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HOMEOMORPHIC IMAGES OF ORTHOGONAL BASES*

M. KEBRYAEET AND M. RADJABALIPOUR'

Abstract. Necessary and sufficient conditions are obtained for a sequence {z; : j € J} in a
Hilbert space to be, up to the elimination of a finite subset of J, the linear homeomorphic image of
an orthogonal basis of some Hilbert space K. This extends a similar result for orthonormal bases
due to Holub [J.R. Holub. Pre-frame operators, Besselian frames, and near-Riesz bases in Hilbert
spaces. Proc. Amer. Math. Soc., 122(3):779-785, 1994]. The proofs given here are based on simple
linear algebra techniques.
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1. Introduction. Throughout the paper, let H be a fixed separable Hilbert
space and, to avoid triviality, assume without loss of generality that dim(H) # 0.
The class of all bounded linear operators from a Banach space X into a Banach space
Y is denoted by B(X,Y) and by B(X) in case X = Y. In the present paper, we
study (finite or infinite) sequences {z;},cy in H which generate H and are (linear)
homeomorphic images of orthogonal bases; more precisely, there exists a bijective
Hilbert space operator U € B(K, H) such that

(1.1) UK =H, x; =Ud;, (¢i, ;) = 8ijl|¢511>, Vi,j€l, and
K =span{¢; : j € J}.

(By span(A), we mean the closure of the linear subspace spanned by the subset A of
a given Banach space.) If {¢;} ey is orthonormal, then {z,},¢j is called a Riesz basis.
We may and shall assume without loss of generality that J = Nor J = {1,2,...,n}
with n = dim(K).

J.R. Holub [4] shows that, for a sequence {;};ey in H, the following assertions
(a)-(c) are equivalent.

a) A cofinite subset of {x,},cy is a Riesz basis for H.
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(b) 0 < inf}jz)=1 Zjej|<ac,acj)|2 < SUp||)|=1 Zjej|(x,xj>|2 < o0; moreover, if
> e €jTj is a convergent series in H, then (c;)jey € £%(J).
(¢) 0 < infjju =1 > ey (@, @) > < supjp=1 2 ey (@, 2;)|* < 00; moreover, the
J Izl J
closure of the set R := ((z,z;))je; : « € H} is a cofinite-dimensional sub-
space of £2(J).

Note that each of the conditions (a) — (¢) imply that H = span{z; : j € J}
and z; # 0 for all but finitely many j € J. If Jy = {j € J : x; # 0}, then
2(J) = £3(Jy) @ £*(J\J1), where for our purposes the second summand is completely
useless. For these reasons, we assume without loss of generality that

(1.2) H =span{z;: jel}, and x; #0, Vjel.

Also, the part 0 < infj,— Zjej|<:n,:£j>|2 < SUp)||z(j=1 Zjej|<:£,:£j>|2 < oo of
Conditions (b) — (c) implies that the so-called analysis mapping z — ((z,z;)) is a
continuous linear transformation with domain ® and range R satisfying

(1.3) D =H and R =R cC ().

We will, thus, make use of these weaker conditions in our generalizations of Holub’s
result to be explained below.

Let ¢?(w;) denote the Hilbert space L%(J, 2%, 1) in which p is a positive measure
defined by u({j}) = w; > 0 for all j € J; if 0 < inf;w; < supw; < oo, then
(%(J) = (*(w;). The analysis operator corresponding to a general sequence {x;} in H
is defined as the linear transformation 7 : H — C! by Tz = ((x, x;));.

