation
matriz.

Proof. If T strongly preserves Hadamard majorization, then by Theorem 210
T is invertible and by Theorem BTl (1) holds, and for every permutation matrix
P € M, there exists a (0, 1)-matrix Y € M,, such that Y oT'(J) =0 and T'(P)+Y is
a generalized permutation matrix. But by Theorem 27 T'(J) has no zero entry, and
hence, Y = 0 as desired.

Conversely, assume that 7' is invertible and (1) and (2) hold. Then by Theorem
BI1 T preserves Hadamard majorization. As in the proof of Theorem[3.2], we consider
the linear map S : M,, — M,, defined by S(X) = T'(X) o B. Then S satisfies (1)
and for every permutation matrix P € M,,, S(P) is a permutation matrix. Since S is
invertible, S(P(n)) = P(n), and hence, S~! satisfies (2). For every 1 < k,l,p,q < n
with (k,1) # (p,q), let A = S™Y(Ey) and B = S7Y(E,,). So, by Lemma B1]
S(Ao B) = S(A) o S(B) = E 0 Epqg = 0. This implies that A o B = 0, and hence,
S~1 satisfies (1). Thus, by Theorem 311l S—! preserves Hadamard majorization, and
hence, S strongly preserves Hadamard majorization. Therefore, T strongly preserves
Hadamard majorization. O

Note that a (directed) graph D is a pair (V, £), consisting of the set V of nodes and
the set £ of edges, which are ordered pairs of elements of V. If |V| = n, the adjacency
matriz of D is the square n X n matrix A such that a;; is one when (i,5) € &, and
zero otherwise. The reader can see [7] for these notions.

For our purpose we make the following definition. We say that a directed graph
D is a permutation graph if its adjacency matrix is a permutation matrix. This means
that D is the union of distinct simple circles including all the nodes of D.

In the remaining part of the paper, when we say “graph” we mean directed graph.

REMARK 3.13. Let n > 3 and let T' : M,, — M,, be a linear map preserving
Hadamard majorization. By the use of Theorem 27, it can be seen that there exist
a subset £ of N;, x N,,, a function ¢ : £ — N, x N,,, and nonzero scalars A;; € R such
that for every 1 <i,j <mn, and for all X € M,,,

)\ijxcp(i,j)a if (Za]) € 5,

3.1
0, otherwise, (3.1)

) = {
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where x,¢; j) means x4 if (i, ) = (p,q). If \jj =1 for all 1 <4,j <n, then T'(E,)
is the adjacency matrix of the graph (N,,, o= *{(r,s)}) for every 1 <r,s <n. By the
use of previous remark we may state and prove the following theorem that gives a
necessary and sufficient condition for linear maps to preserve Hadamard majorization.

THEOREM 3.14. Letn > 3 and let T : M,, — M,, be a linear map. Then T
preserves Hadamard majorization if and only if there exist a directed graph (N,, &),
nonzero scalars A;j € R, and a function ¢ : € — N, x N,, such that (1) holds,
and for every permutation graph (N,,P) there exists a subset F of £° such that
(N, o1 (P) U F) is a permutation graph.

Proof. First assume that T preserves Hadamard majorization. Then by Remark
BI3] there exist a subset £ of N,, x N,,, a function ¢ : £ — N,, x N,;, and nonzero
scalars \;; € R such that (81 holds. Without loss of generality (as in the proof of
Theorem [B2] we can consider the linear map S(X) = T(X) o B) we may assume
that A;; = 1 for all 1 < 4,5 < n. Hence, for every permutation graph (N,,P) with
adjacency matrix P, it is easy to see that T'(P) is the adjacency matrix of the graph
(N, 1(P)). By the condition (ii) of Theorem B.I1l there exists a (0,1)-matrix
Y € M, such that Y oT(J) = 0 and T(P) + Y is a permutation matrix. Now, let
(N, F) be the graph with adjacency matrix Y. Since Y o T(J) = 0, F C £° and
T(P) +Y is the adjacency matrix of the graph (N,,, o ~*(P) U F), as desired.

Conversely, to prove the sufficiency, it is enough to show that T satisfies the
conditions (1) and (2) of Theorem BIIl Without loss of generality, we may assume
that A\;; = 1 for all 1 < 4,5 < n. Since T(E,s) is the adjacency matrix of the
graph (N, o~ {(r,)}), if (k,1) £ (p,q) then o~ {(k,1)} N~ {(p,)}) = 0 and
hence T'(Ey;) oT(E,q) = 0. Now, let P € M, be a permutation matrix. Consider the
permutation graph (N,,, P) with matrix adjacency P. By the assumption, there exists
a subset F of £¢ such that (N,,,~1(P) U F) is a permutation graph. Let Y be the
adjacency matrix of the graph (N,,, F). It is easy to see that Y is a (0, 1)-matrix such
that Yo T'(J) =0 and T(P) + Y is a permutation matrix, in fact it is the adjacency
matrix of (N, o~ 1(P)UF). O

COROLLARY 3.15. Letn > 3 and let T : M,, — M, be a linear map. Then T
strongly preserves Hadamard majorization if and only if there exist monzero scalars
Aij € R, and a bijection ¢ : N,, x N,, = N,, x N,, such that (1) holds, and for every
permutation graph (N,,P), (N, 1(P)) is a permutation graph.

Proof. If T strongly preserves Hadamard majorization then by Theorem 210
T is invertible, and hence, the function ¢ in Theorem [B.14] is bijective and £¢ = (.
Therefore, for every permutation graph (N,,, P), (N,,, o~ 1(P)) is a permutation graph.

Conversely, assume that there exist nonzero scalars A\;; € R, and a bijection
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¢ : N, xN, - N, x N, such that &I holds, and for every permutation graph
(N,,,P), (N, 1(P)) is a permutation graph. So by Theorem 314, T preserves
Hadamard majorization. Since ¢ is bijective, for every permutation graph (N,,P),
(N, ~1(P)) is a permutation graph where ¢ = !
Theorem[3.14] 7! preserves Hadamard majorization, and hence, T strongly preserves
Hadamard majorization. O

is the inverse of ¢. Therefore, by

EXAMPLE 3.16. Consider the linear map T : M3 — Mj defined by T(X) =
x11 221 O
0 z11 0 |, for all X € Ms. Then £ = {(1,1),(1,2),(2,2),(3,1)} and
X211 0 0
o(1,1) = (1,1),9(1,2) = (2,1),9(2,2) = (1,1),9(3,1) = (2,1). Let Py,...,Pg be
all permutation graphes of order 3. We have

@ Z F. - @ 2 —1(p. @
0 = I(Tl) g &
3

. >
GA O S A
FaUp™1(P2) 0~ L(P,)

3 ;@ 5

2
1 2 1 2
1
F3U~1(P3) 0~ 1(Ps)

3

FaUp™(Py) 9™ (Py)

3
2 1 O
; @
1 2 bR . .Z .
F5Up ™1 (Ps) 971 (Ps)
— s . ——
) 3
: |
3

2
3
.. N2

FeUp ™ (Pe) @™ (Pe)

where the blue edges and the red edges belong to the graphs (N3, &) and (N3, £9),
respectively. Hence, by Theorem [3.14] T preserves Hadamard majorization.
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