As we mentioned earlier, Condition ([2]) makes T injective and makes it possible
to define R := (TH) N ¢%(||x;||~2) equipped with the norm inherited from ¢2(||z;||~2)
and to define ® := T~1(R). The first part of Condition (L2) is an immediate conse-
quence of each of (L)), (a), (b) or (¢); the second part is imposed to avoid redundant
vectors which can occur at most finitely many times under Conditions (a) — (¢). The
restriction T'|p of the analysis operator T is said to be bounded if

(1.4) 1T2]? =) 1w, 25) Pllel| 72 < bllzl]?, Ve € D.
JEJ

We tried to mimic Holub’s proof to extend his results to the case that {z;};ey
has a cofinite subset which is a homeomorphic image of a general orthogonal basis
{¢;}je5. However, we ended up with a new proof for the original results as well as
their extensions which seems to be of interest to linear algebraists. The proof involves
a kind of row echelon form techniques in the infinite dimensions; for this reason, we
avoid the terminologies from frame theory or wavelets.
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2. Main results. The following is the main result of the paper.

THEOREM 2.1. Let {x;};ey be a sequence in H satisfying (L2). If T'|o is bounded,
then ® = ©. Moreover, the following assertions (a') — (¢') are equivalent.

(a’) Up to a reordering of J, there exists N € N such that (L) holds with J
replaced by {j €J: 7 > N}.

(b)) ® = H, T|o is bounded, R = R and, if > je1 Gy s a convergent series in
H, then (c)llz; e € D).

(c’)) ® =H, T|o is bounded and R = R with dim(RL) = m for some integer m.

Proof. The proof of ® = ® follows from the closability of T proven by Antonie
and Balasz [1]; however, to avoid the inconveniency of the superficial differences, we
brief the proof here. Let y, € D converge to y € ®. Then ({y,, xj)); converges to
Ty = (cj); € *(||z;]|7%) as n — oco. Hence, for each j € J, (yn,x;) — ¢; as n — oo.
Thus, ¢; = (y,z;) Vj € J, and y € ©. This establishes the first part of the theorem.
Now, we continue the proof in three steps.

(a') = (V'): It is sufficient to prove (b') for J =JN{N,N+ 1, N +2,...}. Since
;]| < U] llgi]l < |JUN] NUTY] ||z5]] for all j € J, it follows that, for any unit
vector x € H,

O < [[UTHIZ2 U= < WUIP2IO =l = [U1172 Y 10w, 65/ llos]) 2

JjeJ
< Tl =) Waap)Pllag 172 = Y KUz, 65/11631D 1 116511/ 11e511)?
JjeJ Jje€J
<D Ui/l 1P = NUHPNU 2 < 0PIV < e

jedJ
This shows that ©® = H, the linear transformations T : H — R and T51 R— H

are bounded and, hence, the subspace R is closed.

Next, assume >,
numbers (¢;)jey. Then }-.cp ; lej|?[|z]|* < oo and

U2 D leiPllasl? < D les PllgslP = 11D esesl P = 11U Y ejayl* < oo

jed jeJ jeJ jed

cjx; is a convergent series in [ for some sequence of complex

(¥) = (¢): Trivially, ® = H, T|p is bounded and R = R. Assume, if possible,
dim(R+) = oo; in this case, J = N. Let {11, %2,..., ¥y, ...} be any infinite sequence
of linearly independent vectors in ker(7). Let {e; : j € J} be the standard {0, 1}-
basis of £2(||x;||~2). Define &; = ||z;||e; for all j € N and observe that {¢; : j € N}
is an orthonormal basis of £2(||z;||72). Write ¢, = Z]Oil cn;& for n € N Applying
the row echelon form techniques to infinite square arrays, we can restrict ourselves to



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 31, pp. 485-491, July 2016
http:/repository.uwyo.edu/ela

488 M. Kebryaee and M. Radjabalipour

an infinite subsequence of {1, }nen to assume without loss of generality that

oo
(2.1) Wnll =1, =Y cn& and ¢, #0
for all n € N and for some positive integers k1 < ko < k3 < ---. Since T*,, = 0
Vn € N, we can procede by induction on n to replace the sequence kq, ko, k3,... by a

subsequence to assume without loss of generality that

m m
T el <27 and 1-27" < > e < 1Vm > k.
Jj=kn j=kn

It is easy to see that T*¢; = ||z;|| "', for all j € N and, letting m,, = ky,41 — 1, the
series

e’} My 00 My
Doy (engllasl ey (or TP 0T Y ensg;
n=1 j=kn n=1 Jj=kn

converges. On the other hand, the series

oo

Mn
S el )Pl
Jj=kn

n=1
diverges; a contradiction.

(') = (d): Let & = ||z;|le; be as in the proof of (V') = (¢’) and recall that
T*e; = ||lzj||72z; for all j € J. The proof will be complete if we can eliminate a
finite subset of J to arrive at a subset J such that the restriction of T* to K :=
span{e; : j € J} is a homeomorphism onto H. Let m = dim(R+). If m > 1,
choose a (not necessarily orthogonal) basis {t1,s,...,%,} for ker(T*) = R+ and
write ¥; = ZjEJ cii& (7 €l, i=1,2,...,m). Applying the row echelon form and
relabeling a finite number of £;’s, one can assume without loss of generality that

Y1 =& + ctma1&me1 + Cimt2§my2 + o
Yo =& + c2ma1&me1 + C2mi2§my2 + -
(2.2) VY3 = &3+ c3mr1&mr1 + C3mi2&mia + -

Ym = &m + Cmmar1&mr1 + Cmoma28maz + 00

The desired J and K can be now defined as J =JN{m+1,m+2,...} and K :=
span({e; : j € J}. Define U € B(K,H) by U = T*|k. Then Ue; = ||z;|| %z, or,
equivalently, U¢; = ||zj||~'z; for all j € J. Let Uz = 0 for some z € K and write
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r=u®v with u € R and v € ker(T*) = R+. Then T*u = T*v = 0 and, hence,
u = 0. Consequently, x € ker(T*) and

$=a1¢1+"'+Oém¢m=041§1+"'+04m€m+204j§j €K
jeJ
for some complex numbers «;, ¢ € J. Thus, a3 = ag = --- = «,, = 0 and, hence,

x =0. Thus, U : K — H is a bounded injective operator and it remains to show that
it is surjective.

Consider T : H — RERL and T* : RPN+ — H with the following block matrix
representations:

T[g] and T*=1[ S* 0],

in which S : H — R and S* : R — H are linear homeomorphisms. For arbitrary
y € H, choose z € AR such that y = §*z = T™"z. There exist complex numbers c; such
that

m

2= & =Y b+ > =Y e+,
j=1

Jjel Jj=1 jeJ

where z = — Z;ﬂzl ¢j D iey Cii&i 2 ey 66 € K and Uz = Tz = T"z = y. Thus,
U : K — H is a linear homeomorphism mapping the orthogonal basis {||z;]|%¢;};es
onto the sequence {z;};es. O

COROLLARY 2.2. If N and m make (a’) and (¢') equivalent, it follows necessarily
that m = N.

Proof. Note that m = dim(?R1) is unique and, in view of the proof of () = (a’),
the integer N = m establishes (a’). It remains to show that N is unique, too. For
each i = 1,2, let J; be a cofinite subset of J such that z; = U;¢;; for j € J; for some
linear homeomorphism U; € B(K;, H) and some orthogonal basis {¢;;} of a Hilbert
space K;. Let J = J; N J and define Hy = span({z; : j € J}). Let y; be the
projection of z; on Hg-. Since {z;/||¢ji|| : j € Ji} is a Riesz basis for H, it follows
that {y;/||¢;il| : j € Ji\J} is a basis for the finite dimensional space Hy for i = 1, 2.
Thus, the sets J;1\J and J2\J have the same cardinality and so do the sets J\J; and
NJ2. O

REMARK. It is interesting to extend Theorem[ZT]when the sequence z; is replaced
by a function z(¢) with values in H as ¢ runs in a measure space ¥ equipped with
an arbitrary positive measure 7. The analysis operator T : H — C?% is defined
as (Tx)(t) = (z,2(t)) for t € T. Here, again, we define R := (TH) N L?(7) and
D = T71(R). Again, here, if T'|p is continuous and if y,, is a sequence in D converging
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to @, it follows that Ty, converges pointwise to some f € L2(7) such that f(t) =
(y,z(t)) a.e.[r]. Therefore, we can assume without loss of generality that f = T'y and,
hence, y € ©. Thus, © is closed. Since H is separable, we have no counterpart of
Condition (a'). Regarding the counterpart of (b’), we run into difficulty with the type
of convergence of the integral of the vector-valued functions. However, Condition (¢’)
can be easily interpreted as Condition (¢”) given below.

(¢”) © = H, T|op is bounded and R is a cofinite-dimensional closed subspace of
L3(7).

Strange to say, it turns out that the measure space T of Condition (¢”) is nec-
essarily a countable union of atoms of 7 and, hence, x(t) is essentially a sequence.
This can be deduced from results obtained by Askari-Hemmat, Dehghan and Radja-
balipour [2] and Giv and Radjabalipour [3]. Here, we present a clear short proof of
it.

Let m = dim(%+) and define K = H®C™. Let g1, 9o, ., gm be an orthonormal
set in i+ and assume they are defined everywhere on ¥. Define y(t) = z(t) ®
[G1(t)p1 + « - - + G (t) D], where {¢1, b2, ..., Pm} is the standard {0, 1}-basis of C™.
Now, if t € T and k = h @ [c1¢91 + -+ + cmdm] € K is arbitrary, then y(t) € K,
[1EI? = 1Al + 32; ledl® and (k,y()) = (b, () + c191() + c2g2() + -+ + Cmgm() €
L?(7). Thus, letting Ty, Ry and D, denote the analysis operator and the other
associated parameters of y(t), it follows that ||Tyk||? = [|Txh||? + c1|> + -+ |em|? <
(J|T%||? 4+ 1)||k[|?. Therefore, (¢”) holds when z(t) € H is replaced by y(t) € K and,
in this case, Ry, D R, U{g1 = Tyd1,92 = Ty, . -, gm = Tydm }; ie., Ry = L3(7).

Next, replace y(t) by z(t) = y(t)/||ly(t)|| and dr by dv = ||y(t)||*dr. Again, here,
Tl = [ Vw20)Pav = [ Yw,0)Par = TP < 1T, P 0l < oo v € K

which implies that ©, = K and T, is bounded. Moreover, the mapping W :
L?(1) — L?*(v) defined by (Wg)(t) = g(t)||ly(t)||~! is a unitary operator with in-
verse (W=Lh)(t) = h(t)||y(t)|| for all g € L%(7) and all h € L?*(v). In particular,
W (T, w) = T,w for all w € K, which implies that R, = WR, = L?(v). Therefore,
(¢”) holds for z(t) with the extra conditions that ||z(¢)|| = 1 and R, = L?(v).

Finally, let E be an arbitrary set of positive v-measure. Then, for all ¢t € F,

v(B)"Y2 = u(B) P xp(t) = (T (v(B) " 2xp), 2(1))
< NTH - B2l @) = 17211 < oo

and, hence,

(2.3) v(E) = |IT7H7* > 0
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This shows that v and, consequently, 7 are supported on the union U;c3E; of atomic
sets. Now, identifying F; as {j} reveals that F' is a w-frame.

Summing up, we have proven the following corollary.

COROLLARY 2.3. Letx: T — H and define T : H — C* by Ty = ((y,z(t))) for
t € T, where T is a set equipped with a positive measure 7. Let R = (T'H) N L?(7)
and let ® = T~Y(R). Assume T|o is a bounded linear transformation. Then ® = D.
Moreover, if ® = H and R is a cofinite-dimensional closed subspace of L*(7), then T
is the disjoint union of T-atoms {E; : j € I} for some countable set J. Identifying E;
with {j} yields a sequence {x;} satisfying (¢'), where x; = x(t) for almost allt € E;.
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